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This book was written with a double purpose. It is intended to serve 
the needs of those who approach the fascinating study of atomic and 
molecular structure for the first time, and portions of it are therefore 
written in full and simple style for these newcomers. It also seeks to fur- 
nish workers in the field with an up-to-date account of the laws of quan- 
tum theory and with a general account of the important experimental 
researches in the field. Parts of the book have been used by one of u’s 
as the basis of lectures to graduate students of chemistry at the Johns 
Hopkins University. 

We believe that the conception of a planetary atom, governed by 
ordinary mechanics, will remain a useful qualitative tool for many years, 
whatever the theoretical developments may be. To appreciate the new 
mechanics and to use it effectively, one must first acquire an understand- 
ing of classical mechanics, with which the older quantum dynamics is 
identical except for the addition of the quantizing conditions. In fact, 
the classical kinetic and potential energies serve as the starting point 
for the new quantum mechanics. It is for this reason that the first part 
of this volume presents the approximate mechanical models of atoms and 
molecules and copious experimental facts, while the new mechanics is 
reserved for later chapters. 

Orbital models are probably the nearest approach to an adequate 
description of atomic systems which can be secured in terms of our 
ordinary mechanical concepts. At the present time an earnest effort 
is being made to lay aside models and to focus attention on the connec- 
tions between purely experimental quantities. We are in sympathy with 
this effort. It helps to emphasize the enduring quality of experimental 
facts, independent of the form in which they are expressed. On the 
other hand, a very large number of physicists and chemists do not, wish 
to eliminate models from their methods of thought, nor to rely entirely 
on mathematical connections between their observations. In the past 
these models have consisted of particles moving on selected orbits, and 
now they consist largely of the more useful waves and nodes of the 
Schrodinger theory. It is only human nature to construct a new picture 
of a hidden mechanism as soon as an old one is discarded. 

Chapters I to XIV inclusive are concerned mainly with the history 
and the chief experimental facts of the quantum theory and with the 
progress of atomic and molecular structure prior to the introduction ot 
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the new mechanics. Certain auxiliary subjects, such as Hamiltonian 
dynamics, are also developed early in the book. In these chapters we 
have sought to attain clarity at any cost. The reader is repeatedly 
reminded that the theories set forth are only a first approximation to the 
true state of affairs, and references are given to later chapters where the 
subject matter is treated by the new mechanics. 

In Chaps. XV to XX we develop the fundamental ideas of quantum 
mechanics, while Chap. XXI gives an account of the wave properties 
of material bodies. It is a disappointment to us not to have been able 
to include chapters on quantum phenomena within the nucleus, and on 
the new statistics. Both of these subjects were omitted for lack of space. 

We hope that the reader of this volume will experience a pleasure 
fl Vin to that which we have enjoyed while recording the wealth of experi- 
mental data now available on the structure of the atom and the striking 
correlation of much of this data by the new mechanics. 

A. E. Ruakk. 
H. C. Uret. 


Pittsburgh, Pa., 
New York, N. Y., 
January, 1930. 
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ATpMS, 

MOLECULES, AND QUANTA 

CHAPTER I 
INTRODUCTORY 
1. THE NATURE OF ATOMIC THEORY 

Once, when the famous Boltzmann had concluded a lecture on atoms 
and molecules, the equally famous Mach, arose and said, in effect, “ You 
do not know that molecules exist.’’- Boltzmann replied, “I know that 
there are molecules.” Mach answered, “You do not/’ and so the debate 
ended. Today, the most ardent lover of modern atomic theory would 
side with Mach, but he would add, “I know that the hypotheses I use 
about the nature of the atom and the light it emits give me a deeper 
understanding of the behavior of gross matter in my experiments. They 
help me to predict the existence of phenomena which otherwise would 
remain shrouded in mystery.” Today, no physicist worthy of the name 
would claim that we have certain knowledge of the path of an electron 
in the atom even in the simplest case, provided we mean by certain 
knowledge the kind of understanding we gain from our everyday sight 
and sound perceptions; but he would claim that we possess today a set 
of very ingenious and reasonable statements and equations dealing with 
atomic behavior. 

If we put our confidence in these fundamental laws of atomic dynamics, 
they enable us to calculate accurately the observable quantities character- 
istic of each type of atom or molecule — the frequencies of light it can 
emit, the relative intensities of the lines in its spectrum, its behavior 
when it collides with electrons or other atoms, its reaction in the presence 
of light or X-rays, and its behavior in electric or magnetic fields. These 
remarks will suffice to make our position clear. Wherever definite 
statements of a theoretical character are made in this book, the reader 
must keep in mind the situation we have just outlined. 

2. THE PERIODIC SYSTEM AND THE ATOMIC NUMBER 

We begin our study of atomic structure by calling attention to certain 
important regularities in connection with the periodic classification 
of the elements, as shown in Table 1, which is a modernized version of the 
Mendel^eff table. Several anomalies in the periodic system were noted 
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Table 1. — ^Periodic System of the Elements^ 


Sec. 2] THE PERIODIC SYSTEM AND THE ATOMIC NUMBER 


Group VIII 

a b 

2 He 
4.002 

10 Ne 
20.183 

18 A 
39.94 

26 Fe 27 Co 28 Ni 

55.84 58.94 58.69 

36 Kr 
82.9 

44 Ru 45 Rk 46 Pd 

101.7 102.91 106.7 

54 Xe 
130.2 

76 Os 77 Ir 78 Pt 

190.8 193.1 195.23 

86 Rn 
222 * 


Group VII 
o 6 


9 F 
19.00 

17 Cl 
35.457 

25 Mn 

54.93 

35 Br 
79.916 

43 

53 I 

126.932 

75 Re 

188.7 

85 


Group VT 
a b 


8 O 
16.000 

16 S 
32.06 

24 Cr 

52.01 

34 Se 
79.2 

42 Mo 

96.0 

62 Te 
127.5 

74 W 

184.0 

84 Po 
210 

92 U 
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was first pointed out by Rydberg. He numbered the elements beginning 
with 3 for hydrogen, assuming that two unknown elements preceded 
hydrogen. Moseley^s work indicated, and Bohr’s theory of atoms has 
shown conclusively, that this is not correct. The atomic numbers at 
present accepted are those given in Table 1. Rydberg pointed out that 
the atomic numbers of the inert gases obey the following regularity. 
Consider the series 

Z - 2 (P + 22 + 22 + 32 + 32 + 42 + . . . ), 

in which Z is the atomic number. If the series is broken after any 
member, we obtain the atomic number of an inert gas. The successive 
terms give the number of elements in the periods of the Thomsen periodic 
table. The reason for this is explained in Chap. IX. 

The simple but all important physical meaning of the atomic number 
is this: The element in the Zth place of the periodic table consists of a 
positive nucleus endowed with the electric charge +2c, together with 
Z electrons, each having the charge — e. The quantity — e is called the 
electronic charge and is equal to —4.77*10""^° electrostatic units. And 
now we encounter the question of the arrangement and motion of these 
parts. 

3. VALENCY AND STATIC MODELS OF THE ATOM 
It is natural to suppose that valence is connected with the number 
of loosely bound electrons in the atom. Thus, one would be inclined to 
say that the inert gases represent very stable configurations, that the 
alkali metals have one loosely bound electron, the alkaline earths 2, and 
so on. On the other hand, if the atom lacks one electron of the number 
required to complete an inert gas configuration, we have a monovalent 
electronegative element (a halogen), while a divalent electronegative 
element would require two electrons to form the inert gas configuration. 

In aqueous solution, atoms standing near the inert gases in the periodic 
table tend to lose or gain electrons until the positive or negative ions 
thus formed resemble the nearest inert gas. Similarly, the stability of 
the electron configurations of Ni, Pd, and Pt explains the existence of 
monovalent ions of the elements following them, Cu, Ag, and Au. 

It is in accord with our present views to assume that the so-called 
^^outside shell” (or “ring” or “layer”) of a rare gas atom (other than 
helium) has 8 electrons. In 1904, Abegg emphasized the importance 
of the number 8 in the periodic table of the elements. He regarded this 
as the number of points on the atom which could be occupied by electrons. 
In the same year. Sir J. J. Thomson proposed a theory in which electrons, 
assumed to be small compared to the size of an atom, were embedded in a 
sphere of uniformly distributed positive electricity of. the same order of 
magnitude as the atoms themselves. He found that .the electrons in 
^uch a sphere, considered as lying in a plane, for simplicity, would arrange 
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themselves into stable configurations of concentric rings, and noted the 
application of this to »the periodic law. Though the actual numbers 
which he secured for the populations of successive rings did not follow 
the Rydberg formula at all, this model led him to suggest the above 
views in regard to valence. Though he considered only the arrange- 
ment of electrons in a plane because of its mathematical simplicity, he 
recognized of course that the electrons would distribute themselves in 
concentric shells. The model is no longer tenable, simply because we 
have others which are in much better agreement with experimental data. 
In 1916, G. N. Lewis and Kossel elaborated the views of Abegg and 
Thomson in regard to the periodic law and polar valencies. Lewis 
proposed a static model of the atom and limited his discussion to the 
first two short periods of 8 atoms, while Kossel accepted a dynamic 
model proposed by Bohr and also considered the polar valencies of the 
atoms of the long periods. Langmuir (1919) extended the Lewis theory 
to the long periods. 

The stability of the organic compounds generally, and the existence 
of stereoisomers and optical isomers, prejudice chemists in favor of 
static models of atoms, for it seems diflS.cult to believe that such great 
stability is underlaid with a highly mobile dynamical system of electrons. 
Though static models have been somewhat satisfactory for the qualitative 
explanation of chemical valence, it must be admitted that they have 
yielded few quantitative results. The postulates thus far stated for 
such theories do not lead to exact mathematical treatments and quan- 
titative checks against experimental data. Thus, they tend to become so 
flexible that they can explain qualitatively any new results but are quite 
unable to stimulate new experiments. Practically all advances have 
been made by the consideration of dynamical models, and, in particular, 
the models proposed by Bohr which have held the center of the field 
from 1913 to 1925. In the latter year, an improved system of atomic 
mechanics was introduced, and it became apparent that the Bohr model 
is a first approximation to the models suggested by the new theory. We 
must emphasize, however, that it is an excellent approximation — so 
excellent, in fact, that we shall study it to the exclusion of all others 
in the first portion of this book, reserving later chapters for consideration 
of refinements introduced by the new mechanics, which cannot be 
appreciated without a knowledge of what went before. Similarly, before 
we can properly study the Bohr atom we must address ourselves to the 
currents of thought which brought it into being — the development of the 
electromagnetic theory of light and the rise of the quantum theory. 

4. THE ELECTROMAGNETIC THEORY OF LIGHT. MOTION WITHIN THE 

ATOM 

In 1864, Maxwell proposed the electromagnetic theory of light, which 
first showed a relation between light and electromagnetic phenomena in 
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general The theory showed (see Appendix VIII) that an accelerated 
electric charge would radiate electromagnetic waves and ttiat these 
would travel through space with a velocity equal to the ratio ot the 
electromagnetic to the electrostatic units of charge. This 
to the velocity of light and, immediately, it appeared probable that light 
consists of such electromagnetic waves. Since that time, a vas amount 
of experimental evidence has accumulated in favor ^ ^ eory as 

applied to gross matter. In the atomic realm, too, it has had striking 
triumphs, though we know today that modifications are necessary in this 

domain. . 

The simplest electromagnetic model of a light source is the variable 
electric doublet, composed of two equally and oppositely charged particles 
held together by an elastic force, so that they 
oscillate with respect to each other with^ simple 
harmonic motion. Maxwells theory of light re- 
quires that such an oscillator should emit unifre- 
quentic radiation with the following properties at 
distances large compared with the size of the 
oscillator and the wave length. The surface of 
any individual wave front is very nearly a sphere 
moving out from the oscillator with a constant 
velocity. If the poles of the sphere are defined as 
the points at which it is pierced by the prolonga- 
tion of the doublet axis (Fig. 2), then the ampli- 
tude of the wave is zero at the poles and a maximum 
at the equator. The wave consists in a variation of electric intensity 
accompanied by a variation of magnetic intensity; the two intensity 
vectors are perpendicular to each other apd to the direction in which 
the wave is moving. The electric -force is always in the meridian, while 
the magnetic force is in the direction of the lines of latitude. 

Thomson's model of an atom having but one electron imbedded in a 
sphere of positive electricity of equal charge would behave like such an 
oscillator. The fdrce acting on the electron would be proportional to its 
distance from the center of the sphere, provided the positive charge 
distribution is not altered by the presence of the electron. The electron 
would oscillate in a straight line through the center of the sphere. If 
the damping forces are so small that they do not change the motion 
appreciably during a time which is large compared with the period of 
an oscillation, then, during such an interval, its distance ir from the 
center at an instant tis 

X = a cos 2ira)i. (1) 

In the light waves emitted by such an oscillator the electric and magnetic 
intensities vary according to the law of simple harmonic motion with 
frequency cc, that is, the light is monochromatic. 


E‘S‘0 

Fig. 2. — Electric and 
magnetic forces in the field 
of a doublet. 
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6. THE EQUIPARTITION LAW AND HEAT CAPACITIES 

According to the kinetic theory of gases, the average kinetic energy of a 
gas molecule at the absolute temperature T is 

R is the gas constant per mole; k is Boltzmann’s constant — that is, the gas 
constant for one molecule (1.37 • 10~^^ergs per degree Centigrade)^ — and N 
is Avogadro’s number. The mass of the molecule is m and Vx, v» 
are the components of its velocity in the directions of the F-, and 
Z-axes, respectively. The bar over the expression on the left indicates 
an average value. Thus, the kinetic energy of the molecule is the stim 
of three terms each representing the kinetic energy contributed by itj5 
motion in the direction of one axis. From considerations of symmetry, 
it is evident that in a body of gas containing many molecules the mean 
values of these three terms are equal to each other and equal to one third 
of the total mean kinetic energy, so that 

mvx^ _ mvy^ _ mv^ __ hT 

— ^ _ * 

that is, the mean translational kinetic energy is equal to hT /2 for each 
degree of freedom. 

The heat capacity of a gas at constant' volume is defined to be the 
rate of increase of the energy of the*' gas with respect to temperature, 
i.e., {dE/ dT)v and this is Nh/2 = R/2 per, mole for each degree of freedom 
of the molecule. Then for a gas composed of molecules which do not 
rotate and whose parts do not vibrate with respect to each other, the 
heat capacity permoleat constant volume should be3J?/2. Furthermore, 
in the case of an ideal gas, the molar heat capacity at constant press\iro 
exceeds that at constant volume by R, and so should be equal to 5/^/2, 
These deductions have been verified for monatomic gases and, therefore, 
we may conclude that the motions of the particles which compose the 
atoms are not affected by temperature to an appreciable extent over the 
entire range in which measurements have been made, so that there is no 
contribution to the heat capacity due fe^hanges in the internal energy 
of the atom, ^his is strong eviSeijce that internal energy cannot be 
taken up continuously. byi the particles ol the atom. There is a similar 
effect in the case of molecules. Let the state of a molecule be defined 
by giving the values of a number of coordinates qi . . . If the 
variation of the coordinate gives rise only to a squared term of the 
form in the kinetic energy, Cn being independent of gn, then we 

can prove by the methods of statistical mechanics that the average of 
this term is hT 12. Thus, the average contribution of such a term to the 
kinetic energy is ‘the same, regardless of the precise nature of the coordi- 
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nate q. This is called the “equipartition theorem.” Now, the number 
of degrees of freedom of a molecule is equal to three times the number of 
particles it contains. Thus, if we count the atoms composing a molecule 
as particles (disregarding the electrons for the moment), the number of 
degrees of freedom of a molecule having n atoms is equal to 3n, and we 
should expect the heat capacity associated with the kinetic energy of 
all the particles to be dnB/2 per mole. If potential energy is associated 
with any of these degrees of freedom, which is generally the case, the 
heat capacity will be greater than 3nR/2 and, therefore, this is only a 

minimum value. • u a 

This consequence of the law of equipartition of energy is not obeyed 
even approximately as we can easily see by considering a diatomic gas. 
The two atoms have six degrees of freedom so that its minimum heat 
capacity at constant volume should be 3B. But the ordinary diatomic 
gases, such as H 2 , O 2 , N 2 , etc., have heat capacities nearly equal to 
5B/2 at ordinary temperatures. Why does this discrepancy exist? 
Boltzmann assumed that the molecule rotates in space but that the two 
atoms do not vibrate with respect to each other. There are three 
degrees of freedom associated with the translation of the molecule as a 
whole and two degrees associated with its rotation. The energy of such 
a molecule is entirely kinetic. Its mean energy is therefore 5kT/2 
according to Boltzmann’s assumption and the heat capacity 5B/2 per mole, 
in agreement with experiment. But it should be noted that ordinary 
mechanics does not explain the “freezing up” of the vibrational motion. 

In the case of solid bodies, each atom has three degrees of freedom 
and is bound to an equihbrium position by a force which varies directly as 
the displacement in the case of small vibrations. With this law of force 
the mean kinetic energy is equal to the mean potential energy, so that the 
mean total energy will be equal to twice ZkT/2, and, therefore, the heat 
capacity per mole will be 3B or 5.96 calories. This is Boltzmann s 
explanation of the law of DuLong and Petit, discovered empirically. 
This law holds approximately for many substances at ordinary tem- 
peratures but it does not hold for the lighter elements, as, for example, 
carbon where the deviation is large; nor does it hold for any substance 
at low temperatures. . 

The law of equipartition of energy requires that the heat capacity be 
constant for nil temperatures, at least if the energy is entirely kinetic. 
This prediction also is not true, for the heat capacities of all solid bodies 
approach zero as the temperature approaches absolute zero. More- 
over, the heat capacity of hydrogen gas decreases very markedly below 
room temperatures and reaches a constant value of ZB/2 at about 35 
absolute. Here again, we are dealing with “frozen” degrees of freedom. 
Another difficulty is that the electrons and nuclei of the individual 
atoms do not contribute to the specific heat. 
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The equipartition law is derived by the use of Newton^s laws of 
mechanics and the assumptions of statistical mechanics. We are driven 
to the same conclusion which was reached in the last paragraph, that 
classical mechanics cannot be applied without modification to the 
motions inside atoms and molecules. 


7. BLACK-BOBY RADIATION 

The theory of electromagnetic radiation and the theorem of equi- 
partition of energy lead to the following conclusions in regard to the light 
energy radiated from a black body, a body which absorbs all light 
falling on it, neither reflecting nor transmitting any of this light. If 
the energy lying between the wave lengths X 
and X + d\j emitted from unit area of a black 
body in unit time is S\d\j then we have 

2TckTd\ ... 

s^d\ = — ; ( 4 ) 

c being the velocity of light. 

This is the Rayleigh-Jeans radiation law. 

The energy carried by all wave lengths from 0 
to 00 is 


s = r 5xdX = 2TrckT X“^dX. 
*'0 Jo 


( 5 ) 



Wave. Leji3i'l^ 


Fig. 4.' — Wave-length dis- 
tribution. of black-body 
radiation. 


At all temperatures, the first equation requires 
that the energy radiated per unit range of wave 
length shall approach an infinite value as the 
wave length decreases (see Chap. Ill, Sec. 1, 
however). The second equation states that 
the total energy radiated per unit time and unit 
surface should be infinite. Both conclusions 
are obviously wrong. Lummer and Pringsheim 
(1897-1899) measured the distribution of energy in black-body radiation 
with respect to wave length and temperature. Their results are shown 
graphically in Fig. 4. The most recent measurements are those of Rubens 
and Michel.i The experimental results follow the Rayleigh-Jeans formula 
at long wave lengths but depart very decidedly from it at shorter wave 
lengths. Stefan (1879) discovered empirically that the total energy 
radiated from a black body at temperature T follows the law 

s = (6) 

where <r, is known as “Stefan’s constant.” Boltzmann subsequently 
deduced this law by thermodynamical reasoning. Thus, the total energy 
emitted must be finite at all temperatures, and not infinite as given 
by the Rayleigh-Jeans law. 

’ Berl. Akad. Ber., p. 590 (1921). 
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The invalidity of equation (4) is the crucial phenomenon which led 
Planck to introduce the quantum- theory. The %ory 
processes in which energy is interchanged by atomrc system m define 
parcels instead of continuously, and it takes its name from 
Lnce.’ The word quantum comes from Latin pantos, mean g 
much. It signifies a fixed amount of any mamfold or extent. 

8. INTRODTCTION AND EAEXY DEVELOPMENT OF QUANTUM THEORY 

The above examples of the failure of our usual laws have one 
featur"s^^^^^^^^^ dealt with are in rapid oscillatory motion and he 

discrepancies between theory and experiment are 
frequencies but become small at low frequencies. The laws of 
dylmics can be used with confidence at radio 

cannot account for the characteristics of light Julies 

and in particular for the absence of overtones in the light, ^^oma 
of heat capacity behave in the same way^ Carbon ^ g 

. vibrate with a high frequency because of their low 

with which they are held in place, while copper atoms vib ^.i^ssical 

frequency because of high mass and weak binding. Pi J, 
forLla L black-body radiation holds for low 

not for high This calls attention to a useful condition which the tr 
o5 aWc dynamic, must satisfy. They must merge mto the older 
loTxro when annlied to large masses or low frequencies. . , 

The flrst^step toward an appropriate modiacation of classi^ thew 
wasTsSiug hypothesis of Planck (1900) which yielded the correct 
law of distribution of black-body radiation. He assumed . 

1. A black body contains simple harmomc oscillators like those 
described in Sec. 4 , vibrating with all possible frequencies. 

2. The frequency emitted by an osciUator is the same as its motional 

■ emission (or absorption) occurs during very 

in the amplitude of the oscillator, taking place at intervals. Between 
these transitions the amplitude remains constant, so that no radiation 
pmitted or absorbed. 

4. An oscillator emitting a given frequency r can exchange energy 
with the radiation field only in units called quanta, having the magni- 
tude /iv, where ft, is a constant named after its discoverer. 

Planck’s constant ^ h = 6.547 • erg seconds. _ 

The essential novelty lies in assumptions (3) an ( ). os 
proofs to Chap. Ill, we may state that these assumptions lead to the 

distribution law, ^ 


X 
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instead of equation (5), and this gives for the Stefan-Boltzmann law, 

2ir%^ 




s\d\ = 


15c2/i3 




Both equations agree with the facts within the limits of experimental 
error. 

Einstein (1907) used Planck^s assumptions to derive an expression 
for the heat capacity of a solid body, assuming that the oscillators are 
the atoms composing the body. The mean energy of an atom with 
three vibrational degrees of freedom is found to be 

Zhv 


E 


A*' 


e"" — 1 

instead of ZkT and the heat capacity per mole at constant volume will be 


■ {§\ - “(5)’ 


hp 

JcT 


( hv \2 

- J 


The weakness of this theory lies in the assumption that the actual 
solid body can be represented by a group of oscillators having only one 
frequency, which must be determined by comparison with experimental 
data. However, when suitable values of v obtained in this manner are 
substituted in the formula for Ci,, it gives fairly good agreement with 
the experimental heat capacities for a number of elements. For low 
frequencies and high temperatures, approaches the value 3i2 required 
by DuLong and Petit^s law, but for high frequencies or low temperatures 
the heat capacity is lower than 3i2. In 1912, Debye published a theory 
of the specific heats of the elements in a solid state, in which the atomic 
oscillators can possess all frequencies up to a certain maximum, 

We may note here that the agreement with experiment leaves little to 
be desired. 

Another important step, in the early development of the theory, was 
Einstein^s explanation of the photoelectric effect — the ejection of electrons 
from a metal surface by light or by X-rays. For a given surface illu- 
minated with monochromatic light of frequency Vj the maximum kinetic 
energy of the electrons, mv^/2j is not a function of the light intensity, 
but a straight-line function of the frequency. The physical basis of 
this was recognized by Einstein, and can be expressed by the equation 

mv^ ' ^ 

-Y = hv-P. 

The significance is, that P is the work required to separate the electron 
from the metal surface. An amount of energy hv is expended on each 

1 See for example, Euckbn, Jettb, and LaMbk, “Principles of Physical Chemistry,” 
MoGraw-Hni Book Company, Inc., New York (1924). 
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electron in separating it from the s^a^e ^ 

This shows that assumption C4j aDove, ungi^ j 

Itoeat oscfflatois, can be extended 7“ also led 

l^ZniStbattbepbot.^ 
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9. BOHR’S THEORY OF ATOMIC STRUCTURE 
This extension was made by Bohr in 1913, following the 
Nicholson and of Arthur Haas (Chap. V, Sec. 2) which was only 
successful. Bohr obtained a quantum theory of the spectrum of atomic 
hydrogen, based on the following postulates, which are more precise y 

stated amMyex^ exfsi only in a number of stationary 

rated from each other by finite energy differences so that any gain or loss of 

energy by the atom results in a comylete transition from one stationary state 

Radiation emitted or absorbed by the system is monochromobic and 
its frequency v^m is determined by the relation 

En Em 


Vnm = 


where and E™ are the energies possessed by the atom in the nth and mth 

^It i7ir esSntial feature of Bohr’s theory that the frequencies emitted 
bv an atom are generally different from aU the frequencies in its motion 
And now we must make an assumption as to the laws of motion which 
govern the particles in the atom when it is not radiating. An excellen 
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first approximation to the true state of affairs is obtained if we assume 
that these particles can be treated as point-charges and that they obey 
the ordinary laws of mechanics. In many problems the nucleus can be 
considered at rest, while the electrons move around it like planets around 
a sun. Let us discuss the hydrogen atom, w:hich is the simplest of all, 
and the best understood. It is the first element in the periodic system, 
and its atomic number Z is 1, that is, the atom has only one electron of 
charge —6 moving around a massive nucleus of charge +e. We assume 
that the force between the two varies as the inverse square of the distance 
— the usual law of force in electrostatic problems. Then the electron 
can move on an elliptical orbit with the nucleus at one focus of the 
ellipse, as illustrated in Fig. 4, Chap. IV. It will suffice for our purpose 
here if we consider only the circular orbits. 

If the electron could move on any orbit whatever, then, in a shift 
from one orbit to another, the atom could lose any amount of energy 
whatever, and by the second postulate above, an aggregate of such atoms 
would emit a continuous spectrum. Since this is not the case, it is clear 
that the electron is not free to choose ny path whatever. It moves only 
on certain privileged paths, which oocy a set of equations called the 
quantum conditions, not derivable from the ordinary laws of mechanics or 
electrodynamics (Chap. Ill, Sec. 8). Such is the picture given by Planck 
and Bohr to explain the inherent stability of the atoms in general; the 
electrons move in certain configurations picked out by the aid of the 
quantum conditions, and are said to occupy quantized orbits. When 
the atom is exposed to a transient disturbance of any kind, it either 
shifts to another stable quantized state, or returns to its original one 
after the disturbance has passed. Results like these lead easily to the 
impression that natural phenomena are essentially discontinuous; ^bnt 
this is a question for philosophy. The important point for the physicist 
is that quantized atoms show a behavior which is simple compared with 
what we might expect if classical mechanics were valid. A world of 
atoms having the capacity to exist in all states of energy would be a 
world of chaos ! 

So strong was the evidence in favor of Bohr^s theory, that, until about 
1923, it was believed that his concepts would persist unaltered; but 
from that time on, it became increasingly apparent that the values of the 
energy predicted by the usual rules for picking out the orbits were not 
always quite correct. Now this trouble might have been conquered by 
simply altering the laws which were used for picking out the actual 
orbits. Many such attempts were made, but none were quite acceptable; 
the subject languished, and many bizarre papers were published. Then, 
in 1925, the ^^way out’' was discovered by Heisenberg. That way 
consisted of a thorough generalization and revision of the laws of mechan- 
ics, Independently, the same goal was reached by Schrodmger in, 
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1926, following suggestions of de Broglie which date from 1923. The 
ideas involved are simple enough — illuminating in fact — but to appreciate 
them fully a more intimate knowledge of Bohr^s theory is required. We 
shall give a more detailed account of the Heisenberg-Schrodinger 
mechanics beginning with Chap. XV, and the curious reader may turn 
to it now with profit; but here we begin a detailed study of atomic 
science as it was before 1925. For years to come, physicists will talk 
in the language of the Bohr theory and it will suggest new pathways to 
further knowledge. 
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CHAPTER II 

THE ELEMENTARY CONSTITUENTS OF ATOMS^ 

1. FARADAYS LAW AND THE ATOMIC NATURE OF ELECTRICITY 

in 1833, Faraday announced his laws of electrolysis, which are as 
follows: (1) The amount of material deposited at either electrode of a 
cell is proportional to the quantity of electricity which passes; (2) equal 
amounts of electricity deposit equal numbers of gram equivalents of 
different substances. In 1874, Stoney gave an address before the British 
Association, pointing out that it is almost a necessary^ consequence of 
this law and the atomic theory of matter that electricity should be 
atomic in character. Helmholtz emphasized the same fact in his Faraday 
lecture in 1881. To Stoney we owe the name “electron,^^ which was 
first applied to the elementary unit of electricity of either sign, but now 
is limited to the negative unit, while the positive unit of equal magnitude 
is called a proton.’^ 

Faraday’s law does not prove that electricity is discontinuous but it 
makes this assumption very probable. If electricity is continuous, it 
seems very strange that all ions must become charged with equal amounts 
or with amounts which are in the ratio of simple integers. This appear- 
ance of simple integral numbers is just as valid an argument for the 
atomic character of electricity as it was for the atomic theory of matter 
as shown in the law of multiple proportions, but it is not a proof. 

The elementary charge can be calculated from the amount of electricity 
required to deposit one gram-atom of a substance, the valence, and the 
number of atoms in a gram-atom. The quantity of electricity required 
to deposit a gram equivalent from an electrolyte is called the '^faraday ” 
and is equal to 96,489 ± 7 absolute coulombs or 9,648.9 ± 0.7 electro- 
magnetic units. So, if € is the elementary unit of electricity and N 
is the Avogadro or Loschmidt number — the number of molecules in a 
gram-molecular weight, 

9,648.9 + 0.7 , ^ 

e = electromagnetic units. 

However, e can be determined directly with greater accuracy than N 
and so the value of the latter has been calculated by this equation with 
the use of the experimental value of e. 

^The more elementary facts about electrons and positive nuclei are so widely 
known that our account of them will be brief. For detailed accounts we refer the 
reader to the general references given at the end of the chapter. Much of the present 
chapter will deal with accurate methods for studying these particles, 
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We do not know why all electrons have the same charge within the 
limits of experimental accuracy, but such is generally admitted to be 
the case. Nor do we know why the charge of the hydrogen nucleus 
is equal to the electronic charge, but of opposite sign. When these 
facts are accepted, however, we arrive at a partial understanding of the 
fact that other nuclei have charges which are multiples of the electronic 
charge. We believe these nuclei are composed of hydrogen nuclei 
and of electrons, and that the charges of these particles are not altered 
when they combine. 

2. THE ISOLATION OF THE ELECTRON 

Sir J. J. Thomson and his collaborators showed that gases become 
conducting when illuminated by X-rays and that positively and nega- 
tively charged ions are formed. Sir Wm. Crookes obtained more detailed 
information by a study of the conduction of electricity through gases 
at low pressures (0.01 mm. of mercury). When currents driven by high 
potentials pass through gases at low pressures, electrons are shot out 
from the cathode. Under suitable conditions their path through the 
evacuated space can be followed by the light emitted by the small amount 
of gas present and appears as a straight bright beam perpendicular to the 
cathode. They cause many objects on which they fall to phosphoresce 
and the point where they strike the glass wall of the bulb may be observed 
in this way. Such beams cast well-defined shadows of objects placed in 
their paths, They are deflected by electric and magnetic fields and the 
direction of deflection shows that they carry a negative charge, also they 
impart a negative charge to insulated objects on which they fall. The 
electrons of these beams are able to penetrate thin sheets of metal and 
can be led out of the discharge tube through an aluminium window as 
Lenard first showed. These fast electrons have the same properties 
regardless of the metal used for the cathode and of the kind or pressure 
of gas in the discharge tube. The evidence is conclusive that they are a 
common constituent of all matter. 

3. RADIOACTIVE DISINTEGRATION 

Certain elements of high atomic weight, as well as K and Rb, are 
unstable in the sense that they spontaneously change to elements of 
lower atomic weight with production of heat and with the emission of 
alpha, beta, and gamma rays. The alpha rays are helium nuclei, having 
a mass practically equal to that of the helium atom, and a positive 
charge, +2e. The beta rays are electrons, and the gamma rays are 
light quanta of very short wave length. These phenomena were 
first observed by Becquerel, in 1896, in compounds of uranium and are 
known as the ''phenomena of radioactivity.^^ In 1898, the Curies^ 
succeeded in isolating the element radium and following this many new 
radioactive elements were discovered until at the present time about 
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forty are known. The average lives of these elements vary from about 
10~^^ seconds in the case of thorium to 2.4 • 10^° years in the case of 
thorium. 

The study of radioactivity has followed two main courses : first, there 
has been the study of the disintegration phenomena, the radiations 
emitted, the laws of transformation of elements, and the properties 
of the radioactive elements themselves; and second, the radiations 
emitted have been found to serve as very powerful tools for the investiga- 
tion of the structure of atoms in general and in fact have furnished the 
key for the solution of the atomic structure problem. It is this latter 
study which is of interest here and, therefore, the properties of the 
alpha, beta, and gamma rays will be described quite briefly (see general 
references on radioactivity at end of chapter). 

The alpha rays can be recognized experimentally in a number of ways. 
They ionize gases through which they pass; breaking the molecules up 
into positively and negatively charged bodies, and thus cause them to 
become electrically conducting. For example, an electroscope is dis- 
charged if alpha rays pass through the gas about the leaves. , They 
blacken a photographic plate on which they#|all and cause certain sub- 
stances such as zinc sulfide to fluoresce. If a fluorescent screen, on 
which a weak beam of alpha rays is falling, is viewed through a low 
power microscope, it is possible to observe faint but distinct star-like 
flashes of light which give very realistic evidence of a rain of particles 
on the screen. They are deflected by electric and magnetic fields in the 
directions to be expected for rapidly moving positively charged particles. 
The rays are able to pass 'through a few centimeters of gas at atmospheric 
pressure, or through very thin foils of light metals before they are com- 
pletely stopped. The distance alpha particles penetrate into gases, 
known as the ^'range,'' is very nearly the same for all the particles from 
one radioactive element, and varies from 2.53 cm. of air at normal 
temperature and pressure in the case of uranium to 8.17 cm. for thorium 
C'. The range varies inversely as the pressure, and directly as the 
temperature, and, therefore, each alpha particle is stopped by nearly 
the same number of collisions with molecrdes of the gas. 

A simple calculation shows that a particle moving in a straight line 
through a gas at standard temperature and pressure would pass through 
thousands of molecules in each millimeter of its path if the molecules 
have the radii deduced from kinetic theory. The alpha particle appar- 
ently does pass through molecules in this way and produces thousands 
of ions in each millimeter of path. C. T. R. Wilson^ used this fact in 
devising a method for making the paths of alpha particles visible. If a 
gas saturated with water vapor is suddenly expanded, it becomes super- 
saturated. Wilson's method consists in rapidly expanding, by means 

^Froc. Roy. S 0 C.BI, 277 mnX 




serve as nuclei for the condensation of water vapor from the super- 
saturated gas and, under proper illumination, an easily visible white line 



Fig. 2. — (a) Paths of electrons ejected from atoms by X-rays. (After Wilson, Proc. 
Roy. Soc. lt)4, 1 (1923).) (6) a-ray tracks in helium. (After Blackett, Proc. Roy. Soc. 107, 

360 (1924).) The angle between the forked tracks is very close to 90°. (c) a-ray tracks in 

oxygen. (After Blackett, Proc. Roy. Soc. 103, 78 (1923).) 


appears which can be photographed (Fig. 2). For the most part, the 
tracks are straight lines of nearly constant length, but, sometimes, 
near the end of the track, a sharp break appears, just as though the 
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particle had collided with a heavy body. In a few cases the deflection 
is larger than 90°. Further, the track is sometimes branched, indicating 
that the atom struck has recoiled with enough energy to produce ions 
on its own account. Deflections of alpha particles through large angles 
are also observed when they fall on thin metal foil. Whatever be the 
cause of the deflection, the phenomenon is termed “scattering^” The 
energy of the particle is used up in ionizing the molecules and it is Anally 
neutralized by picking up electrons. The number of pairs of ions 
produced in a centimeter of path varies greatly with the velocity. In 
air, at 15°C. and 760 mm. pressure, the maximum value of about 71,(W0 
ion pairs per centimeter is reached when the alpha particle has a velocity 

■ of about 8.3 • 10* cm. per second. 

The beta rays also ionize gases, though not so intensely as alpha 
particles, affect the photographic plate, and cause substances on which 
they impinge to fluoresce. They are deflected by electric and magnetic 
fields in the directions to be expected for negatively charged particles. 
They can pass through thick layers of gases and through thin metal 
foils. 

While alpha particles have paths of very nearly the same length 
so that a very sharp range is found, the absorption of beta rays by matter 
follows an exponential law judt as in the case of cathode particles (Chap. 
II, Sec. 16) and they are half absorbed by a few hundredths cm. of alu- 
minium. The paths of beta rays can be made visible by Wilson’s 
method and are found to be much more tortuous than alpha-ray tracks 
and to have fewer droplets showing that fewer ions are formed. Beta 
rays are in fact identical with cathode particles except for their higher 
velocities, the fastest known being those of thorium C with a velocity 
equal to 0.999 times the velocity of light. For convenience we shall^ 
refeOo either beta rays or cathode rays as fast electrons. 

The gamma rays are the most penetrating radiations emitted by 
radioactive substances. They pass through long distances in air and 
even through many centimeters of metals such as lead. They are weak 
ionizers of gases, and affect the photographic plate. They are undeflected 
by electric and magnetic fields and generally behave like light of short 
wave length. 

4 MOTION OF A CHARGED PARTICLE IN ELECTRIC AND MAGNETIC 

FIELDS 

In order to investigate directly the charge, mass, and velocity of 
electrons and positive ions, we observe their motions through electric 
* and magnetic fields combined in suitable ways. By definition, a particle 
with charge e in a steady electric field of intensity E is acted on by a 
force 


f = Ee, 
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so that E is the force per unit charge. Its potential energy at some 
point Q in the field is 

7 = — ^ 

Here the integral is taken along any path from oo to Q, and is the 
component of f parallel to ds, ^ is the electrostatic potential at the point 
Q — the potential energy per unit charge. 

The equation of energy for a charged particle moving in an electric 
field is 

where E is the total energy. Suppose the particle is initially at rest at a 
point where its potential energy is If it moves under the action of 
electric forces to another point with potential its kinetic energy at 
the latter point is 

^ ( 1 ) 

Between two parallel condenser plates charged to a potential difference 
<I>, the uniform electric field has intensity Y = if their distance 
apart is d, where d is very small compared to the dimensions of the 
plates. Figure 3 shows such a pair _ 
of condenser plates, A and B. Let ^|l| 
a charge moving with a velocity v 

along the X-axis, parallel to the plates, [J -i- -j- 

enter the field at 0, which is taken as jo j !.----'' f ^ 

the origin, and be deflected as in- v \ - -p- 

dicated. No force acts on the particle ^ ^ 

parallel to the X-asis, so its it-oom- 
ponent of velocity remains unchanged, 

and the distance traveled by the particle in time < is such that 

X = vt. (2) 


The equation of motion for the y-coordinate is 

-W - t'e. 


= (3) 

at ^ 

the constants of integration being zero, since y and dy/dt are both zero 
at t = 0. The elimination of t from equations (2) and (3) gives the 
equation of the path, which is parabolic between 0 and C, 


( 4 ) 



24 the elementary constituents -of atoms [Chap. II 

beyond C the path is again a straight line CE with the equation 

A.t Ej the particle can be detected by methods soon to be described, so 
*tlie values of y and x for one point on the path are known. If v is known, 
€tll the quantities in equation (4a), except e/m, can be measured and thus 
■fclie value of e/m can be determined. 

We now show how v can be determined from the deflection in a uniform 
a^agnetic field. The force exerted on the particle by a magnetic field 
H is 

/ = evH sin (v, H) (5) 


where sin (v, H) is the sine of the angle between v and H. In particular, 
if the particle moves at right angles to the lines of force, the force is 
Hev. It is always perpendicular to v and to‘ H, and is directed in the 
sense in which a right-handed screw moves if so rotated that it brings 
the velocity vector v into coincidence with H (Fig. 4). 
Therefore, the magnetic force can alter the direction of 
f-vHsjn(v,H) velocity but not its magnitude. If v and H are per- 
pendicular to each other, the particle will move in a 
jj circle with a radius determined by the condition that 

the centrifugal force and the force exerted by the field 
^ shall be equal, 


( 6 ) 


JB'iq. 4 . — The tt ^ 

force acting on a ^ ' 

positive charge 

moving in a mag- Both H and T Can be measured, giving us the value 

xxetnc neld, « , . . 

01 6/ mv. An experiment with the same particles, having 
the same initial velocity, in an electric field will yield e/mv^, and so the 
values of both v and e/m can be obtained. By combining the effects of 
electric and magnetic fields upon moving charged particles, it is possible to 
determine 'the ratio e/m. If the force, due to a uniform electric field, is 
balanced by magnetic force, the particle moves in a straight line, as though 
both fields were absent, and the forces obey the equation, 

7e = Hev, (7) 


so that 2 ; = Y/H. The experimental method is to place the condenser 
plates of Fig. 3 between the poles of an electromagnet in such a way 
■that the direction of H is perpendicular to Y and v, that is, perpendicular 
■to the plane of the page. The values of Y and H are’ so chosen that they 
oause the particle to move along OX when both fields are acting; this 
gives us V, Now the electric field is removed, and the particle moves on a 
circle of radius n Substituting in equation (6), we have 


£ _ Y_ 
m H^r 


( 8 ) 
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The quantities on the right can all be measured. Again, the deflection 
in the electric field alone may be measured, and substituting v = Y/H 
in equations (4) or (4a), we obtain e/m independently. 

It is difficult to obtain high precision in measurements of this kind. 
The electric field is not uniform near the edges of the condenser plates, 
nor is the magnetic field near the edges of the pole pieces. The equations 
given are only approximate for these reasons and it is difficult to derive 
the equations for any given apparatus, or to determine them experi- 
mentally. Deflection experiments give values of e/m for cathode rays 
varying from about 1.71 to 1.85-10^ e.m.u per gram. (e:m.u. means 
electromagnetic units.) The most probable value lies near 1.76 • 10^. 


6. THE DEPENDENCE OF e/m ON VELOCITZ 
Simple deflection experiments on beta particles give results agreeing 
closely enough with the above figures to leave little doubt that they are 
identical with cathode particles except for their higher velocities. How- 
ever, some indications that the ratio e/m decreases with the velocity 
were secured from such determinations. The Lorentz theory of the 
electron, and also the theory of relativity, requires that the mass m 
of the electron shall vary with its velocity according to the equation, 

^0 o fQ\ 

^ ^ 

■where mo is the mass of the electron at rest and c is the velocity of light. 
The mass m differs very slightly from Too except for values of v approach- 
ing the velocity of light, so that we are practically limited to the use of 
high-speed electrons in testing equation (9) . Experiments by Kaufmann’- 
showed definitely that e/m does vary' -with the velocity of the particles 
and that it probably approaches zero as v approaches c. His experi- 
mental method, due originally to J. J. Thomson, is y 

shown diagrammatically in Eig. 5. S and N are 

the poles of an electromagnet and A and B the W/7/7/Z7^,.,/A 

plates of a condenser arranged so that they can be 
charged to different potentials by a battery. A T* B 
narro-w beam of beta particles is aimed downward, 

normal to the paper at the point P. Below, a W,////y////y^yA 

photographic plate is placed perpendicular to the Pia. 5. — Kaufmann's 
direction of the beam of beta particles. The mag- determining 

netic field displaces the particles toward the right 

while the electric field causes them to be displaced toward the positive 
plate. Assuming that the ratio e/m is constant, 'we can show from equa- 
tions (4) and (6) that for small displacements the deflection in the Y- 
direction due to the electric field is 

_ 0* eF 

■ ^ 2 TUV^’ 

I Ann. Physik. 19, 487 (1906). Mnal results. 
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where a is the length of the condenser plates, and that in the x direction, 
due to the magnetic field is, if x is small, 

V eH 

X = ? 

2 mv 

where h is the length of path between the pole pieces. The particles 
fly some distance in a field-free space and then hit a photographic plate. 
The displacement y at the photographic plate is proportional to (e/m) 
{Y /v^) and the displacement, Xj to {e/m){H/v). Eliminating the 
velocity we have, 

.F 


y ^ 7^2 


( 10 ) 


where J? is a constant depending on a, 6, and other dimensions of the appa- 
ratus. Therefore, the particles fall at various points on a parabola through 
P as shown by the dotted line PD, depending on their velocities. Revers- 
ing the direction of the electric field causes them to fall along PC. Kauf- 
mann found that the photographic plate was darkened along the solid 
curves. The shape of these curves indicates that the mass increases 
as the velocity increases and that it approaches a very great value as 
the velocity approaches that of light, but the experiment did not deter- 
mine the exact way in which the mass changes with velocity. 

The method of compensated ra^ys, used by Bestelmeyer,^ Bucherer^ 
and others, is illustrated by Fig. 6. It makes use of electric and magnetic 

fields, perpendicular to each other and 
to the direction of the beam of electrons. 
The uniform magnetic field extends over 
the condenser plates and the space 
about them, and has a direction normal 
to the plane of the paper. Photoelec- 
trons from the plate Pt, entering a{ the 
left with a velocity v = YjH, move in 
a straight line through the region of the 
condenser plates C but electrons of all 
other velocities are deflected to one plate or the other. The emerging 
beam is then deflected by the magnetic field alone and follows one of the 
curves a or a'. The radius of this circular path is 

F 

r = I — 


\Pi 


c 

p 

c 



Fig. 6.~ 


-Compensated ray apparatus 
for measuring e/m. 


With the aid of a photographic plate P, r is determined, and so we obtain 
m/e. Knowing v and m/e, we can use equation (9) to calculate e/mo. 
If equation (9) is correct, this should be a constant, whatever be the 
value of V. Table 1 shows the results of a number of Bucherer^s deter- 

1 Ann. Physik, 22, 429 (1907). 

2 Ann. P%st/c, 28, 513 (1909). 
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minations of e/mo. The constancy of this ratio is commonly interpreted 
as favorable to equation (9). It is desirable, however, that new deter- 
minations be made, using all the resources of modern high vacuum 
technique, because of the importance of equation (9). 


Table 1 


v/c 

e/niQ in 

Electromagnetic 

Units 

0.3173 

1.752 X 107 

0.3787 

1.761 

0.4281 

1.760 

0.5154 

1.763 

0.6870 

1.767 


The ratio of charge to mass for the hydrogen ion is 9,580 e.m.u. per 
gram, from electrochemical data, so that the e / m ratio for the electron is 
about 1,847 times as great as that for the hydrogen ion. 

In 1901, Rutherford attempted to determine the e/m ratio of alpha 
particles from their deflection in electric and magnetic fields and showed 
that they were deflected as though they carried a positive charge. Later, 
he deposited the radioactive elements resulting from the decay of radon 
on a fine wire; the active material is radium C. Since the alpha particles 
from any sample of radium C have the same velocities, masses, and 
charges, the effects of electric and magnetic fields were studied separately. 
The value of e/m is 4.82 • 10®, about one-half the value for hydrogen. 
The discovery by Ramsay and Soddy that helium is produced when 
radium disintegrates showed that the alpha particle is a doubly charged 
helium atom, that is, simply a helium nucleus with an atomic weight 
of 4. We know today that these particles are emitted by the nucleus 
of the radium atom (atomic weight 226) when it disintegrates, leaving 
behind the nucleus of an atom of weight 222. 

6. THE ELEMENTARY UNIT OF CHARGE 

The first attempts to determine the elementary unit of charge e, follow- 
ing Stoney's estimate of 0.3 • 10“^® e.s.u., were made by Townsend, 
J. J. Thomson, and H. A. Wilson. The methods of Townsend and 
Thomson are essentially the same. A charged cloud of water droplets is 
produced by expansion. The charge carried by the cloud is measured 
and its total mass is determined by absorbing the water and weighing 
it. The average radius of the droplets is determined by observing 
the rate of fall of the top surface of the cloud under gravity. According 
to Stokes' law,^ the velocity of fall of a sphere of radius r through a 
viscous medium of density do is 

, = ( 11 ) 

9?7 

' See Lamb, “Hydrodynamics,'^ 5th ed. Sec. 337, Cambridge University Press. 
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where g is the acceleration of gravity, )? the viscosity of the ^ 

the density of the sphere. In this way we obtain the , 

droplet, and therefore the number of droplets. Assuming ' ^ , { 

carries a single elementary charge, its value can be ca cu act ro ^ 
total charge and the number of droplets, lownsend sccun c * ^ ^ 

e.s.u. while Thomson obtained 6.5-10“io and 3.4 • e.H.u. . 

sets of experiments. Since only the average mass of t u , ^ 

determined and there is no way of knowing that each drop < ^^***,* ‘^ 
one elementary unit of charge, the method cannot be expec.t»( < t.<» gi’v* 
precise results. Wilson modified this method by observing t u Ui i 
fall vi under gravity alone, and the rate V 2 , under th(^ coinbitu'd fori*i»s 
of gravity and of an electric field. In this case, the condition for uni orin 
fall is, by Stokes’ law, 

mg + Xe == 

mg being the apparent weight of the drop in the medium of d<*nBit y tlth 
while in the absence of the electric field, 

(1210 


We have also 


m = 


mg = ^7rri[)Vi. 
4:7rr^D 


} where D = d -- do. 


In these equations, the quantities observed are Z, D, ^7, Vi and thl tn 
and r can be eliminated and 


1 ^ 2 ^/ ^ ^ ^ 

The deviations for this method were large and the results of the Harne 
order of magnitude as before. In determining Vi and t>2, it is nc^eesHary 
to assume that the size of the droplets is the same and the variationH in 
the results indicate that this is not true. 

The most exact determination of e is that of Millikan, In repc'iit ing 
Wilson’s work he found that individual droplets could be kept in f he 
field of a telescope for appreciable lengths of time. This made {msHilil** 
the elimination of many uncertainties, such as the assumption that eiicdi 
droplet has only one unit of charge and that they are of the saim* nm\ 
He observed drops of water, mercury, and oil, and found thi‘ oil drops 
most satisfactory. The electric fields used were highc’ir than ihost* umnl i»y 
Wilson and were mostly in a direction to oppose the force of gravity 
so that the condition for steady fall was 

— mg + Xe = Qrrrjvz. (14) 

The particle moves upward or downward, depending on whether AV ifi 
greater or less than mg. The special case in which Xe «» mg in known 
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as the “balanced-drop method,” Dividing equation (12fc) by equation 
(14) and solving for e we obtain 

mgjvx + V2) ( 15 ) 

Xvi 

Millikan’s apparatus is shown in Fig. 7 A An oil mist is produced by 
an atomizer; some of the drops fall through the opening in the upper 
condenser plate, and pick up charges from ions in the gas produced by a 
beam of X-rays. The particle selected for observation is viewed through 



Fig. 7.— Millikan’s apparatus for determining e, (JHiiprochieed by permiaaion of the Vniwf- 
sity of CkicdQO Press from “ The Electron ”.) 

a telescope equipped with horizontal hair lines so that the time of fall 
between known levels can be determined. When a droplet has fallen 
below the bottom crosshair^ an electric field is established between the 
condenser plates and the time of rise of the same particle is determined. 
In this way, one droplet can be observed for long periods of time* 

The experiment can be best understood by cousidering the actual record of a 
droplet. The time required for it to fall a distance of 0.5222 (;m. under graviby waB 
13.593 seconds, the average of 17 determinations varying only by amounts to bo 
expected in stop-watch measurements. The times required for successive trips 
upward were 12.5, 12.4, 2L8, 34.8, 84.5, 85.5, 34,0, 34.8, 16.0, 34.8, 34.6, 21.9 seconds. 
After two trips, the time changed to 21.8 seconds, showing that a negative ion had 
been captured, since the particle was positive. Tlie other changes also indicate tha 
capture of ions, some positive and some negative. According to equation (15) tha 
charge is proportional to vi and, if the charges carriGtl by the droplet am all 
multiples of a certain unit, this sum should always be an integral multiple of the value 
of yi -f ya when the elemcuitary charge is carried. Table 2, which is an abridgement of 
one given in Millikan’s book “The Electron,” shows that such is the case; Vi ^ 
0.03743 cm. per second. 

1 Millikan, R. A, ‘‘The Electron,” University of Chicago Press (1924)* 
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Table 2 


Vi 

V\ + Vi 

n 

A(vi -j- *^2) 

An 

0 04196 

0.07939 

9.06 

0.01806 

-2.06 

0.02390 

0.06133 

7.00 

0.00885 

-1.01 

0.01505 

0.05248 

6.99 

0.00891 

-1.01 

0.006144 

0.04357 

4.98 




The column n gives the number of elementary charges carried by the droplet and Ati 
the number of charges gained by the droplet on successive trips. The experiment 
proves conclusively that the charge on the droplet is an integral multiple of an ele- 
mentary unit and that the charge changes only by multiples of this unit. 

The determination of the value of the charge requires the use of Stokes' 
law. It is given by equation (13) with the sign of Vx changed, since 
the particle in Millikan^ s experiments rises against gravity when the 
field is applied. All the quantities in this modified equation can be 
determined by Millikan^s method, observing one particle. The number 
of elementary charges on a droplet is obtained by the method just 
described and then the absolute value of the charge is obtained by deter- 
mining all the unknowns in equation (13). However, Stokes' law applies 
only when the droplet is large compared to the mean distance between 
the molecules of the gas. Since the droplets used were very small, it 
was necessary to use a corrected form of Stokes' law, 


1 + A 


where A is an empirical constant, and I the mean free path of the gas 
molecules. With this correction, consistent values for the elementary 
charge are obtained. 

Millikan's value for e is (1.591 + 0.002) • 10“^° e.m.u. or (4.770 ± 
0.005) • 10"“^° e.s.u. Together with the value of e/mo this permits a 
calculation of the mass of the electron, 

mo = (8.994 ± 0.014) • lO-^^ gram. 

Avogadro's number can be calculated from the relation 

^ f 

The mass of any atom can be calculated from its atomic weight and 
Avogadro's number N. That of the hydrogen atom is 

= (1.6618 + 0.0017) 10- gram. 

The so-called radius of the electron can be calculated on the assump- 
tion that the mass is electromagnetic in origin. By this we mean, that 


F 

N = 

e 


= (6.064 ± 0.006) 


= (1.6618 + 0.0017) 10-2< gram. 
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the resistance to acceleration is supposed to be due entirely to the 
reaction of the electron’s own electric and magnetic fields upon it, when 
it is subjected to a force. Further, it is supposed that the electron 
at rest is spherical, and that its charge is uniformly distributed on the 
surface of the sphere. The mass is given by 

where a is the radius.^ We find that a = 1.69 * lO”'^® cm., a value 10® 
times smaller than atomic radii. On a similar basis, the radius of the 
hydrogen nucleus would be only 0.92 • lO""^® cm., since it is much heavier 
than the electron. These values must not be taken too seriously. When 
the unsettled subject of models of the electron is discussed, it is cus- 
tomary, following Poincar4, to postulate a system of cohesional forces 
inside the electron, non-electromagnetic in character, but the existence 
of these forces makes doubtful the calculation of the radius referred to 
above. It seems probable, however, that in close collision with other 
entities the electron behaves more or less as a particle of radius 2 • 10”^^ 
would do. This is the only sense in which it has any meaning to speak 
of its size. 


7. EARLY RESEARCHES ON ISOTOPES 

Soddy and Fajans (1913) first pointed out that certain radioactive 
atoms having different rpasses and different radioactive properties 
should occupy the same position in the periodic system, and suggested 
that non-radioactive elements might consist of several atomic species 
having different atomic weights. Soddy called these species “isotopes.” 
They stated that they would be chemically inseparable and further 
pointed out that lead from 'uranium minerals, produced as the end 
product of the radioactive decomposition of uranium, should have a 
lower atomic weight than lead obtained from the radioactive decom- 
position of thorium. The first of these statements explained the results 
of Boltwood,2 Marckwald and Keetman,® and Auer von Welsbach^ who 
showed that mesothorium and ionium cannot be separated chemically. 
Similarly, mesothoripm and radium in the alkaline earth group and 
uranium I and II of the sixth group have been shown to be inseparable. 
The second statement was verified by careful determination of the 
atomic weight of lead from different sources as shown in Table 3. Table 
4 gives data in regard to atomic weights and other physical properties, 
collected by T. W. Richards. 

1 See Jeans, ^‘Electricity and Magnetism,” p. 586, 4th ed. 

2 Am. J. Soil, 22, 537 (1906); 24, 370 (1907). 

^ Jahrhuch f. Radioaktivitatj 6, 269 (1909). 

'4 Ifm Ber. iio, 119 , 1011 (1910). 
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Table 3 


Source Atomic Weight 

Ceylon thorite. - • 207.77 

Norwegian cleveite 206 . 08 

Australian mixture 206 . 34 

Carnotite 206 .36 

Pitchblend (Morogoro) 206.046 

Norwegian thorite 207.9 

Uranium lead (theoretical) • 206 

Thorium lead (theoretical) 208 

Ordinary lead 207 . 20 


Table 4 


Property 

Common 

lead 

Australian 

mixture 

Norwegian 

cleveite 

Percentage 

differences 

A 

B 

C 

A-B 

B-C 

Atomic weigh-t 

207.19 

206.34 

206.08 

0.42 

0.54 

Density 

11.337 

11.280 

11.273 

0.42 

0.56 

Atomic volume 

18.277 

18.278 

18.281 

0.01 

0.02 

TVTfil t.iTicr nr»in+, 

600.53 

600.59 


0.01 



37.281 

37.130 


0.41 




T-? inrli^v 

1.7815 

1.7814 


0.01 







It can. be seen from Table 4 that the various samples described differ 
only in those properties which depend on atomic weight. This difference 
in atomic weight is due to the fact that the nuclei of the various isotopes 
of a given element have identical charges, but different masses. The 
configuration of the outer electrons depends only on the charge of the 
nucleus, aside from extremely minute effects due to its mass and possibly 
to a small magnetic moment. 

8. THE SEPARATION OF ISOTOPES 
In the case of the radioactive elements and the stable elements 
derived from them, , such as uranium lead and thorium lead, nature 
furnishes us with pure atomic species, but, in the case of the non- 
radioactive elements which have several isotopes, we are always con- 
fronted with a mixture of constant proportions. Careful and extensive 
researches^ have shown that the atomic weights of materials taken from 
widely separated sources on the earth's surface, from igneous rocks, 
from sedimentary rocks, and from the sea, are identical within the errors 
of measurement. Still more striking is the fact that the atomic weight 
of nickel from meteorites is the same as that of terrestrial nickel; the 
same is true for other elements investigated. On the basis of this work, 
Aston suggested that the evolution of the elements occurring when 
1 See Aston’s ‘Tsotopes,” 2nd ed., pp, 141--142 for a detailed account. 
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9. THE PARABOLA METHOD FOR STUDYING POSITIVE RAYS 
In every discharge tube there are positively charged particles which 
move toward the cathode. The presence of such particles was first 
demonstrated by Goldstein by boring a small hole in the cathode (called 
by him a canal), and, thus, allowing these particles to stream into the 
space behind the cathode. Their track appears as a bright pencil of 
light, due not only to their own emission but also to that of the molecules 
which they strike. J. J. Thomson has summarized the results in this 
field in his “Rays of Positive Electricity” (see reference at end of chapter). 



Fig. 8a. — J. J. Thomson’s positive ray apparatus. A is the anode, K the cathode, P and Q 
the magnetic poles, LL the condenser, and R the photographic plate. 


The principal experimental method used by Thomson (Fig. 8a) is nearly 
identical with that used by Kaufmann in his experiments on electrons. 
As in the experiments of Kaufmann (Sec. 6), the particles will fall on 
curves which are approximately parabolas. The particles of high velocity 
are deflected only slightly and, therefore, fall nearer to the apex of the 
parabola, while those of lower velocity are deflected more, and so fall 
farther from the apex. If particles of all velocities were present, the 

curves would be complete, as shown at 
OA and OB in Fig. 8b. If the direc- 
tion of the magnetic field is reversed, 
the particles will be deflected down- 
ward, as shown by the curves OC and 
OD. The directions of the electric and 
magnetic fields which deflect the par- 
ticles to each of the four branches of 
the parabolas are shown by the arrows 
E and H. If negative particles are 
present, the positions at which they 
fall can be secured by reversing the 
directions of both E and II in the 
figure. Particles moving with ^'infinite” velocity would pass through 0. 
Since the particles cannot have a velocity greater than that given to them 
by falling through the entire potential difference across the cathode ray 
tube, z.e., between A and K in Fig. 8a, only incomplete parabolas will 
actually appear on the photographic plate, as in Fig. 9. 



Fig. 86. — Diagram of positive ray 
parabolas. 
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The deflection due to the electric field is inversely proportional to 
the kinetic energy of the particle and, therefore, will be the same for all 
particles which have the same charge and have fallen through the same 
potential, regardless of any difference in mass. The deflection due 
to the magnetic field is inversely proportional to the momentum of the 
particle, and, since the momentum is larger for heavier particles of the 
same kinetic energy, these will be deflected less than the lighter particles. 
Curve OB is produced by particles of larger mass than those which 


//+ 



Fig. 9. — The parabolas of neon. (After Thomson. Taken from Aston's ^'Isotopes" p. 2S,) 

produce OA. From the shape of the curves it is possible to determine 
both the velocity of a particle falling on any point of the curves and 
also the ratio of charge to mass. The calculation is troublesome and, 
due to uncertainties in the distribution of the electric and magnetic 
fields, is not very precise. Experiments of this kind show definitely 
that the masses of particles carrying positive charges are of the same 
order of magnitude as the masses of the atoms, and that chemically pure 
elements may consist of a mixture of atoms of different masses. Figure 
9 shows, curves due to two isotopes of neon. 
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10. DEMPSTER’S METHOD 

Dempster^ has used the so-called magnetic spectrograph for studying 
positive particles and for determining the ratio of charge to mass. A 
diagram of his apparatus is shown in Fig. 10. The positive ions of 
charge e are produced at A by causing electrons from a heated filament 
to fall on a salt of the element to be investigated These fall through 
a small electric field and pass through the slit at C. Between C and Si, 



Fig. 10. — Dempster’s apparatus for detecting isotopes. 

there is a large electric field which causes the ions to pass through Si 
with a velocity 



where $ is the potential difference between C and Si. The apparatus below 
/Si and S 2 is placed between the poles of an electromagnet so that the 
ions, after entering at Si, move in a semicircle to S 2 . The radius of the 
circle r, equal to half the distance between Si and Sn, depends on 
the magnetic field strength and velocity of the particledn the way given in 
equation (6), if m is replaced by Af and e by e. Eliminating the velocity 
from equations (6) and (18) we have 

^ 2 $ 

M HV' d9) 

The experimental procedure is usually to fix at a convenient value 
and to vary $ until the ions fall through S 2 and discharge the 
electrometer. 

’ Phys. Rev., 11, 316 (1918). 
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11. ASTON’S MASS SPECTROGRAPH 

Aston^ devised another arrangement of electric and magnetic fields 
(Fig. 11) which proved to be most convenient for the analysis of positive 
ions and has improved it until a very high precision in the determination 
of atomic masses is possible. A narrow beam of positive ions is selected 
from a source at the left by means of the slits Si and This beam 
passes between the charged plates Pi and P 2 and is spread into a fan 
falling on P, the deflection depending on the charge and velocity 
of the ions. Only those ions will pass through the slit D which have 
charge and velocity such that they fulfill the relation 



Fig. 11 .' — Aston’s mass apoctroKraph. 


where 0 is the angle of deflection, which is always small and fixed by the' 
position of D; v the velocity of the ions; I, the length of th(^ path bol.wc'cn 
the plates Pi and P^; and E, the electric intensity between these pliiii(w. 
These ions then pass between the poles of an electromagnet arraingc'd 
so that it deflects them in the direction opposite to the d(fll(H!iion (iuused 
by the electric field. The angle of deflection <p can bo obtained from 
equation (6) and for small deflections, is given by 


ifV 


( 21 ) 


L being the length of path in the magnetic field. Eliminating v from 
equations (20) and (21), 



''■Phil. Maq., 38, 709 noiO); also his book “Isotopes” (refercnco at otid oi clmiitcf), 
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The great advantage of this method lies in the fact that ions having 
a certain value of e/M but slightly different velocities due to the finite 
width of the slit D will nevertheless be focused on the same point of a 
photographic plate placed at GFj because an ion which is bent slightly 
less than the average by the electric field and has therefore a slightly 
higher velocity, is bent back proportionately less strongly by the magnetic 
field, while the opposite is the case for a strongly deflected slower ion* 
Therefore, the paths of slow and fast ions will intersect at some point. 
The locus of this point is found as follows : 

By differentiating equation (20), 

v^dd + 2$vdv = 0, or ~ 

6 V 

and by differentiating equation (21), 

vdip + (pdv = 0, or — = — — 

<p V 

Therefore, dS/O = 2d<pl(p, an expression which is true for all values of 
the velocities. If dd is the angle defined by the slit i), the width of the 
beam after traveling a distance equal to the total length of path will bo 
(b + r)ddj neglecting the effect of the magnetic field, where h is the 
distance OZ and r is approximately OF, The effect of the magnetic 
field is to decrease this width by an amount —rd(p and therefore the 
total width is 

(b + T)dd — rdcp = bdd + r{dd — d<p) = + r^l — 

If the rays are to be brought to a focus, this width must be zero and this 
will be true when 



This is the equation of a straight line GF making an angle $ with the 
original direction of the beam, in the sense opposite to the direction of 
deflection of the ions. Ions with the same e/M but of slightly different 
velocities wdll faU on the same point on this line, as shown in Fig. 11, 
making it possible, to secure very sharp images on the photographic 
plate. The theory as presented is not exact since the variations of the 
fields, near the edges and the different paths traversed by the ions are 
not considered. By taking these into account, Aston has made this 
so-called mass spectrograph an instrument of high precision. He has 
studied^ the isotopes of a large number of elements, with the results 
shown in Table 5, which also includes the data of other investigators 
The neaVly integral atomic weights of isotopes, the emission of alpha 
and beta particles by radioactive elements, and the artificial trans- 
mutation of elements with emission of protons (Sec. 16) indicate that 
Prout^s hypothesis was not far from correct; the nuclei of all atoms arc 
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Sec. 12] UEGULARITIBS IN TEE SYSTEM OF ISOTOPES 

probably constructed of protons and electrons, and it is likely that these 
particles form groups similar to the helium nucleus. Of course, the 
mere fact that alpha, beta, and hydrogen particles are emitted by nuclei 
does not prove their independent existence before the emission, but, 
with mental reservations, we shall speak as though such were the case. 
On this basis, we find the number of electrons in the nucleus as follows : 
The mass is almost entirely due to the protons, the number A of which is 
therefore nearly equal to the atomic weight. If there are N electrons, 
the nuclear charge will be 

A-N = Z, (23) 

in terms of 6 as a unit. 

12. REGULARITIES IN THE SYSTEM OF ISOTOPES 

Table 5 abounds in interesting regularities, which must be accounted 
for by any successful theory of nuclear structure. We shall now review 
some of these regularities, basing our discussion, in part, on Chaps* IX 
and X of Aston’s “Isotopes”: 


Table S’- 


Element 

Chemical 

atomic 

weight 

Mass numbers of isotopes 

H 1 

1,0078 

1 

He 2 

4.002 

4 

Li 3 

6.940 

7, 6 

Be 4 

9.02 

9 

B 5 

10.82 

11, 10 

C 6. 

12,000 

12, 134 

N 7 

14.008 

14, 150 

0 8 

16.000 

16, 18,2 172 

p 9 

19.00 

19 

Ne 10 

20.183 

20, 22, 213 

23 

Na 11 

22.997 

Mg 12 

24.32 

24, 25, 26 

27 

A1 13 

26.97 

Si 14 

28.06 

28, 29, 30 

P 15 

31 . 02 

31 

S 16 

32.06 

32, 33, 34 

Cl 17 

35.457 

35, 37 

A 18 

39 . 94 

40, 36 

K 19 

39. 10 

39, 41 

Ca 20 

40.07 

40, 44 

Sc 21 ; 

45.10 

45 

Ti 22 

47.90 

48 

V 23 

50 . 96 

51 

Cr 24 

52.01 

62 

Mn 25 

54.93 

55 

Po 26 

55,84 

56, 64 

59 

Co 27 

58.94 

Ni 28 

58.69 

58, 60 

Cu 29 

63.57 

63, 65 

64, 66, 68, 67, 65, 70, 69 

69, 71 

74, 72, 70, 73, 75, 76, 71, 77 

75 

Zn 30. 

65.38 

Ga 31 

69.72 

Ge 32 

72.60 

A.f4 

74.96 

Se 34 

79.2 

80, 78, 76, 82, 77, 74 

79, 81 

84, 86, 82, 83, 80, 78 

85, 87 

Br 35 

79.916 

Kr 36 

82.9 

Rb 37 

85.44 

Sr 38 

87.63 

88, 86 



1 See Aston, Proc. Roy. Soc., 115, 487 (1927) and refminces thcsre given; Nature, 122, 167 and 346 
28), The istopes are givc?n in the order of decreasing abundance. 

2 (jriAUQUE and Johnston, Nature (1929); J. A. C. S. (1929). 

8 lioGNESS and Kvalnes, Nature, 122, 441 (1928). 

4 King and Birgb, Nature, 124, 127 (1929) ; Phys, Rev., 34, 376 (1929). 

6 Naud^, Phys. Rev., 34, 1498 (1929). 
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Table. 5. — {Cordinued). 


Element 

C he mi cal 
atomic 
weight 

Mass numbers of isotopes 

Y 39 

88.92 

89 

Zr 40 

91.22 

90, 94, 92, (96) 

A.g 47 

107.880 

107, 109 

cl 48 

112.41 

114; 112, 110, 113, 111, 116 

In 49 

114.8 


Sn 50 

118.70 

120. 118, 116, 124, 119, 117, 

Sb 61 

121.77 

122, 121, 112, 114, 115 

121, 123 

Te 52. 

127.5 

128, 130, 126 

I 63 

126.932 

127 

Xe 54 

130.2 

129, 132, 131, 134. 136, 128. 

Cb 65 

132.81 

130, 126, 124 

133 

Ba 56 

137.36 

138 

La 57 

138.90 

139 

Ce 58 

140. 13 

140, 142 

Pr 59 

140.92 

141 

xdeo 

144.27 

142, 144, 146, (145) 

Hg 80 

200.61 

202, 200, 199, 198, 201, 204 

pt> 82 

207.22 

208, 206, 207, (209), (203), 

Bi 83 

209.00 

(204) 

209 



1. Nuclei of even atomic number are more numerous than those 
of odd atorhic number. Nuclei with mass numbers divisible by 4 are 
much more abundant than those with mass numbers not divisible by 4. 
Those containing even numbers of electrons are more numerous than 
those having odd numbers of electrons. 

2. The atomic weights are generally very close to integers, on the 
scale 0 = 16, though definite divergences occur. 

3. With the exception of hydrogen the atomic weight of a nucleus of 
charge Z is at least 2Z, or, by equation (23), N ^ Z. There is never 
less than one electron to every two protons, and the proportion of electrons 
rises as Z increases. 

4. The number of isotopes of one element and their range of mass 
numbers are both rather small. 

5. Elements of odd atomic number never have more than two isotopes, 
f ud the mass numbers of these usually differ by 2. 

6. Isobars, that is, nuclei with the same weight but different charges, 
are comparatively rare. 

13. DISTRIBUTION AND ABUNDANCE OF ISOTOPES 

There are several interesting points in regard to the distribution 
of isotopes, first pointed out by Harkins. The total number of elements 
listed in Table 5 is 57, 29 of even and 28 of odd atomic number. There 
are 108 isotopes of even atomic number, but only 38 of odd atomic 
number. The isotopes having an even number of electrons within the 
nucleus, as calculated from equation (23), exceed those having an odd 
number of electrons in the ratio 115:31. The number of isotopes for 
the four possible combinations of these factors are as follows. 
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Even Z Even Z 

Even N Odd N 

80 28 


Odd 2^ Odd Z 

Even N Odd N 

35 3 


Harkins^ has pointed out that the first 29 elements of the periodic 
system compose 99.85 per cent of the lithosphere, 99.98 per cent of the 
stone meteorites and 100 per cent of the iron meteorites, and that the 
even-numbered elements are far more abundant than the odd. Figure 
12a is a diagram by Harkins, showing the percentages by weight (this 



Harkins.) 


is equivalent to the percentage of 
protons) of the elements in the stone 
meteorites. It will be noted that in 
every case, the even-numbered ele- 
ment is more abundant by weight 
than either of the odd-numbered 


j/ 
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Pia. 12&.'-^The relative abundance of the 
rare earths. {After Goldsmidt and Thom- 
assen.) The numbers indicate the relative 
abundance of atoms, yttrium being taken 


as 100. 


elements preceding and following it. Perhaps the most striking illustra- 
tion of this type of variation is the relative abundance of the rare earths 
as shown in Fig. 126, from the work of Goldsmidt and Thomassen.^ 
Moreover, the five most abundant elements (either by weight or in 
number of atoms), 0, Mg, Si, S, and Fe, make up nearly 96 per cent of 
the total number of atoms in these meteorites and, if we take account of 
the relative numbers of isotopes in these elements, we find that 90.6 
per cent of the total number of nuclei have mass numbers divisible by 
4, namely, 0^ Mg« SP«, S»=, Fe“* 

^ Hakkins, W. D., J. a. C. S., 39, 866, 870 (1917); PhU. Mag., 42, 305 (1921). 
Harkins also classified isotopes into the four groups given above. 

^ Videnskahs. Shrift. I, Math, naturw. Kl.j 4 (1924). 

*Harkin8, ilfaa., 42, 305 (1921). 
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As a first hypothesis we may assume that the more abundant atomic 
species are also the more stable, though this is not necessarily true. An 
instance is the fact ascertained by Biltz and Ziegert^ that the less abundant 
isotope 41 of potassium is responsible for its radioactivity. They compared 
the radioactivity of ordinary potassium with that of a sample in which 
the isotope 41 had been increased 4.8 per cent, finding a difference in 
activity of 4.2 ± 0.8 per cent. 

14. PRECISION MEASUREMENTS OF NUCLEAR WEIGHTS 

The latest instrument constructed by Aston^ is capable of an accuracy 
of one ten thousandth unit in the atomic weight scale, and by its use he 
has shown that very few nuclei have exactly integral mass numbers. 
The value, 16.0000, is assigned arbitrarily as the atomic weight of the 
oxygen atom. In this work, the mass of the planetary electrons carried 
by the ions must be taken into account, for the atomic weight^' of the 
electron is 

■ ' W (electron) = 0.000546. (24) 

The atomic weights which have been accurately determined with the 
new spectrograph are listed in Table 6, together with the packing fraction, 


Table 6 


Atom 

Atomic 

weight 

Packing 

fraction 

XIO^ 

Prob- 

able 

error 

XIO^ 

Atom 

Atomic 

weight 

Packing 

fraction 

XIO^ 

Prob- 

able 

error 

xio^ 

H. 

1.00778 

77.8 

1.5 

Cl®7 

36.980 

— 5 0 

1 5 

He 

4.00216 

5.4 

1 

A^o 

39.971 

— 7 2 

1 

Li® 

6.012 

20.0 

3 

As 

74.934 

—8 8 

1 5 

Li^ 

7.012 

17.0 

3 

Kp8 . . 

77 926 

—9 4 

2 



10.0135 

13.5 

1.5 

Br^® 

78.929 

—9 0 

1 5 

Bii.. 

11.0110 

10.0 

1.5 

Kr®® , . . 

79.926 

—9.1 

2 

C 

12.0036 

3.0 

1 

Br®i. 

80 . 926 

—8.6 

1.5 

N 

14.008 

5.7 

2 

Kr®2 ' 

81.927 

—8.8 

1.5 

0 ... 

16 

0.0 


Kr®® . 

82 . 927 

—8.7 

1.5 

F. 

19.0000 

0.0 

1 


83 . 928 

—8.5 

1.5 

Ne2» 

20.0004 

0.2 

1 

Kr®®. - . . 

85,929 

—8.2 

1.5 

Ne22 

(22.0048 

2.2 

?) 


119.912 

—7.3 

2 

P 

30.9825 

-5.6 

1.5 

I 

126.932 

—5.3 

2 

CP® 

34.983 

-4.8 

1.5 

Xei®4 

133.929 

—5.3 

2 

A®® 

35.976 

-6.6 

1.5 

Hg’* 

200.016 

-1-0.8 

2 


^Physik, Z., 29, 197 (1928), 

2 Proc, Roy. Soc., 116, 487 (1927). 
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which is defined as the difference between the atomic weight W and 
the number of protons A divided by the number of protons: 


Packing fraction = 


(F - A) 


The data on lithium are those of Costa/ as recalculated by Aston. 

The difference between the packing fraction of hydrogen and that of 
any other element is the decrease in mass of 1 gram-molecule of hydrogen 
nuclei when they are combined to form atoms of that element, assuming 
that heavier elements are compounds of protons and electrons. This 
decrease in mass is a measure of the loss of energy in the synthesis of 
atomic nuclei, for according to the relativity theory the mass M and 
energy E are connected by the equation 

E = cm, 



where c is the velocity of light. It is now quite generally believed that 
such syntheses are going on in stars, and it has been suggested that the 
energy given up forms the highly penetrating radiation which comes to 
the earth from outside sources. The greater the energy loss which 
occurs in the formation of a nucleus, the more stable we expect it to be. 
Unfortunately, the limit of experimental error of the packing fraction 
is so large that it is not quite possible to compare the stability of nuclei, 
as determined in this way, with their relative abundance except perhaps 
in the case of boron and less certainly in the case of lithium. and 
Li® have odd Z and odd N, whereas and Li^ have odd Z even N, and 
are more abundant than the lighter isotopes, as shown by the chemical 
atomic weights. Therefore, we expect that and Li® should be less 
stable than B’^^ and Li^ respectively, both because they are representa- 
tives of an infrequent type of nucleus and because they are the less 
abundant isotopes. This is indeed the case, for the boron isotopes, 
B^“ and have the packing fractions 13.5 + 1.5 X 10~* and 10.0 ± 

‘ Ann. Physique, 4 , 426 (1925). 
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1.5 X respectively, and the limit of error is not as great as the 
difference between them. The packing fractions of the isotopes of 
lithium also agree with the conclusion that Li® is the less stable isotope, 
but the probable limit of error is as great as the difference between them. 
The method of determining the atomic weights of isotopes, however, 
is such that the difference in atomic weights is probably much more 
precise than their absolute values, and, therefore, we can be quite certain 
that the packing fractions of the lithium isotopes confirm the conclusions 
in regard to stability drawn from their relative abundance in nature. 
Figure 13 shows a plot of packing fractions against atomic number. The 
abundant even-numbered elements below neon are characterized by 
smaller values than the odd-numbered elements, which indicates, in a 
statistical way, that the former are more stable. Beck^ has constructed 
a classification of isotopes somewhat similar to the periodic table of the 
elements, which brings out many interesting regularities. 

16. METHODS OF STUDYING THE NUCLEUS 

Up to this point we have assumed the existence of atomic nuclei 
carrying most of the mass of the atom. We shall now consider the 
proofs for this assumption and the experimental methods for studying 
other properties of the positively charged constituents of atoms. The 
investigation of the nucleus depends on the detailed study of the scatter- 
ing of alpha particles and high-speed electrons when passing through a 
gas or a thin metal foil, and on the determination of wave lengths and 
intensities of gamma rays. Alpha particles move with velocities varying 
from 0.0456c to 0.0688c, depending on the radioactive element emitting 
them, while fast electrons are available with velocities up to 0.957c. 
The energy of the alpha particles ranges from 6.2 • 10“® to 1.41 • 10”® 
ergs. That of the fastest beta rays is smaller, namely, 2.1 • 10“® ergs. 
As mentioned previously, the introduction of matter, either as a gas or a 
thin metal foil across the path of a beam of alpha rays or electrons, 
causes it to become diffuse. The particles are scattered mostly through 
small angles (up to 3°) though a few are scattered through very large 
angles (90° and greater). Lenard^ has shown that the absorption of 
electrons by matter is due mainly to their removal from the beam by 
scattering through large angles and that the intensity I of the beam 
after passing through a layer of matter x cm. thick is 

I = (25) 

where lo is the original intensity; a is called the absorption coefficient 
and depends on the velocity of the electrons. It becomes smaller as the 
velocity increases and is approximately proportional to the density of the 

1 Z. Physifc, 47, 407 and 60, 548 (1928). 

2 Ann. Physik^ 81, 94 (1926) and earlier papers. 
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/^li+ T.nnoT*/^ O-lV^^S 11 tllbK' » ’ 




through times their atomic weight. Lenard gives a 

variation of a/D with the velocity of the fast electrons, ^ ^ itifi!«i \ 

kinetic theory, if a number of particles be fired into a hiy<*f ^ V| h n it ff 
^'billiard bair' atoms x cm. thick, arranged at random^ n *fi 

cross-sectional area of all the atoms in unit volume equal t><) ^ ^ ji n I 

of the particles emerging will be u is therefore a moa.HUH ^np^f ^ 

projected area of all the particles in 1 cc. of the absoi 
and the variation in a as seen in the table means that t le ( ^ 

of these particles decreases as the velocity of the fast cdcKd it ^nH iu^ ^ ^ ^ 

The value of a/D for particles with a velocity equal t*<> ** 

cm.^ and therefore for nitrogen gas at standard tempcmat.iu i* a u« |u 

a is 6-0.00125, or 0.0075 cm.^; but using the raditiH ^ ^ \ ^ , 

obtained from kinetic theory of gases, the total projected iut*u |w * * 
should be about 3 • 10^ cm. 2 , so that the effective erosB.-H<u*i4<»ti * u * '‘ Y* 

cule of nitrogen for fast electrons of velocity 0.90 of thiit^ <if ug i Y ** I t 

2.5 * 10"“’' of its effective cross-section for collisions with other aio ei ti ^ m 
of nitrogen. The ratio of the effective radii for the two ciiBoH in 


Variation of Absorption Coefficient with VP^i-ourrt 


^ == v/c 

a/D g.”^ cm. 2 

= v/c 

a/n g- 


0.90 

6 

0.10 

K .(> 

X u** 

0.80 

13 

0.08 

14 

X H>* 

0.70 

29 

0.06 

25 

X HI® 

0.60 

83 

0.04 

58 

X 1<>» 

0.50 

2.2 X 102 

0.03 

.S(J 

X HI* 

0.40 

7-4 X 102 

0.02 

1:10 

X HI® 

0.30 

29 X 102 

0.01 

IHO 

X HI® 

0.20 

360 X 102 





To explain this discrepancy Lenard assumed that atornn were 
of electric doublets which he called “dynamids,” conHinting of 11 fiwtMilVf* 
and a negative electric charge bound closely togcddu^r. Wto*ii I !ir 
experiments of Rutherford established the nuclear atom ilu' it i«iii 
was made that the scattering of fast electrons is diut to eotliMitte* witli 
the nuclei and also the electrons within the atoms, and (hat Itiom* |inrfi* 
cles have effective radii small compared with the guB-kinolir. radsil* »4 
the atom. 

To account exactly for the scattering of fast oh'^eiiMUtH in, a itoirli 
more diffi.cult problem than that of the scattering of nlplut pitrf irlrn, w hiidi 
we shall consider next. Since the flashes produced by individiinl ;ilpb 1 
particles impinging on a phosphorescent screen can hi\ obHcrved, u 
possible to study - the distribution nf scattered partiolos by 
counting the numbers scattered at various angles from tfie ioti *4 

the original beam. The scattering may occur in two ways: if to.iv 

be the result of small deflections produced by collisionn with iiiiiity 
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or second, it may be produced by a single large deflection due to a colli- 
sion with one atom. The distribution of the scattered particles will be 
very different depending on which of these mechanisms is the correct 
one. The first alternative requires that the number scattered through 
a given angle shall be proportional to the square root of the thickness of 
the metal foil through which they pass, while the second requires that 
the number be proportional to the thickness. The following table^ 
shows that the scattering is very nearly proportional to the thickness 
and, therefore, is decisively in favor of single scattering at the larger 
angles for most of the particles. The distribution of the particles scattered 



Equivalent thickness 

Number of scintilla- 

N 

Number of foils 

in centimeters of air 

tions in a given 



(= T) 

direction ( == N) 

JL 

1 

0.11 

21.9 

200 

2 

0.22 

38.4 

175 

5 

0.51 

84.3 

165 

8 

0.81 

121.5 

150 

9 

0.90 

145 

160 


through small angles obeys the laws of probability and is compatible with 
the theory of multiple scattering. If the probability of scattering through 
a large angle is calculated from this distribution on the basis of multiple 
scattering, it is found that the number to be expected, theoretically, for 
an angle of 90°, say, is so small that the large angle scattering would 
never have been observed, and is, therefore, in disagreement with 
experiment. These two results are the starting point for Rutherford^s 
argument that the scattering is due to single collisions with particles in 
the metal foils used. 

As we have seen, Rutherford then assumed that the atom consists of a 
massive nucleus carrying all the positive charge and electrons of smaller 

mass at fairly large distances from 
the nucleus. Such an assumption is 
necessary in order to secure the large 
fields necessary to scatter alpha par- 
ticles through a large angle. Let the 
charge on the alpha particle be 2e, and 
that on the positive nucleus of an atom 
in the metal foil be Ze where Z is the 
atomic number and e the absolute 
value of the electronic charge, and let the particle move along the line PS 
(Fig. 14) when at a very large distance from the nucleus at K. The orbit 
of the particle is an hyperbola with K at one focus, possessing the equation 
1 Geiger and Marsden, Phil Mag,y 26, 615 (1913), 



Fig. 14.' — Scattering of an alpha particle 
by a heavy nucleus. 
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given in equation (29), Chap. IV. Remembering that e = 4.77 ® 10”"^ 
we put Cl = 2e, and = Ze, in equation (29), obtaining 

1 —ecos (^ + do) ^ 

where 

g2 = ^ 

^ 2fxZ^e^ 

and po, Eqj are the initial angular momentum about K and the initial 
energy, respectively. We can use the mass of the nucleus M in place 
of the reduced mass ^ and regard the struck nucleus as remaining sta- 
tionary if we limit ourselves to collisions of alpha particles with heavy 
atoms as we shall do at present. In order that 9 shall be the angle 
between KA and r, as shown in Fig. 14, must equal 0. For r = oo , 
0 = angle POA. Then from equation (26), 

- = cos (POA) 


tan (POA) = 


\2Zey 


Now 2Eii/M = and po = Mvp, if « is the initial velocity, and p the 
perpendicular distance from the line PS to K. Further, the angle <p 
is the angle of deflection and it follows that 


This determines the angle of deflection in terms of the original velocity 
of the alpha particle, the mass ilf , the charges on the nucleus and alpha 


particle, and the perpendicular distance p. 
The deflected particles are usually observed 
on a screen placed perpendicular to the 
direction of the scattered beam, as shown 
in Fig. 15. S is the source of alpha par- 
ticles, F the scattering foil, P the phosphor- 
escent screen, and M the microscope used in 
the observations. The number of scattered 




particles is expressed in terms of the number falling on unit area perpen- 
dicular to the direction of scattering. Supposing that Q particles fall on 
the foil, this number, dN^/dA^ falling between the scattering angles, (p 
and (p d<Pj is, 


^ cosec^ ((p/2) 

dA ^ ' 


(28) 


where n is the number of atoms per unit volume, i the foil thickness, 
and r the distance from the atom to the point where the alpha particle 
hits the screen. 
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To prove tMs, we shall modify slightly the treatment in Andrade’s ^'Structure of 
the Atom,” page 22. Since matter is extremely open in its structure, the overlapping 
of the spheres of action of the nuclei need not be considered. The number of nuclei 
per unit area of the foil is nt, so the area belonging to one nucleus is 1 /nt. The chance 
that a particle passes at a, distance between p and p + dp from a nucleus is 

2Trpdp 

oM’ 


and when Q particles hit tne foil, the number satisfying this criterion is 

Qnt • 2Trpdp. 


After being scattered, these particles will lie in an angular range between <p and ip + 
d<p, and from equation (27). 

Substituting this in the ^^eding equation, the number between v’ and <£> + d<p is 
found to be 

(i) 

The area covered by these on a screen perpendichlar to r will be 2irr^ sin (^<p = 
sin (¥5/2) cos (,<p/2)d(p, and the number per unit area will be the value given in 
equation (28). 


If the total number of particles falling on the foil Q is counted, it is 
possible to determine the absolute charge on the nucleus since all other 
quantities in equation (28) are measurable. Geiger and Marsden shewed 
that when p is not too small, equation (28) is verified within the limits of 
experimental error and so have proved the nuclear atom to be in accord 
with their experiments. Chadwick, using equation (28), has determined 
the charges on the nuclei of Cu, Ag, and Pt and found that Z for these 
elements is 29.3, 46.3, and 77.4, while their atomic numbers are 29, 47, 
and 78, respectively, showing that the atomic number is, the number of 
positive units of charge on the nucleus. 

The alpha particle will approach nearest to the atomic nucleus if it is 
fired directly at it so that p = 0. It will come to rest at some distance 
b where the potential energy is equal to the total kinetic energy of the 
particle when at a large distance from the nucleus. Then, if the inverse 
square law holds true, 


2Ze^ = 

“ 2 


or h 


AZe^ 

Mv"^' 


(29) 


If equation (28) holds for scattering through angles close to 180°, we 
must conclude that the inverse square law of force holds down to distances 
as pm n il as b. It has no very definite meaning to speak of the radius 
of the nucleus, but if we define the nuclear radius as the distance at which 
the inverse square law of force breaks down, then scattering experiments 
give us a means of estimating this quantity. The value of b for the gold 
nucleus {Z = 79) and the alpha particles of radium C, which have a 
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velocity of 0.064c, is 3 • 10“*J%:ii». from equation (29). ^he distribution 
of scattered particles predicted by equation (28) holds true for gold up 
to angles of 150°; for this angle the alpha particle must approach within 
about 3 • 10~^^ cm. so that this distance is an upper limit for the radius 
of the gold nucleus. Similar experiments in which hydrogen is bom- 
barded with fast alpha particles show however that the inverse square 
law no longer holds at distances of about 3 • cm. 


16. THE DISRUPTION OF THE ATOMIC NUCLEUS 


In collisions between alpha particles and atoms of high atomic weight, 
it is permissible to regard the struck nucleus as remaining stationary. 
This cannot be done when we consider collisions between alpha 
particles and nuclei with masses of the 
same order of magnitude. Figure 16 shows 
the paths of an alpha particle and a light 
nucleus during a collision. Let the masses be 
m and M, respectively, and the initial and 
final velocities of the alpha particle be vq and 
Vi, while the final velocity of the nucleus is u. 

After impact, let the alpha particle move at an 
angle <p and the nucleus at an angle 6 with the 
original direction of the particle. The laws 
of conservation of momentum and energy re- 
quire that 

mvQ = mvi cos (p + Mu cos 
0 = --mvi sin (p + Mu sin 6, 

mvo^ = mvi^ + 





Fig. 16.' — ^Thc scattering of 
an alpha particle by a light 
nucleus. 


= 2z;o ^ ^ cos tan 

m + M ' ^ 

For the hydrogen nucleus M = m/4, and 


M sin 2d 
m -- M cos 20 


(30) 


while for He, 


Mh = 1.6i;o cos 0, 


(31) 


Ub^ = Vq cos 0, tan <p = cot 0. (32) 

•This shows that for scattering by He, <p + d - r/2. Branched tracks 
of alpha particles in helium gas photographed by Wilson^ s method are 
found to have an angle of 90° between them. The angle d can be cal- 
culated only if the law of force is known. Assuming that the inverse 
square law holds, it can be shown that 


tan 0 - 


mM 


2Ze%m + M) 

The velocity of the hydrogen nucleus can be calculated as a function of p 
and, just as in the case of the scattering from heavy atoms, the probability 
of the hydrogen nucleus being shot out at any angle 0 can be calculated. 
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Experiments designed to test whether the scattering obeys the formulas 
derived on the assumption of the inverse square law of force have been 
carried out by Rutherford/ and Chadwick and Bieler.^ The conclusion 
is that the inverse square law holds down to about 2.4 • 10“^^ cm. for 
collisions between hydrogen nuclei and alpha particles. If p is smaller 
than this amount, many more hydrogen nuclei are thrown forward than 
the theory predicts. 

The range 72 of a positively charged particle such as a hydrogen nucleus 
or an alpha particle has been shown experimentally to be proportional 
to the third power of the velocity of the particle and Bohr^ has deduced a 
theory showing that to a first approximation the range is proportional 
to its mass and inversely proportional to the square of its charge. If the 
collision between the alpha particle and the hydrogen nucleus is head on, 
so that 6 of equation (32) is zero, = l.Gz^oj and 

Ru _ Mb. _ 4 1 

•Rne 

Therefore, the range of a high-speed hydrogen nucleus produced by an 
alpha particle with a range of 31 cm. in hydrogen would be 127 cm. The 
more exact theory makes this range somewhat less, about 117 cm. The 
range of such a high-speed hydrogen nucleus in air is about one-fourth 
of this, or 29 cm. This is the maximum range possible for if ^ > 0, 
will be less than l.Cvo and the range will be less than this value. The 
maximum range of any other fast nucleus of higher mass than hydrogen 
produced by collision with an alpha particle will be less than this as can 
be seen from equation (30). If any particles having a range greater 
than 29 cm. of air are produced by bombarding a substance with alpha 
particles of radium (7, they must be ejected from the atomic nuclei.^ 
Rutherford first showed that such long-range particles exist and Ruther- 
ford and Chadwick have shown that they are produced from a number 
of elements and that they are deflected by magnetic fields to a degree 
expected for hydrogen nuclei. Furthermore, these high-speed particles 
are ejected backward as well as forward with respect to the direction of 
the bombarding nuclei. 

Certainly in the case of some elements, part of the energy of the 
high-speed H particles must be supplied from the internal energy of 
the nucleus. Kirsch and Petterson and their co-workers have extended the 
study to other elements and have' devised methods for detecting PI- 
particles of smaller range. In this way they have shown that other 
elements are disintegrated, but with the ejection of slower H-particles. 

1 Phil Mag., 37, 537 (1919). 

2 Ibid., 42, 923 (1921). 

3 Phil Mag., 26, 10 (1913); 30, 581 (1915). 

4 See Handbuch der Physik, 22, 146-178, for complete references to the literature oi> 
this subject. 
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Moreover there are indications that alpha particles unite with nitrogen 
atoms when they are bombarded by alpha particles of radium C. 

Table 7 gives the list of elements^ which are reported to be disinte- 
grated by bombardment with alpha particles, together with the packing 


Table 7 



Atomic 

number 

Packing frac- 
tion xio^ 

Range of particles in centimeters 
of air 

Forward 

Backward 

Observer 

Li 

3 

20, 17 



i 

Be 

4 




2 

B 

5 

13.5, 10 

58 

38 

3 

C 

6 

3 



4 

N 

7 

5.7 

40 

18 

3 

0 

8 

0 


. , 

5 

F 

9 

0 

65 

48 

3 

Ne 

10 

0.2 


. . 

3 

Na 

11 


58 

36 

8 

Mg 

12 




2 

AL 

13 


90 

67 

3 

Si 

14 




2 

P 

15 

-~5.6 

65 

49 

3 

S 

16 




3 

Cl 

17 

o 

I 

CO 

1 



3 

K 

18 




3 

A 

19 

~6.6, -7.2 



3 

Ti 

22 




2 

Cr 

24 




2 

Fe 

26 




2 

Cu 

29 




2 

Se 

34 




2 

Br 

35 




2 

Zr 

40 




2 

Sn 

60 

-7.3 



2 

Te.. 

62 




2 

I 

63 

-5.3 



2 


1 Katu-Michailova, E., Hand. d. PhyBik, 22 , lOIL 

a Kiksch, G., aacl H. Pettkr 80 N, Mitt. Ra.~Imt. 167; Wien&rBer. (Ila) 133 , 235 (1921); Mitt. Ra,-* 
InsL 176a and 180 ; Wiener Ber, (Ila) 134 , (1925). 

3 RtmraitFORD, E., andJ. Chadwick, Proc. Roy. See., 36 , 417 (1024); Phil. Mag. 42 , 809 (1921); 44 , 
417 (1922). 

< Pbttbrsont, H., Mitt. Ra.-Imt. 173 ; Wiener Ber. (Ila) 133 , 573 (1924). 

B Kirsch, G., Mitt Ra.-Inat. 169 , Wiener Ber. (Ila) 133 , 461. 

1 These elements are quite certainly disintegrated but there is some disagreement 
between workers in this field as to the ratio of the number of disintegrated atoms to 
alpha particles. This has been critically discussed by Bothe^ N'aturwis.j 16, 204 
(1928), 
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fractions, and the forward and backward ranges determined by Ruther- 
ford and Chadwick. 

The energy relations involved in these disintegrations have been con- 
sidered by Rutherford and Chadwick. In the case of the elements 
P, Al, and F the energy of the H-particle is greater than that of the alpha 
particle causing the disintegration so that the internal nuclear energy 
must supply part of the energy. Until the nature of the nuclear frag- 
ments is known and until the packing fractions of all light elements 
are determined, it is impossible to say anything with certainty in regard 
to the energy balance in these disintegration processes. Even the ques- 
tion of whether the nuclei are disintegrated or the alpha particle combines 
with one nuclear fragment to form an atom of higher atomic weight is 
uncertain, though this seems probable in view of experiments of the type 
illustrated in Fig. 2.^ 
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CHAPTER III 


THE FOUNDATIONS OF THE QUANTUM THEORY AND THEIR 
EXPERIMENTAL JUSTIFICATION 

1. BLACK-BODY RADIATION 

It is curious but true that the detailed study of a single experimental 
law led Planck to propose the quantum theory. That law describes 
the way in which the radiation from a so-called black body, having wave 
lengths between \ and X +■ d\ depends on wave length and on tempera- 
ture. By a black body, we mean a hypothetical body which absorbs 
all incident radiation, transmitting and reflecting none. While no such 
object exists in nature, the radiation which it would emit is very closely 
approximated by that emerging from a very small hole in the wall of a 
uniformly heated hollow body. Such a hollow body is often called a 
^^black body,’^ or sometimes a ^^hohlraum.’’ Interest in the radiation 
emitted by a black body has grown steadily since Kirchhoff discovered 
a law, named after him, which will now be explained. Let S\dk be the 
rate of emission of radiation with wave lengths between X and X + dX, 
from unit surface of a given body, at a certain temperature. Let Ay, 
be the coefficient of absorption for rays of the same wave length falling 
on the body. Then the law states that. 

At a given temperaturej S\/Ax is a co7istant) s\j independent of the 
nature of the body, 

(This law, as well as the other laws of radiation stated here, is proved 
in Planck's ‘"Warmestrahlung," referred to at the end of this chapter.) 
Now when Ay = I (perfect absorber), Sy == ^x, so that Sy dX is the rate 
of emission from unit surface of a black body. Kirchhoff's law shows, 
therefoi^ that the rate of emission from a black body depends only on 
the wave length considered and the temperature but not on any property 
of the black body itself. 

It can be shown that at temperature T, Sy is identical with the radia- 
tion which passes in a given sense through an imaginary unit surface 
drawn inside' a hollow enclosure with walls at temperature T. The 
radiation at any point inside such an enclosure is quite independent of 
the nature and shape of the walls, and the streams of radiation in all 
directions are equal. Further, the condition of the radiation at all 
points inside the enclosure is identical. In particular the energy per 
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unit volume of the radiation in the range d\ is uniform, and is denoted by 


Pxd\. 


It is a matter of mere geometry and integration to show that 

4 ^ 
c 


Px = 


( 1 ) 


where c is the velocity of light in vacuum. 

Thus, it is immaterial whether we use px or Sx in our calculations and 
we choose to use the former. By the aid of classical thermodynamics, 
together with the value of the radiation pressure in terms of energy 
density, we can deduce Wien’s displacement law that 

PX = CiX-y(xr), (2) 

where ci is a constant and /(XT) an arbitrary function, p may also be 
written in the form CiTW{\T), where 


F{\T) = 


m) 

xsys- 


From this, we can deduce the Stefan-Boltzmann law by integration, 
without knowing the form of /. The total energy density carried by 
radiation of all wave lengths is 

P = /o”pxdX = jjF{\T)d{\T) = aT\ (3) 

a being constant. 


This is as far as we can go in determining px by the aid of general 
principles. To proceed further, we must study the equilibrium of 
radiation with some form of absorbing and emitting matter. The typo 
of matter we deal with is of no consequence, provided it is endowed with 
certain characteristics which are common to all species of atoms or 
molecules, and provided that every wave length can be absorbed and 
emitted by a reasonable number of the particles. For this reason, Planck 
discussed a very simple case — a collection of harmonic oscillators having 
aU possible frequencies. His treatment is quite long, so we shall give 
aether proof of the radiation law, due to Jeans and explained in his 
Kinetic Theory of Gases,” fourth edition. The underlying idea is to 
break up the radiation field into monochromatic wave trainsHo find 
the number of trains which have wave lengths between X and X + dX- 
and to determne the energy carried by each wave train when a steady 
state IS reached by applying thermodynamic criteria which must be 
^tisfied m the equilibrium condition. Consider a cube of unit volume 
Wng ^rfectly reflectmg walls, with one corner at the origin, contaiZg 
^ane electromapetic waves moving parallel and antiparlllel to the 

dition Is by the fast that the walla are perfect rederto^ 

the tangeatial oompcnenta of the electric aod magnetic force ’mtS i 
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zero. If this were not true, radiation would penetrate the walls. There- 
fore, at the planes = 0 and x = 1, the electric and magnetic forces 
vanish. In the ideal case considered, equilibrium has been attained, 
and the field of radiation must be composed of stationary monochromatic 
waves. As a function of x and the electric force is of the type 

By = sin mTTX cos (wmct — a^), (4) 

m 

where nothing is known, as yet, about the amplitude constants and phase 
constants. Am and a^. The slowest mode of vibration is represented by 
the standing wave shown at 1 in Fig. 1, where the ordinates represent the 
values of the electric vector. It is composed 
of two sine vibrations of wave length 2, one 
passing to the right and the other to the left. 

Similarly, in the other cases shown, the wave 
lengths of the sine vibrations which form the 
stationary waves are %, etc. Each 
stationary wave, that is, each term in the 
expression for the electric force, is called a 
“mode of vibration.” Although the decom- 
position of the force into sinusoidal constit- 
uents is a purely mathematical process, we 
are at liberty to consider each monochromatic 
standing wave train as an entity possessing 
energy, momentum, and other physical 
characteristics. The justification lies in the 
fact that the time average of the energy of the whole system is composed 
of a sum of terms, one of which is contributed by each wave train. 

The electromagnetic energy density at a given point is {E^ + H^) /&r, II being 
the magnetic force. The time averages of the two terms are equal so the energy is 
the average of E^IAv. E‘ contains square terms of the t.ype Am^ sin“ mirx cos® 
(Tmct — q:„), and also cross-product terms. The time average of each cross-product 
term is zero, and the average of cos® (wmct — a™) is so the total energy density is 
equal to 

J^SA*® sin® mtrx. 

From this, the energy of the whole cube cam be obtained by volume integration. 

We need to know how many modes of vibration have their wave 
lengths in the range between two fixed wave lengths, X 2 and Xi, where 
Xi > X 2 . Because we know from experiment that in practical cases 
most of the energy density will reside in wave lengths short compared 
with 1 cm., we limit our investigation to large values of m. Suppose 

that in the sequence of possible wave lengths, - — , . . . the 

’ m — I m m + I ’ 

term 2/mi is the first value smaller than Xi and 2 /(m 2 - 1) is the last 





Fig. 1.' — Standing waves in a 
hollow enclosure. 
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value larger than X2. That is, excluding cases where Xi and X2 are 
equal to some of the allowed wave lengths, 



> Xi > 




> X2 > 


^2 


Then the number of modes of vibration with wave length greater than or 
equal to X2 and less than Xi is obviously Now, 


m2 — mi ^ 


X2 


Xi 


2(Xi X 2 ) 
X1X2 


If Xi and X2 differ by a very small quantity d\ then the number is 


2dX 
X2 ‘ 


If we take into account the vibrations in which the electrical force is 
parallel to the ;3-axis, the number must be doubled. This quantity is 
referred to as the number of vibrations per unit length in the wave length 
range d\ for the reason that if the enclosure is expanded to a length 
of I cm. parallel to the a:-axis, it can contain I times as many stationary 
vibrations in the range d\. The typical wave train is given by the 
expression sin (rriTx/l) cos {mirct/l — 

We pass now to the three-dimensional analogue of this calculation 
and consider the waves which pass in all directions inside a vessel of 
volume y. When a wave train is reflected at the walls its direction is 
changed, and all in all the situation is very complicated. However, it 
will always be mathematically possible to break the waves up into 
monochromatic trains and to determine the number for which the wave 
length Hes in the range dX, This number is found to be proportional 
to the volume of the enclosure so it is reasonable to speak of the number 
per unit volume just as we spoke of the number per unit length above. 
It is found^ to be 

STrX—^dX. (5) 

The amplitudes of the modes of vibration vary in an irregular way, so the 
energy associated with each one is also variable from wave train to wave 
•train. However, the average energy of each wave train can be obtained 
by the methods of statistical mechanics. As mentioned in Chap. I, 
Sec. 6, the average kinetic energy associated with a squared term 
in the kinetic energy of any dynamical system is kT/ 2 . In 
classical electrod3mamics a monochromatic wave train may be considered 
^ a dynamical system having kinetic energy HySw and potential energy 
per unit volume, so the time averages of its potential and kinetic 
energies are equal, whatever the amplitude may be. If we consider 
many such wave trains with different amplitudes, the mean energy of a 
single tram, obtained by averaging the square of the amplitude of the 
1 Jeans, loc. cii. 
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electric force, will therefore be kT. Multiplying this by the number of 
modes in the range dX, we obtain the radiation density, 

pxdX = STrfcrx-m. (6) 

This is called the Rayleigh- Jeans distribution law, after its discoverers.^ 
Although it agrees quite well with experiment in the region of large 
wave lengths and high temperatures, in other words, for large values of 
xr, it breaks down for small values of XT. Of course, it cannot be used 
when dealing with wave lengths of the same magnitude as the dimensions 
of the hollow enclosure, since the approximations involved in deriving 
equation (5) are then unjustifiable. As to the situation at very small 
wave lengths, it is often stated that the Rayleigh- Jeans law predicts aii 
unlimited accumulation of energy in this region, and so it does, because 
of the factor X~^. So far as we know, there is no lower limit to the 
possible wave length of radiation, and, therefore, no upper limit for 
px as X decreases. The trouble is that in this region the average energy 
of a wave train is not kT (see equation (9)). Also, the use of a perfectly 
reflecting enclosure in our proof is an unjustified abstraction. In 
actuality, the wave trains owe their existence to the matter in the walls 
or in the enclosure itself. Now, the molecules which can absorb and 
emit high frequencies must be characterized by large internal forces, 
and it may occur that such molecules do not exist in sufficient numberB 
to justify a continuous statistical analysis in discussing the mean energy 
of a molecule or of a wave train. The breakdown of the formula at 
wave lengths large enough so that these considerations do not apply 
is suflicient, however, to show that something is wrong with the assump- 
tions used in our proof. The experimental evidence as to this breakdown 
was described in Chap. I and is conclusive. 

2. PLANCK’S DISTRIBUTION LAW 

The preceding paragraphs give a suflacient description of the diffi- 
culties into which we fall by applying classical theory to derive the 
distribution law of black-body radiation. .Planck was led by an ingenious 
argument to the assumption that the energy of a linear oscillator can 
assume only the discrete values 

0,/iPy 2hv, • • • nhvj • • • , 

Let us apply this idea to the modes of vibration of the Hohlraurn, con- 
sidering each mode as a linear oscillator. The assumption that the 
energy of each mode can take only the values nhv invalidates th(^ rc^suH 
that the average energy associated with each wave train is k7\ Now, 
when we are dealing with an aggregate of quantized systems, the follow- 
ing extension of Boltzmann^s law holds true. If the possible cn(irgi(\s of a 

1 Rayleigh, Phil. Maq., 49. 539 (1900) ; Jeans, ibid. 17, 239 (1909). 
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quantized system are Ei, E 2 . ^ , then the numbers of atoms in these 

energy states are proportional to 

The quantity p„ is a number called the a priori probability of the state* 
Generally, it is equal to the number of possible states of motion of the 
system in which it has the energy En- Iel the case of the oscillator, 
each energy state corresponds to one definite state of motion, so all the 
PnS equal one. Now let the number of oscillators, ^.e., modes of vibra- 
tion, in the state of lowest energy be Nq. From equation (7), the total 
number will be 


N = N, + N,e + . . . -f J\roe --nhv/hTj^ . . . ^ 

since E 2 — Ei = Ez — E 2 = • • * = hv. The energy of the modes 
carrying n quanta is 

— nhvjh T 

nhvNoe , 


the total energy is 

-nhv/hT 

^nJivN^e , 

n=(^ 

and so the average energy of one mode will be 


0 , 


( 8 ) 


where we have written x = hv/kT, 

The denominator is a geometric series and is equal to 1/(1 — «““»). 
The numerator is the derivative of the denominator with its sign changed, 
that is, e~V(l — Therefore, 


E = 


hv _ hv 
— 1 “ 0hp/kT _ I 


■ ( 9 ) 


To obtain Planck’s distribution law, we need only multiply 'E by the 
total nximber of modes of vibration having frequencies between v and 
V + dv, secured from equation (5) by substituting \ = c/v. We get, 
for the energy density between these frequencies. 


Ppdv = pxdX = 


S/TTv-dv -^ Srhv^dv 1 

c* c* _ 1 


SxficdX 1 

X® ehe/\kT _ 


j- (10) 


pie ene^ density per unit frequency range is not the same as p\, for dv - 
-cOK/W It IS quite customary to write px in the form 


px = CiX“ 


ea/xT _ i' (11) 

The valve of ci, calculated from the universal constants involved, is 4.93 • lO"” if X 
and d\ are m centimeters, and 4-93 • 10^® if they are in Ingstrom uiiits The value of 
Cl m c.g.s uuits IS 1.432 cm. d^^, as calculated from the universal constants This 
IS m exceUent agreement with the experimental value of Coblentz.^ Thesis some 

^Bureau Standards, BulL 16, 529 (1920). 
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confusion as to the definition of C 2 . Often it is given as 14,320, with the implication 
that X is to be expressed in microns, which is the usual procedure in experimental 
papers on this subject. 

It is important to examine the form assumed by for long wave 
lengths or high temperatures, perhaps, it is better to say, the region 
of high values of XT. In this domain, — 1 approximates to hv/kT 
and E is nearly equal to the value kT derived from the equipartition 
theorem. This carries with it the validity of the Rayleigh-Jeans law in 
this region, in agreement with experimental results. The physical 
basis for the asymptotic approach of Planck^s law to the classical dis- 
tribution is easily seen. When we deal with large wave lengths, the 
step hv between adjacent energy levels is small, and conditions must 
approach those characteristic of systems with their energies distributed 
continuously. Likewise, at high temperatures, the ratio of hv to the 
average energy of a mode of vibration is smaller, and the effects intro- 
duced by the discrete character of the possible energy values are less 
prominent. The reader can easily show that Planck^s law approaches 
the Rayleigh-Jeans law if h approaches zero. Now let us consider the 
form assumed by Planck^s law when the expression in the denomi- 
nator is large compared with unity— that is, when XT is small. It 
becomes 

5= ^ p^ ^-hc/XkT ~ 

which is Wien^s law.^ 

This approximation is an excellent one throughout the visible region, up to very 
high temperatures; for example, if X = 6,000land T = 3,000°K, is about 2,200; 
under these conditions the difference between the two laws is below the limits of 
present day errors of measurement. It is useful to have an appreciation of the energy 
distribution which is the basis of Wien’s law. If the energy *step hv is large and T is 
small, then the number of molecules in the second quantized level is small compared 
with the number in the level of zero energy and the number in all higher levels can 
be neglected entirely. The average energy is approximately 

hve~‘^v/kT 

or ^ since the second term in the denominator is negligible. Multiplying 

this by the number of modes of vibration between v and v + dv, we get Wien’s law. 


3. STEFAN’S LAW 

The total energy density of black-body radiation is given by 




prdv 


= 

cs /l 


)X 


(hv/kTy dOiv/hT) 

^hv/kT ] 1 ^ 


^ Ann. Physiky 68, 662 (1896). 
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Expanding by actual division, we have 


(e* - 1) e^fl - C-) “ ® ^ + e-^^ + 

and integrating by parts, term by term, we find that 

00 


X 


(e-^ + +. 


)xHx 


Therefore, 


-e( 


1 + ± + 
' 94 ‘ 


+ 


1 

n 


h 


TT^ 

15 


P = aT*, where a = 


15/iV‘ 


( 12 ) 


Tne total radiation per second from unit surface of a black body is cp/4 

Ihus, the constant in Stefan’s law takes the value ac/4, that is, if the 
total radiation is <rT*, then / > is, 

2irW 

15^ - ± 0.006)10-5, (13) 

in c g.s. units. The experimental values obtained for v show a dis- 
quieting range of variation.^ A reasonable mean value is 5.74 ■ lO"® in 
absolute c.g s. units, while we obtain 6.71 • 10-® from equation (13) 
using the values of the universal constants given in the appendix The 
latter value agrees with that of Coblentz (he. cit.). 

and^sSjT^jf Planck’s law, with respect to X, holding T constant, 

^ condition which deter- 
mines \ T. Writing r = hv/kT as before, it is (1 - = 1 . 

By trial, the only real root of this equation is 4.9651, whence 

he 

'hmaxT = = 0.2884 cm. degrees, 

cm ^egrJes^^^ Eummer and Pringsheim^ was 0.294 

4. EINSTEIN’S DERIVATION OF PLANCK’S DISTRIBUTION LAW 

The above proof of Planck’s law may be criticized because it depends 
on the use of classical theory m getting the number of modes of vibration 
per unit wave-length interval, and upon non-classical assumptions in 
getting the average energy of each mode. Einstein* has given a proof 

^orv assumptions of the quantum 

y, themodynamics, and of statistical mechanics. Following 
his original treatment, we consider the entities in a black-body enclosure 
which give rise to the constituent of the radiation. Le1^4 su^ 

energy 

states. Consider two quantized states of energies B, and B^, where 

1 See Planck, “Warmestrahlung,” 5tli ed., p. 64. 

^ Verh. d. Deutsek. ■physik. Oes. 2, 176 (1900). 

« Verh. d. Deutsek. physik. Ges. 18, 318 (1916); Physik. Z., 18, 121 (1917). 
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E2 > Eij having a priori probabilities pi and p2. In the Hohlraum at 
temperature T, the numbers of atoms in these states are 

El . El 

Ui = and 712 == nQP2e~kTi 


where is the number of atoms which would be in a state of zero energy 
having unit statistical weight. We postulate, that there is a probability 

A2idt 

that in time dt, an atom in state 2 will pass spontaneously to state 1 
with the emission of light. A21 corresponds to the existence of the 
radiation loss from an accelerated electron in classical theory. We 
define a probability 

Ei2Pvdt 

that an atom in state 1 will pass to state 2 in time dt by absorption of 
radiation in the neighborhood of the frequency p. jSi2 is supposed to 
contain a factor which depends on the width Az^ of the range of fre- 
quencies which are capable of carr3dng the atoms from the lower state 
to the upper state. Other frequencies are not supposed to affect the 
atom in state 1. There is also a probability, 

B 2 ipvdt, 

that an atom in state 2 will pass to state 1 in time dt because of the 
presence of radiation of frequency v. The quantities Bn and ^621 are 
called the coefficients of positive and negative absorption (^'positive 
und negative Einstrahlung'O- The introduction of the coefficient 
B21 corresponds to the fact that on the classical theory the rate of emission 
of an atom may be increased when radiation falls on it with appropriate 
phase relations. (Example: Left-handed circularly polarized light falls 
on a right-handed circular rotator, opposing its rotation, so that the 
deceleration of the rotator is greater than that due to the damping forces 
of its own field, and its rate of radiation is increased.) 

When thermal equilibrium is attained, the number of transitions 
from state 2 to state 1 must be equal to the number of transitions from 
state 1 to state 2. That is. 


^ 2(^21 + B21 pv) = UiBn pp, 

P2e ^^(-4.21 + B 21 Pp) = Pie *^jBi2 Pp. 


Now at very high temperatures, pp varies directly with T. 
displacement law requires that 



( 14 ) 

( 15 ) 
Wien's 
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The variation of F at high temperature for a fixed finite v is the same 
as its variation with v when v is small compared with a fixed finite value 
of r. The Rayleigh- Jeans law shows that in the region of small p/T, F 
is proportional to v^/T^ and varies directly with T. Therefore, at 
very high temperatures, A 21 may be neglected in comparison with 
^2ip^ and equation (15) reduces to the form^ 

7)2-621 = 7)1^12. (16) 

From equations (15) and (16) we see that 


— -^2 i /-621 

Pv — El-El 

e kT _ 1 


(17) 


But Wien's displacement law, equation (2), 

A21 


B 


= av^. 


21 


and therefore, 


E2 — — JiVj 


Pv = 




hv 

^ - 1 


snows tnat we must put 
(.18) 

(19) 

( 20 ) 


At the present stage, A and a. appear only as constants of proportionality 
which must be evaluated by experihients, or by an appeal to limiting 
cases where more complete information can be obtained. In the region 
of small v/T, the Rayleigh-Jeans formula holds true, and 

Pv = 

so that we must have 


a = 


Sirh 


is, we have here a proof of Planck’s law and of 
p ,r f 0° the first and second laws of thermodynamics, 

Boltzmann s distnbution law, the hypothesis of detailed balance between 

processes, the existence of quantized states, 
to validity of the Rayleigh-Jeans formula 

foLd^d Th underlying relations are extremely well 

ounded. The re^omng is essentially an application of the law of mass 
action to the equilibrium. iriw oi mass 

excited atom atom -I- quantum. 

f/ +h. ^ T proportional to the velocity coefficients 

of the two opposing reactions, so that the equilibrium constant isTll! 

qualities. The emissions corresponding to the term 
+W catalyzed by the incoming quanta which cause them for 
these quanta are simply scattered and therefore lose no energy ' 
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Einstein’s proof of Planck’s law does not depend on the hypothesis of 
unidirectional quanta, since no mention of the nature of radiation is 
made in the above demonstration. However, in another section of his 
1917 paper, he showed that if the quanta are unidirectional, the pressure 
they exert on molecules which absorb or emit them will just suflS.ce to 
maintain the average translational energy at the value ZhT/2^ predicted 
by statistical mechanics. This result is misinterpreted frequently, and 
is supposed to be a proof that the average energy cannot be maintained 
at this value by any other type of quantum. The truth is that the best 
evidence for the existence of unidirectional quanta comes from other 
fields of investigation, such as the photoelectric effect, now to be dis- 
cussed, and the experiments described in Secs. 13, 14, and 16. 

6. THE PHOTOELECTRIC EFFECT AND THE INVERSE PHOTOELECTRIC 

EFFECT 

The ejection of electrons when light, X-rays, or gamma rays fall on a 
substance is a phenomenon which is by no means confined to metals; 
but in the case of ordinary light it is much more prominent and easily 
studied for metals than for non-conductors. It is often thought of as a 
surface effect, although radiation can also free electrons from their 
usual positions in the interior of non-conducting substances. The 
essential facts are these: 

1. Tor every substance there is a wave length called the “photoelectric 
threshold” above which no emission occurs. This is large for electro- 
positive elements and decreases as the element becomes more electro- 
negative. However, the threshold value depends on the state of the 
surface as regards crystal structure, adsorbed gas, etc., and the results of 
different investigators may vary by large amounts. Tor the alkali 
metals, the threshold lies in the visible; for most other metals and for 
solid non-metals it is in the ultra-violet. Some typical values^ are as 
follows: Li, 5,200 - 5,260 A. : Na, 5,830 - 6,850; K, 6,120 - 10,000; Te, 
2,870 - 3,150; Ni, 2,700 - 3,030; Zn, 3,020 - 4,010; Rb, > 10,000; 
Cs, > 10,000; W, 2,300 - 2,735; Pt, 1,850 ~ 3,020. 

2. The electrons emerge with all velocities from zero up to a maximum 
value Vj such that 

I. I. 

( 21 ) 

where vq is the frequency corresponding to the threshold wave length. 
The reason is that hvo is the minimum work required to bring an electron 
through the surface. If the electron comes from a deeper layer of atoms, 
the velocity will be smaller, since work must be done to bring it to the 
surface. 

^ Takea from Cxjdden, “Lichtelekfcrische Erscheimingen^^, Springer, Berlin. 
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3. The photoelectric current is proportional to the intensity of the 
light over a range of as much as one-million fold. 

4. In a general way, photoelectric efficiency is small. Several hun- 
dred absorbed quanta are required to eject one electron from many metal 
surfaces. 

5. The effect begins within 3 • lO"”^ second after the light strikes the 
surface, as Lawrence and Beams^ have shown. This is an upper limit 
to the possible lag. 

The validity of equation (21) is closely connected with the existence 
of light quanta of energy hv. Careful tests of this equation have been 
made by Millikan^ in the region of ordinary light, using Na, K, and Li 
surfaces prepared in vacuum. The method is to determine the back 
electromotive force 4> between the sensitive surface and a receiving 
electrode, connected to a quadrant electrometer, which is just sufficient 
to prevent the fastest photoelectrons from reaching this electrode and 
causing a deflection of the electrometer. If there were no contact 
potential between the alkali metal surface and the receiver, the work 
which would have to be done on each electron to reduce its velocity 
to zero should be 

( 22 ) 


where and e are measured in electrostatic units. But, if a contact 
potential accelerates the electron a greater stopping potential must 
be applied, such that 

(4>^ — ^c)e = hv — hv^. (23) 

Of course, may be either positive or negative. Since is unknown, 
tos equation cannot be used to test equation (21) directly, but, if the 
stopping voltages are determined for a number of different wave lengths 
the cuiwe Jomng as a function of . should be a straight line and ite 
slope should te Ve. Since e is known, this offers a method of deter- 

, ^ and 

(21) is also closely verified. 

Here the term hv is very large compared with the energy required to 
an electron from the surface, and the tem Asf is oZ left 

^tbnt region, however, the best way of proving 

^that a quantum has the energy Aj’ consists in a sitnrl-ir +u ^ 

'* vhotoeleetnr Tf o ™ ^ ®tudy of the inverse 

pytoetectnc effect. If a fast-moving electron is stopped by the metal 

Si:i“ ? 

* ^ Phys, Rev., 7, 362 (1916). See also his book + ?? 

end of Chap. H. Electron,’’ referred to at the 
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all the energy of an electron can be transformed into a single 

the maximum frequency which that quantum can possess will be by 

= hv ^ 


which is called the equation of Duane and Hunt.^ As a matter o( 
the continuous X-ray spectrum excited by electrons falling through n> 
potential ^ has a sharp limit on the side of short wave lengths. I 
and his collaborators^ have used equation (24) to measure A, finding 
the value 6.556 • 10“^^. In conclusion, all the experiments dcBcrilH'd 
support the expression hv for the energy of a quantum of freqnom^y r. 
While the accuracy of measurement of h is in no case very grc^at, th<^ 
evidence favors the belief that h is really a constant over the whok'. raiigo 
from the infra-red to the shortest gamma rays. 


6. BOHR’S FUNDAMENTAL POSTULATES 

We come now to the two fundamental postulates which Bohr iiHO<l in 
working out his theory of the hydrogen atom and which he enunciatrecl 
as the basis for studying the structure of all atoms. Each postulati's 
arose from careful consideration of experimental data. He was con-* 
fronted by evidence that the hydrogen atom contains a single eku^t^ron 
revolving around a positive nucleus, and that both electron and nuclotiB 
are surrounded by inverse square force fields. But also, the hydrogen 
atom gives a* spectrum of well-defined lines and the question ariec^B^ how 
can any atom so constituted produce aline spectrum? We saw in C!!hap» 
I, Sec. 4, that a line spectrum can be produced by an atomic mod(d matU^ 
up of independent harmonic oscillators, for the frequency of such an 
oscillator does not depend on its amplitude and will not change as the 
motion dies away. But under the inverse square law, if the laws of gremn 
electrodynamics apply, the loss of energy due to radiation will cause tvhn 
electron to spiral into the nucleus, in contradiction with the high degrees 
of permanence so characteristic of matter in general. As the orbit 
becoiqes smaller, the frequency should increase and a broad ba*nd of 
wave lengths should be emitted. 

It must not be thought that this disagrees with the result that a 
stable elliptic orbit is pursued by a particle moving under the 
square law. In the derivation of this law (Chap. IV, Sec. 6), forces 
due to radiation are not taken into account. In treatises on electrieiiy 
(such as Richardson's ^'Electron Theory of Matter," p. 266) it ia nhowti 
that a charge which is subjected to an acceleration x expericuiccw it 
force 2c%y36‘^, which is generally so directed as to retard its motion. Thin 
is the so-called radiation force and is independent of the charge <im«* 
tribution and the nature of the motion, so long as dx/dt is not too 

^Phys. Rev., 6,166 (1917). 

2 Bx-ake arid Duane, Phys. Rev., 10, 625 (1917); Duane, Palmer, and Oui-Hun- 
Yeh, J. 0. S. A., 6, 376 (1921). 
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to c. Now the computation which shows the existence of this force 
depends on the validity of the laws of mechanics and of electrodynamics, 
as well as the expression (Appendix VIII) for the force on a charge in 
terms of the electric and magnetic field strengths which act upon it. 
Bohr saw fit to question this computation, because of the experimental 
truth that atoms do exist in stable states without radiation and that 
they do emit sharp spectral lines. The result is the first fundamental 
postulate of the quantum theory of atomic structure, a rational gener- 
alization of Planck’s assumption that his oscillators could have only 
certain discrete amounts of energy. 

1. Among the conceivable states of motion of the parts of an isolated 
atom there is a set of stationary states in which the atom can remain a finite 
time without radiating. When in these states, the atom possesses a stability 
unexplainable on the basis of classical mechanics and electrodynamics, of 
such a sort that every spontaneous change from a stationary state of motion 
results in a transition to another stationary state. 

The words, ^'stationary state,” do not imply that the particles of the 
atom are at rest. By "stationary” is meant that the motion of the 
particles is periodic, the energy of the system being constant. These 
conditions of the atom are often called "steady states” or "quantized 
sta^s,” or "energy levels,” just as in the case of the Planck oscillators. 

ohr s second assumption deals with the emission of radiation and is 
a generalization of Planck^s assumption in regard to emission by linear 
oscillators: 


2. The emission of radioiion by an atom or a molecule occurs during a 
transition from a stationary state of energy to another having a lower 
er^rgy M The^ quantum emitted can be absorbed completely by a similar 
m tU stationary state of energy Ei, and raises it to the state of energy 
Imts intercwtion mth spectroscopic instruments the quantum behaves 

of a nearly monochromatic wave train whose wave 
Length X ts given by the relation 


€ — E 2 — El = = hv. 


( 25 ) 


The absorption of radiaiion by an atom or molecule occurs durina c 

iZ T ^ E, to another having a hUhei 

en^gy E.. Thefreguerury oftk. absorbed radiation is given by egZion^) 

»“■ “ •» 

is altered, but after the disturbance has passed absorb, its state of motion 

orbital motion. Even in this case the station « + °”8inal scheme of 

consider the velocity of S atlsS t S" a ^t one, if wo agree to 

state. It must be emphasized that and E, hiei the Hn eT stationary 

tion. When an atom initially at rest abaorht .^ / the ku^etic energy of transla- 

carries momentum as well as energy The enerav'T+tT'^’ the quantum 
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These postulates are well constructed and have stood the test of time, 
for they are the expression of experimental truths and do not depend 
in any way on the detailed structure of the atom or the nature 
of radiation. They enable us to treat many questions without any 
reference to a detailed mechanism of the processes occurring. With 
the aid of equation (25) we can often read out of spectra the energies 
of the stationary states of an atom, and thereby can predict the possible 
transfers of energy in collisions between atoms and electrons, or we can 
study these energy transfers in discharge tubes and can state with 
confidence that certain lines will occur in the spectrum of the material 
studied. But there is a limit to the information that can be gained in 
this way, and the directions in which progress can be made are best 
seen by writing down the questions which suggest themselves, relative 
to the choice of an atomic model : 

1. What is to be our picture of the constituent parts of the atom? 

2. What are the dynamical laws governing the motion of these parts? 

3. What conditions are imposed to determine the stationary states of 
motion which actually exist? 

4. What is our idea of the emission process, of the quantum of light 
emitted, of the interaction of matter with radiation, or of matter with 
matter, as in a collision of two atoms? 

The fact is emphasized that a great variety of theories might b© 
proposed to answer the above questions, all of which would yield the 
same relations between observable quantities. Clerk Maxwell pointed 
out long ago that an infinity of hidden mechanisms can be imagined, 
all of which will produce a given motion of the observable parts of a 
dynamical system. This is obvious from the equations of motion; 
suppose that some of the quantities occurring in them specify the position 
of a body while others determine certain forces acting on the body, 
since they describe the configuration of the bodies which exert these 
forces. The geometrical interpretation of the latter coordinates could 
be changed in any way, and still the former would vary in the same 
fashion, since the mathematical connections are unchanged. There is 
probably no unique physical solution of the problem of atomic structure. 
Indeed it is problematic whether we need to answer some of the above 
questions at all. It seems possible (Chap. XVII) to obtain equations 
which describe the connections between observable quantities without 
referring to any model, but it helps greatly if we have a model to think 
about. An excellent explanation of a vast body of experimental facts 
is obtained if we use the model proposed by Bohr. He assumed that 
electrons and nuclei inside the atom maintain their independent existence', 
as point charges surrounded by inverse square fields of force and that 
Newton^s laws of motion are obeyed. The accepted answer to question 
(3) can be understood better after we have given some illustrations. 
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7. THEORY OF THE HYDROGEN ATOM AND THE TWO-DIMENSIONA3 

OSCILLATOR 

Anticipating a conaplete discussion in Chap. V, we give the simples 
conceivable theory of the hydrogen atom and others of similar structure 
Consider a single electron of mass m, revolving in a circle of radius c 
about a nucleus having the charge -\-Ze, so heavy by comparison tha' 
it may be assumed to be at rest. If Z = 1, we are dealing with th( 
neutral hydrogen atom; if Z = 2 we have a singly ionized helium atom 
and so on. Since the electrostatic attraction, directed toward the 
nucleus, is equal to the mass of the electron times its radial acceleration, 
we have 


Ze^ _ mv^ 


( 26 ) 


where v is the velocity of the electron. The kinetic energy is mv^/2. 
The potential energy is -Ze^/a provided we arbitrarily make it equal 
to zero when the electron is at infinity, for we must do an amount of 
work ZeVa on the system in order to, remove the electron, initially at 
^t m the orbit of radius a, to a position of rest at an infinite distance, 
iherefore, the total energy E is given by 


E = 


a 


( 27 ) 

^t p be the angular momentum of the electron about the nucleus, 
tnat IS ’ 


for <^28) we eliminate v and a from the equatio 

for the energy and, thus, 


E = - 


me'^Z^ 

2p^ 


2tp = nh, / 3 (. 

where n is an integer. This quantum condition is a pure assumnfioT 

.s mt^Jaced independently to supplement the poEr™ boy 
It leads to the energy values, i, aoove 

E, _ 2Thne*'Z^ 

“ ’ n = 1, 2, 

In a transition from the orbit characterized by n = n, to that u- i 

27r^me^Z^/ 1 


hv = E. 


^”1 = 


h^' 


-Y- - 


Now it is a fact (Chap. V) that tLp 

visible .nd near ultra-violet .peetrum of tydrog^n-tarmorBato 
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series — have the frequencies which are obtained from equation (32) by 
substituting the usual values of m, e, and hj and placing Z = = 2, 

and n 2 = 3; 4, 5, • • • . In fact, all the lines of hydrogen, ionized helium 
etc., predicted by equation (32) which lie in regions accessible to observa- 
tion have actually been found at the expected places. 

From equations (26), (28), and (30) we obtain the radius of the orbit 
as a function of the quantum number n: 


__ nW _ n^ai 


(33) 


where ai is the radius of the innermost orbit of the hydrogen atom, 
obtained by putting n = 1, Z = 1, Equations (28), (30), and (33) 
together show that the velocity decreases as the radius increases, and 
the limiting case ^ corresponds to an atom with its electron at 
rest at an infinite distance from the nucleus. The total energy is zero, 
since we so determined the constant in the potential energy that it 
approaches zero when a approaches oo. 

In addition to these quantized orbits, the electron can move on orbits 
(hyperbolas or parabolas) in which it can scarcely be said to belong to 
the nucleus, since it passes near it only once and moves away to an 
infinite distance. Such orbits are usually called unquantized, because 
their shapes and dimensions may vary continuously and thus they 
have a continuous range of energies. The quantum conditions are not 
applied to systems which are not periodic. A simple calculation shows 
that for such orbits the total energy of the nucleus and the electron 
(we can scarcely refer to the combination as an atom) is always positive. 
From an unquantized orbit, the electron can pass into one of the quan- 
tized orbits with emission of radiation. If the transition begins when 
the electron has velocity v and is at a distance r from the nucleus, the 
initial energy is — Ze^/r and the final energy is given by equation 

(31). The frequency of the emitted radiation is the difference of these 
energies divided by /i, for Bohr’s second postulate applies to all emission 
and absorption processes, whether the orbits are quantized or not. 
In particular, if the electron falls into the lowest quantized orbit we have 


hv 


1 „ Ze^ . %r^me^Z^ 

^^2 _ — ^ 

2 r 


(34) 


Equation (34) predicts a continuous spectrum because r and v can take 
all values. The continuous spectrum lies at frequencies higher than 
any which can be emitted in a transition between quantized orbits. 

The whole situation is summed up neatly by the use of an energy 
diagram, in which horizontal lines are plotted at ordinates proportional to 
the energies of the atom in its various quantized states. The state of 
zero energy (ionized atom with the missing electron at rest at infinity) is 
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placed near the top. Figure 2 is such a diagram for hydrogen 
energy equation (31) is more often written in the form, 

„ RhcZ^ 

jjj 

where R is the Rydberg constantj 2T^e^/h^c. The energies are written on 
the left. It is customary, however, to use another quantity as a measure 
of the energy, namely, the wave number. If an electron falls from the 
infinite orbit to an orbit of energy E, the wave length emitted is given 
by hc/\ = iSJ, or 1/X = El he; 1/X is the number of waves per centimeter 
and is a quantity of convenient magnitude (20,000 cm.“^ for green light 

of wave length 5, 000 A). It is called 
the ' ' wave-number ' ' or “ spectroscopic 
^ term'’ of the orbit, and is denoted by 
V oi T. Quite similarly, a light 
^ quantum is often described by giving 
4 its wave number, in which case only 
the symbol v is used. In the energy 
diagram, a spectrum line is designated 
by drawing an arrow from the initial to 
the final level. In the diagram for 
hydrogen, beginning at the left, we 
have a series of arrows ending on the 
lowest level of the atom; the corre- 
sponding wave numbers are given by 
the formula, 

3erm 

Fia. 2. — The energy diagram of the ~ p/ 1 ^ = 2 S 4 • • • 

hydrogen atom. " ” ^ * 

and the lines emitted in these transitions are coUectively known as the 
Lyman series, after their discoverer. The wave lengths in this series 
converge to a limiting position as w — t «> and the wave number 12/1^ is 
called the limit of the series. Next, we come to the Balmer lines, the 
fiTi p.l orbit being the one for which n = 2. The formula giving their 
wave numbers is * 



so that the limit is at R/2K A few other transitions are marked. On 
the extreme right, we have two arrows representing transitions from 
unquantized states (indicated , by a shaded band") into the two most 
firmly bound orbits of the atom. Obviously, transitions of the kind 
shown by the longest arrow correspond to a continuous spectrum begin- 
ning at the limit of the Lyman series and extending toward higher fre- 
quencies. Similarly, the other arrow represents a typical emission 



The 

(35) 



Sec. 7] 


THEORY OF THE HYDROGEN ATOM 


71 


process giving a continuous spectrum on the short-wave side of the 
Balmer series limit. Both of these continuous bands are actually 
observed. 

We now take up a problem with two degrees of freedom— the two- 
dimensional analogue of the linear oscillator. Let a mass m be acted on 
by a force —hix parallel to the a:-axis, and a force —h^y parallel to the 
^-axis. Write fx = Vv ~ kinetic energy is 

T = + P/)* 

The potential energy is 

Since the ^-component of force depends only on the ^-coordinate, and 
the y-component only on the ^/-coordinate, the motion is a superposition 
of two simple harmonic vibrations performed at right angles, 

a: = A cos (27rvii + a), (38) 

y = B cos (2'KV%t + ?)), 

where vi = {hi/my^/2Tr, V 2 = (h2l7nyi2Tr. 

In agreement with Planck’s postulate about the possible energy 
levels of harmonic oscillators, we assume that the energy of the first is 

El = njivi, 

and that of the second is 

E 2 = n2hv2* 

This illustrates a general feature of such problems. W e need one extrane- 
ous ec^uation, or quantum condition, for each degree of freedom, to 
determine the values of the constants of integration introduced in the 
solution of the equations of motion, so that the allowed energy values can 
be calculated. 

’ Applying the frequency condition of Postulate 2 to this problem we 
see that the theory leads us to expect that light will be emitted and 
absorbed having the frequencies, 

, = = (n/ - u/On + W - 

where ni and n 2 ' are the quantum numbers for the initial state and ni" 
and na" those for the final state. Spectra of this kind are known in the 
infra-red; thus hydrogen chloride which has only one vibrational degree 
of freedom and therefore only one characteristic frequency of vibration, 
yi, has absorption bands at XX3.46ju and 1.76 m, or wave numbers ? = 2,877 
and 5 657, respectively, corresponding approximately to the prediction of 
• equation (39),ifr2-= 0,n = 2,877candn/ - n/' = 1 and 2, respectively. 
Further examples of this type of spectrum will be given in Chap. Xil. 
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8. THE QUANTUM CONDITIONS 

The allowed energy levels of the hydrogen atom are picked out by 
assuming that its angular momentum is a multiple of h/2Tr, while the 
oscillator is quantized by setting its energy equal to a multiple of hv. 
The problem is, what is the general rule of which these assumptions are 
special cases? A set of rules which is found to yield a great variety of 
correct formulas was discovered independently and about simultaneously 
by W. Wilson, ^ Sommerfeld,^ and Ishiwara.^ They are usually referred to 
as the Sommerfeld quantum conditions. They apply to systems having 
periodic coordinates, like isolated atoms and molecules. Consider such 
a system, having n degrees of freedom.^ Suppose we can choose coordi- 
nates q such that each generalized momentum p^ is a function only of the 
corresponding qjc. Then the stationary states are those for which 

§Vhdqk = Ukh, (40) 

where is an integer and each integral is extended over a complete cycle 
of the variable qi. The symbol f is used to indicate that the integral 
extends over a cycle of g*. In the case of a coordinate which does not pass 
through a cycle of values, like the azimuth cp of the electron in hydrogen, 
the integral is taken over a range which brings the system back to its 
original configuration. The important thing is the physical periodicity 
of the system, not the periodicity of its coordinates. 

Let us apply these conditions to the examples just given. For the 
hydrogen atom with its electron on a circular orbit, the kinetic energy is 

T = }4ma^(p\ (41) 

where <p is the azimuth. We have. 


= ( 42 ) 

so that the momentum variable conjugate to cp is simply the angular 
momentum. There is only one quantum condition because the system 
has only one degree of freedom. It is 


Now p^ is constant so 


J »25r 

p^(p = nh. 

0 . 


2irp^ = nh, 

which is exactly the condition used in our previous treatment. 
In the case of the two-dimensional oscillator, 

T = + 2/2), 


( 43 ) 

( 44 ) 


1 PhU. Mag., 29 , 795 (1913). 

^ Ann.Physik, 61 , 1 (1916). 

® Tokyo Math. Phys. Proc., 8, 106, (1915). 

‘ If Tinfamiliar with generalized coordinates, the reader 


should refer to Chap. IV, * 
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dT . dT. 


_ii_ 


my. 


We must now express these quantities in terms of the coordinates, as 
given by equation (38). We have 

mx = —2TrvimA sin (2x^1^ + a) = —2Trvim(±'\/A^ — x^), (45) 

and a similar equation for my. Since p, depends only on x, and py only 
on y, we see that a; and y are coordinates suitable for use in applying the 
quantum conditions, in the form 

fpjx = nih, fVydy = nA (^®) 

The range of integration for x is one complete oscillation, from 0 to +A, 
to -A, and back to 0 again. A similar statement holds for y. The 
question now arises, how can this integration yield a finite result, since 
the upper limit a; = 0, is the same as the lower limit? The point is, 
Px is a double valued function of x, as indicated by the ± sign -in equation 
(45). At each abscissa, the momentum p* 
can be either positive or negative, depending 
on whether the direction of travel is right or 
left. The situation is easily understood by 
plotting Px ns a function of x (Fig. 3). This 
must not be confounded with a diagram of 
the actual motion. Starting at x =0, with 
Px positive, we pass to x = +A, and the con- 
tribution to the integral is represented by the 
area Q in the first quadrant. At A the veloc- 
ity reverses, p. becomes negative and the areas B and S m the diagram 
are traversed from right to left. At -A the velocity reverses again and 
area T is added to the value of the integral as x passes from A to 0. 
Without carrying out the integration we can get the result from simple 
geometry, for the area of the ellipse is 

? ^ . A • 2xi-imA = (47) 

and this must be equal to nA Finally, the quantized values of the x- 
and y-amplitudes are given by 

nih ^2 ^ 



Fig. 3.' — Phase diagram for the 
harmonic oscillator. 


A^ = 


We can get the energy in a variety of ways. By use of equations (46), 
(47), and (48), the contribution to the energy due to the motion parallel 

to OX is found to be 

Ex = }i(mx^ + kix^) = -f fcix^], 

= 2xVi‘‘mA2 = nifij'i. 

Similarly, the contribution due to the y-oscillation is njiv^. These 
results agree with Planck’s assumption mentioned at the end of Sec. 7. 
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Summing up, the spectral evidence discussed here is overwhelmingly 
in favor of the fundamental assumptions and of the quantum conditions. 
We now discuss evidence of a quite different kind bearing on the Bohr 
postulates, but not on the quantum conditions. 


9. THE RITZ COMBINATION PRINCIPLE AND THE CONSTANCY OF h 

Long before Bohr gave his theory of the hydrogen atom, careful 
studies of spectra had revealed a regularity which was clearly formulated 
by Ritz. It bears his name and may be stated empirically as follows: 
If Va and are the wave numbers of two lines in the spectrum of a certain 
atom, it often happens that lines also occur at the wave numbers + 
h or Va - %, This was a powerful tool in the analysis of spectra. It is 
explainable at once by means of the second Bohr postulate. If the energy 
levels involved in the emission of are Ei and E2, and those involved 
in the emission of h are E2 and Ez, where Ei < E2 < Ez, then 

^CVa ~ E2 E\y 

hCVb = Ez — E2, 

Mva +n) = E3- E,, 

so that va + h will be emitted in the jump from Es to Obviously, the 

emssion of the difference frequency y, - wiU not occur in this case. 
With the aid of an energy diagram like Fig. 2, the reader can easily see 
under what circumstances a difference frequency will be emitted. More 
often than not, lines which are predicted by naive application of Eitz’s 
pnnciple do not occur. This failure to appear may usually be ascribed to 

the dynamical impossibility of a direct transition between the orbits 
m question. 

The combination principle may be invoked to prove that in the 
equation « = hc/\ the quantity he is constant, within the accuracy of 
our spectroscopic measurements over the entire range from the infra-red 
o the shortest X-rays. This is reassuring, for quantum theory would 
have to be altered considerably if h were variable. Of course the 
aecmacy with wMch this is known to be true will vary in different parts 
e range What we know experimentaUy is that spectral lines 

proof that Ac IS not a function of wave, length depends on our acceptance 
of an equation of the form e = hc/\ for each spectral line, where « simply 

mea^ a defimte number belonging to the initial state minus a definite 
number belonging to the final state. . nt-nnire 

The degree of reliance to be placed on the combination principle 
y be seen from an example of its application to the iron spectrum by 
Meggers. Below, we compare the sum of the wave numbers of two 
1 Astrophys. 60, 60 (1'924), 
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lines with that of two others which should yield the same Value if the 
Ritz principle is correct. 

v,, = 18,184.979 = 19,404.864 

= 19,169.445 = 17,949.554 


37,354.424 37,354.418 

Today, the spectroscopist uses the Ritz principle as a sharp criterion, 
in deciding whether four lines arise from a group of four energy levels 
in the way described above. 

10. CRITICAL POTENTIALS 

When an atom or molecule is struck by a moving electron, the collision 
may or may not result in the transfer of energy between the electron 
and the internal mechanism of the atom. If the energy exchanged is 
entirely energy of translation of the collision-partners, the collision is 
termed elastic, while, if the atom gains or loses internal energy, the 
collision is designated an inelastic one.^^ A similar nomenclature is 
applied to encounters between atoms and molecules. Inelastic collisions 
are further classified according to whether translational energy of the 
atoms or electrons is transferred to the internal mechanism of the atom, 
or the reverse. These two cases are termed collisions of the first and 
second kinds,” respectively. 

The way in which these energy transfers occur has been studied 
principally by bombarding the atoms of a rarefied gas or vapor with 
rapidly moving electrons, though recently the interaction of excited 
atoms with unexcited ones has claimed much attention. This is partly 
due to the ease with which electrons can be obtained from a hot cathode, 
but principally to the fact that they are quite insensitive to elastic 
collisions, from the standpoint of energy loss, so that effects due to 
inelastic collisions can be clearly distinguished. A simple calculation 
based on the conservation of energy and of momentum gives us the 
loss of energy of an electron in an elastic collision with an atom of mass 
M originally at rest. Relative to stationary coordinates, on the average, 
the electron will lose a fraction of its energy equal to 2m/ M. Even 
for a gas of H atoms, this is only 3 .^ 22 ; while for Hg atoms it is 200 times 
smaller. On the other hand, the fractional kinetic energy changes in a 
collision between two atoms are much larger. 

Judging from our observations on macroscopic bodies, we should 
expect energy to be interchanged between electrons and the internal 
mechanism of atoms, regardless of their relative velocities. As mentioned 
in Chap. I, this is not true, a fact which furnishes one of the strongest 
supports of the theory of stationary states. The collisions of electrons 
of sufficiently low velocities with atoms or molecules are elastic. In 
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describing what takes place at higher velocities it will be best to restrict 
ourselves here to the phenomena characteristic of atoms. As the energy 
of the electrons is increased a point is reached where the collisions are 
inelastic and energy is transferred to the atoms. This results in a 
quantum transition, in which the atom is carried to a stationary state 
of higher energy, and the potential at which this first occurs is called 
the “resonance potential.^^ Often, though not always, the level reached 
by the atom is the one lying nearest to the normal energy level. At all 
potentials above the resonance potential, inelastic collisions occur which 
may have the same result as far as the atom is concerned, but the bom- 
barding electron has kinetic energy left over after the collision. Increas- 
ing the potential further, we reach a value at which the energy of the 
electron is suflB.cient to raise the atom to another stationary state, and 
so on. Each potential at which a transition to a new energy level 
becomes possible is called a “resonance potential. The various resonance 
voltages are distinguished by calling them fiirst, second, and so on, 
beginning with the lowest. All energy levels other than the one normally 
occupied are called “excited states'' or “excited energy levels." When 
the atom has been brought into one of these states by direct electron 
impact, usually it can return to the normal level by emission of light. 
Sometimes, however, there are dynamical restrictions which prevent 
its return, in which case the atom is said to be in a “metastable" state. 
Eventually, a voltage is reached at which the bombarding electrons 
can completely separate an electron from the atom, leaving a positive 
ion which is eventually neutralized by picking up a stray electron. The 
minimum potential at which this occurs is called the “ionization poten- 
tial," while critical potential is a more general term referring to both 
resonance and ionization. Obviously, an atom or molecule has many 
resonance potentials. Except in the case of hydrogen and helium, it 
also has a number of ionization potentials, since different electrons are 
bound to the atom with different amounts of energy. 

In experiments on inelastic collisions, the energy of the electrons 
is imparted to them by allowing them to fall through known electric 
fields, so that the kinetic energy is given by the relation 



(49) 


where F' is the potential applied in electrostatic units. Now 300 volts 
correspond to one electrostatic unit of potential, so we have V = 300 F' 
if F is the value of F' expressed in volts, and the relation above becomes 

Ve _ mv^ 

300 ~ ~Y' (^0) 


An electron which has fallen through a potential difference of 5 volts is often 
caUed a 5-volt electron, and it is customary to refer to the critical energies required for 
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inelastic collisions in terms of volts. Thus, we say ^‘mercury has a resonance poten- 
tial of 4.9 volts,” or “the energy of the electrons was 60 volts.” Of course, the volt is 
not a unit of energy, but convenience dictates this practice. There has been some 
talk of introducing an energy unit called the electron-volt, equal to the energy of an 
electron which has fallen through a potential difference of 1 volt. From equation 
(60), this unit is equal to 1.591 • lO""^^ ergs. It is used but little at present, 

11. EXPERIMENTS ON CRITICAL POTENTIALS 

Long before the advent of Bohr's theory, it was believed that a 
definite amount of energy is necessary to ionize an atom, and various 
experiments were devised to measure this quantity. An estimate 
which is correct as to order of magnitude can be obtained from studies 
of the discharge in an ordinary tube with two cold electrodes, combined 
with an approximate theory of the complicated phenomena of such 
a tube. Details of such studies are given by Townsend.^ 

Bergen Davis ^ approached the matter in a simpler way, by the use of 
the electrodeless ring discharge. If an alternating current of high 
frequency (perhaps several hundred kilocycles) is passed through a few 
turns of wire wound loosely around a bulb containing gas at a pressure 
of a few hundredths of a millimeter, a bright ring of luminosity is formed 
in the plane of the coil. Under suitable conditions this is due mainly 
to the electromotive force induced in the gas by the change of magnetic 
flux through the coil. The maximum potential gradient is easily cal- 
culated from the cxirrent in the coil and the constants of the circuit, 
so the energy acquired by an electron in traversing its mean free path 
can be found. If the pressure is gradually increased, the mean free 
path becomes smaller, until at last the great majority of the electrons 
have energies insufficient to ionize the atoms, and the discharge ceases 
to be luminous. The maximum potential gradient occurring during a 
cycle of the current multiplied by the kinetic theory value of the mean 
free path at this pressure of extinction may be taken as a measure of the 
voltage required for ionization. 

The difiiculty with all such methods is that the energies of the elec- 
trons are distributed over a broad range, and that it is difficult to ascertain 
the nature of the distribution. An arrangement in which the current 
and the potential can be varied independently is essential, and it is also 
very desirable that the velocity distribution of the electrons reaching a 
given point should be a narrow one. An apparatus satisfying these 
requirements was devised by Lenard,® the essentials of which are shown 
diagrammatically in Fig. 4. F is a hot-wire cathode, heated by a battery 
A. (? is a metal gauze or grid. A voltage 7i, variable by means of a 
potentiometer arrangement J5i is maintained between F and (r, the 

1 “Electricity in Gases,” Clarendon Press (1915). 

2P/12/S. Eev., 20, 129 (1905). 

»Ann:Physik, 8, 149 (1902). 
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positive side being as shown, so that electrons are accelerated from 
F to G. The gas pressure in the apparatus is so chosen that the mean 
free path is comparable with the distance between electrodes. An 
opposing field Vi, greater than Vi, is maintained between G and a metal 
plate P. Electrons which pass through the grid are thrown back by 
V 2 , and do not reach P. If some of these electrons cause the atoms to 
radiate, and if the wave lengths emitted are short enough, the light 



Fig. 4. — Lenard’s critical potential apparatus. 

ejects photoelectrons from Pj charging the electrometer quadrants Q 
positively. If some of the electrons ionize the atoms, the ions pass to P 
and also charge the quadrants Q, positively. At certain values of Vi 
the rate of charging shows fairly abrupt increases, which are interpreted 
as due to the occurrence of inelastic collisions. Breaks due to resonance 
and to ionization cannot be told apart by this method. 
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Fig. 5.^ — Franck and Hertz’ 
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critical potential apparatus. 


The first work on critical pfotentials which yielded results of impor- 
tance for quantum theory was done by Franck and Hertz. i Figure 6 
shows the arrangement of their apparatus. It is similar to that of 
Lenard, except that a galvanometer is used, and the retarding potential 
72 is made small— about 0.5 volt, say. Further, the spacing of the 
electrodes and the pressure of- the gas in the apparatus are so adjusted 

^Franck, J., and Hertz, G. Verh. d. Phys, Ges. 16, 10 (1914). 
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that the average electron makes many collisions in passing from F to G. 
V 1 is varied by small steps from zero up^ and the galvanometer current is 
noted for each value of Vi. * 

As long as the collisions of electrons with gas molecules are elastic 
they lose little energy, and those which pass through openings in gauze 
0 are able to move against the small opposing potential Fs, and will 
cause a current to flow through (?a. (The conventional direction of this 
current in the metallic parts of the circuit will be toward P.) But when 
the collisions become inelastic energy will be lost and many of 
the electrons will not have sufficient energy to reach P. Figure 6 
shows a plot of galvanometer readings against Fi, in an experi- 
ment with Hg vapor. At first the current increases very much as the 



Fig. 6 . — Inelastic collisions of electrons with Hg atoms. {After Mohler, unpublished figure,) 

current from a filament in a high vacuum does, approximately in accord 
with the law (see Chap. XIII, Sec. 1). At a point slightly above 5 
volts the current starts to decrease quite suddenly, showing that inelastic 
collisions begin to occur at this point. It falls to a minimum and rises 
again. This means that many electrons having initial energies somewhat 
in excess of 5 volts do not lose all their energy in an inelastic collision. 
They retain enough to reach P against the voltage F 2 . When the voltage 
Fi becomes equal to twice the resonance potential, the electron loses its 
energy in two successive inelastic collisions and again cannot reach 
the plate P, causing the second drop in the curve. The third and higher 
maxima are explained in a similar way. The value of the first maximum 
on this curve cannot be taken as the critical potential since the electrons 
emitted by the filament have an initial energy distribution which is 
unknown. This is due not only to the normal Maxwellian velocity 
distribution of electrons obtained from a thermionio sourcoi blit aka 
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to the contact potentials between the electrodes. However, the dif- 
ference between two successive maxinia should give a correct value of the 
resonance potential. Franck and Hertz found it to be 4.9 ± 0.1 volts. 
Similarly, experiments on helium give a first resonance potential at 
19.75 volts, and several others slightly higher. Helium has a higher 
first resonance potential than any other atom. The lowest \'alue is 
that for cesium at 1.48 volts. 

i 

12. THE CONTROLLED EXCITATION OF SPECTRA 
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Consider the conditions when the bombarding electrons in a hot 
cathode tube have just enough energy to raise the atom from the normal 
level to the nearest excited state. For example, referring to the simplified 
energy diagram of sodium (Fig. 7), which is very similar to the diagrams 
of all other alkali metal atoms, the lowest level is called 1»S by apectro- 

scopists, and the nearest excited state is 
called 2P for reasons discussed in Chap. 
VII. Experimentally, it is found that 
electrons which have fallen through a 
potential difference of 2.1 volts can raise 
sodium atoms from 1*9 to 2P. When 
this has been done, the atoms are in a 
position to return to 18, and so they do, 
emitting the yellow Z>-lines, and these 
alone. This emission is referred to as a 
single-line spectrum. (Strictly, there 
are two D-lines forming a narrow 
doublet, because there are two levels at 
2P, close together. See Chap. VII. 
For our present purpose we may treat 
these two levels as though there were 
but one.) The energy transformations are these. When a bombarding 
dectron faUs through a voltage V, it gains an amount of energy Fe/300. 
T^ K transforined.into internal energy of the atom which is struck, 
except for a small fraction which increases its translational energy, and 
then this energy is given up as a quantum hc/\. We have thereSe. 
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in a series of transitions emitting spectral lines with the wave rmrnbers 
etc. In this case, the equation replacing equation (51) is 

Vp 

^ = 2jich, (52) 

This is the fundamental equation in correlating critical potentials witli 
spectral data. 

The ideas presented here lead to the expectatton that a spectriiui 
can be excited step by step, one group of lines after aiiothor eoniing 
in as the voltage of the bombarding electrons is increased, and such is 
indeed thfe case. The first investigation in this field which yielded 
definite results was that of Franck and Hertzs, already referred to. A 
good illustration of the important results which can be obtained is the 
work of Foote, Meggers, and Mohler^ on the excitation of the magnesium 
spectrum, described in Chap. XIII, Sec. 3. 

13. UNIDIRECTIONAL QUANTA 

In discussing the photoelectric effect we mentioned Einstein’s sugges- 
tion that light of frequency v consists of units called “photons,” having 
the energy hv, each one traveling in a definite direction without dividing, 
as though it were effectively a particle. It is a theorcan of electro- 
dynamics that a. unidirectional beam of light, carrying energy i?, Ini-s 
momentum E/c associated with it, so each quantimi should hav<i ih(^ 
momentum hv/c. Special relativity leads us to associate the rna.ss 
hv/c^ with the energy hv. We shall see that there is ruiich utility in 
treating light quanta as particles having these properticss.. 

This theory had a vast handicap to overcome, for the (dc^ctromagnetie 
theory of light was successful in explaining nearly all gi'oss optitail 
phenomena on the assumption that each emitting atiom scjnds out a 
.spherical wave. When it became evident that this picture could not 
account for the absorption of energy by distant atoms in quanta, or 
for the photoelectric effect, attempts were made to imagine emitting 
mechanisms which would produce directed quanta. 'Tluise attempts 
to provide the atom with an ideal parabolic reflector luive all been veuy 
unconvincing. Gradually, the opinion spread that iieitlier waw(^ theory 
nor photon theory could explain all the phenomena.. It was often said 
that physics was confronted with an impass6; that the wave tluK)ry should 
be used in studying problems of diffraction or interfor(‘TUuq whik^ ilu^ 
hypothesis of light quanta should be used to describes the photcxdcHitric 
effect and others of similar nature with which we shall soon become 
acquainted. We may say at once that the two theories may be reconciled 
by reinterpreting the electric and magnetic forces E and H which charac- 

iPM. Mm.. 48, 1002 (1921); 43, m (I9?2b 
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terize a radiation field. In classic electrodynamics; it is supposed that 
is a measure of the energy density in the radiation field. E 
and H serve as a ‘‘ghost field^^ which determines in a statistical way the 
'paths which the quanta are to take. On a screen which receives an inter- 
ference pattern, the value of at any point is proportional to the 

number of quanta which strike at that point. ^ 

14. EXPERIMENTS WITH WEAK LIGHT 

We now present experimental evidence bearing on these views. 
G. I. Taylor 2 performed the following experiment. The raysW a very 
weak light source (Fig. 8) passed through absorbing screens A and fell 
on a slit S. Behind this slit were two others at arranged as in Young’s 
interference experiment. A photographic plate P was so placed that 
it would record the interference pattern. Knowing the constants of the 
absorbing screens, the incident intensity and the number of screens 
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Fia. 8. — Taylor’s arrangement for studying the interference of weak light. 

were so chosen that only a few quanta per second would pass the first 
slit S, If each of these passes through only one of the slits it is difficult 
to see how interference can occur. As a matter of fact, the weak-light 
interference pattern was identical with that produced by strong light. 
This experiment allows us to conclude that either the spherical wave 
theory is correct or the original form of the light-dart theory needs 
to be supplemented by a statistical postulate prescribing the density 
of quanta along any path in space. According to this picture; the 
significant factor in the production of the interference pattern is the 
structure of the ghost electromagnetic field, determined by the slit 
arrangement and the behavior of the emitting atoms. Taylor’s result 
is supported by the experiments of several other investigators. For 
example, Dempster and Batho® found that the diffraction pattern of an 
echelon grating showed no observable peculiarities when formed by very 
weak light, 

' 1 In the case of radio waves, this ghost field has a certain physical reality. It 
seems certain that E does represent an intensity of the electric field in the case of such 
long waves. 

2 Proc. CamK Phil Soc,, 16, 114 (1909). 

8 Phya, Rev,, 30, 644 (1927). 
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16. JOFFfi^S EXPERIMENT ON THE UNIDIRECTIONALITY OF QUANTA; 

THE RAPID INTERRUPTION OF A LIGHT BEAM 

It is customary to say that the light quantum does not spread sidewise 
as it passes through space — that it is rigorously unidirectional. If we 
could be sure that a light quantum strikes only a single atom when 
it ejects an electron from a metal surface, this would be satisfactory 
proof of its unidirectionality. We cannot be quite certain, however, 
that the energy is not collected by the whole metal surface and delivered 
to a single atom in some unexplained way. Joff^ and Dobronravoff^ 
performec| an experiment to show that a quantum can be received by a 
very minute metal surface. A small X-ray tube was constructed, with 
a thin sheet of aluminium forming one of its walls. This was used as the 
anticathode, and also as the lower plate of a Millikan condenser. 
Conditions were so arranged that the tube emitted only about 10» 
quanta per second. A bismuth particle, positively charged, was -caused 
to float in the Millikan condenser, close to the anticathode. Stray 
effects were satisfactorily eliminated and then it was found that about 
every 30 minutes the charge of the particle increased, due to the ejection 
of an electron by the X-rays. The particle was between 1 • 1()~^ and 
5 * 10“^ cm. in diameter, so the whole quantum was absorbed inside a 
circle of this diameter. At the source, such a circle subtended a solid 
angle smaller than 10""^. 

There is also good evidence that the quantum behaves as though it 
were very short in the direction of its propagation. Lawrence and 
Beams^ constructed an electromagnetic shutter capable of. interrupting 
a beam of light more than 10^ times a second. The shutter consists of 
two crossed Nicol prisms with two Kerr cells placed between them at 
right angles to each other. The Kerr cell consists of two condenser 
plates with a suitable organic liquid, usually carbon bisulfide, chloroform, 
or nitrobenzene, placed between them. If an electric field is placed 
across these condenser plates, plane polarized light passing between 
them becomes elliptically polarized. The second Kerr cell perpendicular 
to the first and with the same field across its plates just compensates 
for this so that plane polarized light emerges from the second Kerr 
cell; this cannot pass through the second Nicol. As long as the fields 
across the two cells are equal, no light can pass the shutter, but if these 
fields differ the elliptical polarization introduced by the first cell is not 
exactly compensated by the second and thus the light emerging from 
the second cell has a component which can be transmitted by the second 
Nicol. A spark gap and the two Kerr cells are wired in parallel to each 
other across a transformer. At a certain potential the spark jumps 

1'-^. 34, 889 (1925). 

2 See Phys, Rev., 32 , 478 ^928) and /. Franklin Inst, 206 , 169 (1928), where the 
latest results are presented and references to earlier work are given. 
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which starts light quanta through the shutter, lowers the potential 
across the transformer, and starts a potential wave down the wires 
to the Kerr cells. No light can pass the shutter until this potential wave 
reaches the first cell; then light can pass the shutter until it reaches 
the second cell, after which no light passes the shutter again. Thus, 
the shutter is open only during the time that the potential wave takes 
to travel from the one cell to the other. By this arrangement, Lawrence 
and Beams found that quanta passed through the cells in less than 10 ^ 
seconds, so that the quanta are not over a few centimeters in length. 
Similar experiments were performed by Breit,^ using frequencies up to 
about 10^ seconds-h Now if the quantum emitted by a single atom 
were longer than ct, where t is the time the shutter remains open, it 
seems reasonable to believe it would be cut when the shutter closes. A 
very naive consideration suggests that the division of a quantum would 
give rise to two quanta of smaller energy and therefore of greater wave 
length. However, Breit, Ruark, and Brickwedde*^ showed that a 
correct application of Bohr^s postulates leads to the same result as optical 
theory, which predicts a very slight frequency change due to the modu- 
lation. The experiments are in agreement with this view, and a treat- 
ment in terms of wave mechanics also supports it. 

16. THE COMPTON EFFECT 

The theory of unidirectional quanta has received extremely strong 
support from studies arising out of a fundamental discovery by A. H. 
Compton.® He found that if the monochromatic X-radiation of molyb- 
denum of wave length 0.7 A. is allowed to fall on light elements, the 
spectrum of the scattered X-rays contains not only the incident wave 
length, but also a greater wave length, very close to the original one, but 
generally separated from it. The apparatus is shown diagrarnmatically 
in Fig. 9. Light from the X-ray tube strikes a scatterer of carbon, let 
us say, which is made quite small to avoid multiple scattering within 
the block, and to fulfill the condition that the rays incident on the block 
must come from a definite direction. The radiation scattered at a given 
angle 6 with the incident rays passes through a system of slits and is 
allowed to fall on the crystal of a Bragg spectrometer (see Chap. VIII 
for a description of the methods for studying X-ray spectra). Figure 
10 illustrates Woo^s^ measurements on scattering from graphite at 
various angles. It shows the spectral distribution of the scattered 
light. In each diagram, the peak on the left occurs in the position of the 

1 Nature, 119, 280 (1927). 

^ Phil. Mag., 3, me (1927). 

^ Bull. Nat. Research Council, 20, 10 (1922); Phys. Rev., 21, 483 (1923). 

4 Phys. Rev., 21, 715 and 22, 409 (1923); Compton/' X-Rays and Electrons,’' p. 263, 
D. Van Nostrand Co., Inc., New York (1926), 
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original unscattered wave length coming from the X-ray tube, while 
that on the right is shifted in the direction of greater wave lengths by an 
amount which increases as the scattering angle becomes greater. At 
90®, the difference in the wave lengths of the two peaks is 0.024 A. 

Simultaneously, Compton published a theory of the effect, based 
on the unidirectional quantum. Debye^ developed a similar theory 
independently. The simple classical theory 
of X-ray scattering is based on the conception 
that the bound electrons in the scatterer are set 
into forced oscillation by the electric force of 
the incident waves. They send out radiation 
having the same frequency as the incident waves 
in all directions. This picture contains no pro- 
vision for a shift of wave length. On the other 
hand, if the scattering entities are free, they 
will be accelerated in the direction of the in- 
cident X-ray beam by radiation pressure. Their 
velocities will continually increase until reduced 
to zero by a collision. This forward component 


9. — Experimental arrangement for studying the Fig. 10. —Comp ton effect. 

Compton effect. The MoKa line scattered by 

graphite at different angles. 

of velocity gives rise to a Doppler shift in the scattered light. The fre- 
quency V (6) scattered at an angle 6 with the, direction of the incident 
beam when the forward velocity is Vy is obtained as follows, neglecting 
modifications due to relativity. If frequency vq is incident on the 
electron, it oscillates perpendicular to the line of motion with the 
frequency, 

Ve = >-0(1 - /3), |8 = ~ 
c 

Radiation scattered at the angle 6 will have a frequency given by 
Ve = v{&) • (1 — /3 COS d), 
as seen by a resting observer, whence 

v{d) ■ (1 - /3 cos = j-o(l - j5). 

1 Physih. Z., 24 , 161 (1923). 




( 53 ) 
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From this equation, radiation scattered parallel to the original beam 
suffers no change of wave length. As 6 increases, v(d) decreases to the 
value v(l — 13) /(I + /3), for scattering at 180°. As we shall see, the 
Compton wave-length shift behaves in this fashion, and E. Bauer, ^ 
followed by others, attempted to interpret the shift as above. The 
difficulty is that the electrons should have a continuous range of velocities 
and at each value of 0 a continuous band of frequencies should be 
observed, extending from the original spectrum line 'toward greater wave 
lengths. Such a band is not observed. The shifted line is definitely 
separated from the position of the incident wave length. Compton^s 
treatment of the effect accounted for the experimental results so accu- 
rately that it was generally accepted until the advent of wave dynamics. 
It is as follows: 

Let Po be the frequency of the original X-ray quantum and v be its 
frequency after a collision with an electron. Figure 11 shows the paths 



Fig. 11. — Collision between a light quantum and an electron, (a) Energy relations, (h) 

momentum diagram. 


of the original quantum hvo and the electron e and quantum hv after the 
collision. $ is the angle between the direction of the original quantum 
and the scattered quantum and <p is the angle between the direction of the 
original quantum and that of the electron struck. The directions of 
the quanta and the recoil electron must lie in a plane in order that 
momentum may be conserved. Conservation of energy and of the 
rc- and ^-components of momentum (as illustrated by the momentum 
triangle in Fig. 11b) yields the equations. 


hvQ = Hv + mc^ 


(1 




hvQ hv . , mv 
— - ~cos9 + 

n ■ a I ™ 

0 = -Y sm e + sm 


(54) 

(65) 

(56) 


In equations (55) and (56) we transpose the terms in 6 to the left, square, 
and add, to eliminate <p. Then, eliminating v between the result and 
equation (54), we find, 

y = Yq:"a"(i - cos e) ^ r+“^in 2 0/2’ mJ’ 


1 Comptee rendus, 177 , 1031 , ( 1923 ). 
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The wave-length shift of a qn^titum scattered at angle 0 is 

AX = - —— = A (1 — cos d)> (58) 

V vq me ^ 


It is worth noting that this change in wave length is independent 
of the frequency of the light scattered, h/mc is the change in wave 
length of the light scattered at right angles to the original beam and has 
the numerical value 2.42 • 10“^° cm. or 0.0242 A. This is frequently 
called the ^‘wave length of the Compton shift.’’ It is the wavelength 
which would be produced if the energy of an electron were transformed 
entirely into a light quantum. Using equations (55), (56), and (57), 
we find that 


tan <p — 


cot (6/2) 
1 -|- a ^ 


( 59 ) 


so that the recoil angle decreases from 90° to 0° as the scattering angle 
is altered from 0° to 180°. {v = 0, and <p is indeterminate, when d = 0.) 



shift. coil electrons. 


Figure 12 is a polar graph in which AX is plotted as a function of 6, while 
Fig. 13 is a diagram of Debye, showing the energy of the recoil electron 
and of the scattered quantum for ten different directions of scattering, 
the incident wave length being h/mc. Any radius vector of the upper 
solid curve, such as the one marked 3, is proportional to the energy of a 
quantum scattered through the angle which that radius makes with 
the direction of the incident beam. The energy of the corresponding 
recoil electron is shown by radius vector 3 of the lower curve, drawn 
at the appropriate recoil angle <p. 

The agreement of eouation (58) with the wave-length interval between 
the peaks in Fig. 10 is excellent. It is probable that the original wave 
length appears in the scattered light because some quanta are scattered 
by atoms as a whole. When this occurs, the mass of the electron must 
be replaced by the mass of the atom in the equation for AX, and the 
shift becomes negligible. 
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It remains to examine why the above theory based on the recoil of free electrons is 
satisfactory, for the electrons in the carbon atom are certainly not free. If the quan- 
tum must give up energy to eject the recoil electron from the atom, we should expect 
a greater shift than that given above. As a matter of fact, the shifted peak is usually 
broader than the unshifted one, so this factor must be taken into account. Its 
effect is relatively unimportant, however, when the ionization potential of the average 
electron in the atom is small compared with the energy of the incident quantum. 
Such is the case in the experiments quoted above, where the A-rays were of fairly 
short wave length and the scatterer was an element of low atomic number. See Chap. 
XI, Sec. 6. “ 

17. THE CONSERVATION OF ENERGY AND MOMENTUM IN THE 
SCATTERING OF Z-RAYS 

If X-rays are scattered by the atoms of a gas or vapor, it should 
be possible to detect the recoil electrons by the Wilson cloud-track 
method (Chap. II). Independently, C. T. R. Wilson^ and Bothe^ 
showed that such electrons are present by photographing their tracks. 
Compton and Simon^ made use of this fact to show that the direction 
of recoil and the direction in which the scattered quantum move are 
related in the way required by the light-quantum theory. A beam of 
X-rays was allowed to enter a Wilson cloud-track chamber, and photo- 
graphs were taken in the usual way in order to detect any recoil electrons 

produced in the scattering process, and 
also any secondary electrons ejected by 
the scattered light quantum from the 
walls of the chamber. In order to 
make this latter process more probable, 
they suspended thin sheets of lead in 
the chamber. In most of the photo- 
graphs only the path of a recoil electron 
was observed, but in a small fraction of 
them there appeared also the track of 
the photoelectron ejected by the scattered light quantum. The origin of 
the recoil electron path showed the point at which the scattering took place 
and the initial direction of this path showed the direction in which the re- 
coil electron was ejected by the light quantum. The direction of the scat- 
tered light quantum was secured by drawing a straight line from the point 
of scattering to the beginning of the photoelectron path. Since two photo- 
graphs were taken at an angle to each other, the angles between the direc- 
tion of the original beam and the directions of the scattered light quantum 
and of the recoil electron could be determined. The relations are shown 
diagrammatically in Fig. 14. In this way, it was possible to see whether 
the angles <p and d were related to each other according to equation (59).. 

^ Proc. Roy. Soc., 104, 1 (1923). 

2 z. Physik, 16, 319 (1923). 

3 Phys. Rev., 26, 289 (1925). 



Fig. 14 . — R is the recoil electron path 
and P the photoelectron path. 



Sec. 18] 


THE STERN-GERLACH EXPERIMENT 


89 


Within the limits of experimental error, which were necessarily quite 
large, the experiments agreed with the requirements of this equation 
and they show that energy and momentum are conserved when a light 
quantum is scattered by an electron. It should be noted that the 
experiment could not determine the energy of the recoil electron. The 
energy of the scattered quantum is known from the experiments on 
the Compton effect described in the preceding paragraph. 

Bothe and Geiger^ showed that the ejection of the recoil electron 
and the deflection of the quantum occur at the same time. Their 
apparatus consisted of two point counters one of which was open, while 
the other was closed with a thin platinum foil. These were mounted 
facing each other, with a narrow space between. A beam of Z-rays 
passed between the counters. If a scattering process occurs in ‘the 
neighborhood of the platinum foil, and the scattered quantum is absorbed 
in the foil, the electron which it ejects may enter the closed counter, 
while the recoil electron is recorded by the other counter. Therefore, 
a certain fraction of the events recorded by the two counters should be 
simultaneous. The fraction observed by Bothe and Geiger agrees well 
with what we might expect from the constants of the apparatus, and 
the assumption that each scattered quantum produces one recoil electron. 

These experiments disproved the theory of Bohr, Kramers, and 
Slater, 2 who suggested that energy and momentum are not conserved 
in the interaction of a single light quantum with a single atom, but are 
only conserved statistically for large numbers of such processes. 


18. THE STERH-GERLACH EXPERIMENT 

The orbital motion of the electrons in an atom produces a magnetic 
field of such a kind that the atom may be considered as a permanent 
bar magnet when discussing its behavior in an external field constant 
in time and uniform in space. We consider first an atom with only one 
electron.® By Kepler's law of areas, the rate dA/dt at which the radius 
r drawn from the nucleus to the electron describes area is such that 


2mdA 

dt 


mf^ip == 'p; 


( 60 ) 


ip is the azimuthal angle and p the angular momentum. Integrating 
for one complete period T we get. 

Area of orbit = A = • (61) 

2m ^ ^ 

1 Z. Physik, 32, 639 (1925). 

^Z. Physik, 24c, m (1924). 

^ The theory developed in this section neglects the iritrinaic magnetic moment of 
the electron (Sec. 19) and must be corrected in the manner indicated in. Chap. X, 
Sec. 8. - : 
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As a consequence of the quantum conditions, the angular momentum of 
any atom is 

m) 

2ir 

where j is an integer or an integer plus and is called the inner quantum 
number, so equation (61) can be written 

4'n-m 

The electron passes a given point on its orbit 1/T times a second, and, 
therefore, is equivalent to a current i = —el T. We shall express 
e and i in electromagnetic units. Now, if a current i flows in a closed 
circuit of area A, then at a great distance it produces a field practically 
identical with that of a magnet having a moment 

jjL = iA. ( 6 ^^) 

Proof of Equation (63). — The pattern of force lines at a great distance does not 
depend appreciably on the shape of the circuit, so we shall suppose the current flows 
in a circle of wire, for simplicity, and shall compare its field at a point P on its axis OP 

with that of a magnetic dipole having a 
moment ju directed along OF, By sym- 
metry, the force at P is along OP (Fig. 
16). The field at P, due to an element 
ds of the circular current, is i(hjr\ by 
Ampere’s law, and the component of 
force along the axis is aida/r^. The 
Fig. 15.— The magnetic field of a rotating component along the axis due to the 
charge. whole circle is 2TaH/r^ and the Bum 

of the components perpendicular to the axis is zero. But the field due to the dipofii 
would be 2ix/r^ and this will be the same as that due to the current if m “ * iA, 



From equation (63), 


yhe _ __ P 
47rmc 2mc 


(64) 


where e is now in electrostatic units. 

This is easily generalized for an atom having several electrons by 
simply summing the contributions of all of them. If jh/2ir now denotes 
the resultant angular momentum of all the electrons and y the magnetic 
moment of the atom, we obtain an equation identical with equation 
(64). It is to be noted that this is a vectorial equation, and that y is 
opposed to p in direction because the charge of the electron is negative, 
as shown in Fig. 15. This simple theory requires therefore that the 
magnetic moments of atoms shall be multiples (or half-multiples, if j 
is an integer plus J4) of an elementary unit called the “Bohr magneton,” 
given by the equation, 

eh 

= = 9.22 • 10“*^ gauss centimeter, (65) 

’ 4irmc 
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with e in e.s.u. Often, it is more convenient to deal with the 
magnetic moment associated with a gram-mole, without regard to the 
orientations of the separate atoms, that is, Mb times the Avogadro number 
N. This quantity is 

jjlb = 5,589 gauss centimeter per mole. (66) 

However, magnetic moments are usually reported in the literature 
in terms of the Weiss magneton fxw which is an empirical unit equal to 
1,123.5 gauss centimeter per mole, so that it is almost exactly one-fifth 
of /xj 5 . This unit was introduced by Weiss as a result of careful measure- 
ments of the magnetic susceptibility of Te and Ni. It was believed 
that the magnetic moments of all mole- 
cules were multiples of ij.w/N. The fact 
is, they are not multiples of either fjiw/N 
or ixs/N, The true state of affairs is more 
complicated due to the magnetic moment 
of the electron (Chap. X, Sec. 8). 

Stern and Gerlach^ proved by ingen- 
ious experiments that certain atoms have 
magnetic moments equal to the Bohr 
magneton. Their first experiments dealt 
with the magnetic moment of the silver 
atom in the vapor state. The work was 
later extended to many atoms and mole- 
cules. It is very interesting to know that 
the result was predicted before the experi- 
ments were carried out. In order to 
understand these remarkable experi- 
ments, it must be pointed out that 
while, according to the classical theory, all orientations are possible for 
atoms in a uniform magnetic field, the quantum theory predicts discrete 
orientations such that the component of the total angular momentum vector 
directed along the lines of force is a multiple or a half-multiple of h/2Tr. The 
argument for discrete orientations can be easily seen by considering the 
■hydrogen atom (again without the spinning electron, Sec. 19) . In the pres- 
ence of a magnetic field, the motion of the’ electron is changed in a very 
simple way. To a close approximation, the plane of its orbit rotates uni- 
formly around an axis drawn through the nucleus parallel to the lines of 
force. A person rotating with the same angular speed around this axis 
would say the motion of the electron in its orbital plane was the same as it 

1 Stern, Z , Physik, 7 , 249 (1921); Gerlach and Stern, ibid., 8 , 10 (1921); 9 , 349 . 
and 353 (1922) ; Stern, ibid., 39 , 751 (1926); Knaxjer and Stern, ibid., 39 , 764 (1926); 
Leu, ibid., 41 , 551 (1927); Stern, ibid., 41 , 563 (1927); Wredb, ibid., 41 , 569 (1927); 
Leu, ibid., 49 , 498 (1928); Gerlach, Ann. Physik, 76 , 163 (1925). 
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was in the stationary reference system before the field was applied. In 
Fig. 16j the normal to the plane of the orbit always makes the same angle 
with the direction of the field, and so the component of angular inoinen- 
tum parallel to the field is constant. Let us call this <p l)eing an 
angle measured around the axis OZ. Then, as we shall see in (thap. 
X, Sec. 8, 

(67) 

2t 


P<P 


where m is called the ^‘magnetic quantum number^' and takes the value 
0, ±1, • • ■ ± j. In the case of other atoms, silver being an example, 
m can take the values ±H, • • • ± j; for such atoms;; is always 

an integer plus one-half. The angle between the field H and the vector 



Fig-.. 17. — An inhomogeneous 
magnetic field. 



merit. 


j is such that cos a = m/j and the atom can take up only 2j + 1 orienta- 
tions in the field. This restriction was first pointed out by Sominerfeld^ 
and Debye, 2 and the atoms are said to be space-quantized. 

The experimental proof of space-quantization depends on the deflec- 
tion of elementary magneto moving through an inhomogeneous magnetic 
field. There is no resultant force on a small magnet placed in a homo- 
geneous magnetic field, for the force exerted on one pole will be exactly 
equal, but opposite in direction, to that exerted on the other. If the 
field is inhomogeneous, however, it will experience an acceleration. 
Consider an inhomogeneous field having force lines of the type shown in 
Fig. 17, where conditions do not vary perpendicular to the <liagram. 
Such a field may be obtained with the aid of pole pieces having the 
cross-section shown in the figure. A unidirectional beam of atoms is 
produced in vacuo, by heating the metal to be studied in a furnace, and 

1 Physik. Z., 17 , 491 ( 1916 ); Ann. Physik, 61, 1 ( 1916 ). 

8 Physik. Z.r 607 (19X6). 
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passing the vapor stream which comes from its mouth through minute 
apertures in accurate alignment. The beam passes close to the edge 
of the wedge-shaped pole piece (Fig. 18) and is received on a glass plate 
P. Along the path of the beam the lines of force are nearly parallel 
to OZ and the field strength changes rapidly in that direction. At any 
instant, an atom of moment ja will be deflected along OZ, by the force 


dHz , dHz , dHz 


( 68 ) 


where fXx, and iiz are the components of y. along the axes. 

Proof. — ^Let the atom be represented by a bar magnet with poles of strength m, 
with its south pole at the origin. The south pole is urged along OZ by a force mHz 
(Hz being evaluated at the origin), while the north pole, at x, y, 2 , experiences a force 
along OZ equal to 

. dHz . dHz 
dx ' 


m^Hz H — + 




the derivatives being taken at the origin. The higher terms are neglected and the 
resultant force along OZ is 

dHz . dHz , dHz 




which is equal to expression (68) because mx = ju*, etc., by definition. 


As explained above, the atom will precess about the Z-axis, the value 
of jUa remaining constant. Now dHg/dy is zero over practically the com- 
plete trajectory of the atom; dHzIdx is zero in the median plane of the 
magnet and is small for positions very close to this plane and dHz/ dz is 


constant over small distances. But still better, the mean values of 
jUa: and fMy are zero over a period of the precession, which is small compared 
with the time the atom is in the field, so the average force on the atom is 
very nearly 

^ dHz dHz . 


dz 


dz 


(69) 


6 being the constant angle between y and the lines of force. Accordingly, 
each atom moves on a parabolic path, with the axis of the parabola 
parallel to OZ, and if we take its as-coordinate to be zero when it enters 
the field, after a time t it will be 

If the velocity is v, and the distance traveled through the field in reaching 
the plate is I, then the deflection at the plate is . 



Since, in actuality, the atoms have a rather broad velocity distribution, 
the deflections at the plate cover a range of values. The a^-coordinate 
of the centroid of the spot thus formed will be obtained by using in 
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equation (70) the average value of 1/v^ for all the atoms in the beam, 
which is m/MzT from kinetic theory.^ 

Substituting in equation (70), 


1 P 

S = LL cos 0— rr-s;;* 

2 ^ dz 4ckT 


(71) 


In this equation, all quantities except fx cos d can be measured, and 
so this combination can be evaluated. Figure 19tt shows the pattern 
obtained in the case of silver, when no field is applied, and Fig. 196 shows 
the pattern obtained when the field is present. Twenty scale divisions 
correspond to 1 mm. The Z-axis runs horizontally through the center 
of the pattern and the drawn-out unsymmetrical portion on the right is 



. (a) (h) 

Fig. 19. The deflection of silver atoms in the Stern-^erlach experiment. {Afteit Hte 7 % and 

Gerlach.) 


due to the very large valile of dH^/ dz in the immediate neighborhood of 
the edge of the wedge-shaped pole piece. Above and below the Z-axia 
the value of dHzIdz rapidly decreases to zero with a corresponding 
diminution in the deviation of the beam. From spectroscopic evidence, 
there is every reason to believe that the silver atom in its normal state 
can take only two positions with respect to the field, namely, with its 
magnetic moment parallel or antiparallel to the force-lines, so cos 5 ■* ±1. 
From measurements of dH^/ dz in the plane of symmetry of the magnet, 
made by use of a thin bismuth wire mounted parallel to the edge of the 
wedge, the following values of s were computed, assuming that yu is one 
Bohr magneton. (See Chap. X, Sec. 8.) These agree excellently with 
the observed values. 


Deviation s 

Observed 

Millimeters 

0.10 

0.15 


Computed 

Millimeters 

0.11 

0.15 


This experiment is excellent proof that the silver atom is space- 
quantized. If it were able to take up any orientation whatever in 
1 Stekn, Z. Physik, 2, 49, and 3, 417 (1920). 
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the field, the two lines in Fig. 19 would be replaced by a continuous 
deposit filling the entire region which these lines enclose. Indeed, we 
should expect the densest part of the deposit to be in the center, for 
the number of atoms whose axis makes an angle between $ and d + dd 
with the lines of force is nearly proportional to sin 6 ; thus a large fraction 
of the atoms are oriented nearly transverse to the field and will suffer very 
small deflections. 

Similar experiments were performed by Phipps and Taylor^ and by 
Wrede,2 using a hydrogen discharge tube as a source of monatomic 
hydrogen and a plate coated with molybdenum oxide as a detecting 
screen. Two reduced areas of the molybdenum oxide show that the 
beam of hydrogen atoms is split by the field into two parts and the dis- 
tance between the two reduced spots agrees very closely with that cal- 
culated on the assumption that the hydrogen atom has a magnetic 
moment of one Bohr magneton when in its state of lowest energy. 

19. THE MAGITETIC MOMEITT OF THE ELECTRON 

While a model of the electron can be very useful in guiding our ideas 
of electrical phenomena, all attempts to endow it with an extended struc- 
ture should be regarded as a conventional way of summing up its properties. 
When we say the electron has the properties of a point charge, we mean 
by definition that in its neighborhood nuclei and other electrons undergo 
accelerations toward or away from a very small region of space, and 
that the acceleration depends only on the distance from that region. The 
great utility of attributing to the electron not only charge but also 
magnetic momentj not only mass and momentum but also angular momen- 
tum, has become apparent through the study of atomic spectra, so it is 
natural to think of the electron as an extended charged body in rapid 
rotation, which will possess these properties if thejaws of gross mechanics 
and electrical theory can be applied to it. The phenomena which led to 
the hypothesis of the spinning electron can not be fully explained until 
we reach Chap. X, but the main facts will be stated at once. Studies 
of the behavior of spectral lines when a magnetic field is applied to a 
luminous gas or vapor give us the ratio of the magnetic moment to the 
angular momentum of the atom. According to equation (64), this 
should be 

/X 6 

-= “ 2 ^ (electrostatic units). (72) 

Sometimes the spectral data also give this value, but ia the majority of 
cases the result is 

= g 
p ^ ^2mc 


^ Phys. Rev., 29, 309 (1927), 
»Z. Phyaik. 41, 569 (1927). 


( 73 ) 
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where ^ is a ratio of two integers. The lowest value of g is 0, often 
it is in the neighborhood of 1, and values higher than 2 are ran^ It is 
natural to explain this behavior as due to the presence in tlie atom of 
entities for which the ratio of magnetic moment and angular momentiirn is 
not given by equation (72). Independently, Uhleiibeck and Goudsrnit^ 
and Bichowsky and Urey^ assumed that these entities were tiie (‘h^ctrons 
themselves. On this view, the contribution of an electron to tlie angular 
momentum of the atom consists of that due to the motion of its 
of inertia around the nucleus and that due to its own internal inot iorrs 
around its own center of inertia, which may be called its ^‘intrinsic” 
angular momentum. 

Experiment has shown that if/? e inirirmc angular niorneniuvi of (he 

. 1 h h f 

electron is and its magnetic moment is one Bohr magneton, • 

z Zt ■' 27 r 2nic 

Thus the ratio ix/p is e/mc for the electron, twice as great as tlu' vahu' 
of equation (72) belonging to a point charge revolving around fixed 
center of force. The value of g depends on the way in which tlie extcu’nal 
and intrinsic angular momentum vectors of the several electrons in the 
atom combine to form its resultant angular momentum vector. 

Evidence that positive nuclei have intrinsic angular rnomenta and 
magnetic moments has been obtained by Hund and others from band 
spectra, by Back and Goudsmit from the fine structure of spectral lincH, 
and by Stern and Knauer from measurements of the magnetic inonumtH 
of molecules. These moments are small compared with a Bohr magneton. 

In conclusion, it is not surprising that the discovery of the electron 
spin was delayed until 1926. Most of the effects it produces are ((uitt* 
small, and some of the more prominent ones could be explained by other 
hypotheses. 
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obtain the components of force acting on one of the particles of the 
system; often, when this has been accomplished, the expressions for these 
components are so complicated that they cannot be used for solution of 
the dynamical problem, and the labor must be repeated^ using another 
type of coordinates. Much of this difficulty can be avoided, and the 
method of so doing is especially easy for conservative systems. In such 
systems, the equations of motion can be derived from a knowledge of the 
Lagrangian function i, which is equal to the kinetic energy T minus the 
potential energy Y, both being expressed as functions of the velocities 
and coordinates. Essentially, the method is to express the equations of 
motion in a form which is valid in any system of coordinates. The 
configuration of a system of r particles having n degrees of freedom 
(where n == 3r) is completely determined when the values of n quantities, 
Qi, ^ 2 , . . . qnj nre specified. These n quantities are called the generalized 
coordinates of the system. They must be so chosen as to determine 
its configuration uniquely. In a Cartesian frame of reference, these are 
lengths; in polar coordinates, they are lengths pr angles; and in other 
systems, they may have still other dimensions. The Cartesian coordi- 
nates of a particle of the system are functions of all or part of the g^'s 
and possibly of the time also, as in the case where we transform to a 
moving system of coordinates. In the study of the atom we shall 
often wish to transform to a rotating system, or to a system moving 
with the center of mass of the atom, so we consider the general case. 
Let any Cartesian coordinate a;, y, or 2 : of a particle of the system be 
represented by Xi and the component of force acting on it in the direction 
of that coordinate by Xi. Unless otherwise specified, all summations 
are to be extended from i = 1 to i = n, ^,e., over all the x-, y-, and ^i-coordi- 
nates of all the r particles. We have then 

Xi = Xi(qi, • ■ • (1) 

X.i — X ’ * * qnjO' 

First, we shall give some definitions and develop auxiliary equations, 
(5), (7), (8), and (9). The work which would be done on the system if 
the coordinates could be changed by the amounts dxi, . . . ,dXn with t 
held constant is 

dW = 2Xi8Xi. (2) 

But 


( 3 ) 
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SO that 
dW 


- + • • • + 


= 


+ + 


+ 


, dX2 , 

“h T" 

dqi 




+ 


that is, 
where 


I / Y " ^^>2 I 


0.1 J''- ) 

n n J 

i)q„/ 


(- 1 ) 


SW = Yi,Qi5q,, 

Qk = X,p + 

dqjc 


+ ■X’n 


dqk 


5^/n 


(o) 


and is called the '^generalized force^^ corresponding to the coordinate 
qk. Qk has the dimensions of a force only when r/* has the dinienHionB of 
length; if q-k is an angle, Qk has the dimensions of a moment of forcun I ts 
dimensions must always be such that the product of Qk and qk has Urn 
dimensions of WQrk. 


Example. Consider a single particle referred to Cartesian an<l to jioliir coordi* 
nates. Let Xi — x, X 2 = y, xs = Z, gi ^ r, = 0 and g:^ - </?; tlie quaatitit'H Ad 
Z, Z 2 = F, and Xz = Z are the Cartesian components of force, and Qi ^ H, ^ (», 
Qz - ^ are the ‘'generalized components of force." Then, 


^1 = xiVj <p) = r sin $ cos 
X 2 = y(r, 6, <p) ^ r sin 6 sin </?, 

3^3 = z(rj 6, <p) = r cos $. 

We follow through the transformation just as above: 
dW = X6x Ydy + Zdz, 

5x = sin 6 cos <p8r + r cos ^ cos ^pdO - r sin 0 sin <p6p, 

Sy = sin 6 sin <pdr -f r cos 6> sin <p60 + r sin B cos 

, 1 ;, Sz = cos 6 dr — r sin $56. » 


( 1 «) 


{2a) 

(Ba) 


Substituting in aTT we get 
where 


5W - R5r -f 05$ -j- <!>dip, 


(4a) 


R X sin 6 coa <p + Y sin $ sin ^ ^ cos (9, 

0 = r(X cos $ cos (p Y cos 6 sin ^ — if? sin 0)^ 
^ =r{-X sin (9 sin ^ -f F sin 0 cos <p). 


m) 


In this simple case the values of the Q’s could be obtained just as easilv from 
metrical reasoning, by observing that R is the component of the force in tim .lirecfioi, 
of mcreasmg r; that $ is the moment of force about the ^-axis in the r " , 
mcreasmg whi e e is that component of the moment of force ivlhcl, enur an 
increase in e, i.e., it is toe moment of force about a line perpendicular to the ^-axis ami 
the radius vector r. To specialize still further X Y nnrl i n 
of a force F directed toward toe origin, so that ' 


X = -F sin d cos v, Y = -P sin 6 sin <p, Z 


- - F cn)H i9. 
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Substituting these values in (5a) we secure 


R = -F, e = 0, = 0. 

The last two sets of equations show that in the case of central forces polar coordinates 
are generally niiioh more convenient than Cartesian. 

lor convenience, let andxs represent the Cartesian coordinates 
of the first particle; X4, ^5, and those of the second, and so on, while 
Mz are all equal to the mass of the first particle, and so on. Then 
the kinetic energy of a system of n/3 particles is 




i = l 


Differentiating equation (1) with respect to t, 


(6) 




dXj 

dqi 


qi + 


* I ^ 

dqn dt 


(7) 


Thus each Xi is a Unear function of the q’s, and also a function of the 
and of t, since the partial derivatives are functions of the q’s and of 
t Usually Xi does not depend on the time explicitly. When such is the 
case, we find from equations (6) and (7) that 



dqk dqi 


Qkqi +■ • • • 


- sssi 


k I 


dXi dXi . . 


(60 


SO that r is a quadratic function of the ^^s; the coefficient of each product 
of the form qgii is a function of the g's. 

The components of momentum when Cartesian coordinates are used 
are equal to the partial derivatives of T{x^ with respect to the corre- 
sponding velocity component, 

dT 

= mxi. <8) 


By analogy, we call the partial derivatives of the kinetic energy T'(^, g), 
with respect to the r/s gefieralized momentaj 








dXi dXi. 

I ^qjc k? 


(9) 


(We use the notation r(g,g) in place of TCgi, gn, gi, . - . gn) for 
brevity.) The p^s are sometimes called ‘‘momentoids/^ for pk has the 
dimensions of momentum only if q^ is a length. For example, in space 
polar coordinates vo and have the dimensions of angular momentum. 


In forming the partial derivative of with respect to one of the variables on which 
it depends, we shall adopt the corwention that all other variables are treated as con- 
stants during the difierentiation. For example, when writing out dXi/Bqxi, we hold 
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Qi} . . • , Qnj qi, . . . Qk^i, Qk+i, , . . Qn, and t all constant. Tho reader who is 
unfamiliar with such a convention will object that Xi will not change when tlie 
coordinates and the time are held constant. This is true; but we are not considering 
what happens in nature if the coordinates and the time are kept fixed. We are simply 
holding certain symbols constant in a mathematical expression. All partial deriva- 
tives occurring in the discussion of Lagrange’s equation are to be understood in this 
sense. The point is that we can consider the relations of two similar 8yst<un8 of 
particles occupying the same positions but having different velocities or two systems 
having the same velocities but not located at the same positions. The kinetic, energies 
of two systems having the same q’s but slightly different velocities,— say q and q 
Ag, ^will differ by AT. By definition, dTjdqk is the limit of AT/Aqk when Aqh 
approaches zero. 


Also, 


From equation (7), by actual differentiation, 

dxj _ dXi 

Hk ~ Wk 


( 10 ) 


+ 


dt ) 


, d / dcCi\ 
di\dql}’ 


^ / dXi . 

^Qk ' 'at 

^’'dqX^QkJ 

which tells us that 

dXj _ ^ 

Qqk dt dqte ’■ 

relations. Now we are in a position to prove 
that the equations of motion in the coordinates q are 


( 11 ) 


dt\dqh) ^ ~ ^ • • • 


n. (12) 

Here T must be expressed as a function of the q’s, q’a, and of t. If written 
“ To do this we shall prove 

equation (5)! 

= '^ dTjx) dxi __ , dxi 

r Hk 

and, therefore, 

d dT dT W 

' \ I ^ ' • IX # ri'r.j \ ri 'i’ 

(13) 


a dl dT d / Sx’ - v \ 

dtJq,-^,= XjtM ■ ~ + 

By the ordinary equations of motion, 


dT 

&<lk 


djmiXi) _ 
dt 


This relation, together with equations (10) and (11) 
the right side of equation (13) in the form 


enables us to recast 



dT 

dqk 
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The middle term here is 






Thus it is equal to the last term 


and the right side of equation (13) is simply Q*, as we see from the defini- 
tion of this quantity, in equation (5). This completes the proof of 
Lagrange's equations (12). 

The solution of equations (12) 5 delds the same information as the 
solution of the Newtonian equations in Cartesian coordinates. They 
are n in number and of the second order. Their solution gives the values 
of the g's as functions of the time as soon as we specify the values of 2n 
constants of integration, which may be the values of the g’s and g's at a 
given time. The values of the are then found from equation (1). 


Example. — We continue the example used above, where the transformation of the 
forces from Cartesian to polar coordinates is carried out. To express T in polar 
coordinates, we abandon the procedure outlined above, and use the relation T = 
(m/2) (ds/dt)^, where the square of the element of arc, ds\ equals dr^ + rHe^ + 
r2 sin^^ d<p^. This yields, 

T = (m/2)(r2 ^ ^292 q. ^2 ^2). (6a) 


This is a quadratic function of f, e, and and the coefficients are functions of the 
coordinates — in this case of only two of the coordinates, r and 6. No cross-product 
terms of the kind r6, 6<p^ etc., appear in the expression, for the kinetic energy in polar 
coordinates. This is the case whenever the coordinate system is orthogonal, i.e., 
when the coordinate lines are perpendicular to each other everywhere in space except 
possibly at a limited number of singular points, lines, or surfaces. In the present 
example, the origin is such a singular point and the Z-axis a singular line through which 
an infinite' number of coordinate surfaces pass. The generalized momenta are 

r= rnr — pr, == po, = mr^ sin^0 p = 

dr d9 


In these coordinates Lagrange’s equations are 


d^_dT 

dt dr dr 

d^_^ 

dt d9 

d ^ ^ 

dt dp ■ dp^ 


(12a) 


To prove the right side of these equivalent to the expressions given in equation (6a) 
above, we could follow the method given above. Written out in full, equation (12a) 


becomes, 


rn(r — r$^ — r sin^ 6 p^) = R, 


dt 


(mr^e) — mr^ sin 6 eos 6 p^ =9, 


d 

dt 


(mr^ sin^ 6 p) 




(126) 


Equations (12) are very general but they have some limitations. 
They must be replaced by others if parts of the system are obliged to 
remain on certain surfaces — like a ball rolling in a trough -or if there are 
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other constraints which prevent the possible changes of the coordinates 
from being independent and Quite arbitrary. These cases are seldom met 
in atomic problems.^ 

There is a special case of equations (12) which is worth mentioning. 
If we are dealing with a conservative system in which the Cartesian 
components of force are functions of the coordinates alone, then they are 
expressible in the form 


where V is the potential energy. Then equation (5) reduces to 

Q - ^ . . . — ^ == —£ 1 ^. (Bh) 

dxi dqk dXn ^^Qk ^Qk 

Remembering that dV /dqh = 0, we can write equation (12) in the form, 


d d(T - V ) _ d(T - F) ^ ^ 
dt dqk dqk 


(14) 


The function T — F is called the Lagrangian function and is usually 
denoted by L. The Lagrangian equations become 


d dL 
dt dqk 


dL 

dqk 


- 0,fc = 1,2, • • . 


m 


From equation (15) we can obtain the equation of energy. Multiply equation 


(15) by qk, obtaining 

. d dL 

dL . 


dik 

I 

! 

Add the identity, 

dL.. 

dL,. 


dqk 

— --qh 
dqk 


and sum the result over all values of k to obtain 



dL 

dt 


- 0 . 


dL/ dqk is the same as OT/ dqk. T is a quadratic function of the velocities, m by Eular’n 
theorem the summation in this equation is equal to 2T. Integratiiig, 

2r - X = r -f V - E. 


The constant of integration E is the total energy. 

Equation (15) shows us that the whole motion of a conservative 
system can be derived from the single function L together with the initial 
conditions. Sometimes it may occur that equation (12) can be thrown 
into the form of equation (15) even when the forces depend on the 

^ See Chaps. II and VIII of Whittaker^s '^Analytical Dynamics.’^ 
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velocities and on higher derivatives of the coordinates. Then, of course, 
these derivatives will appear in the function V, These cases are not 
unimportant, but have received very little attention.^ A case in point 
is a charged particle moving in a magnetic field, so that the force acting 
on it depends on its velocity. The equations for this problem are given 
in Appendix VIII. 


4. LAGRANGE’S EQUATIONS IN RELATIVITY MECHANICS 

When the mass varies with the velocity the above proof must be 
modified. It might be thought that the relativity expression for the 


kinetic energy, namely, me 


1 

(1 - 



should be substituted for 


the Newtonian expression in writing Lagrange’s equations for non- 
relativity mechanics; but this is not the case. One of the most valuable 
properties of the classical expression for the kinetic energy is that its 
derivative with respect to a generalized velocity is the expression for the 
corresponding generalized momentum; but this is not true of the rela- 
tivity expression for the kinetic energy. Therefore, we define a new 
function which does have this property. For a system of particles it is 


T* = - v'l - ( 16 ) 

i 


where the summation is extended over all the particles of the system. 
The radical can be expanded for small values of p, and then T* reduces to 



For small values of Vi^/c’^, this approaches Now 


dqk 


= pA. 


(17) 


In Cartesian coordinates, we have 


dT^ mdi _ 

'Mi ~ (T- 


This expression is the actual mass multiplied by i, which is defined to 
be the rr-component of momentum. Using T'' instead of T, the equations 
(5), (7), (10), (11), and (13) are unaltered and we find that 


ddT* _ dT^ 
dt dqk dqk 


(18) 


If we write • 

L = T* - V, 


Lagrange’s equations for a conservative system take the form of equation 
(15), as before. 


1 See Whittakek, loc. cit., pp. 45 and 266. 
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6. MOTION OF A PARTICLE ABOUT A CENTER OF FORCE 
Suppose a particle P is acted on by a force directed toward or away 
from a fixed point 0, the magnitude of the force being some function 
of its distance r from the fixed point. At any moment the particle is 
moving in a plane determined by r and its velocity v, and it continues 
to move in this plane, for the total force acting upon it lies in the plane. 
We, therefore, use coordinates r, <py in the plane of motion, the fixed 
point being taken as the origin,. The velocity is re- 
solved into components r and as in Fig. 2. We 
have, 

r = Mm(r2 + rV), (19) 

while the potential energy is 



Fig. 2. — Particle 
moving in a central 
field. 


-r.- 


Fdr. 


Lagrange’s function is 

L = Km(r2 ^ 

and the Lagrangian equations of motion are 

d 
dt 


t \d<p/ 


dL d. . 

^ = 0 , 


( 20 ) 


( 21 ) 


( 22 ) 


d/^'\ _ d 


dt\dr 


dr dt 


(mr) 


dV 

+ •— = 0 . 

or 


The integration of the first equation gives 


wr-V = V, (23) 

where the constant p is the total angular momentum of the system. The 
energy integral may be secured by multiplying equations (22) by i>dt ~ 
dtp, and rdt = dr-, but this is unnecessary for we know the result will bo 
T +V == E, that is, 


+ r2^2) + V = E. (24) 

Eliminating ^ from equations (23) and (24), 

r = ^ V!Y . 

\m m m^r^J ' (^^) 

When the value of V is substituted in this equation it can be integrated 
thus ^ving r as a function of the time. This value of r substituted in 
equation (23) gives a differential equation for ^ as a function of the 
time. To secure the differential equation for the orbit we eliminate the 
time from equations (23) and (25). 

— = ^ P _ 27 

dt dtp dt dtp mr^ \ m ~m ~ } (26) 

The last equation can be integrated when 7 is known as a function of 
r, and gives the polar equation of the orbit. 
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6. INVERSE SQUARE LAW OE FORCE 
The force acting between two electrically charged particles varies 
as the inverse square of the distance between them and is proportional to 
the product of their charges. The force is positive, in the direction 
of increasing r, if the charges are of like sign and negative if of unlike 
sign. The electrostatic unit of charge is so chosen that the constant of 
proportionality is unity so that for two charges, ei and 


F = 




The potential energy is, therefore, 

V = j -Fdr=j^-^-^dr = 

the value of V being taken equalTo zero for r = oo . 

Let the masses of the two particles ^ 
be mi and m 2 and their coordinates with ^ 
respect to their center of gravity as , ^ 

origin be ri, <pi and r 2 , ^ 2 ; and let r = n 
+ r 2 (Fig. 3). Then, 

miTi = and = <^2 + tt, 


= r- 


m 2 


mi + m 2 


j r2 — r 


mi 


Ml + m2 


and 


ri 


m 2 


Ml +• m 2 


ra = r- 


mi 


mi + m 2 


<^1 = < p 2 » 


The kinetic energy is 


(27) 




[T 


1 


$ 

Fig. 3 . 


> 


+ riViO +“^(5^2^ + r 2 V 2 ^). 

On substituting the above values for ri, 7’2, <pi and (P 2 j 

T = , (28) 

where ip = Ipi = <p 2 , and /x = mim 2 /(mi + m 2 ); is called the reduced 
mass. 

Equations (27) and (28) show that r varies just as though we were 
dealing with a particle of mass ijl, moving about a fixed center under forces 
having the potential F(r). Having solved this problem, the behavior 
of ri and r 2 is obtained from the relations preceding equation (28). The 
angular momentum of the system is mir^^i +- m 2 r 2 ^<p 2 which is equal 
to It follows that the equations for the motion of a body about a 

fixed center of force will hold for the motion of one body about another 
if the reduced mass /x is substituted for m throughout. When the value 
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of V is substituted in equation (26) and yu is used in place of m, we have 
on integrating, 


p I eie2 


}XT 


V 


IX p^ 




= cos {(p + ^o). 


Rearranging, this gives 


where we have written 


f = 


-p^lfxeie^ 


1 ~ € COS {(p + ^o) 


(29) 




Equation (29) is the equation of a conic section with parameter -"p^^Jixeie^ 
and eccentricity e. The semimajor axis a is such that 

0^2 

a{l - e^) = --- 


pZ 

1 x 6162 


In order that ^ = 0 may coincide with the major axis of the conic, <pq 
must be equal to 0 or r. 

The conic is an ellipse, parabola, or hyperbola when e is less than, 
^ equal to, or greater than 1, respectively; 

that is, when E is negative, zero, or posi- 
6 respectively. 

\ consider the case in which the 

^ energy is negative and the path an ellipse. 

Figure 4 shows the orbit; a and 6 are the 
semimajor and semiminor axes, respec- 
Fig. 4 .— Kepler eUipse. tively, € = COS f, and c is the parameter. 

The maximum value of r is OA and is 
secured by substituting = 0 in equation (29) when ip^ is set equal to 0; 

p2 


1x6162(1 — e) 

p2 

M^i^2(1 + e) 

2p2 


^max 

The minimum value of r is 

^min 

Further, 

2 a = ”4" rmin = — 7 - 

^ 6162(1 - e^) 

whence, from the definition of 6, a = e,e 2 / 2 E. The distance OB is equal 
to a so that ^ 

b = OB sin f = a(l - ^ 

Substituting the values of cc and €, we have 

6 = 


{-2Eix)^' 
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Thus, the semimajor axis depends on the total energy but not on the 
angular momentum; the semiminor axis, on both the energy and the 
angular momentum; and the parameter on the angular momentum alone. 
All orbits having the same major axis have the same energy though the 
angular momentum may be different and all orbits having the same 
parameter have the same angular momentum though the energy may 
vary. 

By substituting V = eie 2 /r in equation (25), and integrating between 
the limits and we get the time required for a half revolution, 


or 



jiirdr 

(2Ejj.r^ — 2iieie^r — 


__ — 27reie2At^"^ 


— ^ie2ju''-7r 


where r is the period. 


The frequency is 

{-2Eyy^ 


2Treieiy}^^ 


The frequency depends on the energy, but not on the angular momentum. 
If instead of the energy we substitute the semimajor axis a, the frequency 
is 

^ 27ra'^“jU^- 

The three laws of Kepler for the motion of the planets about the 
sun apply to this motion: (1) the path of one body with respect to the 
other is an ellipse; (2) the area swept out per unit time by the line joining 
the bodies is a constant. This follows from equation (23), for rip is the 
base of a triangle swept out per unit time and its altitude is r, so that 
the area is Since is a constant, and /x is a constant, this law 

is true; (3) the frequency of the rotation is inversely proportional to the 
^-power of the semimajor axis. All the results of this section are 
useful in the study of the hydrogen atom (Chap. V). 


7. HAMILTON'S EQUATIONS 


The Lagrangian equations are n in number, and are of the second 
order, so that 2n constants of integration are introduced in their solution. 
Often it is convenient to replace them by 2n equations of the first order, 
as follows: When the equations of motion are of the form of equation 
(15), p& is defined to be dL/5g/e, whether dL/dqj, = dT/dqk or not. This 
definition replaces equation (8). 


jPfc = 

so that Lagrange’s equations are 


dh 

dqu 


(30) 


aZ/(g, g) 


/•Ol \ 
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H = Epkqk - L{q, q). (;}2) 

At first sight this is formally a function of the p’&, q’s, and ^’a, but taking 
its total differential we have, 

dH = Hq^dpk + Epkdqi - 

By equation (30), the second term cancels the third, and 


E'qhdpk 




This shows that H depends only on the p’s and g’s. But then 

Each differential is quite arbitrary, so the corresponding coefficients in 
these equations must be equal. Using equation (31), 

dqk _ dH{p, q) dpi 9H(p,q) 
dt dpk ' dt " dqt ' 

It IS essential that H he a function of the p’s and g’s; otherwise, the 
q a ions are no valid. These equations of first order are equivalent 
to the Lagrangian equations of second order and are called the canonical 

thArTfr!u+ Hamilton ’s equaiions. H{p, q) is called 
the Hamiltonian function and q, and p. are said to be canonically commote 

eqm JoM (S), ‘°® ® respect to the time end paing 

~ j _ ^H. 1 

dt + 

wh!irif«'h ^ The meaning of this constant is easily seen 




H = 2T-L = TA-V, 

tT^nff^ T derived Lagrange’s eaua- 

tions for the case of conservative forces As far ^ 

ia concerned then, Hamilton-, equltn,^^/" m 

conservative forces. However it is tr,in. +i. + ai. P™ vea only for 

can often be thro™ into thie’form wen wSn the 

eervative. When such is the nose tte i + system is not con- 

funushe, an integral of the ^luations, 
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8. HAMILTON’S PJEHNCIPLE 

With a view to applications in this chapter and in Chap. XY ff, we 
now discuss Hamilton’s principle, which is a statement of the laws of 
dynamics in integral form. This principle has the advantage that it is 
the same in form for all systems of coordinates. Let a dynamical 
system move from a fixed configuration A at time to a fixed configura- 
tion B at time t2. Hamilton’s principle states that the path chosen 
in nature is such that 



takes an extreme value as compared with all conceivable neighboring 
paths. The condition for this is that 



(34) 


where d JLdt means the variation which the integral undergoes if the 
system moves from A to B, on a path infinitesimally different from 
the natural one (Fig. 5). Suppose the coordinates and velocities on the 
natural path are qi, ^2, . . . , ^1, ^2 
... at time t. At the same instant 
the coordinates and velocities on a 
neighboring path are qi + q2 + 

+ 5 ^ 1 , q2 + Sq2, . . . 

We wish to express dfLdt as a pcs/Honq^ 
function of the g’s and g’s and their Jimeij 

variations. In varying the path the rq. g.-Actuai and varied paths, 

time is not changed, and so the order 

of the variation and integration can be interchanged. That is, 



Now 


b^Ldt == ibLdt. 




dL,: , ^ 

ibqk 


On integrating, the first term yields 
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which is zero because the variations of all the coordinates are zero at 
and t 2 , by hypothesis. Therefore, 


f'Vtf 

j dA^dqk) 


Sqjodt 


and this must be zero, regardless of our choice of the quantities dq^, that 
is, for all varied paths. Choosing all the dq^s except dqx equal to zero, 
we see that the coefficient of 8qi must be zero; and similarly for the 
coefficients of all the other 8q^s. Therefore, the equations 



must hold true if Hamilton's requirement, equation (34), is to be satisfied, 
and these are simply the Lagrangian equations, from which we derived 
the Icanonical equations, above. By substituting '^p^qk — H for L in 
equation (34), and finding the conditions which H must satisfy, we can 
derive the canonical equations (33) directly from equation (34), 


9. CANONICAL TRANSFORMATIONS 


It is often convenient to solve the equations of motion by introducing 
new variables and Qk, having the following properties: (1) The 
transformation equations are 

Vjc = VkiQl, ^2, • • • Pi, P 2 , • • • , t), 
qk = qk(Qi, Q 2 , • * • Pi, P 2 , • • • , t). (35) 

This transformation is much more general than that of equation’ 
(1), where the new coordinates depend only on the old coordinates and 
perhaps on t. (2) In the new variables the equations of motion must 
be in the Hamiltonian form 


dPk ^ _ dH* 

dt dQf:’ dt dPk’ 

where H* is not necessarily the same as H, the Hamilton function in the 
onginal coordinates. When equations (36) are obeyed, the transformation 
IS said to be canonical. 


4 . 1 , proceed to determine the relation between H* and H, and 

the conditions which equation (35) must satisfy in order that the trans- 
oraation may be canomcal. Since the canonical equations can be 

yafue for th? principle that jLdi shall have an extreme 

value for the actual motion, regardless of the coordinates used, we have 

nt. 

~ ~ ?>!>*“• t)]dt = extreme. 


[2P,4 

tx 


Pi, 


t)]dt = extreme, 


and 
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The integrals are taken between fixed values of t, and the final and initial 
configurations are fixed. The last equation will be true if the difference 
between the two integrands is the total derivative with respect to time 
of a function which depends on t and on any group of 2n variables chosen 
at will from both the old and new coordinates. Usually, this function 
is taken in one of the four forms, 


t), F(q, Q, t), F(p, P, t), or F(p, Q, t). 

The first of these four forms is most often used and we shall illustrate this 
one only. If 

^Pkqjc - P(gi, Pi - . . 0 = :^PicQk - Pi, • • • 0 + 

- SP.QO, (37) 

then multiplying by dt and integrating we have 

= P[sP*4-/7*(Qi,Pi, ■ ■ - + 

(P - SP,Q,)] I 

Therefore if the left hand side of the equation is a maximum or mini- 
mum, the right hand side enjoys the same property. The variation 
of the last term depends only on the variations of its independent 
variables at the times <i and but the variation of the integral depends 
on their variations at all times from h to h. We may conclude that at 
all times, with the possible exception of h and fa the equations of motion 
will be of the canonical form in the new coordinates. Rewriting, 


'Lfiik — Hiqi, pi, 


■ ■ t) = - SQjPft - P^, ... t) + 

2 dP;/ + It ' ^ 


This is true whatever be the values of the qi, and the P*. Therefore, the 
coefficients of these quantities on both sides must be equal and the terms 
free of them must also be equal, which yields the relations, 


and 


Pk 


9qk 


Qk 



H = H* - 


dF 

df 


(38) 

(39) 


The 2n equations (38) when solved for the pk and Qk, yield the transforma- 
tion relations of equation (35). All equations of transformation in the 
form of equation (38) preserve the canonical form of the Hamilton 
equations, as in equation (36), regardless of the nature of P. It must be 
remembered in applying equations (38) and (39) that P is a function of 
q, P, and t. 
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Illustration. — In transforming from plane polar to Cartesian coordinates, the 
appropriate function is 

F = px r cos <p -h Vy r sin (p, 

whence 


Px cos <p + Py sin <p, -p^ = r( —px sin <p + Py cos (p), 
■■ r COB Ip, y = r sin ip. 


10. ACTION, HAMILTON’S PRINCIPAL FUNCTION, AND THE HAMILTON- 
JACOBI DIFFERENTIAL EQUATION 

Tha action fmuiion S is defined by the equation 

H = r2Tdt, (40) 

Ju 


where «q is an arbitrary initial value of the time-variable. A change of 
tn results in adding an uniixiportant constant to S. We shall set fo = 0 
for simplicity. Now 2T = ^pkQk, so that 


and, therefore, 


8 = fSpkdqk 

(41) 

11 

(42) 


Thus, for a single particle moving with constant velocity, 

S = £m[x^ + + z^]dt = J V=>dx -b pydy + Pzdz 

= 4- PvV + 

if wo so choose the coordinates that x = y - z = 0 when t = 0. Obvi- 
ously, equation (42) is verified in this case. For all dynamical systems, o 
is an ’increasing function of the time. The Hamilton principal function 
is closely related to S and is dofinod by 

W = -Et + 8, (43) 

BO that 

f - "I = 

These functions owe much of theur importance to their appearance 
in Hamman-Jacoln differential equation. Consider the relation 

E(.p,q)=E, 

which is an integral of the Hamilton equations of motion for a consqrya- 
tive systenn. If wp substitute the values of the 7 /s from equation (42) 
in this relation, we have the Hamilton- Jacobi equation for the deter- 
mination of 8, as a function of the q’s and of n constants of integration. 
It will often be referred to as the H. J. equation, and has the form 


,/dS \ 


( 4 , 5 ) 
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For a single particle, the equation ff(p, q) = JS takes the form 

+ Py" + + V = E, 

and the H. J. equation is 


(46) 


1 [/dsy, /ss\^- 

2m\\dx) \dz) 


+ V (47) 

To solve this, we must know the 


where E is a, constant of integration, 
form of V. 

Example 1. V = 0. Free Particle. — We solve equation (47) by the usual device of 
separation of variables. Multiplying by 2m we assume the solution is of* the form, 

S = /S-B + /Sjy + Szj (48) 

where Sx is a function of x alone; of y alone; and Sgy of z alone. Then dS/dx = 
dSja/dx and this is a function of x alone; similarly, dS/dy = andis a function 

of y, etc. Transposing all terms except (dS/dx)^ to the right, we have on the left a 
function of x alone and on the right a function of y and z. But a function of x can 
be equal to a function of y and z only if both are constants. Calling the constant 
value of each side 2mEx we have, 

<"» 

Solving, and omitting an unessential additive constant of integration, 

& = (2mEx)y% (50) 

and likewise, 

Sy = (2mEy)y^y and Sz = (2mEz)y% 

where 

Ex ~h Ey + Ez = E. 

From equation (49), (2m2^»)^^ = px ~ constant so /S may be written 

= pxx + VyV + PzZ. (51) 

Here the constant p'& play the r51e of integration constants, of which there must be 
three since the H. J. equation is of first order and has three variables. 

Example 2. V - — eVr* Particle Attracted to Origin by the Inverse Square Law 
of Force; the Problem of the Hydrogen Atom. — Plano polar coordinates are especially 
suited to this problem. Equation (47) becomes 


We have, 

since the force is radial. 
But 

Then, 

and 


dr J r^\dip ) 


2mE + 


2me^ 


(470 


-f’ = = constant, say ocp, 

dip 

This can be shown also by the method used in example 1. 

S = 8r + 8^- 
8cp == a^<p 


so that finally. 


/’( 


2mE -f 


2m.e^ 


S 9 = atptp + 


„ „ , 2me^ 

2 mE d 

r 


a<p^ 

y.2 * 


>7 


dr. 


( 52 ) 


5 is a function of (p, r, and two constants of integration, and E 
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(53) 


(54) 


(55) 


11. CYCLIC VARIABLES 

The. function S owes much of its importance to the fact that it is 
useful in reducing the Hamilton equations to an especially simple form. 
Suppose we try to find a transformation of the type given in equations (38) 
and (39), such that dF/dt = 0 and the function H* depends only on the 
new momenta Then 

H ^ ^ H%Pi, • • • Pn). 

Then the equations of motion (33) tell us that 

^ = 0 
dt dQk ’ 

so that all the momentum variables are constants j say ai, . . . ocn', 

Pk ^ oLk = constant. 

Now 

dQk ^ dH^ 
dt dPk 

and so dQkjdt is a function only of the P^s. We call its constant value 
cjfc, and then 

Qk = “t* (56) 

The great advantage of using such coordinates is seen at once, for the 
equations (55) and (56), represent the complete solution of the problem. 
The apparent simplicity of equation (56) is misleading; often the coordi- 
nates Qk have a very complicated meaning. Coordinates of this kind, 
which do not appear explicitly in the Lagrange equations (54), are called 
''cyclic variables.” To find such variables we begin by requiring that 

P* = Pi (53') 

a special case of equation (53), so that the energy constant E is one of the 
new momenta. From equation (38), we have pk = dF/dqk. But the 
action S obeys the same relations, so that aside from a possible term 
containing the time, the transformation function F is the action S. The 
procedure for finding cyclic variables is therefore the following: 

Solving the H. J. equation. 

Ki' ’■)-*• 

we obtain >S as a function of the g’s, of E, and of n — 1 other constants of 
integration, a 2 , . . • which we make our new momentum variables, 
P 2 . . . Pn; so that 

>S == S(^l • • * Qnj E, 0 : 2 , * * * OLn). (57) 

Then, because of equation (53'), we have satisfied equation (53), and 
equations (54) to (56) follow. To get the formulas of transformation, 
we use the relations 

as ^ as r. ‘ dS as 


Vk = 


dqu 




da2 dP2 


etc. 


(380 
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The solution of the problem is then given by equations (55) and (56), 
where 

dm ^ . 

Oil = = 1, W2 = * • • Oin = 0, 

SO that all the Q’s are constant except Qi, and Qx = t di. The pro- 
cedure has led to the discovery of 2n — 1 functions of the original 
coordinates and momenta, Pi, . . . P^, Q 2 , . . . Qn, which remain 
constant during the motion and another function Qi which increases 
uniformly. 

Example. — In example 1 of the preceding section, the appropriate transformation 
which makes all coordinates constant except Qi is geometrically obvious. We need 
only pass to new Cartesian coordinates, X, 7, Z, with the axis of X parallel to the 
motion of the particle. The axes of Y and Z can occupy any positions in the plane at 
right angles to OX. As for the scale of the.X-coordinate, we choose it so that the 
velocity coi = dX/dt is unity, that is the unit of length is equal to A- Vv^ + 
To obtaiir this transformation by the analytic method outlined above 
would be quite tedious. In all such problems, it is well to remember that in the new 
frame of reference the path of the particle is a coordinate line. 

Often it is convenient to replace the variables P by other variables 
P', each P' being a function only of the P’s. Then new coordinates Q' 
conjugate to the P' can be found. It can be proved that each Q' is a 
linear function of the Q’s, with coefficients depending on the old P^s.^ 
Thus each Q' is a cyclic variable and the Hamilton function is of the 
form 


12. A GENERALIZATION OF THE HAMILTON -JACOBI EQUATION 


The transformation theory of the preceding section refers to problems 
in which H does not cpntain t, so that it has the significance of the total 
energy. When H does contain t, another artifice is adopted. We seek 
to find a moving frame of reference in which all the new coordinates 
and momenta are constant, so the equations of transformation must 
involve t. (In the case of a freely moving particle, for instance, we 
choose any set of curvilinear coordinates which has a translational 
motion like, that of the particle.) Now, when the coordinates and 
momenta are all constant, we see from the canonical equations in these 
coordinates that 


dm 

dPk 


dm 


■ Therefore, H* does not depend on the Q’s and P’s, although it may be a 
function of t. We are free to choose ff* = 0, because any function of t 
which might be chosen can be incorporated in dF/dt in equation (39). 
Adopting this assumption we have, 

P(p,g,t) +-^ = 0. (58) 


1 Born, Atommechamkj” p. 36. 
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Replacing pk by dF/dqi, we have a generalization of equation (45). If 
H does not contain t, we put 

F ^ -Et + S{q, a). (59) 

Substituting this in equation (58), we find that the equation to determine 
>S is equation (45), so that S is the action; and since dF/dt = —E, we 
conclude that F is the Hamilton principal function W, When H contains 
t, the solution of equation (58) cannot generally be put in the form of 
equation (59), but it is still convenient to define the Hamilton principal 
function as the solution of 



13. ANGLE VARIABLES; CONDITIONALLY PERIODIC SYSTEMS^ 

A particular kind of cyclic variables called ‘‘angle variables’^ are very 
frequently used in the mechanics of the atom, which has borrowed them 
from astronomy. For simplicity, we shall suppose the system is con- 
servative, and that its motion has n distinct fundamental frequencies, 
coi, . . . con. By distiT^ct, we mean that there is no relation of the type 

'TlCOi “H • • • + TnCOn — 0 (61) 


where the r’s are integers. The concept of distinctness is a generalization 
of the idea of the incommensurability of two frequencies. When the 
frequencies are distinct, the system is said to be non-degenerate; otherwise 
it is degenerate. There are important differences in the methods of 
treating these two classes of systems. We call the angle variables Wi 
. . , Wn, and the corresponding momenta /i, . . . /w, and require 
that they satisfy the following conditions, the firigt two of which apply 
to any set of cyclic variables as described above: 

1. The time does not enter in the equations of transformation from 
the variables p, q to w, J, so that iV*, the new Hamilton function, is 
the energy E. 

2. iJ* is a function of the J’s alone, so that 


J k — ” constant ock) '^k H” . 

OJk 


(62) 


3. The system returns to its original configuration when any one of 
the varying separately^ increases by unity. This means that any 
one of the coordinates qi can be expanded in a multiple Fourier series, 

qi = • • • Tn cos [ 27 r(Ti^l + . . . + TnWn) + • rj. (63) 

Here the quantities ti, t 2 , etc. are integers, and the summation is ?^-fold, 
with each of the r’s running from — ooto + oo . 

1 An excellent treatment is given in Van Yleck’s '‘Quantum Principles and Line 
Spectra. 
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4. The action S can also be expanded in a Fourier series of this kind 
when expressed in terms of the and J^s. 

In these Fourier series the amplitudes and phase constants are 
functions only of the J’s. A system whose coordinates are of the type of 
equation (63) is called conditionally periodic. It must be understood 
that in general such a system is really not periodic. The system never 
passes twice through the same configuration if it is non-degenerate, 
simply because the periods are distinct. However, it can be proved 
that it passes indefinitely close to any specified point. The term con- 
ditionally periodic is to be understood as meaning that if the frequencies 
were allowed to become commensurable the system would be truly 
periodic. 

The reason for the name angle variables is that the w’s actually are 
dimensionless. The have the dimensions of angular momentum, or 
action. 


14. ANGLE VARIABLES FOR A SEPARABLE SYSTEM 

Suppose that we can put >3 into the form 


• • • <^n) ^‘^ 2 (^ 2 ; Oil, ' - • Oin) "h • ’ • , (64) 

and that each q varies between a maximum and a minimum ralue, like the coordinate 
of a linear oscillator. Then, writing 


it is possible to define n phase integrals by the relations 

Jk = ^Ekiqh; Oil, • oLn)dqk. (65) 

The symbol f indicates integration around a complete cyde of qk, that is, from the mini- 
mum to the maximum value and back again. Each Jk is a function of the constants 
of integration, and the equations 

Jk == Jk(<xi, oit, oizj • * • ) 

may be solved for the a's so that 


Oik — Oiki^J 1, J 2, J Zi ’ ' ' )• 

Then these values may be substituted in S. Ordinarily, we obtain S f rom the func tions 
F, so that 

n 

S = /i, • ■ • Jn)dg,. (66) 

The function S determines a canonical transformation of variables, 


Pk 


OS 


j Wk > 


dS 

Jjk 


(67) 


such that 


E = H(Ji, J^, Js, • • • ). 
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We must prove that the in equation (67) actually enjoy the property that the 
system repeats its configuration when any w is changed by unity, the others being held 
constant. Consider the change of one of the w’s, say Wi, when any one of the old 
coordinates, say g*, is carried through a cycle, the other ^’s being constant. It is 


but by equations (67) and (64), 


so that 


dWi _ d^S __ d dSk 
dqk dJ idqk dJ i dqk 


d rdSk. 


dJk , 

dJi^ 


and since the are independent variables, dJk/dJi is unity when k = if and zero 
otherwise. That is, when qk passes through a cycle, Awk = 1, and the change of the 
other ty’s is zero. They may vary during the process, but at the end they have 
returned to their original values. This proves that the w’a fulfill! the third condition 
mentioned in Sec. 13. 


16. THE ANGLE VARIABLES OF THE HARMONIC OSCILLATOR 

As an illustration of the use of cyclic variables we shall consider the 
linear harmonic oscillator. If we draw a circle using the path of vibration 
as a diameter, the motion of the projection of a point rotating uniformly 
on this circle describes a simple harmonic motion. Then the variable 
which increases uniformly with the time is the angle between the radius 
vector to the moving point and the path of the particle. If we set this 
angle equal to 2Trw, w will increase by unity during one oscillation so that 

w — o)t ‘■j- 8 j 

where co is the frequency of vibration and 8 a phase constant. Thus 
w is the angle variable for the oscillator. 

We now show this independently by the methods developed in the 
preceding paragraphs. Here V = kx^/2j so that the H. J. equation 
(47) becomes 



and thus, 

= J' (2mE “ mkx^)^dx = ^{2mE — mJcx^)^ + 

The oscillation takes place between two limits for which the momentum 
is zero and this occurs at the values of x for which dS jdx = 0. Therefore, 
X varies between the limits ± {2E/kyK Now 

/x = - mkx^)^dx ^ 
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ot:- 

2mE = {mk)y^- 

T 

Stabstituting this value of E in equation (68), we have 

J IJ'li 

{mky^— — mkx^ dx, 

T J 

Q-nd 

= ^ = 1 fT 
^ dJ^ 2irJ [{mk)^ 

oc 

“ = cos 2Trw, 
a ’ 

"vvlxere 

- ( J y - f^Y 

^ \T(mky'^^ / \ ft / 

^xxdi is the amplitude of the vibration. The value of w obtained in this 
is the same as that derived above by direct consideration of the 
Trxotion. This method, though more involved for this simple case, is a 
xxxo&t powerful method when applied to more complicated mechanical 
systems. 
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CHAPTER V 

HYDROGENIC ATOMS AND THEIR SPECTRA 
1. THE SPECTRA OF HYDROGEN AND IONIZED HELIUM 

The first clew to our present knowledge of the quantized character 
of atomic systems and their radiations came from Balmer’s discovery 
(1884) of simple numerical relations between the frequencies of hydrogen 
lines. The spectrum of a hydrogen vacuum tube is quite complex, but 
among all its lines there are four which catch the eye by their intensity. 
These lines are brightened relative to the others by increasing the current 
and can appear under conditions where the gas is largely dissociated, 
as in certain stars, so they are definitely assigned to the neutral hydrogen 
atom. Their names, wave lengths and wave numbers are tabulated 
below : 


Ho! X = 6,562.79 1 ? = 15,233.22 cm.“i 

4,861.33 20,564.79 

Ht 4,340.47 23,032.54 

H5 4,101.74 24,373.07 


The series can be followed with diminishing intensity to 35 lines in the 
solar chromosphere. In Fig. 1 is shown the series as absorption lines 
in the spectrum of a star. The lines become closer together in the 



Fig. 1 .—Spectrum of a star (a Lyrae) showing the Balmer lines of hydrogen in absorption. 

{After Hulburt.) 

neighborhood of a limiting wave length, namely, 3645.98 A.. In certain 
stellar spectra a continuous absorption begins at this point and extends 
to shorter wave lengths, rising to a maximum of intensity and then 
fading away again. ^ Balmer was acquainted with six of these' lines and 
found a formula for their wave lengths, which converted to wave numbers, 
is 



Bh is an empirical constant called the “Rydberg constant for hydrogen,"' 
having the value^ 

Rh = 109,677.759 + 0.05 cm.-^. 

1 Hartmann, Physik. Z., 18, 429, (1917). 

2 Houston, Phys. Rev.^ 30, 608 (1927). 
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We place m = 3 to obtain the wave number of Ha, m = 4 for H^, and 
so on. Placing m = oo we get the wave number of the series limit, at 
3645.98 k 

Investigations in the ultra-violet and infra-red showed that similar 
series exist in these regions. Lyman^ found a series which can be repre- 
sented by the formula, 



while Paschen*^ and Brackett discovered^ series in which 3^-^^ of the 
Balmer formula is replaced by and respectively. More recently 
Pfund"^ found the series having as the first term and Poettker^ ha^ 
extended the Paschen series to 8 members. All lines known to be due 
to the H atom are given by 

V = Rh (—2 - n <m, (3) 

I ^2 ^2 1 

where n and m are integers. Similarly, it is found that all observed lines 
of singly ionized helium are given by the formula, 

V = 4:RuJ\ - AY = 109,722.403 + 0.05 cm.-i (4) 
\n^ 

If n = 4, m = 6, 8, etc., equation (4) yields wave numbers which lie 
very close to those of the Balmer series of hydrogen ; for this reason 
the whole series for which w = 4 was attributed to hydrogen when first 
discovered.® In the spectra of other elements a great many series have 
been found, which are in many cases rather similar to those of hydrogenic 
atoms. 

When examined with spectroscopes of high dispersion, the first few 
members of the Balmer series can be resolved into very close doublets. 
The difference in the wave numbers of the two components is nearly 
constant for all these doublets. Ionized helium lines of the series with 
n = 3 and n = 4 have been studied by Paschen and by Leo, under high 
dispersion, and are found to consist of a number of components (Sec. 
6 ). Theory predicts that all the lines of a hydrogenic atom (that is, an 
atom with one electron) should be multiple, although experimental diffi- 
culties make it impossible to observe their structures except in a few 
instances. 

2. BOHR’S THEORY OF HYDROGENIC ATOMS 

In Chap. Ill we derived equation (3), by quantizing the motion 
of an electron on circular orbits around a nucleus. We now treat the 

1 See refereacea at ead of Chap. X. 

“ Ann. Physik, 27, 537 (1908). 

’ Astrophys. J. 66, 164 (1922). 

« J. 0. S. A. 9, 193 (1924). 

6 P%s. 30, 418 (1927). 

“ A detailed account is given in Fowlbk’s “Report on Series in Line Spectra.” 
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problem in a more general way essentially as Bohr^ did, to make clear the 
physical ideas which led him to propose his theory. He supposed that the 
dimensions of the particles in the atom are so small in comparison with 
the distance between them that effects due to their finite size do not 
influence the problem. (A little later this restriction will be removed 
and we shall study the modifications due to the spin of the electron.) He 
assumed that they attract each other with a force varying as the inverse 
square of the distance between them. Let the distances of the nucleus 
and electron from their center of mass be Ti and respectively, and the 
distance between them be r. The kinetic and potential energies are 
Jbhen 

T = + rV) and V = (5) 

Z T 

where m is the reduced mass mMI{m + M), and the total energy is 
jE' = r + y. This dynamical problem was solved in Chap. IV. The 
nucleus and the electron move on Kepler ellipses just as the planets do. 
(Chap. IV, Fig. 4; and Fig. 6 of this chapter.) The equation describing 
their relative motion is 



p being the total angular momentum of the sytem about its mass center. 
This can be put in the form, 


wnere the eccentricity is 


and the semimajor axis is 



The distances of the nucleus and electron from the center of gravity are 


m , M 

^2 = — i— 

m 'j- M m + M 

The frequency is 


( 8 ) 


1 Phil. Mag., 26, 1, 476, and 857 (1913). In 1910, Arthur Haas had arrived at the 
formula for Rydberg's constant (Sitz. Ber. der Wiener Akad., math. nat. Kl, lla, p. 119) 
while Nicholson (Monthly Notices of the Royal Astronomical Society, 72, (1912)) had 
applied the quantum condition to the rotator; however, the mechanical frequency was 
set equal to the emission frequency in his theory. 
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If the electron radiated energy according to the Maxwell theory of light 
it would emit the frequencies co, 2a:, etc., while the observed frequencies 
of the emitted light are given by equation (3). We have seen that 
classical electrodynamics agrees very well with experiment in the region 
of long wave lengths. Therefore, Bohr made the very probable assump- 
tion that the classical expression for the frequency should agree with the 
experimental values for the region of low frequencies. Equation (3) can 
be written 

= CRZ^( \ - y 

\n^ (n -h An) 2 

where n + An has been substituted for m. This is equivalent to 

(2n + A n) An 
•n^(n + An)^’ 

,and for the region 'of low frequencies where An is small compared to n, 
we have approximately, 

v-cRP-^-^- 

n* 

Putting An = 1, the fundamental frequency is 2cRZ^/n^. Combining 
with equation (8), we have 

On the other hand, Bohr’s second postulate and the Balmer formula give 
En+An En _ cRZ^ , cRZ^ 


V = cRZ^- 


h 


(n + Any 


so that aside from an additive arbitrary constant which we take equal 
to zero, we must have 

^ RhcZ^ 

Tjn — o * 

n^ 

Substituting this value of En in equation (9) and solving for R, we have 


R 


" h^c 


(10) 


^Z0>22 ^20^23 


^0.24 




r- zr 


I 


Fig. 2. 




4(0' 


^20 


The substitution of the values of the 
universal constants determined by 
methods independent of spectroscopy, 
gives R = 1.09 • 10® cm.'S a result in 
agreement with the spectroscopic 

value of R within the limits of experimental error. Figure 2 shows the 
asymptotic agreement between the actual frequencies and the multiples of 
CO. The upper spectrum is that calculated from equation (3) for n = 20, m 
= 21, 22, • • • , and the lower spectrum is obtained by plotting 


An 2BAn 

^ ' 20 * 


: An = 1, 2, 3 
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R varies with the raass of the nucleus since ix depends on M as well 
as m. Precise spectroscopic values of R for hydrogen and ionized helium 
are known. Thus, 

RttI Mu 7Yl -f" M\u _ ^Ho 

m Mu Muq 1 J_ 

and using the known values of m, Mh, and Mh® this ratio is 0.999596, 
while the value calculated from Houston’s spectroscopic measurements is 
0.999593, This accounts at least qualitatively for the difference in 
wave length of the Balmer lines and the ionized helium lines. Bohr^ 
predicted in 1913 that this difference should exist. The subsequent 
experimental confirmation was one of the striking triumphs of the theory. 
If the mass of the nucleus is very large R approaches the value 


This can be calculated from the spectroscopic value of Rn using the 

relation Rn = R^o — or from the value of Ru^ in similar manner. 
m + Mu 

The best value is 

iJcc - (109737.42 ± 0.06)cm.“h 

The theory as developed by Bohr requires then, that only those 
orbits exist for which the total energy is given by the equation 


E = 


2ir^ZH^ ix 


n 


1, 2, 3, 


( 11 ) 


The relation of equation (7a) shows that the possible values of the semi- 
major axis of the elliptical orbits are 


a = 


4:7r^Ze^lj! ^ 


= 1 , 2 , 3 . . . 


( 12 ) 


In this computation the value of the angular momentum is not fixed and 
thus the semiminor axis and the eccentricity may vary continuously, so 
that associated with each energy level there should be an infinite number 
of possible elliptic orbits having the same semimajor axis. The energy 
levels required by the theory are shown in the energy diagram, Chap. 
Ill, Pig. 2. As mentioned in Chap. Ill, the quantity 

m _ Rn 

- he 


is called the spectroscopic” term, or 'Herm-value,” corresponaing 
to the energy If the atom passes from higher levels to the lowest 
1 Nature, 92 , 231 ( 1913 ). 
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level, the Lyman series lines are emitted. If from higher levels to the 
second level, the Balmer series lines are emitted and so on for the Paschen, 
Brackett, and Pfund series. In the absorption of light the atom is 
raised to a higher energy level and the frequency of the light absorbed 
is the same as that of the light emitted when the reverse transition 
takes place. 

3. THE PROOF OF BOHR’S THEORY BY THE METHOD OF ELECTRON 

COLLISIONS 

The resonance potentials of the hydrogen atom can be calculated 
from its energy levels by Bohr^s theory, or from the observed spectral 



Fio. 3. — Transitions corresponding to the resonance potentials of hydrogen. 


lines. These potentials are the voltages required to raise the electron 
from the first orbit to the higher orbits. They are indicated in Fig. 3 
and are given by the equation 



The constant SOOBhc/e = 13.54 volts. ^ The resonance potentials and 
corresponding wave numbers from this equation are given in Table 1. 


Table ‘ 1 


n 

V 

Volts (calculated) 

Volts (observed) 

, 

2 

82,258 

10.154 

10.15 

3 

97,491 

12.034 

12.05 

4 

102,823 

12.692 

12.70 

5 

105,291 

12.997 

13.00 

§ 

106,631 

13.162 

13.17 

7 

107,440 

13.262 

13.27 

00 

109,678 

13.539 

13.54 


iBirge gives a slightly different value, 13.5299 abs. volts. 
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The last column gives the critical potentials observed by Olmstead and 
Compton.^ At the pressure and temperature used the hydrogen was 
99 per cent dissociated. No critical potentials that could be assigned 
to molecular hydrogen were observed. The agreement between cal- 
culated and observed values is extremely satisfactory in view of the 
experimental difficulties, 

4. QUANTUM CONDITIONS AND THE QUANTIZATION OF ELLIPTIC ORBITS 

‘We have seen that Bohr^s method of quantizing the hydrogen atom 
involves the following steps: (1) solving the two-body problem, we 
obtain the frequency of revolution of the electron in terms of the energy; 
(2) we equate the frequency of revolution to the frequency of the light 
emitted in the region of high quantum numbers and small quantum 
transitions, i.e,j the region of low frequencies. The possibility of using 
this method depends on our possession of an accurate empirical formula 
such as that of Balmer. In principle, similar methods could be applied 
to dynamical systems having sevp^l degrees of freedom, but usually 
we do not have a sufficiently precife empirical formula for the emission- 
frequencies. This prevents an application of the method to the fine 
structure of the lines of hydrogenic atoms. Instead, we utilize the 
Sommerfeld quantum conditions described in Chap. III. For conven- 
ience we repeat them here: If there are coordinates for a mechanical 
system such that each generalized momentum, 

dL 

dqk 

is a function of the corresponding 5* only, then the stationary states are 
those for which 

f Pkdqk = rikh, rij, = 1, 2, 3 ■ • • , (13) 

where each integral is to be extended over a complete cycle of the variable 
qk. If one of the q’s is the azimuthal angle <p of an electron, the integral 
is extended over the interval 27r. These equations, one for each degree 
of freedom, serve to determine a number of constants of integration 
equal to the number of degrees of freedom of the system. The reasons 
underlsdng the adoption of these equatioos are described in Chap. VI. 

Let us quantize the elliptic orbits of the hydrogenic atom following 
Sommerfeld. “ The energy equation is separable in polar coordinates 
r, <p (Chap. IV). The kinetic energy is 


1 Phys. Rev., 22, 559 (1923). 
® Ann. Physik, 61, 1 (191 6^ 


( 14 ) 
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where pr — ixr^ — fj.r^ — angular momentum = constant. The quan- 
tum conditions are 

p^dcp = hhj J prdr = Urh, (15) 

Here k is called the “azimuthal quantum number” because it depends foi 
its value on the variation of (p, while Ur is called the ^Vadial quantum 
number.. The second integral is extended from the minimum value 
of r to the maximum value and back again. When the electron is 
receding from the nucleus, both pr and dr are +, while they are both — 
when the electron approaches the nucleus. We have 


kh 


(16) 



3h/2n 

2h/27r 

h/27[ 






Fig. 4. — Iladial momentum diagram 
for hydrogen. 


—9 

Fig. 5.*— Angular momentum diagram 
for hydrogen. 


To obtain an expression for pr we write the Hamilton equation, 


H 


1 

2n 




Ze^ 


= E. 


The radial quantum condition then can be written, 

Ze^ 


f r + 


(17) 


(18) 


where rmin and rmax are the values of r when = 0; they are the roots 
of the equation p, = 0, that is, 

2 Ze^ p/ . 

+ 2.-2 - . 


Thq integration can be carried out by ordinary methods. Perhaps the 
meaning of the phase integral is more clearly seen from Fig. 4 where 
Pr is plotted against r for the case of a hydrogen orbit with k = 1 and 
rir = 1, The quantum condition requires that the energy and eccentric- 
ity of the orbit shall be such that twice the area enclosed within the curve 
shall be rirh. Similarly, the phase integral for the coordinate (p requires 
that the area enclosed within the rectangle of Fig. 5 shall be equal to kh. 
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It is more convenient to evaluate the radial integral by expressing 
it in terms of <p as follows : 


d/T ■ dv 

Prdr = iiirdr = 


and on substituting ^ and dr/d<p from^ur^^ = and r from equation (6), 
we get 



sin^ (pd(p 
(1 — € cos cpy 



(19) 


After substituting — hh/2'ir, the integration of this equation gives 


1 - €2 = 


P 

{k + UrY 



(20) 


where n has been substituted for k + 

To prove this we observe that 

sin^ <pd<p _ — € sin <p 1 ^ cos (pd cp 

0 (1—6 cos (py 1—6 cos ^Jo Vo 1 — 6 cos <p 


The integrated term is zero and the second may be written 


r(,— ! — i)*, 

Jo \1 — 6 cos <p J ^ 


which is equal to 
1 


a 


(1 - 


tan 


-1 (i sin <p 

— 6 + cos <p Jo 


27r 


— 27r, or 


2t 


(1 - 6^)^ 


— 27r, 


since the inverse tangent in this expression increases by 2tt when its argument mna 
through its cycle of values from 0 to +=«, to — oo and back to 0 again. 


The energy is obtained from equation (20) by using the expression 
of equation (7) for e in terms of the energy. Then, 


1 _ A 4- ^ 

\ ) (k + 

Eemembering that = kh/2ir, this gives 

F = — . 
h%k + Ury nW'"' 

which is the result secured by the original method. Using the expressions 
for the semimajor axis a, the semiminor axis h{ = a-\/f — the 
parameter c and frequency «, respectively, we have 

_ _ , _ nkh^ , b_k 

iir^Ze^pi.’ 4tn-^Ze^iJi.’ ' ' a~ n’ 

k%^ _ 47r^Z%V 
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Next, we have the possibility n == 1, ft = 1. The li orbit is the 
normal state of the hydrogenic atom, and is of course a circle, since 
6 = 0. If n = 2, we have a circular 22 orbit and an elliptical 2i orbit. 
The following table gives the values of the energy, eccentricity, and 
semimajor and semiminor axes of several orbits of the H atom. The 
radius ai of the li orbit is 0.528 ■ 10“® cm., a value consistent with kinetic 
theory estimates of the size of atoms. 


E 

nh 

n 

ft 

Ur 

£2 

Cbldi 

h/ai 

—Rhc 

li 

1 

1 

0 

0 

1 

1 

— i^ftc/4 

2i 

2 

1 

1 

(1 - M) 

4 

2 

— J^ftc/4 

22 

2 

2 

0 

0 

4 

4 

—Rhc/9 

3i 

3 

1 

2 

(1 - K) 

9 

3 

—Rhc/9 

32 

3 

. 2 

1 

(1 - S) 

9 

6 

-Rhc/Q 

38 

3 

3 

0 

0 

9 

9 


It is customary to refer to an orbit having principal quantum number 
n and azimuthal number ft as an rik orbit. In conclusion, equations (20) 
and (16) determine both the major axis and the eccentricity of an 
orbit. Figure 6 illustrates a few of the possibilities. If ft = 0, € = 1, 
and the ellipse degenerates to a straight line so that the electron would 
hit the nucleus. This state is customarily excluded as dynamically 
impossible, and, in fact, it is generally stated that orbits with ft = 0 
do not occur in any atom. J. W. Nicholson^ suggested that orbits 
passing through the nucleus are dynamically possible and gave a deriva- 
tion of the energy of such orbits, arriving at equation (21). His calcu- 
lation is probably at fault, because in the quantum condition jmMx = 
nh, he uses the rest mass of the elec- 
tron instead of the actual mass. 

When the actual mass is used, diffi- 
culties are encountered because of the 
way in which mx approaches infinity 
in the neighborhood of the nucleus. 

R. B. Lindsay 2 showed that the law of 
force can be modified in such a way 
that these difficulties are avoided and 
yet the energy levels coincide with the 
Balmer terms except for quantities 
which cannot be detected experiment- 
ally. There is no indication from 
either spectroscopic or X-ray data, 
however, that such energy levels exist. 



Fio. 6. — Orbits of the eleotroa m 
hydrogen. 


^Phil. Mag., 46, 801 (1923). 

^Proc. Nat. Acad. Sci., 13. 413 (1927). 
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6. THE RELATIVITY CORRECTION 

At first sight, the requirement that only definite values of the semi- 
minor axis can occur seems inaccessible to experimental verification, 
since the formula for the energy of an orbit is independent of its eccen- 
tricity. In fact, the energy in Keplerian motion depends only on the 
major axis of the orbit. In his earliest papers, Bohr suggested that the 
relativistic variation of mass of the electron should be taken into account 
in determining the energy levels, since its velocity on the innermost 
orbit of hydrogen is 0.007 of the velocity of light. In the paper in which 
Sommerfeld introduced the use of two quantum numbers to determine 
elliptic orbits, he also treated the problem from the standpoint of special 
relativity. With this improvement, it is found that the energy depends 
not only on n but also on k, so that ellipses of different eccentricity have 
different energies. This gives rise to slightly different frequencies when 
the electron passes between orbits of the same principal quantum num- 
bers, depending on the azimuthal numbers of the orbits involved, so 
that every line in the spectrum of a hydrogenic atom should be complex. 
This prediction is verified by experiment. 

The relativistic expression for the kinetic energy of an electron 
moving about the nucleus (assumed to be at rest) with velocity v = C(3, is 

r = - l). (23) 

The potential energy is as before, and the Lagrangian function 

(Chap. IV, Sec. 4) is 

L = moc2[l - (1 - 

r 

Replacing by (r^ and writing the Lagrangian equation of 

motion for we have 

d mor^(p 
dt (1 - /?2)H = 

so that the angular momentum is a constant: 

mor V 

"(1 _ ^2)^ “ mrV = p. 

The quantum condition for the coordinate is 2irp = kh, as before 
Ine radial momentum’ is 

^ _ mor 

dr r i 

1 - + rv=) 

0 


( 24 ) 
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^ v^/c^ 

7 1 _ 


Solving this for v'^ and substituting in equation (23), we have 

+ + ?)-(■ 

The sum of the kinetic and potential energies is equal to the Hamiltonian 
function: 

' 202 


H = moc^ 




= E. 


(25) 


This equation, solved for gives 

Pr^ = Emo(2 + + 2mo^e/l + - - p/l - 

\ moC7 \ moc^J r \ 

This is a function only of r and the fundamental constants, so we can 

^PPly the quantum condition of equation (13) directly, but we shall 

first secure the equation of the orbit. To simplify the computation 

we introduce the variable u = 1/r. Then 

dr . m du. 

and substituting p for mip/u'^, we have pr = —pdufd<p. Making these 
substitutions in the equation for it becomes 

^ ^ 2 . , E \ , EmJ^ . 

\ phy p^ \ mocy \ mocy 

Writing 


1 - 


p^c^ 




(26) 


/duV _ __ 

\d<p/ 


2 2 10 2 Ze^niQ 


pAy£ 




piyH 


2 + 


_^_Y 

moC^J 


Letting yv = f, we get 


(g)’ + »• - 2»????(l + A) - ®5"(2 + A)- 

V#/ y^p^ \ moc^j y^p\ moc^/ 

To solve this equation, we add the square of the coefiScient of 2u to both 
sides of the equation. It takes the form 


where 


fd(u - i4)y 

V # / 

A . (l.+ 

y2p2 y moCV 

0 


+ (u - A)^ = 


( 27 ) 


Emo 




A 

moc'-^ 


\ I E \ 

/ y*p* \ moc^j 
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If a; = (u — A)/B, this becomes 
which has the integral, 

(u — A) . , 

X = — g — = sm or cos 4'- 

Returning to the coordinates r and <p, and measuring <f> from a position 
where r is a minimum, we have the equation of the orbit, 

1 _ 1 + e cos 7 <p a(l — e^), 

r a(l — 6*) ' or r - j _j_ ^ ^Qg (28) 

where the constants a and e are such that 


a(l - €2) = ^, 


e2) 


j. 

B' 


(29) 


Now r does not return to a given value when <(> increases by 27 r, but only 
when it increases by 2ir/y, which is greater than 27 r since y is less than 
one. The perihehon of the orbit processes in the same direction as the 
rotation of the electron. It is incorrect, however, to describe the orbit 
as a uniformly rotating ellipse, so e cannot be regarded as the eccentricity 
of an e llipse but only as a constant having a geometrical meaning 
some what similar to an eccentricity. The advance of perihelion per 

revolution is 2w{y-'- - 1). Substituting 
p = fcA/2T, inequation (26), andintroducing 
the dimensionless fine-structure constant, 

27re2 



a = 


we get 


he 


r (7.284 ± 0.006) ■ lO’ 


7 ^ = 1 - 




1 - 




5.305 


io-«. 

(30) 

When Z^/k^ is small, the advance of perihe- 
lion per revolution approximates to 


Fig. 7.--Relativity precession 
of an orbit in the H atom. 




■ 5.305 • 10 ® radians. (31) 

Figure 7 shows the approximate character 
,. orbit. The radial quantum condi- 

tmn could have been applied by using p, expressed in terms of r in equa- 
tion (13), but can be calculated more easily by expressing p, and dr in 
terms oi Then 

dr 


^Prdr = J* 


dip 


dr = 




sm^{y ((:)dt(> 

(1 + € COS y(p)^ 
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The limits of integration are from 0 to 2 t/ 7 , since r passes from its 
minimum to its maximum value and back again when (p increases from 
0 to 27r/7. This is equal to 


^27r 

""Jo ( 


sin^ f 
(1 ~+ e cos 


2 = 2Tpy\ 


1 


(1 6^)^^ 


0= 


rirh, Ur = 1,2 


(32) 


and since kh/2Tr = f, 


1 - €2 


(n, + kyy 


6. THE RELATIVISTIC ENERGY LEVELS AND THE FINE STRUCTURE OF H 

AND He+ LINES 

Using equations (27) and (29) to obtain E in terms of e and p, we find 



(33) 


and substituting the value of € we have 


1 +• 


E 





[wr+ (fc=* - a.'^Z'^) 


,<.p) 


■H 


(34) 


An expression for E can now be obtained to any desircul degree of accuracy 
by expanding the radicals of this equation in ascending powers of the 
small quantity a^ZK'- The term value, —E/hc, which results from this 
computation is 


T{n, kl 


RZ^ RZ^a^/n _ 3\ 
\k 4/ 


+ 


+ 

+ 


RZ/a^l 
w® ■ 

RZ>^a<> 




1 
4 

ll n 
%\k 


* ^ 37n 


+ 




2 


4 



351 


64j 

(35) 


The term in is the only one of importance in visible and ultra-violet 
spectra, but the higher terms are useful in discussing X-ray spectra, 
where large values of Z come into play. Dropping tliese higher terms 
for the present, the change of the nk term of a hydrogenic atom due 
to the variation of electronic mass with velocity is given, in cm.“"b by 


Ar(n, k) = Rd^ 



n 

k 



(36) 


This is always positive for k is always less than n. We shall calculate 
only the shifts of the hydrogen terms since the shifts for other atoms are 


^ The work is given in detail on p. 420 of Bommeupeed^s “ Atombau,” 4th ed. 
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obtained by simply inserting the factor 2'^. Remembering that orbits 
with k == 0 are excluded, we have the following values of AT /Ra^: 



These results are illustrated by Fig. 8 in which horizontal distances from 
the left are proportional to AT. If the relativity correction were neg- 


n r 

I 

.11 

.S' 


I 


I 


O.OI 0.02 0.03 0.04^ 0.05 0.06 0.07 0.08 

i2 . UnHy-Rcc^ 

0,364S crn^' >- 

Fig. 8. Shifts of hydrogen terms caused by relatively. 
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lected, all the levels in each diagram would coincide with the dotted 

line on the left, which represents the posi- 
tion of the Balmer term.. Actually they 
are shifted to the positions indicated by 
the solid vertical lines. The shifts are 
given in terms of both Ra^ and 1 cm.“i 
as units. We omit the figure forn == 1 to 
avoid an unfavorable scale for the more 
complicated patterns. Now we wish to 
obtain the positions of the lines emitted 
in transitions between these relativistic 
energy levels. We begin with the jump 
from orbits of total quantum number 3 to 
those with total number 2, which yield the 
fine structure of the line Ho:. Figure 9 
shows the energy levels for this emission, 
taken directly from Fig. 8. The arrows 
represent transitions, and would be thou- 
sands of times longer if drawn to scale. The light dotted lines represent the 








1 

1 ' ' 
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li 
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Fig. 9. — Fine structure of Ha 
according to the relativity theory. 



Sec. 6] 


RELATIVISTIC ENERGY LEVELS 


137 


Balmer levels, —R/2^ and -R/3^. Below the energy diagram is a hori- 
zontal scale of wave numbers on which the spectral lines are plotted in 
their true relation. Each arrow in the upper diagram is placed above the 
line arising in the corresponding transition. Because of the compara- 
tively small separation of the 3-quantum levels, the lines fall into two 
groups of three. Proceeding similarly with other lines of the Balmer 
series, we should expect that H/3 would consist of two groups of four 
lines each (Fig. 10), each group being narrower than those in Ha because 
of the factor in the denominator of equation (36) and so on. As a 
matter of fact, these groups are so narrow that they have not been 
resolved even for Ha. All the Balmer lines appear as doublets when 
examined with spectroscopes of high resolving power. This is due mainly 



0,365 crri 


■■A 


!Fig. 10.' — Fine structure of H|S. 


IT 

II 

c ba. 


to the small mass of the H-atom, which endows it with high thermal 
velocity so that its lines show a large Doppler effect. Further, the 
velocities acquired by light atoms in collisions with fast electrons cause a 
broadening which is large enough for detection with the best interference 
spectroscopes. 

The intei*val of the hydrogen doublets is discussed in Sec. 19. Here 
we consider the data on the lines of ionized helium, obtained in an 
investigation by Paschen^ and in later work by Leo.^ In helium, the 
pattern of a line arising in a certain transition is sixteen times as broad 
in the wave-number scale as that of the corresponding line in hydrogen, 
but it lies at a wave length four times smaller, so that the breadth is 
constant in the wave-length scale. Thus the pattern of the first Balmer 
line of helium, at 1,640 A, will be of no more help to us than that of Ha. 
The lines which Paschen investigated belong to the Fowler series 

V = 4E(i - ^); \ = 4,686, 3,203, 2,733, etc.; n = 4, 5, 6, etc., 


and the Pickering series 


V = 4fi^i - ^ 2 ); ^ 6,560, 5,411, 4,859, etc.; n = 5, 6, 7, 8, etc. 

We shall restrict our discussion to the line at 4,686, the first member 
of the three-quantum series. This line should have twelve components. 


1 Ann. Physik, 60, 901 (1916). 

2 Ann. Physik, 81, 757 (1926). 


138 HYDROGENIC ATOMS AND THEIR SPECTRA [Chap. V 

whose positions, obtained from equation (86), are shown in Fig. 11. 
Below these components we plot curves showing the intensity distribu- 
tion in the lines which Paschen observed in a strong discharge (Funken- 
entladung), and still further below, the lines observed in a direct current 
discharge.^ The agreement of calculated and observed line positions 
may be considered as very good. The trend of the intensities merits 



A=~468W 6!o 5!8 ~5Z 5A tz BP” 

Fig. 11. — Structure of X 4686 of helium. 

careful notice, however. We observe that components arising from the 
transitions 44 3i and ds — 1 3i are extremely weak in the direct-current 
disvharge. It is probable these components would be entirely absent 
in a very weak discharge. This is due to the action of so-called selection 
principles, which will now be explained. 


7. THE SELECTION PRINCIPLES FOR THE INNER AND AZIMUTHAL 
QUANTUM NUMBERS 

The total angular momentum associated with the electrons of an atom 
may always be expressed as jh/ 27r, where j is either an integer or an integer 
plus one-half, and is referred to as the inner quantum number. Before 
the spinning electron was discovered, the inner quantum number of the 
hydrogen atom was thought to be identical with the azimuthal quantum 
number of its electron. Now, we know that it is the resultant of the 
spin” angular momentum of the electron and that due to its revolution 
iThe curves are redrawn with ordinates somewhat reduced from photometer 
curves obtamed by Paschen and reproduced in Sommerpeld’s “Atombau ” 4th ed. 
439. > •> 
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around the nucleus. It is found (Chaps. VII and X) that the spin 
vector must be either parallel or antiparallel to the vector kh/2Tj in 
hydrogenic atoms. Here a peculiar circumstance shows itself. It is 
found that the inner quantum number takes the values (fc — 1) ± 
instead of k ± j4, as we should expect, and we shall have to postpone 
explanation to Chap. XVI, where the hydrogen atom is treated by the 
new mechanics. The important point for our present purpose is that 
the inne?' quantum number of an atom can change by only +1, —I, or 0 
when light is emitted or absorbed, ^ 

= ±1 or 0. • (37) 

This is the selection principle for j, which applies to all atoms. Further, 
there is a selection principle for fc, which is as follows for hydrogenic 
atoms and certain other simple atoms (see Chap. X, Sec. 3 for a 
generalization): 

The azimuthal number of the electron of a hydrogenic atom can change 
only by ±l when light is emitted or absorbed. 

Afc = i 1. (38) 

These two principles go a long way toward explaining the fact that 
in all spectra the majority of the lines predicted by naive application 
of the Ritz combination principle fail to appear. In 1918, Rubinowicz^ 
and Bohr^ gave explanations of this behavior by two different methods. 
Bohr^s procedure is based on his correspondence principle, and is 
explained in Chap. VI. It yields restrictions on the possible changes 
of both the azimuthal and the inner numbers during a quantum transi- 
tion. The reasoning of Rubinowicz specifies only the possible changes 
of the inner quantum number. At the outset we call attention to the fact 
that both restrictions are altered in the presence of an external field, 
so that exceptions to the rules derived are frequently met within practice, 
due to the use of high electric fields or to the disturbances caused by 
atoms and ions in the neighborhood of the emitting atom. Rubinowicz 
(and also Bohr, independently) applied the law of conservation of 
angular momentum to the system consisting of an atom and its field 
of radiation as specified by classical electrodynamics. The most impor- 
tant term in the force exerted upon a moving charge by its own radiation 
is 

where v is the velocity. In general, this force has a component at right 
angles to v so that the angular momentum of the system is altered. The 

^Physik. Z., 19, 441 and 465 (1918). 

On tKe Quantum Theory of Line Spectra,^’ Det Kgl. Danske Videnskab 
Selskabs Skrifter, 8th serieSj vol. 4, No. 1. In English. 
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angular momentum lost must appear again as angular momentum of the 
field of radiation. Let us take our origin at the center of the emitting 
atom, and consider the angular momentum about the origin associated 
with an element of volume dF at a distance r. At this element there 
is a flow of radiant energy in a direction perpendicular to the electric 
and magnetic vectors E and H. Since it can exert pressure in the 
direction of propagation, momentum is associated with it, and the 
momentum vector lies in the direction of flow. The momentum reckoned 
^per unit volume, i.e., the momentum density, is. 


M = 


[EH] 

Attc' 


where [EH] is a vector perpendicular to the plane of E and H having 
magnitude UH sin and where 6 is the angle between E and H. This is 
called the vector product of E and H. Associated with dV there is a 
momentum MdT, and this will have a certain lever arm r sin a about 
the origin. Its angular momentum is therefore MdVr sin a in exact 
analogy to the expression mr^ applying to a particle. By definition, 
the angular momentum vector is perpendicular to MdV and to r, so it 
is the vector product of these two quantities, [rMdF]. The reader 
may find it diAheult to see how the waves sent out by an atom can possess 
angular momentum about their origin, for at first sight it seems that 
E and H are always at right angles to the wave front, so that the vector 
M is directed straight away from the origin. Thus, the vector product 
of M and r becomes zero. Except in special cases, this view is wrong 
because of the incorrect supposition that E and H are perpendicular 
to r. In the equatorial plane of the field due to a rotator, the vector 
E is tangent to a spiral of Archimedes, not to a circle concentric with 
the path of the rotator, and the prolongation of the vector M does not 
pass through the origin. In the field of a linear oscillator however, 
the total angular momentum is zero, as it must be since the oscillator 
has zero angular momentum at all stages of its motion. 

We shall illustrate the physical ideas involved by considering the 
emission from an elliptic rotator with coordinates 

= a cos 2Tvty y = b sin ^irvL ( 40 ) 

Let AE be the loss of energy in a quantum transition and AP the loss of 
angular momentum. Then it can be proved, following Rubinowicz, that 

^ ^ ^ 

AjB -|- b^)2Tv 


Putting AP = hv, 


( 41 ) 
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and since 

2ab ^ + 6^, 

AP 4 A. (42, 

Considerations of symmetry show that the plane of the rotator is not 
changed during the emission so Aj is collinear with AP# Since the angular 
momentum of the rotator must be a multiple of A/ 27 r, the only values 
Aj can take are ± 1 or 0, which is the selection rule. In Chap. VI, we 
show that the same rule is obtained by other methods in a more general 
case. Of course, it is somewhat illogical to apply a theory of this kind, 
based mainly on classical considerations, to a quantized atom. The 
above treatment is very useful, however, in trying to understand how 
the selection rule arises. 

8. POLARIZATION RULES 

From the selection principle we can obtain information as to the 
state of polarization of the emitted light. Suppose, first, that Aj = ± 1. 
Then AP = A/Ztt, and we must have a = b, so the electron moves in a 
circle, and the axis of the circularly polarized emission is normal to the 
plane of its orbit. Suppose now that Aj = 0. Then AP = 0, and we see 
that either a = 0 or 6 = 0. The rotator becomes a linear oscillator, 
and emits a linearly polarized wave with axis parallel to the direction 
of motion. In the absence of an external field, the atoms are oriented 
at random, and these predictions cannot be tested. When a field is 
applied, a test becomes possible, for the atoms then take up definite 
orientations with respect to the lines of force, as we saw in the discussion 
of the Stern-Gerlach experiments (Chap. Ill, Sec. 18). Before passing 
to the study of the spinning electron, we take up the behavior of the 
hydrogenic atom as a spatial configuration, both in the absence and the 
presence of external fields. 

9. SPACE QUANTIZATION 

Consider a hydrogen atom subjected to a weak field which serves 
to indicate a fixed direction in space. In general, the motion of the 
electron will be three-dimensional and will contain three frequencies, 
so that three quantum conditions are necessary for fixing the energy 
states. One of these quantum conditions restricts the atom to a finite 
number of possible orientations in the external field. For uniform 
electric and magnetic fields, the componeno of the total angular momen- 
tum in the direction of the field is constant, though the plane containing 
the nucleus and the velocity vector of the electron continually changes 
its position. In these and similar cases it is customary to speak of an 
orientation of the atom, or to say that the atom is space quantized. 
Anticipating, we may say that when the field is very slowly reduced to 
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zero the expression for the energy becomes identical with that obtainc 
by quantizing the undisturbed atom and the atom is left with its angul« 
momentum vector in one of a discrete set of possible positions wit 
respect to the direction of the original field. The positions may n< 
be the same for all types of force fields. 

In Fig. 12a, let OZ be the direction of the lines of force. Let tt. 
angle y determine the position of the electron in the plane of the orbi 
<p and 8 are the space polar coordinates of the electron with OZ as tl: 
pole. The kinetic energy in terms of r and y is 

T = 




Fig. 12a and 12&. — Spatial quantization of hydrogen. 

while in the space polar coordinates r, 9, and 6, it is 


so that 

and, therefore, 
Then 


iVrr + peS + p^^) 

2 ' 

PrT + Pyj ^ + Pod + p^lpy 

Pydj = pedd + p^dcp, 
§Pydj = fpode + fp^d<p. 


The quantum conditions require that 


(43 

(44 



kji and 


f 


= h2h, 


{45 


and therefore that k = ki k^. is the angular momentum abou 
the line OZ and is constant as can be shown from the Lagrangian equatio: 
of motion; py is the total angular momentum of the electron and is als 
constant; py and p^ are connected by the relations p^ = py cos a, whor 
a is the angle between p^ and the direction of the field, before its remova' 
That is, 
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Figure 12b shows the possible orientations of the angular momentum 
vector with respect to the (vanishing) external field for the value == 3. 
The numbers placed at the end of each vector are the values of hi. 
The expressions for the energy and the constants of the orbit are the 
same as before but in addition the orbits are oriented in such a way 
that the cosine of the angle between the angular momentum vector 
and the direction of the field can take only the values required by equation 
(46). 

An experimental test of the existence of space quantization in the 
case of the hydrogen atom was carried through by Phipps and Taylor, 
and by Wrede (Chap. Ill, Sec. 18), who performed the Stern-Gerlach 
experiment with a beam of atomic hydrogen produced by allowing the 
atoms to escape from a discharge tube, through a system of narrow slits . 


10. CLASSICAL THEORY OF THE ZEEMAN EFFECT 


Oirecfion 


rn MagneiK CoJJs 


pfCurron't 


We now proceed to siudy the behavior of the hydrogen atom in a 
magnetic field, and especially the effect of such a field on its spectrum. 
Zeeman discovered, in 1§96, that if a 
light source is placed in an external 
magnetic field of a few thousand gauss, 
each line of its spectrum (with few ex- 
ceptions) is split into a number of 
polarized components. In the case of 
hydrogenic atoms (and in the singlet 
series of other atoms), a so-called 
normal triplet is observed if the line 
of vision is perpendicular to the lines of 
force. As shown in Fig. 13, the elec- 
tric vector of the outer components is 
perpendicular to, the lines of force; 
that of the undisplaced, parallel. The 
letters s (senkrecht) and p (parallel) 
are used in referring to the components. 

Along the lines of force, the 5-components are circularly polarized; the 
p-component is absent, as in Fig. 13. 

The displacement of an s-component in the frequency scale is 

A ^ Ti r 

Av ^ — j— = Lj 

m Ak.c 






A/orma! Zeeman Triplef 
Transverse Effect 


Fig. 13.— Normal Zeeman triplet. 


where L is called the frequency of the Larmor precession, for reasons 
now to be explained, and in the wave-number scale, 

e H 
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where e is the absolute value of the electronic charge in electrost#* 
units. 

The classical interpretation of Lorentz is based on the motion of ^ 
oscillator carrying the charge e and having the fundamental frequfi»^"n 
V. The component of its motion parallel to the field is unchangoil 
frequency. The radiation due to this component is a spherical wn* 
plane polarized parallel to H. An observer looking along H will r(>c‘o» 
no energy from this wave; seen perpendicular to the field, it yields i 
p-components in the Zeeman patterns of all lines emitted by the 

Now Larmor’s theorem (Appendix VIII) tells us that when a uniii»^ **1 
constant magnetic field is appHed to a system of particles having idem I 
e/m ratios, the resultant motion is the same as that which is perforu*'*'^ 
in the absence of the field, except that a uniform precession of the wli* 
system around the lines of force is superposed. This uniform rotnN"*** 
is called the Larmor precession. In the case of the harmonic oscillni*’**^ * 
the fixed center of attraction is the center of rotation. Looking 
the 2-axis, which is chosen as the direction of the field, consider »***' 
projection of the motion of the field free atom on the xy plane. If i 
coordinates of the electron are 


x' = A cos {%Tvt — a), y' = B cos {2Trvt — /?), 

then, by Larmor’s theorem, after the field is applied these are also «•*** 
coordinates in axes which turn around the direction of II with frequi'i**' *' 
L, so that the coordinates in resting axes will be 

X = x' cos 2irLi - y' sin %rLt, y = x' sin 2 tL< -f y' cos 2TLt. ( ••«» 

Substituting equation (48) in (49), we have 

x = C cos [2ir(v -|- L)t -|- S] -f- D cos [ 2 tc{v — 11)1 -t- «], * 

y — C sin [2t{i' -1- Ij)t -f" 5] — D sin [2Tr{p — L)t -\- e], 

where C, d, D, and e are found from the defining equations, 

= Ae-*® -t- Be 2De-^-= Ae“ + . 

Since the axes are right-handed, the vibration with frequency | 

[ V — t, 

■ f right-handed 1 . , , 

represents a | J polarized wave when the obsent'w-r 

looks along H. Seen from a position in their equatorial plane, 

waves appear plane polarized and give rise to the s-components of 11*^ 

triplet. 

In the absence of the field, the resultant amplitudes of each spoclt"*^| 
line parallel to the x-, y-, and z-axes are equal. From this 
and the above equations we find that the Zeeman pattern as a 
should show no polarization. Experimentally, this is true in many 
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although exceptions are known, and have been studied by Wiechert 
and his colleagues.^ The theory outlined here was considered a striking 
triumph since it yields a complete explanation of the normal triplet. 
Its defect is that it predicts normal triplets for every atom, since x, y, 
and z can be regarded as the coordinates of the electric ''center of gravity'' 
when there are several electrons, in complete disagreement with the 
existence of so-called "anomalous" Zeeman effects in which more 
complex patterns are observed (Chap. X, Sec. 8). This is a defect 
of the model used, and not of electrodynamic theory. We can see this 
from the fact that Voigt arrived at an interpretation of the Zeeman 
pattern of the D-lines of sodium by the use of coupling forces depending 
on the velocities of the electrons. 

.11. QUANTUM THEORY OF THE ZEEMAN EFFECT OF HYDROGEN 

In quantum theory, the splitting of a spectrum line into several 
components must be traced to changes in the allowed energy values of 
the emitter. The energy levels of hydrogenic atoms in the presence of a 
magnetic field were obtained independently by Debye^ and Sommerfeld.® 
In agreement with experiment, the result is the normal triplet. This 
is a lucky coincidence, for the same result is obtained when the electron 
spin is taken into account. Such is not the case in non-hydrogenic 
atoms, where the spin must be considered in order to get correct results. 
However, we shall give here a theory which applies to any atom, neglect- 
ing the electronic magnetic moment. Let r, 6, (p, be the polar coordinates 
of an electron in a resting frame of reference and r, x? its coordinates 
in a frame which turns around the axis ^ = 0 (the direction of the field 
H) with angular velocity ZttL. When the field is zero, the kinetic energy 
of the system is given by 

2Tq = sin^0 (61) 

where the summation extends over all the electrons. 

If we replace ^ by x, this becomes the kinetic energy measured in the 
rotating system when the field is H, The kinetic energy referred to 
the resting system Th is still given by the function on the right side of 
equation (51), but the value of <p is changed. In fact, = xi + 27rL, and 

2Tff = sin^ 6 + 2r^ sin^ d x - 27rL + 

7*2 sin^ ^ • 4x^1/^). (52) 

Neglecting the term in this shows that 

ATh = Th “ To = 27rLp;,. (53) 

1 See Summary in Geaetz’ '‘Handbuch d. Elek. und. Mag.” 

^Physik. Z., 17, 491 (1916) 
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For an observer in the rotating system, the space quantization of Sec, 9 
will be vahd and if j denotes the inner quantum number, 


Px = S 'in ^ jj m = 0 excluded. 


(54) 


The level m = 0 does not occur for dynamical reasons (Compare 
Sec. 13). The potential energy depends only on the distances between 
the particles and is the same in both systems of coordinates, so that the 
change of the total energy is equal to ATh; 

^ AE = mhL. (55) 

Consider two stationary states, with energies Ei and Ef in the absence 
of the field, which combine to give a spectral line 

hv — Ei — Ef, 

The frequencies emitted in the presence of the field will be 
h{v + Av) ^Ei + AEi -Ef- AEf. 

Therefore, 

Ap = {mi — mf)L. (56) 

(Often the symbols o/2t or Avn are used in place of L; the subscript n 
indicates that Avn is the value of Av appropriate for the normal triplet.) 
This equation predicts lines which lie symmetrically on either side of the 
original line, at intervals of the magnitude L. Thus, if the greatest 
values of \mi\ and|m/| are^i and j/, we should expect 
lines at the positions, 

0 , ± 1 ,± 2 , . . . ± {ji+jf), 

times L, with the origin at the position of the field-free 
line. In general, each line could arise from several 
transitions. As a matter of fact, only the normal 
triplet is observed. 

Aside from very small oscillations in magnitude 
and direction occurring with the orbital frequency of 
the electron, the vector j processes uniformly around. 
H with frequency L; to the same approximation, its 
component along the field is constant, as shown in. 
Fig. 14. It must be noted that the quantum con- 
ditions of Sec. 4 are applied in the rotating coordi- 
nates. However, it is customary to refer to the angular 
momentum vector and its 21 -component in the resting coordinates as m and 
j, though they are neither quantized, constant, nor identical with the m 
and j used in the paragraphs on space quantization. This is iustifiable 
to a high degree of approximation. 

The fact that only the components 0, ±1 exist is due to the action 
of a selection principle. Considerations of the angular momentum lost 








Fig. 14. — Vector 
diagram for hydrogen 
atom in a uniform 
magnetic field. 
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in the radiation process cannot be applied here, because conservation 
of angular momentum holds true only for the system composed of the 
atom and the apparatus producing the field. The correspondence 
principle yields a definite result. The reader may refer to Chap. VI, 
Sec. 6 for an exposition of the basis for the following remarks. To 
derive the selection principle for m, we note that the is-component of the 
electric moment contains only the original frequencies of the motion. 
The coefficient of 2TLt in the Fourier series for the 2 -component is zero, 
so that the corresponding quantum number m must remain unaltered 
in any transitions giving light polarized with the electric vector parallel 
to H. But 2‘7rLt appears in the series for x and y with the coefficients 
+ 1 and — 1 , so m must change by ±1 in transitions giving light with the 
electric vector perpendicular to Hj that is, 

Am = 0 for p-components, ± 1 for s-components, 

and we have the Lorentz triplet. The circular polarization of the waves 
giving the s-components is concluded from the amplitudes and phases 
of the corresponding terms in 
equation (50). In very strong 
fields, this selection principle is 
violated, and components appear 
at ± 2 , and ±3.^ This was pointed 
out by Bohr, who detected the 
additional components in photo- 
graphs published by Paschen and 
Back, and is explained as due to 
the increasing importance of terms 
in L% for L is proportional to H, 

The physical significance of our 
results will be clear from Fig. 15, 
which shows the Zeeman splitting 
of the levels 83 and 2^ of hydrogen. 

At the left are the field-free levels. 

The allowed orientations of j in the 15.-— Magnetic energy levels of hydrogen, 

field are shown in the center and the corresponding energies on the right, 
as given by equation (55). The selection rule allows only the transitions 
Am = + 1 or 0 as indicated by arrows. 

12. THE STARK EFFECT 

It is rather surprising that the influence of an electric field on spectral 
lines was discovered many years after the Zeeman effect, for the shifts 
of wave length which can be produced with usual laboratory facilities 
are large compared with those due to the strongest magnetic fields; 

1 Paschen and Back, Ann, Phijsik^ ZQ , 897 (1912), and 40, 960 (1913). 
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In 1913, Stark demonstrated that in a field of the order of 100,000 volts 
per centimeter the hydrogen Balmer lines observed transverse to the 
field are split into a number of linearly polarized components. The 
difidculty which had thwarted previous attempts was twofold: First, 
the Stark effect is much smaller in non-hydrogenic atoms than for hydro- 
gen; and second, it is difficult to increase the potential gradient in the 
ordinary discharge tube because any attempt to raise the applied potential 
simply increases the. ionization and decreases the resistance of the tube- 
Stark overcame this trouble by placing an auxiliary electrode E close 
behind the cathode C, which is perforated, as shown in Fig, 16. Then, 
due to the fact that this electrode is inside the cathode dark space, no 
discharge takes place in Positive ions are accelerated toward C 

and some will pick up electrons on the way, forming neutral H atoms - 
The fast atoms (and ions also) which pass through the perforations 
and emit light in EC are called canal rays.’^ Soon after Stark’s dis- 



covery, Lo Surdo^ found that the faint light emitted in the cathode ’ 
dark space also shows the effects described above. For descriptions 
of experimental details and for an account of the Stark effect in non- 
hydrogenic atoms, we refer the reader to Chap. XI. Here we shall 
calculate the energy levels of the H atom in a uniform electric field 
and the orbits of its electron. The field is supposed so strong that the 
modifications due to relativity and electron spin may be neglected. 
(The energy levels in a weak field are discussed in Sec. 15 .) The sblution 
of this problem was obtained independently by Schwarzschild® and 
Epstein^ in 1916 and was a real triumph for the quantum theory because 
classical theory was powerless to attack the problem. Suppose the 
field is directed along the positive Z-axis. Then, the potential energy 
of a positive charge e may be taken as ^eFZj and that of an electron will 
be eFz. To solve the problem, we use the Hamilton-Jacobi equation. 
This is not separable in polar or Cartesian coordinates, but becomes 

^Berl Sitzungsherichte ( 1913 ), Ann, Physik, 43 , 965 , 983 ( 1914 ). 

^ Accad. dei Lincei, 23 (1Q14). 

^ Berl. Sitzungsherichte, April (191Q), 

Mnn, 50, 489 (1916). 
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so in parabolic coordinates, ij, <p, which are defined by the relations 
■r = cos <p,y = ^sin<p, z = (57) 

from which we see that <p is the polar angle in the xij plane. If we write 

+ y^j 

we have 

p2 = |2 = r + z, = r - 3, T = (58) 

The coordinate surfaces f = constant and rj = constant are paraboloids 

of revolution. Figure 17 shows the parabolas in which they intersect 
the yz plane, having the equations 

2/2 = -2e(z - 1^; = 2r,^(^ + (59) 


JZ 



The origin is the focus of all these curves; the segment of the ^/-axis 
intercepted between the two branches is the latus rectum; for the first 
family it is 2^^ and for the second 2r}^. This property helps us to visualize 
the positions of these curves. The curve ?7 = 0 is the positive 2:-axis 
(twice covered), while g == 0 is the negative ^f-axis. As § and r) increase, 
the parabolas become wider, with vertices farther from the origin. To 
find the expression for the element of arc, it is convenient to consider 
its familiar value in cylindrical coordinates, 

ds^ = ^ + ^ 32 ^ 

whence, by equation (58), 


( 60 ) 
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and the kinetic energy is 

T = + v^) + (61) 

From this we find the momenta. 

Pi = mo(^^ + p„ = mo(|^ + Pv ~ (62) 

Thus, Pp is the component of angular momentum around OZ. The 
significance of pf, p, is not simple; but they may be rewritten as 


T V 

Pi = mair + z) ■;:> p, = moCr — z) — 

c 71 


When T is expressed in terms of the 
1 


V 

p^s, we get for the energy function 
2 


2moJ+v^} + P.^ + 

Ze^ _ „2) 

+ (63) 


Since <p does not appear in this, we see from the canonical equation, 
dp^/dt = —dH/d<p, that p^ is constant. Multiplying equation (63) 
by 2mo(f^ + rj^), we get 

+ Pv^ + + 'rr^)p<p^ — + moeF(^^ — tj*) — 


which is separable. 

2mo{e + V^)E = 0, 

(63a) 

We can write 

Pi^ 

= + 2ai ^ — rrioeF^^, 

(64a) 

Pn^ 

= 27nQErj^ + 2a2 — ^ + rrioeFr}^, 

(646) 

where 


% 

Oil + a2 = 2moZe^. 

(65) 

Then the quantized orbits are picked out by applying the conditions 


fp^^i = riih, ^prjdv = n 2 hj (^p^d<p = mh, 
whence we have 


To obtain the range of integration for the other two integrals we note 
tfiat p{(or p,) IS the square root of a rational function of ^or 77). Since 
the p’s must be real, the limits of variation of ? and t, will lie at the points 
where the values of p^^ and p,^ are changing from plus to minus, that 

e nght of equation (64a) becomes quadratic after multiplication 
by I , and therefore gives us two limiting values of On taking the 
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square root, we have 4 limiting values of but the negative ones have 
no physical meaning, so we restrict our attention to the positive roots. 
When F is not zero, there is a third root of the equation which is very 
large and which does not concern us when dealing with values of F 
obtainable in the laboratory. We are interested only in the two roots, 
?max and which correspond to the pair existing when jP == 0. These 
considerations show that the orbit is restricted to an annular space 
bounded by the surfaces ? Un, $ == ^ v = w. 

If we substitute = x or = x both integrals reduce to the form 


nh = lj(A+^ + ^, + Dxydx, (66) 

where in the integral for 

A = 2moEj B = oLi, C = D = —moeF, (67) 

and in the integral for rjj 

A = 2moEj B = a 2 , C = ^ = -{-m^eF. (67a) 

Evaluating these integrals, we have two equations containing ai, and 
0 : 2 . Using equation (65), we eliminate the a's and obtain 


= - 


27r^moe^Z^ 


ZhW , , 

8SiSzS”<"> - 


( 68 ) 


where the total quantum number n, is given by 


n := m + n2 '+ m. (69) 

States for which m takes a specified value —a have the same energy 
as those for which m = +a. Therefore, we restrict m to positive 
values in this formula. 

A term in the energy proportional to F^ has been computed by 
Epstein, and gives rise to effects* which have been observed at very high 
fields by Takamine and Kokubu. 


The details of obtaining equation (68) are as follows : 

Integral 66 is evaluated in Appendix II by expanding the integrand in powers of the 
small quantity D. The result is 


2nh = - C). 


( 066 ) 


Since the term containing D gives the Stark effect it is small compared with the first 
two terms. Without appreciable error we may use an approximate value of B^/A in 
this term. To get this we drop the terms in D and solve the resulting equation, 
obtaining 


nh% 


2 
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Putting this in the last term of equation (666), and solving for J?, we have an equation 
giving B in terms of A, C, and D. It represents two equations, in which B and D take 
the values given in equations (67) and (67a), respectively, while n takes the values Ut 
and n 2 j respectively. Writing down these two equations and adding them we have 

2moZe^ = A^(2C^ - + (^x)(l 

Now, we put 
the terms in F : 


We use this value in the correction term in equation (666). Writing n 2 -\r m = rij 

we calculate a new value of A, and then, by equation (67), we arrive at the energy 
equation (68). 

13. ENERGY LEVELS, SELECTION PRINCIPLES, AND POLARIZATION RULES 
IN THE STARK EFFECT 

As mentioned before, Stark and Lo Surdo found that in the electric 
field each Balmer line is split into a number of components. When 
the line of vision is transverse to the field, all components are linearly 
polarized. For some components, the electric vector vibrates per- 
pendicular to the field (s-components), and for others, parallel to it 
(p-components). Observing longitudinally, only the s-components 
appear, and these are unpolarized. These facts are fully explained 
by ideas similar to those in Secs. 7 and 8. The application of the field 
does not alter the angular momentum component of the electron around 
the ^-axis, p^, although the two components at right angles to it are 
continually changing, for the force on the electron is parallel to the 
z-sixis. If we suppose the atom replaced by a harmonic oscillator 
radiating the actual emission frequency, having amplitudes a, 6, and c 
parallel to the re-, ?/-, and rs-axes then 'the 2;-component of the impulse 
moment of the radiated quantum will be 

(27r) ^ ° a" + P + c2 

a and d are the phases of the x- and j/-conaponents of the electric moment. 
This must be equal to the change of namely /iAm/27r, and by reasoning 
like that leading to equation (42) we arrive at the following possible 
cases; 

1. Am = +1, a = fe, c = 0, and sin(a — /?)=+ 1. 

^This corresponds to circularly polarized light with axis parallel to OZ. 
Observed at right angles to the fines of force, such waves appear linearly 
polarized with electric vector perpendicular to OZ, and give rise to the 
s-components. In the longitudinal Stark effect these components are 
unpolanzed, for there is no preferred direction of rotation around the 
fine^ of force, For each atom yielding a certain frequency there will 


—mhi / 27 r, and calculate an approximate value of A, neglecting 


A = - 


h^(ni H- no + my 
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be another yielding the same frequency which is the mirror image of the 
first in a plane parallel to the force-lines. 

2. Am = 0; a or 6 or sin(a — /3) must be zero. There is no preferred 
direction in a plane perpendicular to the lines of force. Therefore, 
there is no reason why sin (a — /5) should be zero, and no reason why 
a should be zero while h is finite, or vice versa. The only way to avoid 
giving preference to some one direction is to make a = & = 0. Then 
we have only a linear oscillation parallel to OZ which gives rise to the 
p-components in the transverse Stark effect, and is not observed in the 
longitudinal effect. Summarizing, the selection principle for the equa- 
torial number m states that Am = i 1 or 0; transitions in which Am = i 1 
yield s-components; those in which Am = 0 yield p-components. 

By the energy equation (68), the Balmer energy level having a given 
total quantum number n is split by the field into a number of neighboring 
levels characterized by different values of tii, ^ 2 , and m. The wave- 
number interval between one of these levels and the Balmer level is 



If F is in volts/cm., this has the value 

AP == 6.45 • — ni). (71) 

Let us consider the possible values of ni, n 2 , and m for a given n. The 
value m = 0 is excluded. It corresponds to an orbit located entirely 
in a plane through the nucleus, parallel to the lines of force. The 
limits of its motion are determined by finding the roots of equations 
(64a) and (646) after putting p^ = 0. The minimum values of $ and rj 
are zero, and this means that the orbit will cross the negative and positive 
z-axes. The region swept over by the orbit is contained between two 
parabolas rj = and f = ?max* It can be proved^ that if the system 
is not degenerate, the electron will eventually pass indefinitely close 
to any point of this domain, and so it must approach arbitrarily close to 
the nucleus. For this reason, such orbits are considered impossible 
and are excluded from further consideration. It follows that ni and 
7^2 can take values from 0 to n — m inclusive, subject to the condition 
ni + n2 + m = n. For each positive value of n^ ~ ni in equation (71), 
there is a negative value, equal in magnitude, which means that the 
displaced terms are disposed symmetrically about the original term, 
and thus the pattern of displaced lines is symmetrical about the original 
line. We illustrate this by listing the possible combinations of Ui, n%, 
and m, together with the corresponding yalues of n{n% — nO for the 
initial and final orbits oi Ha. 

1 Born, ‘'A tommecb^mk/’ p. 342, 
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Figure 18 illustrates the facts presented in the table. The displacements 
of the lines emitted from the field-free Balmer line are obtained from the 
formula^ 

Ap = 6.45 • — ni/) — mina — nu)], (72) 


derived from equation (71). The sub- 
scripts i anf / refer to the initial and 
final quantum states. Figure 19 shows P 
the parallel and perpendicular com- 
ponents of the first four lines in the 
Balmer series. Lines which were ^ 
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Fig. 18.^ — Energy diagram; Stark effect of Ha. 
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Fig. 19. — Components of Hu, H0 and 
Hy in an electric field. 


observed by Stark are drawn in full, while additional components 
predicted by the theory are shown by question marks. Intensities 
are indicated roughly by the heights of the lines. Photographs of the 
Stark effe^ of Hy, obtained with a Lo Surdo tube.i are presented in 
K T ^®^oduced from plates kindly placed at our disposal 

separation of the lines is due to the increase 
in field strength as the surface of the cathode is approached. To dve 
TEev., 23, 667 (1924). ’ 6 
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an idea of the scale of these patterns, it may be stated that the strong 
outer parallel components of Ht are displaced by 0.23 A and 0.19 A, 
respectively, when the field strength is increased 1 kilovolt per centimeter. 
At 38 kilovolts per centimeter, the total spread of the parallel pattern 
in FigJ 20 is more than 17 A. Foster found that the displacements are 
rigorously proportional to field strength up to this value, in agreement 
with theory. 

The agreement between theory and experiment in the Stark effect of 
hydrogen may be described as practically perfect and has been one 
of the strongest supports of Bohr’s postulates and the quantum 
conditions. 



(b) 

Fia. 20. — Stark effect of Hy\ p-oompononts ; h, s-componenta. (After Foster,) 

14. THE MOTION OF THE ELECTRON IN THE STARK EFFECT 

In certain cases, the motion of the hydrogen electron in a strong 
electric field is very simple. If m = ^2 = 0, then n = m and the orbit 
is a circle perpendicular to the field. It lies upfield from the nucleus, 
and both the radius and the energy are changed only by quantities 
of the second order. In other cases, the motion is more complex. As we 
have mentioned, the orbit eventually fills up the ring-like space between 
two paraboloids of the 77 -family and two of the family. In a single 
circuit around the nucleus the orbit varies but little from a Kepler 
ellipse, but in the course of time the eccentricity of the orbit and its 
inclination to the lines of force will vary, and the orbital plane processes 
around the direction of the field. Methods of calculating the secular 
changes of the ellipse have been given by Bohr,^ Lenz,^ and Klein.® 

1 “Quantum Theory of Line Spectra, Kopenhagen Academy (1918). 

2 P%sf/b, 24, 197 (1924). 

® Z. Physikf 22, 109 (1924). The papers of Lenz and Klein discuss the more general 
case in which both an electric and magnetic field are present. ' 
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Referring to Fig. 21, B is the electrical center of the orbit. If tjie electron 
were permanently located at B, its potential energy in the external 
field would be equal to the average potential energy, taken with respect 
to time- over the unperturbed orbit. That is, if z is the ;2;-coordinkte 
of R, then * 

„ 1 
eFz = - 

T 

'T' is the period of the undisturbed motion. The result is that 


f 


eFzdt. 


(73) 


z 


Zta cos a 


2 


(74) 


where « is the eccentricity of the ellipse, and a its semiinajor axis, while 
a is the angle between OZ and the major axis. Thus, for reasons of 



symmetry, B Hes on the major axis at a distance from the nucleus 
Since the average potential energy over a revolution of the electron is 
he same for aU its revolutions, s is constant, and the electrical center 
inoves in a plane perpendicular to Z. As a matter of fact, the path 

ZhF 

(75) 

From tins we can obtain the energy change .caused by the field The 

ri? 


njf = ni — m. 


(76) 
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I 

THE EFFECT OF ELECTRON SPIN 


16. THE STARK EFFECT IN WEAK FIELDS 

Up to this point, the precession frequency pf due to the electric 
field was supposed to be large in comparison with the frequency of the 
relativity precession. In the opposite case of a very weak field, Kramers^ 
showed that the formula for the energy change is 

n and k are the total and azimuthal numbers, while m is a quantum 
number measuring the component of angular momentum parallel to the 
field. At intermediate field strengths, the formula contains terms 
in both F and The reason for the absence of a term proportional 
to F in equation (77) is easily explained. When the field is strong, it 
suppresses the relativity precession, and the electrical center of gravity 
li^s always on one side of the plane through the nucleus and perpen- 
dicular to the field (Fig. 21) ; but when the field is very weak, the relativity 
precession carries the electrical center first to one side of this plane and 
then to the other. The first-order term in the energy is first positive 
and then negative and its time average is zero, so that the quadratic 
term, equation (77), is the largest term in AE. 



16. THE EFFECT OF ELECTRON SPIN 
As stated in Chap. Ill, Sec. 19, the electron behaves to a high degree 
of approximation as though it possessed an intrinsic angular momentum 
h/^TT and a magnetic moment of one Bohr magneton, (/i/27r) (e/2wc). 
Abraham^ calculated the ratio of angular momentum and magnetic 
moment for a rigid spherical shell having a charge e uniformly distributed 
over its surface, obtaining the result e/Toc, which agrees with the ratio 
of the quantities assigned above. Since the charge of the electron is — e, 
we have the vector equation 

» - ('S) 

expressing the fact that the spin vector ps and the magnetic moment 
vector v are opposite in direction. Now the electron moves with velocity 
V through the electric field E of the nucleus. If it were uncharged, its 
velocity would not change in either amount or direction, and the electron- 
magnet y. would behave as though it were subject to a magnetic field 



(79) 


where [vE] means the vector product of v and E. (See Appendix VIII; 
is analogous to the field E' = [vH]/c which acts on a charge moving 

^ Z. Physik, 3, 199 (1920). The results of this paper are discussed in Van Vleok’s 
“B ulletin” and Pauli’s Handbuch article in considerable detail, 

^Ann. PhtjHk, 10, 105 (1903). 
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with velocity v through a magnetic field H.) However, the motion 
of the electron is not uniform and so the energy change is not obtained 
from equation (79). At first, this fact was overlooked and the energy 
change caused by the existence of y was calculated as follows: 

In the magnetic field H' the moment y will process around the lines 
of force with angular velocity w' = eH' j me in accordance with an easily 
proved extension of Larmor’s theorem (Appendix VIII). Just as we 
found the change of energy LTh in equation (53), neglecting electron 
spin, so we prove that this precession gives rise to an instantaneous 
energy change 

A.E' =(o>'-p,)= -(y.HO, (80) 

where (o>' • ps) stands for the scalar product of to' and p®. The pre- 
cession wiU not be uniform because H' varies as the electron traverses 
an elliptic orbit. We shall assume that it follows the change of H' 
without appreciable lag. 

The procedure is nearly the same when the non-uniform motion of the 
electron is taken into account. We shall see in Sec. 18 that the velocity 

of precession of the spin vector, as seen by an observer at rest with respect 
to the nucleus, is 

eW 
^ 2mc 


which is just one-half the value used above, and 
replaced by 


AB = (a>.p,) = -(M^. 


SO equation (80) is 
(82) 



22. Motion of the spinning 
electron. 


In Chap. VI, Sec. 10, it is proved that 
the presence of a small perturbing term 
AA" gives rise to a change Aff of the 
total energy, where Ie is the time 
average of AS, taken over the unper- 
^bed orbit; so we proceed to calculate 

AE. Since the components of the elec- 
tric vector are ’ 


= _£!E, n - TP Zez 

the vector itself may be written 

and 



(83) 

(84) 
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but m[rv] IS the angular momentum vector pt associated with the revolu- 
tion of the electron around the nucleus, and is directed perpendicular 
to the plane of the orbit, as shown in Fig. 22, so 

■ (85) 

Putting the values of equations (81) and (85) into equation (82), we have 

Ze^ 


AE = 


sCps • pO- 


2 • 

Now p, = sh/%r, where s = ±H)Pk = kh /2Tr-, and so 

skh^ cos d 


(Ps-Pk) = 


4t2 


(82a) 


( 86 ) 


where d is the angle between ps and pt. As a matter of fact, ps is space 
quantized in the field H', and 0 = 0“ or 180®, so that the total fl.ngTTl».r 
momentum of the atom is 

jA _ (k + s)A 

and 

Therefore, by equation (82a), 


2ir 27r 

j = k ±}>2- 

Zehkh^ 


(87) 


AE = 




For a Keplerian ellipse of semiminor axis h, 

I 1 


and by equation (22), 
so finally, 


j. 

6® 


r® 6® 

/ 4c7r^Ze^m\^ 


\ nkh^ 




( 88 ) 


AE = Rhea^Z^ 




Adding this to the relativity correction of equation (36), the correction 
of the energy value due to both relativity and electron spin is found to be 


AE{n, k, s) = 


Rhea^Z^/Z 


n sn 
k 'P 




(89) 


It is understood that s is positive if p, and p* have the same direction. 
The alteration of the spectral term is 

A '77/' /VI 7 N Roc^Z^ / ^ 3 S7i\ 

(90) 

As emphasized in the preceding sections and in the sections on X-ray 
spectra, the first two terms of equation (90) are in good agreement with 
eRxperiment, so there does not appear to be room for the existence of the 
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term m/h^, which spHts each relativistic level into two levels, corre- 
sponding to the values s = ±J^. 


17. MO:piFICATIONS OF THE ENERGY FORMULA CAUSED BY THE NEW 

MECHANICS 

Preparatory to the removal of this difficulty, it will be convenient to 
rewrite the last term of equation (90) in a more general form. Let us 
suppose for the instant that 6 is not zero or tt. Then in accord with 
principles established in Chap. X, Sec. 14, the vectors pi^ and pg will 
precess around their resultant, which will have only certain quantized 
values. Calling the resultant we see that 

f + 2ks cos 6, 

and 


cos ^ — 


2ks 


(91) 


Using this value in equation (86), the result is that the last term of 
equation (90) is changed to 

Ra^Z^(f — ^2 _ ^ 2 ) 

2n^k^ (92) 

Heisenberg and Jordani and also Eichter® showed by the new mechanics 
that equation (90) must be replaced by^ 


AT = 


Ra^Z^/ 3 
4 


n* 




n 


+ 1) - Kl + 1) - s(s + i)l\ 

WTTm + T) } 

The number n takes the same values as before, but Z = A - 1, and takes 
™lueB 0 to n - 1 ioctaive; flte defloitton of i, „„„ tS vStr 

eratiL S I" \ ± ^ = 0' ^^he third term in 

equation (93) iS repkced by -n/2(Z + K). The levels predicted by 

equation (9^ are identical with those obtained from the relativitv 

s 

is^ replaced bv k ^ relativity correction term in which k 

IS replaced by * - H, gives results m agreement with exneriment « 

f^t which IS essential for the interpretation of both X-ray and optical 
spectra. As an example, we may compute the displacements of the 

B„Z/n. The term, of Sommerfeld's theoiy .re giveo by the value. 


of 


n 


^ Putting k 1 and k - 2, these terms ^lie at the positions 

^ and 14 , measuring down from the position of the Balmer term in 
the ^energy dtagr^,. Hg. 23. The Mowing table show, how the e 

Z. Physik, 37, 263 (1926). 

28. 849 (1926); Proc. iVat 13, 476 

• Here « is always taken positive. ^ 
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same terms arise from the combination of the relativity correction 
3 

^ ^ and the spin correction, while the second and third columns 

of Fig. 23 also show their origin: 


1 

n 3 



Spin 

Total 


3 • 

correction 

correction 

1 

K2 

/ +H 

K 

-Vs 

H 


1 -H 




0 



J4 

-2 

H 



Pig. 23.— Effect of relativity and electron spin on the terms of hydrogen. 


We spe that the term % arises from two combinations of quantum 
numbers. In the case of X-ray spectra, the effect of the other electrons 
in the atom is to separate these two coincident terms, because of the 
different shapes of the orbits involved, a matter which is discussed in 
detail in Chap. VIII. 

For a considerable time the riddle which is solved in this section causedl^ 
great confusion. One set of facts seemed to point conclusively to the 
relativistic origin of the hydrogen and helium fine structures and their 
analogues in the X-ray region. Evidence drawn from the spectra of 
non-hydrogenic atoms indicated just as strongly that these phenomena 
originated from the presence of a magnetic moment within the atom. 
The combination of the two explanations, using quantum numbers 
which apparently take half-integral values, seemed artificial until the new 
mechanics demonstrated the validity of the procedure. 
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18. THE PRECESSION OF THE SPINNING ELECTRON 

In this section we' prove that the angular velocity with which the spin vector 
processes as seen by an observer at rest with respect to the nucleus is given by equation 
(81). This proof is not needed for the understanding of what follows, and it may be 
passed over if the reader desires. FrenkeP and Thomas ^ proved equation (81) inde- 
pendently. We shall give a treatment like that of Thomas, but much simplified. 
Let X, 2/, z, t be coordinates and time in a frame of reference R in which the nucleus is 
at rest, and in which the electron is momentarily at the origin, while ojo, 2/o, zq, and ioare 
measured in a frame 0 which moves with the instantaneous velocity of the electron at 
zero time, measured in R. For simplicity, we take z perpendicular to the orbital 
plane, and both x and parallel to the velocity vector Vo (Fig. 24). We pass from R 
to 0 by a Lorentz transformation, 

Xq = — vqI), 2/0 = y, Zo ^ Zj to - ko(ji 


where 




(94) 






(95) 


Z 

(frame R) 


ZA (frame o) Zj j (Frame I ) 



Eleciron cr/ 


Electron af fj'me f-O JnR 


irme /itinR 


Fig. 24.‘ — Coordinate systems for study of electron spin. 

Similarly, let xi, yi, zij U be measured in a system I in which the electron is instan- 
taneously at rest at the origin at time At measured in R. As before, the axis Xi is 
parallel to x. The relative velocity of the two systems is given by 

vi = Vo + tAt (96) 

where f is the acceleration of the electron, and since Vi is not parallel to the x- and 
a;i-axes, the formulas for Lorentz transformation from Rto I are more complicated. 
In R let the coordinates of the electron be a*, a^, a*, and let r and ri be vectors with 
the components x^ y, z and xi, yi, zi, respectively. Then the transformation® is 


ri = r - a + (fci “ 1) 


({r - a} »vi) 


ii = ki\t — At — 


({r - a] 


vY 

*Vi) 


Vi — kiVi{t — At) 


(97) 


By eliminating Xy y, z, <, between equations (94) and (97) we obtain the formulas 
of transformation from 0 to L The result is this : I can be obtained from 0 by apply- 
ing two transformations in succession: first, a rotation around the z-axis through an 
angle 

(fco - l)[vodvo] 

’ (98) 

^ Z.Physik, SI, 243 (im). 

^Phil. Mag., 3, 1 (1926). 


» Madelung, Math, Hilfsmittel des Physikers, 1st ed., p. 209. 
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where dvo 
velocity 


iodto, and second, a Lorentz transformation characterized by the vector 


fco dvo + fcoCfco - 1) *•— 
Vo 


(99) 


The second does not concern ns. In the first, the vector product of Vo and dvo has 
the value [vofo]di and A;o ~ 1 = vo^/2c2, so equation (98) takes the form [vo fo]di/2c2. 
Therefore, an observer in R believes that the axes of 0 and I are parallel to his own, 
but an observer in 0 is equally sure that the rr-axis of I makes an angle with his own 
x-axis. Tms result of relativity kinematics cannot be understood in terms of our 
usual ideas of space and time except with the aid of specially constructed hypotheses 
like the Fitzgerald contraction. 

Suppose for the sake of generality that the atom is exposed to an external magnetic 
field H parallel to the ^f-axis, and let Eo and Ho be the electric and magnetic field 
strengths as measured in the system 0. To a first approximation, 


mfo == — eEo 

and the rate of precession of the spin vector s is 

eHo 


( 100 ) 

( 101 ) 


when measured in 0. Suppose that the projection of s on the xoyQ plane is directed 
along a;o. For the “resting" observer it will be along x. After time dt, an observer 
in T will find by equations (101) and (98), that the projection of s has rotated through 
an angle 


dA = uadt 



( 102 ) 


(aside from negligible quantities introduced by the Lorentz transformation of the 
time). The resting observer will conclude, applying the transformation (97) in the 
reverse direction, that s has rotated an amount dA with respect to R. Now dA. is 
expressed in terms of the field strengths Eq and Hq. We proceed to express it in terms 
of E and H, as measured in R. To a sufficient approximation, the transformation 
equations are 

Eo = fco (e + ^^), Ho = fco (h - t^)! (103) 


in accord with the explanation given in Appendix VIII. 
(101), and (103), we obtain 

dt me [ 1 -h fco c J me { 


Using equations (100), 



(104) 


The first term gives the Larmor precession of the electron in an external field H. If 
H = 0, |dA/d^| reduces to the value w of equation (81). 

. In conclusion, we must point out that Dirac^ has developed a more general theory 
of the electron. According to his conceptions it behaves like a spinning body only 
under certain simple circumstances. However, this does not affect any of the appli- 
cations we shall make. 


19. REVISED SELECTION PRINCIPLES FOR HYDROGEN 
In Sec. 7, we stated that the selection principles for a hydrogenic 
atom are Aj = ±1 or 0; Ak = ±1. The introduction of the spinning 
electron makes it necessary to distinguish between k and j, and therefore 
new components are predicted in the fine structure of hydrogen and 
1 Proc. Roy, 117, 610 and 118, 351 (1928), 
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ionized helium lines. Even before the advent of the spinning electron 
this revision was suggested by Slater^ and by Sommerfeld and Unsold/ 
independently. 

As an illustration, we shall consider the fine structures predicted 
for Ha by the two theories. Let us compare Fig. 9 with a similar energy 
diagram constructed in the same way as Fig. 23 with the aid of both 
relativity and spin corrections. This diagram is shown in^ Pig, 25. 
Levels which correspond to two configurations of the atom are shown 
slightly separated for the sake of ease in listing the various possible 
transitions, although they are actually coincident. Three quantum 
numbers n, Z, andj (or 5 ) are now required to determine a quantum state, 
and the values of these numbers are shown on the right of each level. 
In discussing X-ray levels it is convenient to use the symbol nki,h% 
where ki is identical with the azimuthal number k. These symbols are 



Fig. 2S. Fine structure of Ha on the spinning electron theory. 


also shown in the diagram. The transitions allowed by both selection 

on^ or both Of the principles are indicated by dotted lines. Whereas 
'w‘ r azimuthal is 

The relative intenSelTe TlLllltoS 

. Z A T. experiment, 

iProc. Nat. Acad Set., 11, 732 ( 1926 ), 

36, 359 and 38, 237 
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Only one of the new components, namely, 3, 1, K 2, 0, K; is far enough 
from its nearest neighbor to give us hope of detecting it. As a matter of 
fact, experiments which are not inconsistent with the existence of this 
component have been made by Hansen, ^ Kent, Taylor and Pearson, ^ and 
W. V. Houston.® The results of Kent and his colleagues will be discussed 
here. Density measurements of plates showing the Ha doublet were 
made with the aid of a microphotometer. One of the curves showing 
density as a function of wave length is reproduced in Fig. 26, with 
wave lengths increasing toward the right. The amplitude of the 
original microphotometer curve for the peak of shorter wave length 
was about 15 cm. The asymmetry of the shorter component is attributed 
to the existence of the faint line at c', predicted by the spinning electron 
theory. Houston's curves are similar. 



Fig. 26. — Microphotometer curves showing structure of Ha. (After Kent.) 

The new theory predicts additional components, of other Dalmer 
lines. On the basis of the older selection principle we should expect 
each Balmer line to consist of three components, corresponding to the 
changes 3-^2, 1 — > 2, and 2 — » 1 of the azimuthal number k, ' The 
separation between the first two components should be very small 
compared with their distance from the third, and should approach zero 
as we pass to higher series members, because the spread of the n-quantum 
terms decreases as n grows larger. All the lines should appear as doublets 
with separations which approach 0.365 cm.”^ for the higher series mem- 
bers. The changes predicted by the mew theory are not so prominent 
as in the case of Ha. Kent, Taylor, and Pearson have obtained density 
curves for H|3 and Hy. In the case of these f^vor the WW theory’ 

1 Ann. 78, 558" (19 

30, 266 (1927), 

^ Astrophys. J. 64, 81 (1926); Rev,^ 30, 60^ (1927), 


166 


HYDROGENIC ATOMS AND THEIR SPECTRA [Chap. V 


but the data for H 7 do not permit any definite conclusions. The slight 
increase in width on the wave number scale as we pass to higher series 
members is borne out by the data. 

The measurement of these small doublet differences is beset with many sources 
of error which have been successively discovered and eliminated by a number of 
careful investigators. Kent and his colleagues give references to the older literature. 
To show the status of the i^ubject, we list the results of five recent investigations, giving 
the separations in milli- Angstroms. Below, the mean values of the separations arc 


Observers 

Ha 

H/3 

Ht 

Shrum and Janicki, Ann, Physik, 76, 561 (1925). 
Hansen (loc. cit.) 

130 

1 

76 

TF. 

60 

A9 

Janicki and Lau, Z. Physik, 36, 1 ('1925') 

132 

i 0 

72 

7R 9 

oZ 

59 

AA K 

Houston (loc. dt).. 

135.8 

137.0 

Kent, Taylor, and Pearson (loc. cit.). 

79.1 

DO . O 

AA ft 

Means 

uO . O 


'TA 1 

AO O 

Observed means in em.“i 

. 0 

0.313 

/D . 1 

A 009 

62.8 

O OO A 

Predicted means: 

Old theory 

U . OZZ 

A OCA 

U.oo4 

Spinning electron theorv. . 

U . oZo 

U . ooO 

A K 

0.357 

A O Cf ^ 


u . o^u 

U . 040 

0 . uo4 


xvxuxe eviuence in tavor of the new selection principles can 

be obtained from the lines of ionized helium, as Slater pointed out 
0OC czf.). Refernng to Fig. 11 , we may note the following alterations : 
On the new theory, 16, 11c and Illd are allowed, though previously 

two ways II 6 lid 
possibilities of realization as against one before.’ 
Most of these changes are not amenable to test by the aid of Fie 11 

setoff" “ considerable strength is favorable to thf new 

«zrs fiea ““ 

20. SUGGESTED COREECTIONS OF THE HTOROGEN ENERGY LEVELS 
The evidence m favor of equation (36) obtained from the H and 
He+-s^ctra, interpreted with the aid of the correct selection pLcipl^ 
may be considered fairly conclusive. Various refinements and modi’ 
fications of equation (36) have been proposed. TrilltLatil o? F 

SilLreteS" who^ou''"'‘'d^ thoroughly discussed by 

who» * s't 
S asm ^ vSon* 

FhU Mag., 39 46 (1919); ^r9C, i?oy. ^qc., A, 98. 1 (1920) 

* A««rop6j^s, 66, 34 (1922), ' ' ’ 
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suggested that the potential energy of the atom should be regarded as 
distributed through the space surrounding it, so that this energy (endowed 
with mass in the sense of the theory of relativity) will partake of the 
motion of the electron. This theory predicts shifts of the spectrum 
lines which are too large to escape detection, but which have not been 
observed. H. S. Allen^ calculated the correction due to a nuclear 
magnetic moment for the case of circular orbits. His results were 
extended to elliptical orbits by Ruark.^ The calculation unfortunately 
is in error, but a reconsideration of the question shows that the final 
result is of the correct order of magnitude. The conclusion drawn 
was that experiment decides against the existence of a nuclear moment 
as large as one Bohr magneton. This is in agreement with our present 
belief that the moment of the nucleus is ^m/Mn Bohr magnetons. In 
the same paper, effects due to a possible asphericity of the electron are 
discussed, and all the above corrections are shown to be in disagreement 
with experiment. 

There is a slight error in the relativistic quantization presented in 
Sec. 6. The motion of the nucleus is neglected, and cannot be taken 
into account by modifications similar to those used in the classical 
calculations, because in special relativity the theorems concerning the 
motion of the center of mass break down, and are replaced by equations 
which are so complicated as to be useless. Then too, retarded potentials 
and magnetic forces due to the translational motion of electron and 
nucleus have not been used in our derivations. All these defects were 
remedied by Darwin. ^ Schwarzschild^ showed that the equations of 
motion of a charged particle in an electromagnetic field can be put in the 
Lagrangian form if we use for L an expression given in Appendix VIII. 
Darwin generalized this result for any number of particles, obtaining a 
Lagrangian function which is symmetrical in the coordinates and angles 
characteristic of each particle. He then applied this Lagrangian to the 
case of two bodies, and found that the term in parentheses in equation 
(36) should be modified to read 

n 3.1 Mm 

k 4'^i^~ + m)2’ 

The last term is too small to detect in visible spectra, and in X-ray 
spectra other terms arise which mask its, effect. 
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CHAPTER VI 


GENERAL THEOREMS OF THE OLDER QUANTUM THEORY 


Most of the general theorems of the older quantum theory must 
be modified in the light of the new quantum mechanics, and it might 
seem that they are now of little value. However, they are often very 
useful in giving hints as to the solution of problems in the new mechanics, 
for Bohr’s theory is a first approximation to wave dynamics, and they 
form a necessary background for reading papers which appeared prior 
to 1925. Orbital models, both atomic and molecular, as treated by 
ordinary dynamics, give concrete mental pictures which are very valuable 
in thinking about atomic systems, though exact relations must be 
secured from mathematical formulas of quite another kind. A number 
of theorems based on the Bohr theory will be presented in this chapter. 


1. CLASSICAL THEORY OF LIGHT EMISSION 
We be^n with a study of the light emitted by a conditionally periodic 
system (Chap. IV, Sec. 13) on the classical theory. As stated in Chap. 
I, bee. 4, It IS assumed that the emission frequencies are identical with 
ose occurring in the various terms of the Fourier series representing 
the coordinates of the charged particles in the atom. 

i “ Appendix VIII, electromagnetic theory requires that the 

instantaneous rate at which an accelerated charge radiates energy shall be 

-dE _ 

dt ~ 3c» ' (1) 

where v is the vector acceleration and c the velocity of light. For a 
armomc oscillator, x = cos (27r«< + 5,,), co being the frequency, and 
^ ~ —^xi^TTuy COS (2Trcot + Sx). (2) 

There are similar expressions for the y- and .-components of acceleration 


= ^2 ^2 _ 1 _ ^-2^ 

so that equation (1) becomes 
-dE /2e2\ 

~dr ~ (^3^ j(27rco)1A„2 cos^ {2tU 

+ ^!/^ .COS^ (27rco« -f 5y) + A/ cos^ (2xw« -f 5,)] (3 ) 

The average rate of emission by the oscillator is 

-dE / ei\ 

-f Ay^ + A,2), 


dt 


3c^> 


for the time average of the cosine squared is K- 

168 ' “ 


( 4 ) 
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A similar result is obtained for a conditionally periodic system 
having the fundamental frequencies coi, . . . con. By the methods 
of Chap. IV it is possible to express the coordinates of a particle in such 
a system as functions of the canonical variables, the J’s and the 
former are constants and the latter linear functions of the time of the 
form, 

Wh == o>kt + ^ ( 5 ) 

where oik is the frequency of oscillation of the ^th coordinate and h 
is a phase quantity. In general, a coordinate will be represented by a 
multiple Fourier series containing the only as arguments of the sine 
and cosine terms and having coefficients which are functions of the Tb] 
thus 


qk = ^ ‘ Tajk cos 2x[(ria>i 4- • - • + (5i + * * * ^s)k]) (6) 


where each r ranges over all integer values from — oo to + oo , subject 
to the restriction that + etc. must be positive. We shall usually 
employ the following abbreviations: 


Ati • • • — Ar,*; (5i + • • • 


so that 

Then, 

and 


qi = '^Ar,k cos (2 t2tco^ + ^h)- 
X = cos (2T2)TCoi + SSa), 

X == — SAr.x(27rSr6j)^ cos (^r'Zroot + 


(7) 

( 8 ) 
( 9 ) 

( 10 ) 


and there are similar expressions for the ?/- and 2 !-components. Inspection 
of equation (10) shows that contains squared terms of the form 


ArJ{2TXro)y C0S2 {27rXrc^t + 


and cross-product terms of the form. 

AT/,^A,^,«(27rSrco)2(27r2:r'a;)2 cos (27rSr<u)^ + Z8j) COS (2V2:r'co^ +• 

which give rise to rapid fluctuations of the rate of radiation. Similar 
terms will occur in and The mean value of each squared term in 
equation (10) is equal to one-half its coefficient, while that of each cross- 
product term is zero. Therefore, the mean rate of radiation by an 
accelerated charged particle is 

+ ^-.*^)(2’rSrco)^. (11) 

T 

This represeats the simultaaeous radiation of a number of frequencies of 
the form, ticoi + • • • + tsCo,. The rate at -which energy is carried 
away by one of these is given by the corresponding term in the sumina' 
tion of equation (11). 
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If the system contains several charged particles, equation (1) is 
replaced by 

--dE ___ 2P2 

dt ‘ ^ 

where P is the electric moment vector of the atom, whose components are 

i = n i=n 

Py = '^eiyi, Pz = '^eiZi. (13) 

i = l i = l 

The summations extend over all the particles of the system with due 
regard to the signs of the charges ei, . . . Cn- Just as before, we express 
the function as a multiple Fourier series in order to obtain the rate of 
emission of light of a given frequency, obtaining 


+ Pr./ + Prj){^^rc.y. (14) 

Usually, it is convenient to use exponential notation in dealing with 
multiple Fourier series. In place of equation (8), we write 

qk = SCr.fc exp 2«STui, (8a) 

where the ts now take all integral values both positive and negative. The 
two terms, 

Ct,;s exp 2ri'2iTii)t + C^,k exp 27 r't 2 ( — tco)<, 
must be identical with 

Ar,k cos {2ir'S,TU)t + 25*) 

which is a real quantity. This will bo the case if 

2C'.,i = Ar,k exptSSfc, 2U_.,* = Ar.k exp - zSS/,. (15) 

In place of equation (9), we write 

X — SUr,* exp 27 rfSTW<. (9a) 

Then » /ir.\ 

x= -SC'r,x( 27 rSTw)® exp 27 rtSTwt, (16) 

and 

= ;^2<^r,=.a',»(27rSrw)“(2^Sr'w)“ exp 2TtS(r + t')co«. 

The average of each exponential term is zero unless r = —r', which means 
7-1 = -n', • • • , T, = -t/. Thus, the double summation reduces to a 
single summation, and, since there are two terms with frequency 2 /tco 
in equation (8a), we finally get. 


-dE 

dt 


26=* 
3 c* 


X2(a.xC_.x + Cr.yC^.v + a.,C_.,x)(2,rSra,)S 


(17) 


which, by using the relations in equation (15), is found to be identical 
with equation (1 1). In equation (17), r runs only from + 1 to + “ • 
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Rayleigh- Jeans formula for the distribution of intensity in the spectrum 
of a black body agrees with Planck's formula in the region of great wave 
lengths, and the values of equations (19) and (20) approach equality. 
There is no implication that the mechanism of emission from an individual 
atom merges into that of classical theory. 

While it is customary to speak of the complex of facts associated with 
this asymptotic agreement as the Bohr correspondence principle, "it is 
important to state accurately the various hypotheses and theorems 
which are involved, as van Vleck has done in Quantum Principles 
and Line Spectra." We shall discuss this subject under three headings — 
the correspondence theorem for frequencies, the correspondence hypothe- 
sis for intensities, and the correspondence hypothesis for polarization. 


3. THE CORRESPONDENCE THEOREM FOR FREQUENCIES 

Consider an atomic system which passes from a state characterized 
by the quantum integrals, 

J/ = Uihj •••<//= njhj (21) 

to a state for which these integrals take the values, 

Ji" = ♦ . . J/' = nj'h, (22) 

The frequency emitted in the transition is given by the frequency 
condition, 

hv{n', n") = E(/i', . . . J,') - E{J^' . . . = LE (23) 

while by Sec. 1 and Chap. IV, Sec. 13, the classical frequencies appearing 
in the Fourier expansion of the motion of the charged particles and 
emitted according to electromagnetic theory are 


_ ^ dE . dE . 

COr — 2 tCO — 

O J 1 oJ 2 


If the quantum numbers involved are large and the changes of the 
quantum numbers are small, we have 


Setting 


hviW, n") = AB ^ If AJi + If AJi + 

oj I aJ 2 


A/i = (wi' - ni")h, AJi = (m' - ni")h, • • • Aj. = {n.' - n,")h, 
gives 


v{n',n") ^ wi(?ii' - w/O + < 02 (^ 2 ' - n^") + • • • co.(n/ - n,”), (26) 

and this is equal to Sto; of equation (24), if 

Ti = ni' - ni”, 72 = Ui' - n%'', ■ ■ ■ r. = n,' - n,". (27) 

The quantum frequency, determined by equation (26), approaches 
asymptotically to the classical frequency, ^tcoj for which the t^s are given 
by equation (27). The frequencies v(n', n") and Srw related in this 
way are said to be corresponding freqwncies. 
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Regardless of the magnitude of the quantum numbers and their changes^ 
the quantum frequency is a mean value of the frequency in equation (24) 
averaged over all intermediate orbits in such a way that the J's vary linearly 
from the one state to the other. To prove this let 


Jk = nk"h + X(n;/ -- n,")h, dJ, = h(nf,' - njc")d\ (28) 
where X is a quantity which increases from 0 to 1. Then the mean 

value sought for is ScordX, but using equations (24) and (27) this 
Jx=o 


takes the form, 

Substituting from equation (2^) this becomes 


dE 

dJs 


(n/ — n”) 




1 p= 


aJi' 


dJ 1 + 


dE 

dJ, 


dJ, 




- E'^ 


= '(29) 


which is the correspondence theorem for frequencies. 


4. THE CORRESPONDENCE PRINCIPLE FOR INTENSITIES 

The correspondence principle for intensities is not a theorem, but a 
postulate, which may be stated as follows: 

In the region of high quantum numbers and small changes of the 
quantum numbers, the rate of emission per atom approaches the value 
given by the classical formulas. That is, if we compute the frequencies 
and amplitudes of the various harmonics in the motion of the atom in 
either the initial or the final state, and substitute them in equations 
(11) or (13), a correct result is obtained. The frequencies and amplitudes 
in both states are nearly equal because of the restriction to high quantum 
numbers and small quantum number changes. Therefore, equating 
the right member of equation (20) to' the corresponding term in the 
right member of equation (14) and substituting for 2 tco its approximate 
value V we have 

^ + Pr,y^ + Pr/) (30) 

for the relation between the probability constant A 12 and the Fourier 
coefficients Pr,x, Pr,y, Pr,z belonging to the terms of corresponding fre- 
quency in the components of the electric moment P. Knowing A 12 , 
it is possible to calculate the coefficients of induced emission and absorp- 
tion by the relations A 12 /P 12 = Swhv^/c^ and piBi 2 = P 2 P 21 , derived in 
Chap. Ill, Sec. 4. When the attempt is made to extend the relation 
in equation (30) to the region of small quantum numbers, it is necessary 
to use some means of averaging the amplitudes of the corresponding 
harmonics. Almost without exception, the various suggestions made 
prior to 1926 as to the proper type of average failed to yield results in 
agreement with experiment, so we shall not discuss them here, in extenso, 
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with the frequencies roor ± co^. ^ Since appears only with the coefficients 
±1, we conclude in accordance with the assumption of Sec. 4 that the 
azimuthal number changes only by ±1. On the other hand, r can take 
any value whatsoever and therefore the changes of the radial quantum 
number are unrestricted. The above argument is valid only when the 
electron moves on a plane orbit. If its interaction with the remainder 
of the atom causes the motion to be of a more complex kind, we expect a 
breakdown of the selection principle. 

The selection principle for the inner quantum number is derivable 
in much the same fashion for an atom with one valence elect|*on. The 
resultant angular momentum vector jh/2Tr is composed of the contribu- 
tions khl 27 r arising from the orbital motion and sh/2x due to electron 
spin. These two vectors must process around their resultant, which 
is fixed in magnitude and direction, and it can be shown (Chap. X, 
Sec. 14) that this precession is uniform, that is, the orbital plane processes 
around the direction of j. Just as before, we obtain the Fourier expan- 
sions of the electronic coordinates, and find that the precessional fre- 
quency 0 ) appears with the coefficients +1 or 0, and these alone. The 
conclusion is that Aj can be + 1 or 0, for it can be shown that the quantum 
integral jh is the momentum variable conjugate to 2xo). However, a more 
general proof requiring no detailed knowledge of the atomic motions 
is the following: 

To describe the position of the pth electron let us use cylindrical 
coordinates Zp, <pp, where Zp is the distance of the electron from the 
invariable plane perpendicular to the vector j, and <pp is its azimuth 
in that plane. Then we can arrange that one of the ^’s (say <^i) shall not 
appear in the expression for the energy; for the ^’s do not occur in the 
kinetic energy and the potential energy depends only on the relative 
azimuths ^2 ^ <P 2 — Tij ^3 “ ^3 — ^ 1 , etc. We take ^ and these relative 
azimuths as new coordinates. The kinetic energy is 

T = + • • • ] 

= 3^[miri2<pi2 + 7n2r2^(4>2 + ^ 1 )^ + • • • ] 

and 

= miriVi + 'in2r2^{^2 + + • • • 

for the partial differentiation is carried out holding the <i>'s constant. 
We see now that dT/dipi^ the momentum conjugate to cpi, is the total 
angular momentum, which takes the quantized value j'h/2x. Now, 

Xp + iyp = Tp exp iipp = rp exp iipi exp i^p (34) 

^ Alternatively we could prove this without the use of imaginaries by using the 
relation 2 cos (i cos 6 = cos (a -1- t) H” cos {d — 6), and similar trigonometric formulas. 
An excellent alternative discussion is given in Van Vleck’s ‘'Bulletin,” p. 294. 
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where x and y are coordinates taken in the invariable plane. If and 
Py are components of the electric moment, we have 

Pa: + iPy = CXp i(pi • v) (35) 

; P, = t). 

The functions F and G can be expressed as Fourier series which do not 
contain (px. Thus, Px and Py contain sine and cosine terms with argu- 
ments of the type 

27r (Srco^ + ^i), 

in which (pi has the coefficient +1 or —1. On the other hand, (p\ does 
not occur inP^. We conclude that Aj may take the values ± 1 or 0, and 
these only. As to polarization, the terms of a given frequency in Px 
and Py have phases and amplitudes such that they represent a circular 
motion in the xy plane, while each term in Pg represents a vibration 
parallel to the ^-axis. By the correspondence principle for polarization, 
we conclude that quantum transitions in which Aj = ±1 give rise to 
circularly 'polarized light with its oscillation plane parallel to the invariable 
plane, while those in which Aj = 0 give rise to light linearly polarized 
perpendicular to that plane. 

Enough has been said to illustrate the spirit of the correspondence 
principle in its application to the derivation of selection rules. Other 
examples will be given throughout the text, as the necessity arises. 


7. THE ADIABATIC PRINCIPLE 

We have emphasized the fact that after a transient disturbance 
has passed over an atomic system it will be found in a quantized state, 
in contradiction with classical mechanics. Similarly, if an external 
field of force is established and is then maintained at a steady value, 
the atom is still in an allowed state. This fact imposes certain restric- 
tions on the quantum conditions. The energy of an atom depends on the 
charges and masses of its constituent particles, and on the strength of 
any external fields of force which may be present. Any quantity of this 
kind which is treated as a constant in solving the equations of motion 
will be called a '' parameter. The parameters Ci, C 2 , . . . will appear 
.in the quantum conditions, which will therefore be of the form 

^ F lip 1)0%, • • • ) = nih, 

F2(ci,C2, . . • ) = n%h, (36) 

and so on. If the parameters are very slowly changed, the left members 
of these equations retain their values because the system is in a state 
characterized by the same quantum numbers. Since this is true for any 
alterations of the c's, we must have 


^1 ^ ^ 
da da 


= 0, etc., 


(37) 
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where Ci is any one of the c’s. In other words, the functions F which 
appear in the quantum conditions must be invariant during changes 
of the kind described. 

In general, as we said above, classical mechanics does not predict 
that the atom will be in a quantized state after a disturbance, but under 
special circumstances now to be explained the changes in its motion 
can be calculated with the aid of the usual equations. Consider a 
quantized atom which is not degeneratej that is, the fundamental fre- 
quencies in its motion are all distinct, and are equal in number to the 
number of degrees of freedom. We change its condition infinitely slowly 
and in a way not systematically correlated with the motion of the system, 
either by altering the strength of an external field of force, or by changing 
the internal constitution of the system, at least in imagination if not in 
actuality. For example, we may suppose the charge on the nucleus 
of the H atom is increased to +2e, or we may alter the distance between 
nuclei in a diatomic molecule. 

It can be proved that the new state of the system is the quantized state 
appropriate to the new values of the parameters^ such as the external field, 
and the quantum numbers are the same as those . of the original system. 

This is the principle of slow mechanical transformability introduced 
by EhrenfestVand called by him the adiabatic hypothesis because of 
thermodynamic applications which he made. It is not an hypothesis 
however, but a definite theorem. 


Proof.— The following demonstration is essentially due to Burgers. 2 It employs 
straightforward methods to find an expression for the change of each quantum integral 
J when the atom is disturbed, and to show that this change is zero. Let the Hamil- 
tonian function of the system be E (q, p, c) where c is a parameter which we intend to 
vary. Holding c constant, we transform to the angle variables w and the associated 
momentum variables J . Instead of making the transformation function W a function 
of the fs and /’s, as we did in Chap. IV, Sec. 9, we give it the form W{q, w, t). Then, 
an argument exactly like that in Chap. IV gives us the relations between the old and 
new variables and the form of the new Hamiltonian function, //, They are, 


Pk 


dW 

dQh 


J. = H 

dWk 


F + 


dW 
'^dt ■ 


(38) 


The new equations of motion tell us that 


dJ k ^ ^ 

dt dwjc dWk dt / 


(39) 


When forming dW/dt in equations (38) and (39), W must be written as a function of 
g, 10 , and t; but we must then transform dW/dt into a function of lo, J, and t, before 
carrying out the differentiation with respect to la*; for in the new Hamilton equations, 
H must be written in terms of w and J. As long as c is constant dJk/dt = 0, because 
W is so chosen that the J’s will be constant, and the quantum conditions state that 
/a- = nkh. But when c is allowed to vary, the system is no longer conservative and the 
* Ann. Physik, 36, 91 (1911). 

2 Dissertation, Leiden, 1919. ' 
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wilin' X and ?/ ar<! coordinates tak(m in the invariable plane. If P® and 
/’„ are compoiu'nta of t he electric nioment, we have 

+ iPv — <'XP 'Vi ■ P('>N '■) 
l\ = r). 

'I'lie functions P and <r can he expressed as Fourier series which do not 
(•ontain wi- 'Thus, P, and Pu contain sine and cosine terms with argu- 
ments of the typ(' 

27r(iiTa)i ± ipi), 

in which has th<‘ coefficient +1 or -1. On the other hand, vu does 
not occur in i\. We conclmh^ that Aj may take the values + 1 or 0, and 
these only. As t,o polarization, the terms of a given frequency in P, 
and P„ have phases and amplitxuh^s such that they represent a circular 
niotioii in the ;r.// plane, while each term in P* represents a vibration 
paralhd to the z-axis. Hy the correspondence principle for polarization, 
we conclude that quantum iramitiom in which Aj = ±1 give rine to 
circukiTly polarized light with its oscillation plane parallel to the invariable 
plam, while those in lohich Aj “= 0 give rise to light linearly polarized 
perpendicular to that plane. 

Knough has Isum said to illustrate the spirit of the correspondence 
principle in its application to the derivation of selection rules. Other 
extitnples will he giv<‘n throughout the text, as the necessity arises. 

7. THE ADIABATIC PRINCIPLE 

Wc have eiuphasizi'd the fact that after a transient disturbance 
has passed over an atomic system it will be found in a quantized state, 
in contradict.ion with classical mechanics. Similarly, if an external 
field of force is established and is then maintained at a steady value, 
the atom is still in an alloweal state. This fact imposes certain restric- 
tions on the (luantum conditions. The energy of an atom depends on the 
charges and masses of its constituent particles, and on the strength of 
any e.xt{*rnat fields of force which may be pre^sent. Any quantity of this 
kind widch is treated as a constant in solving the c(iuations oi motion 
will called a "parameh’r.” The paranieters ci, Ca, . . . will appear 
In the tjuantum conditions, which will therefore of the form 

PiCei.ra, . . • ) “ 

PuiCip'it • • • ) “ Hik) 

ant! so on. If the parameters are very slowly changed, the left momlMJrs 
of th<‘s<i e<]uafionH retain th(‘ir values because the system is in a state 
characterized liy the same quantum numbers. Sincts this is tnie for any 
alternf ions of fhi' r’s, w<* «nust have 

Hf, . 0. f • - 

de. ' te 


0, etc., 


(37) 



Sec. 7] 


THE ADIABATIC PRINCIPLE 


177 


where Ci is any one of the c’s. In other words, the functions F which 
appear in the quantum condition's must be invariant during changes 
of the kind described. 

In general, as we said above, classical mechanics does not predict 
that the atom will be in a quantized state after a disturbance, but under 
special circumstances now to be explained the changes in its motion 
can be calculated with the aid of the usual equations. Consider a 
quantized atom which is not degenerate^ that is, the fundamental fre- 
quencies in its motion are all distinct, and are equal in number to the 
number of degrees of freedom. We change its condition infinitely slowly 
and in a way not systematically correlated with the motion of the system, 
either by altering the strength of an external field of force, or by changing 
the internal constitution of the system, at least in imagination if not in 
actuality. For example, we may suppose the charge on the nucleus 
of the H atom is increased to +26, or we may alter the distance between 
nuclei in a diatomic molecule. 

It can be proved that the new state of the system is the quantized slate 
appropriate to the new values of the parameters^ such as the external fieldj 
and the quantum numbers are the same as those ■ of the original system. 

This is the principle of slow mechanical transformability introduced 
by Ehrenfest^ and called by him the adiabatic hypothesis because of 
thermodynamic applications which he made. It is not an hypothesis 
however, but a definite theorem. 


Proof. — The following demonstration is essentially due to Burgers. ^ It employs 
straightfomard methods to find an expression for the change of each quantum integral 
J when the atom is disturbed, and to show that this change is zero. Let the Hamil- 
tonian function of the system be H (q, p, c) where c is a parameter which we intend to 
vary. Holding c constant, we transform to the angle variables w and the associated 
momentum variables J. Instead of making the transformation function W a function 
of the g’s and J's, as we did in Chap. IV, Sec. 9, we give it the form W (q^ wj, t). Then, 
an argument exactly like that in Chap. IV gives us the relations between the old and 
new variables and the form of the new Hamiltonian function, fL They are, 


Pk 


dW r 

dqk W 


H ^ H + - 


dW 


dt 


(38) 


The new (equations of motion tell us that 

dJ k _ dll _ OH d / c)TV\ 
dt dwja dWh dWk\ ~Bt ) 


(39) 


When forming dW fOt in equations (38) and (39), W must be written as a function of 
q, Wj and i] but we must then transform dW/dt into a function of w, J, and ty before 
carrying out the differentiation with respect to Wk; for in the new Hamilton equations, 
H must be written in terms of tv and J. As long as c is constant dJ" jt/di ~ 0, because 
W is so chosen that the J’s will be constant, and the quantum conditions state that 
Jk — rikh. But when c is allowed to vary, the system is no longer conservative and the 

1 Ann. 36, 91 (1911). 

2 Dissertation, Leiden, 1919. ’ 
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situation is changed. To compute the change in one of the /’s, we note that H^ the 
energy, is independent of the ty’s, and so 


d /dW dc\ 
dwj\ dc dt ) 


(40) 


The change in J/fc in a specified time interval, very long compared with 
the system, will be 



any period of 
(41) 


It was stated above that the change in c must be quite unsystematic. That is, we 
must not apply the increments in any definite relation to the phases of the atomic 
motion, as we would in starting a swing by appropriate pushes at the moments when 
it comes to rest. This condition will be satisfied, for example, if we give dcjdt a 
constant value. With this understanding. A/ a- will be of the same order of magnitude 
as the quantity 



(41a) 


where dcjdi is an average value of dc/di. Now dW /dc can be represented by a multi- 
ple Fourier series containing the w's, and so the integrand in equation (41a) is a similar 
series without a constant term. This is the essential point in the proof, for it means 
that the integral always remains below a certain finite value. Thus it is possible to 
make AJ * as small as we please by decreasing the rate of variation of c. Special atten- 
tion must be paid to the restriction that the system must not become degenerate. If 
it were to happen at some stage of the process, that the frequencies obeyed a relation 
of the type, 

ncoi mcon = 0, 


the r’s being integers, then a term in the Fourier series for d^W/dcdWk, containing this 
combination of frequencies, would reduce to a constant. The value oi the integral 
would then increase without limit, and we could not make AJk as small as we please. 


The result of this section may be expressed by stating that the 
quantum integrals of a non-degenerate system are adiabatic invariants • 
This is a theorem of great power which enables us to avoid lengthy 
calculations in many problems. For example, if an atom is subjected 
to a weak magnetic or electric field, the component of angular momentum 
parallel to the field is equal to a quantum integral divided by 27r. We 
can conclude at once that the same will be true in a very strong field. 

8. THE ADIABATIC INVARIANT 2T/co 
The following theorem of Ehrenfest is often very useful. Let T 
be the average kinetic energy of a singly periodic system, and co the 
common frequency of all the coordinates. If the system is altered 
adiaba^tically by c^^nging parameters Ci which occur only in the potential 
energy function, 2!r/co is unaltered. 


The proof is very simple. Each coordinate q may be expressed as a Fourier series 
containing terms of the type cos (27rr^r + a^), where w = In equation (39), 
dW/dt wiJl be a Fourier series similar to those for the coordinates q. dW/dtdw will be 
a Fourier series without a constant term. Further — and this is the crucial point — 
none of the terms cos {2Trrcd + ^t) can reduce to a constant unless co itself vanishes. 
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If that were to occur there would be no motion. Leaving this trivial case aside, we 
can prove as before that the momentum variable conjugate to w is invariant. This 
variable, J, can be found from the definition-equation 


S being the action (see Chap. IV, Sec. 13). Now 



(42) 

/•l/co 

1 2Tdt 


2f = 

1/co 

(43) 


and so 2T/(}i is adiabatically invariant, being equal to J. 


9. JUSTIFICATION OF THE ^UANT&M CONDITIONS 
If we assume the quantum condition J nh for the Planck oscillator, 
it is possible to justify the conditions 

Ji ~ riihj ^ ~ 1, 2, • • • (44) 

which are applied to conditionally periodic non-degenerate systems with 
any riumber of degrees of freedom. Let such a system be altered adia- 
batically, by changing the forces acting on its particles, or in other ways, 
until the motion of each particle is a superposition of three simple 
harmonic vibrations, mutually at right angles. The physical signifi- 
cance of the J’s will alter until they become identical with the momentum 
components of the particles along the axes of their vibration. This 
follows from the way in which the J’s and are found. The trans- 
formation equations connecting the sets of variables Pj q and J, w are 
determined by solving the Hamilton-Jacobi differential equation. As 
the potential energy is adiabatically altered, the value of the trans- 
formation function S (or W) of Chap. IV, Sec. 10 is also changed, even- 
tually becoming identical with the action function for an assemblage of 
oscillators. Since the J’s and ^^;’s are completely determined by S, 
they must merge into the values appropriate to the oscillators. Further, 
the J’s are unaltered in value if the change is made in such a way that 
the system never becomes degenerate. But each component oscillation 
is independent of the others, and is quantized by applying the condition 
J == nhj which justifies the equations (44). 

10. A THEOREM FOR CALCULATING ENERGY PERTURBATIONS 

Consider a • non-degenerate atom described by variables Wj J, the 
energy function being Hq{J). Let it be disturbed by conservative 
forces which contribute a term X/ii(/, w) to the energy, so that it takes 
the form 

H = Ho + Xffi, (45) 

X being a small quantity which measures the strength of the force field. 
T|ien, the additional quantized energy in the presence of the field is equal 
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to the average value of X-ffi, taken over the unperturbed motion, except for 
negligible terms containing and higher powers of X. This theorem 
enables us to obtain the energy without any knowledge of the changes 
in the motion. 


The following derivation is nearly the same as one given by van Vleck. ^ Although 
it is stated for a single particle the extension to other systems is easy. Let the total 
energy be 

E = y2 ^2) -h 7 -f XHi, (46) 


where V is the unperturbed potential energy, and suppose for the purposes of tliis 
proof that X increases slowly and uniformly from zero to its final value. The rate of 
change of the energy is 


dt 


^mxx 4 * 


dx dx 


i) 


+ etc. + 


(47) 


d 7 \dH 

but the equations of motion tell us that mx + — h ^ 

dx ax 


0, etc. Therefore 


dE = Hid\. (48) 

Let Hi be the time average of Hi over an interval which comprises many periods of 
the undisturbed motion, but which is small compared with the interval in which X 
attains its final value. Hi is expressible as a Fourier series, with periods equal to 
those of the atomic motion corresponding to the instantaneous value of X. Hi is equal 
to the constant term of this series, and so Hi — Hi is a Fourier series without a con- 
stant term. 

Therefore, 

/(H.-S.)f*s !"/(», -H,)* 


The last integral remains finite because the integrand is alternately positive and 
negative, and d\/ dt can be chosen as small as we like. Therefore, in. obtaining the 


, change of E we may replace J HidX by J* HidX, and 

E — Eq — ^ Hid\. 

Hi will change as X increases, and we may write it in the form 
Hi = (Hi)x = 0 "h x/ 


\lx)^ - " 


+ 


(49) 

(50) 


The second term and all higher ones contain X^ and higher powers of X, and may bo 
neglected for our present purpose, so 

H Ho = XHio. (5X) 

(The subscript zero indicates that Hi is taken over the unperturbed motion.) This 
proves our theorem. If we desire closer approximations, we use additional terms in 
the expansion in equation (50), obtaining 




( 52 ) 
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CHAPTER VII 


INTRODUCTION TO OPTICAL SPECTRA 


1. THE TYPES OF SPECTRA EMITTED BY ATOMS 


The line spectra emitted by atoms or atomic ions when they pass 
from an excited stationary state to another of lower energy are very 
different from the spectra of molecules; the latter consist of regular 
series of lines, usua,lly quite closely spaced, which have the appearance 
of continuous bands under low dispersion and therefore are called ^^band 
spectra.” (See Chap. XII and especially Fig. 1.) The line spectra 
of the neutral atoms in the first and second columns and the second 
subgroup of the third column of the periodic table, are especially simple, 
being characterized by series of lines not unlike those of hydrogen. 
The wave numbers of the lines in a series can usually be calculated with 
fair accuracy from the so-called “Rydberg formula,” 


V = 


RZ^ 


j- ( 1 ) 

(m + <py 

In this formula, i? is a constant nearlv equal to the Rydberg constant 
for infinite mass; Z = 1 for neutral atoms, 2 for singly charged ions, etc. ; 
m is an integer, and is a common fraction which is reasonably constant 
for all lines of the series, while v - is the wave number of the series limit, 
obtained by placing m = oo. The obvious interpretation of equation 
(1) is that the atom has a sequence of levels with the energies 

Z^Rhc 
- “ (m + 

and that it can pass from any of these to a level with the energy —P„hc. 

While well-defined series are to be expected in all atomic spectra, 
they are usually short and difficult to trace for elements in the center 
and on the right of the periodic table. The characteristic feature of 
these spectra is their richness in lines, brought about by the existence of 
many energy levels, which, in turn, is due to the manifold possibihties of 
internal arrangement arising when the atom possesses several loosely 
bound “valence” electrons. Such spectra contain groups of lines called 
“multiplets,” which arise from transitions between groups of physically 
related energy levels, referred to as multiple or pol 3 rfold levels. 

The discovery and interpretation of spectral regularities is a science 
in itself. Given a table of the spectral lines characteristic of a substance, 
the modern spectroscopist wishes to gain all the information he can about 
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the entities which emit that spectrum. We shall outline the procedure 
he follows, and shall then describe the structure of some simple spectra, 
the modes for exciting and studying them, and their interpretation: 

1. The wave-length table will contain lines due to impurities. These 
must be eliminated by careful experiments, and by comparison with 
published spectral tables. 

2. The revised table will contain lines due not only to the neutral 
atom but also to the singly charged ion, and quite frequently, lines 
belonging to the atom in still higher stages of ionization. The relative 
intensities of lines, due to different emitters, are changed by almost any 
alteration in the physical conditions, such as variations of the voltage 
or current when the spectra are excited electrically; or changes of tem- 
perature in the case of flame spectra or furnace spectra; or the addition 
of varying amounts of a foreign gas or vapor. There are many ways of 
separating the lines into classes each of which is due to only one type 
of emitter. Among the more powerful and trustworthy methods we 
may mention the study of the influence of a magnetic field on the lines 
(Zeeman effect), and the determination of the energy which an electron 
must possess in order to excite a given group of lines (Chaps. Ill and 
XIII). In the case of furnace spectra, the study of the growth of 
intensity with increase of temperature is particularly valuable for 
elements of rather high, but not too high, boiling point. 

3. The separation accomplished, let us fix our attention on the 
lines due to a given emitter, the neutral atom for example. It is necessary 
to ascertain whether ^the wave lengths are expressed in Rowland's scale, 
or in International Angstroms (I. A.) The latter have superseded the 
former. Descriptions of both scales are given in Fowler's ''Report 
on Series in Line Spectra," described in Chap. X, Sec. 1. Assuming 
that the wave lengths are in International Angstroms, they have been 
measured, with respect to those of a standard element such as cadmium, 
and the latter are determined in dry air at 15°C. and 760 mm.; so we 
must reduce the tabulated values to the values which would be obtained 
if our experiments were carried on in vacuo; reciprocals are then taken 
to obtain the wave numbers of the lines. Now the real task begins — to 
discover from these wave numbers the arrangement of energy levels 
which can give rise to the lines in accordance with the relation, AE = hv. 
This is an empirical process. In the case of the more complicated spectra, 
it consists mainly of searching for constant differences between pairs 
of wave numbers in the table, although Zeeman-effect data, physical 
characteristics of the lines, critical potential data and indications of a 
theoretical character are almost indispensable aids. At some stage 
in the investigation it may appear probable that certain energy levels 
are so distributed as to form a sequence of levels, with energies given 
by equation (2). After the identiflcation of series of lines” arising in 
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transitions from such a sequence of levels to other lower lying levels, 
the problem is one of interpretation. In general, it will be found that 
many of the mathematically possible transitions between energy levels 
do not actually give rise to spectral lines. It is important to explain 
such absent lines, by showing that if they appeared some dynamical 
principle would be violated. Theories must be constructed to predict 
the existence as well as the energy values of the observed stationary 
states, and to explain the absence of missing lines. 

2. METHODS FOR PRODUCING LINE EMISSION SPECTRA; SPECTRAL 
CHARACTERISTICS OF VARIOUS SOURCES 

The reader should understand clearly that by the spectrum of a 
neutral atom we mean the spectrum emitted due to the return of an 
electron after the atom has been singly ionized; or, the spectrum emitted 
when the atom has been raised to a high energy level and performs 
transitions to lower energy levels. Similarly, the spectrum of a singly 
charged ion is the aggregate of lines emitted by atoms which have been 
doubly ionized and to which an electron is returning; and so on. It 
must be observed that two electrons of a neutral atom can be raised to 
higher orbits simultaneously; the lines emitted when one or both return 
are a part of the spectrum of the neutral atom. 

In general, it may be said that when atoms are excited by subjecting 
them to the action of high temperatures or to bombardment by electrons, 
any increase in the strength of excitation is accompanied by greater 
complexity of the spectrum and by a shift of the center of intensity 
toward the shorter wave lengths. To take the simplest possible case, 
the introduction of a tiny bit of NaCl into the Bunsen flame causes the 
abundant emission of the familiar yellow D-lines (X = 5.890-6 A) 
while other lines are so faint that they are completely lost in the weak 
background of continuous radiation. In the spectrum of sodium, 
obtained by heating the metal in a carbon tube furnace in vacuo, ^ these 
are the first lines to , appear. On raising the temperature other lines 
due to the neutral atom are observed. 

If we study the spectrum of an arc between carbon poles which are 
bored lengthwise and packed with a mixture of carbon dust and some 
sodium salt, we obtain practically all the lines which have been definitely 
identified as due to the neutral Na atom; since this is approximately 
true for many elements, the spectrum of a neutral atom is often called 
the “arc spectrum,^^ regardless of the means by which it is produced. 
If an element is caused to emit light by passing a high tension discharge 
between poles of the material, the spectrum contains, in addition, the 
lines of the singly charged ion, and very frequently the lines due to atoms 
in still higher stages of ionization. The spectrum of the singly charged 

1 King, A. S., Astrophys. J., 27, 353 (1908); and numerous later papers. 
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ion is often called the ^^spark spectrum,” and that due to the doubly 
charged ion the “double-spark spectrum.” It is desirable to abandon 
these ambiguous terms and to designate the spectrum of neutral Hg, 
for example, as Hg I; that of once ionized Hg, as Hg II, etc. 


3. THE SPECTRUM OF A NEUTRAL ALKALI ATOM 

In the spectrum of a neutral alkali atom, such as cesium (Fig. l),i 
one readily picks out three main sequences of lines, known as the “prin- 
cipal,” “sharp,” and “diffuse” series. This designation arises from 
[ the fact that the principal series is espe- 

cially strong in the alkalies, while sharp 
series lines are really quite narrow, and 
diffuse series lines quite broad. There is 
also a “Bergmann” series, or “funda- 
mental” series, lying entirely in the infra- 
_ red except in the case of cesium. The 

3617-17 l^s-S^P “fundamental” is a misnomer, 

arising from the mistaken idea that the 
3B76-8S 7^S-4^p frequencies of the lines in this series 

jmpuriiy represent the lowest frequencies asso- 

ciated with the motions in the atom. 
This terminology is extended to series 
arising from the same types of electron 
Z^P-nj^D and transitions in other atoms, even though the 
Z^P-xn^Ny6964A physical characteristics of the lines may 
JoaboulAZCOA be radically different from the simple 
state of„ affairs described above. The 

fi^s-z^p point to be noticed is that each 

018531-6943) member of the principal, the sharp, and 
Pig. 1.— The spectrum of cesium, the diffuse series is double. The early 

, ^ , members, at least, of the diffuse series 

may be described as doublets in which the component of longer 
wave length is accompanied by a faint companion, or satellite. (The 
erm satelhte is used also in another sense, see Chap. XI, Sec 3 ) 
In the higher members the satellite fuses together with the main line. 

^formation is easily acquired from Table 1. The first column 
contains the wave lengths of the more prominent lines due to the neutral 
c Slum atoin. In succeeding columns the wave numbers of the lines 
are hsted under the names of the series to which they belong, and doublet 
differences are given. The wave lengths of series limits are placed in 
parentheses. These limits cannot be directly observed except in the 
principal series, the limit of which can be clearly seen in the absorption 
* TMs spectrum was kindly prepared for us by Dr, F. L. Mohler, 
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Table 1. — Series in the Spectrum of Neutral Cesium 


Wave lengths, 
International 
Angstroms 


36.127.0 

34.892.0 

30.100.0 
14,694.8 

13.688.1 

10.124.1 
10,026.4 

9.208.40 

9.172.23 

8.761.36 
8,943. 4C)R 
8,521. 12R 

8.079.24 
8,015.90 
7,944.11 
7,609.13 

6.983.37 

6.973.17 

6.723.18 
6,586.94 
6,364.98 
(5,948.23) 
(6,913.77) 
(5,081.88) 
(4,942.07) 
4,593. 16 
4,555.26 
3,888.65 
3,876.39 

3.617.41 
3,611.52 

(3,183.33) 


Principal series 

Sharp series 

Diffuse series 

Bergmann series 

P 

Ap 

P 

AP 

p 

Ap 

P 

AP 





2.767.3 

2,865.2 

3.321.4 








97 . 9 







554. 1 





6.803.3 

7.357.4 







654.1 










9,874.8 

9,972.0 








97.2 





10.866.7 

10 ,899.5 

11.410.7 

42.8 






654 . 0 



11.178.3 

11.732.3 

564.0 




12,374.0 

12,471.8 









97.8 



12.584.6 

13.138.6 







554.0 








14,316.8 

14.336.7 

14.860.8 








20.9 







564.0 





15,177.4 







15,731.4 

554.0 



















97.9 










664.0 

2’Py, 

2Py, 

554.0 



21,766.4 

21,946.6 

181.4 



! 

1 


25,709.3 

26,789.9 

80.6 







27.636.2 

27.681.3 

46.1 







l^S],^, limit. 









spectrum of cesium vapor. This spectrum contains only the principal 
series lines. Bevan ^ was able to obtain 31 members of the principal 
series of cesium, while Wood‘d photographed 57 members in sodium. 

1 Proc, Roy. Soc.;SZ, 421; 86, 54; aad 86, 320 (1910 to 1912). 

2 Astrophys, 43 , 73 (1916). 



186 INTRODUCTION TO OPTICAL SPECTRA [Chap. VII 


The cesium sharp series has been photographed to 7 members; the diffuse 
to 10; and the fundamental to 9. 

There are several important facts in regard to the doublet separations 
in alkali spectra : 

1. In the principal series, the difference of the wave numbers of the 
components of a doublet decreases rapidly as we pass toward the ultra- 
violet. 

2. The wave number differences Av^ of sharp series doublets remain 
constant as far as the series can be followed, and in the diffuse series 
the same is true of the difference Avd between the shorter component 
of the doublet, and the satellite. 

3. Avs = Avd, 

4. The wave-number difference of the first doublet in the principal 
series is equal to Ap^. 

Let us now consider the interpretation of these regularities. Many 
facts in regard to the arc spectra of alkali atoms can be explained by 
assuming that each stationary state corresponds to a different orbit 
of a single loosely bound valence electron. In a transition giving rise 
to an arc line only the quantum numbers of the valence electron are 
changed.^ 

The arc spectrum of cesium, or of any alkali, arises in transitions 
between stationary states occurring generally in close pairs, as shown 
in the energy ^ diagram (Fig. 2). In this diagram, horizontal lines are 
drawn at ordinates proportional to the energies of the atom in its various 
stationary states. We start with zero energy at the top, which corre- 
sponds to^complete removal of one electron. At the left is a scale from 
which we can read off the wave number T of the quantum which would 
be emitted if the valence electron fell from a position at rest at infinity 
into any given orbit. If E is the energy of the atom when the valence 
electron is on that orbit, then T = --E/hc, T is called the term- 
or the term value- belonging to that state. 

This gives us a schematic method of indicating transitions between 
states by drawing an arrow to connect their representative lines. Down- 
ward arrows correspond to emission; upward, to absorption. To aid 


electrons may be 

neglected, and the atom may be treated as though it consisted of a single electron 
mo^g m a central field of force. For this reason it became customary durtfr 
early deve opment of the subject to think of optical energy levels in general as deter- 
mmed by the nature of the orbit of a single electron called the '‘light electron '' and 

orbit. These practices present no difficulties in dealing with the are spectra of the 
alkahes and some portions of the spectra of the alkaline earths, b" ffi otW cases 
they lead to confusion because, in general, several electrons play an active prt Tn 
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the eye in picking out the levels which belong to a physically related 
sequence of states, such as the initial levels for the emission of a series, the 
horizontal lines are separated into several groups. The lowest stationary 
state of an alkali atom is single, and is designated as VSy^ for reasons 
partly historical and partly logical. This symbol is read ^^one doublet 
S sub one-half or ^'one doublet S one-half.^^ It is the first or lowest 
state of a set designated as the S sequence. The letter shows that 
this sequence of levels consists of the initial states for the emission of the 
sharp series. The superscript “2” shows that the state belongs to a 
sequence of levels denoted by and giving rise to a doublet spectrum. 
The particular state under discussion happens to be unaccompanied 


% 



Fig. 2. — Energy diagram of cesium. 


•by another state of closely neighboring energy. The reason why the 
S states are not double will soon be given. In these states the atom 

possesses a total angular momentum ^ ^ so thatj = The subscript 

indicates the inner quantum number. (Many authors usej + instead, 
when j is half-integral, in order to avoid the use of fractional subscripts.) 
We come now to the closely neighboring sequences designated as 
and where m is an integer. The lowest pair of states 

belonging to these sequences is called 2^Py^ and 22P^^. The number ^ 
varies as we pass from level to level within the limits of a given multiplet 
level. The reader will see that the ^P states are the initial levels for 
the emission of the principal series, whence the letter P, and will recognize 
sequences labeled and with m = 3, 4, • • • , which are 

initial orbits for the diffuse series. Other sequences are also present, 
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such as mFj mGj mH, . . . , with m starting at the values 4, 5, 6, , 

respectively. All the terms of the sequences G, H, etc., lie extremely 
close to the i^-terms and cannot well be indicated in the figure. 

Symbols such as 2^P are customarily used, not only to designate a 
spectral term, but also to mean the actual numerical value of the spectral 
term, T. Thus the term values for the states and of sodium 
are 41,449 and 24,493. The wave number of the line emitted in a fall 
from 2^Py' to is 

V = 41,449 - 24,493 = 16,956, (X = 5,896l) 
which is expressed by 

= l^Sy, - 2^Py, 

Therefore the line itself is referred to as VSy - 2^Py. 

Where no confusion can arise, we shall omit the superscript which 
shows the degree of multiplicity of the spectrum (doublets, triplets, 
etc.) and also the subscript indicating the angular momentum of the 
atom. To summarize, an alkali spectrum contains the following main 
series : 


Series 

Satellite 

Component of 
greater wave 
length 

Component of 
sinaller wave 
length 

Principal ; .1 

m ^ 2 
m ^ 2 
m ^ 3 
^ 4 


15 }^ - 

— mSy 
2P^ - mD^ 
ZD^^ — mFj,^ 

— vriP^^ 
~ mSy 
2Py - mD^ 
ZD^^ — 

Sharp 


Diffuse 

- mD^ 
ZDyi - mFy^ 

Fundamental 



The number m runs parallel to the total quantum number of the valence 
electron, but often is not equal to it. The connection between m and the 
total number is discussed in Chap. X, Sec. 1. The energy diagram 
shows clearly why only the principal series hnes appear in the absorption 
spectrum. In the absorption of light the atom is raised from a level 
of lower energy to one of higher energy and since at low temperatures 
all but a negligible fraction of the atoms must be in the lowest energy 
state these hnes must arise in transitions from this lowest level to higher 
ones. We see also, from Fig. 2, that the variation of the doublet dif- 
erence m the principal series, and its constancy in the sharp and diffuse 
senes, is at once explained. The ?-difference of the lines IS - 
and 15 - mP,, is simply - mP«, which decreases as m increases! 
On the other hand, the frequency difference of the members of the sharp 
or diffuse doublet arises from the fact that the two lines have different 
final orbits, 2P>^ or 2P,., the same for all members of the series. 
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4. SELECTION PRINCIPLES 

The question now arises, why do many lines which seem to be possible 
from consideration of the energy diagram fail to occur? Prior to the 
introduction of the spinning electron, it was supposed that the electron 
of an atom in an /S-level has the azimuthal quantum number fc = 1 ; 
while the P, D, F, etc. orbits were assigned the azimuthal numbers, 
2, 3, 4, , respectively. Some authors preferred to assume azimuthal 

numbers ... for the /S, P, . , . levels, for reasons connected 

with the energy of the various states. As a purely empirical rule to be 
justified later, we may say: 

Only those transitions ordinarily occur for which the change in k is ±1. 
Thus we have the combinations /S — P, P — S, P — P, but such series 
as IS — mS, or 2P — mF are either entirely 
lacking or very faint. It remains to mention 
a rule governing the non-appearance of the 
lines 2'^Py^ — which would be satellites 

of the shorter main components in the diffuse 
series: 

Only those transitions ordinarily occur for 
which the change in the inner quantum riumher 
j is ± 1 or 0. 


f : 




Z'JSZScm^j/jD 


i 




11 




Thus, we have in Fig. 3 the following fig. 3 .— 
transitions of J : cesium multiplet. 

^ 3,^, satellite; 

^ longer main component; 

• shorter main component; 

but the line for which y changes from to y fails to appear. A diagram 
of the spectral lines produced in these transitions is given at the bottom 
of the figure. 

6. THE QUANTUM STATES OF A ONE-ELECTRON SYSTEM 
In Chap. X, we shall describe a scheme which enables us to predict 
with almost complete success the existence of every term in the X-ray 
and optical spectra of the atoms. Here we describe its application to 
atoms with only one valence electron. Many features a doublet spec- 
trum can be interpreted by considering the orbits of a single electron 
moving about a kernel which has an electron configuration like that of a 
rare gas atom. It is an empirical fact that the electrons of the kernel 
have zero resultant angular momentum. The existence of the terms 
in the energy diagram can be deduced almost without reference to the 
structure of the kernel, and many of their properties can be expressed 
entirely by means of the quantum numbers of the valence electron. As 
mentioned in the case of the hydrogen atom, four quantum numbers must 
be assigned to this electron. They are as follows: 
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1. n, the total quantum number of the electron orbit, which takes 
integral values and does not measure a vector magnitude. 

2. I = k — which takes the values 0, 1, 2 for S, P, D, etc. terms, 
respectively. The number I is found to behave exactly as we should 
expect k to behave if the old quantum mechanics were valid. The 
reason for this cannot be understood in terms of the model we are using, 
but is easily understandable when using the model suggested by wave 
mechanics (Chap. XVI). 

3. 5, a vector having the magnitude The theory can be applied 
independent of any assumption about the physical nature of s, and the 
method was freely used to predict spectral terms before any hypothesis 
was made to explain this quantum number. However, sh/ 27 r is the 
angular momentum of the electron spinning about its own axis. 

4. j, defined as the vector sum of I and s. We now inquire for the 
possible values of j. Both I and s have fixed values, and their vectorial 
sum j must be constant in the absence of an external field since it repre- 
sents the total angular momentum of the atom. This means that both 
the normal to the orbital plane and the spin axis of the electron must 
precess about the vector j. The strict application of Sommerfeld^s 
quantum conditions to this motion requires that j should be an integer. 
The new mechanics leads to the result that j can take the values 

I + Sj I + s — 1, • • • |Z — s|. (3) 

That is, for a one-electron system, 

j = I ± (4) 

These quantum numbers apply to hydrogen as well as to the alkalies. 

The enumeration of the possible spectral terms is now only a question 
of listing all the possible values of the quantum numbers n, I, and j, 
for 5 is always When I and s are given, the corresponding j values 
are found by using equation (4). In the case of atoms with more than 1 
valence electron, this procedure usually results in the prediction of 
some terms which do not exist. To exclude these terms, we must apply 
the so-called Pauli exclusion principle to the energy levels in a magnetic 
or electric field, introduced to make the system non-degenerate as 
described in Chap. X, Sec. 10. This difficulty is not encountered in'our 
discussion of alkali atoms in the absence of a field. Table 2 illustrates 
some of the possibilities for those low-lying terms of cesium in which 
the total quantum number is 6 or 7, as well as a few others. 

The reader will observe how naturally the singleness of the 8 terms 
fits into the scheme. When i = 0 there is only one possible value for j, 
that is, the value of 5 itself. The 8 term is single in all other spectra 
for a similar reason. The numeration of the terms in column six of the 
table is purely conventional and is explained in Chap, X, Sec 1. 
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6. ZEEMAN PATTERNS OF ALKALI ATOMS 
We now describe the Zeeman pat- 
terns of the principal and sharp series 
in alkah spectra. Only the patterns 
observed perpendicular to the field will 
be discussed since the longitudinal pat- 
terns do not show components polarized 
parallel to the field. If- the frequency 
changes due to the field are large (or 
small) compared to the doublet inter- 
val we say that the field is strong (or 
weak). Obviously, no hard and fast 
distinction is intended. As we increase 
the field, the patterns undergo a change 
known as the "Paschen-Back effect.” 

Hence, we must describe the weak- and 
strong-field patterns separately. In 
weak fields, the line of greater wave 
length, in a principal series doublet 
yields four components as shown at the bottom of Fig. 4. Expressed in 
terms of the wave numberL corresponding to theLarmor precession (Chap. 


s, 


333333 
Fig. 4.-— The Zeeman patterns of a prin- 
cipal series doublet in a weak held. 
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V, Sec. 11) as a unit, their wave number displacements from the postion of 
the field-free line are ± respectively. Similarly, the shorter mem- 
ber has components at ± respectively. The energy levels 

from which the components arise are shown above by full lines, while the 
energy levels in the absence of the field are represented by dotted lines. 
The letters s (senkrecht) or p (parallel) indicate the components polarised 
perpendicular and parallel to the field respectively. The atoms are 
space-quantized in the field, in accordance with Chap. V, Sec. 9, and each 
energy level in the figure corresponds to a definite orientation of the 
vector j with respect to the lines of force. The component of j parallel 
to the field is m, which is called the magnetic quantum number. The 



fu 

Fig. 5. — The Zeeman 
pattern of a principal 
series doublet line in a 
strong field. 


facts in regard to these patterns may be summed 
up by saying that the displacements of the energy 
levels are given by the formula 

Av = mgL, (5) 

where m takes half -integer values from —j to -|-y 
and g = %ioT % for 2 for This 

formula differs from that for the normal Zeeman 
effect only through the factor g (Chap. X, Sec. 8). 

Equation (5) is valid when the forces due to the 
magnetic field do not appreciably affect the cou- 
pling between I and s, which causes them to form 
a quantized resultant j.- This condition is not 
met if a ' strong magnetic field is applied to 
the atom for then the electron will orient itself 


with its axis of rotation parallel to the field so that the projection 
of its angular momentum vector along the field is identical in value 


with the vector itself, being either 


1 ^ _lh 

2 27r 2 


We call this projection 


msh/2T, so that the magnetic quantum number of the electron in such 
a field is m,. Further, in a strong magnetic field the orbit of the valence 
electron is independently space-quantized, so that the component of 
I along the field is mi. Hence the restriction If 1 = 0, 

we may suppose the orientation is indeterminate. The energy levels 
in a strong field are obtained exactly as in the treatment of the Zeeman 
effect of hydrogen (Chap. V, Sec. 11) and are given by the formula 

Av = (mi -f 2ms)L. (6) 

The factor 2 appears here because the electron has a magnetic moment 
of one Bohr magneton though its s is ]/%, so that it processes with twice 
the frequency of the Larmor precession. As an illustration, we show 
m Fig. 5 the strong-field patterns of principal and sharp series lines, 
as given by equation (6). The values of mi, and m, + 2m. are 
indicated at the sides of the figure. 
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7. SERIES FORMULAS FOR ALKALI ATOMS 

As we said at the beginning of this chapter, Rydbergi showed in 
1889 that the terms of the series spectra known at that time and belonging 
formula^^^”^^^*^ columns in the periodic table follow a 

T = 

(m + <pY' 


Here we shall follow the numeration of Paschen, in which the terms 
ot the various sequences are numbered as follows: 


mS: 

m = 1, 2, 

mP: 

m = 2, 3, 

mD: 

m = 3, 4, 

mF: 

m =S4, 5, 


A r6sum6 of the various systems of numeration is given in Chap. X, 
Sec. 1. Only the combination m + v? is determined by the magnitude 
of the term, so that the value of m is quite immaterial. This number 
serves only for the convenient identification of the terms in a sequence. 

nearly constant for all the terms of a given sequence such as the 
byi, Py„ or terms of the alkali metals, but changes when we pass to 
another sequence. Since these are associated with different values of I, 
this means that ^ is a function of I and also of s. Hitz^ modified the 
formula (7) to give definite expression to the variation of <p with the 
running number m, and showed that it was capable of representing 
many series terms with high accuracy. His formula is 


T = 


RZ^ 

(m + a + hT)^' 


( 8 ) 


where a and 6 are constants. Usually it is quite satisfactory to use the 
alternative formulas 



RZ^ 


m + a + 


h' 


(m + a) 


)’ (”■ + “ + 


(8a) 


In fact we may regard a + bT in equation (8) as the first two terms of a 
senes m ascending powers of T, which reduces to its first term a as m 
approaches infinity. Both a and b are functions of both I and s, and 
approach zero as I increases. The same remarks apply to the formula 
ot Hicks, 


T = 


RZ^ 


m + 


I 

a + — ) 
m J 


(8b} 


‘ K. Swenska Akad. Hand!., Vol. 23 . 

“ Ann. Physik, 12, 264 (1903); Physik. Z., 9, 521 (1908). 


194 


INTRODUCTION TO OPTICAL SPECTRA 


[Chap. VII 


Ordinarily we shall use the Ritz formula. The Rydberg and Ritz 
terms are customarily indicated by the symbols (m, cp) and (m, a, h ) , respec- 
tively. It is often convenient to write m + a + hT in the form 

n + A + BT, (10) 

where n is the total quantum number of the valence electron. The 
quantity in equation (10) is sometimes called the Rydberg” or ^^Ritz 
denominator,” although it is actually the square root of the denominator 
of equation (8), but more often we speak of it as the effective quantum 
number, n*. Further, the so-called quantum defect” is 

Q = n - n* = - Sr. (12) 

Rewriting equation (8) in the form 

we see that the quantum defect is a measure of the departure of the 
spectral term from the hydrogenic term having the same total quantum 
number. Without exception, the terms of neutral alkali atoms are 
greater than the corresponding hydrogenic terms, so n — n* is positive 
for these atoms. Table 3 gives effective quantum numbers for certain 
terms of alkali atoms. The value of n for each doublet level can easily 
be found with the aid of this table, and of approximate atomic models 
now to be explained. 

8. APPROXIMATE MECHANICAL MODELS 

Many ingenious attempts have been made to calculate the energy 
levels of the simpler non-hydrogenic atoms with the aid of classical 
mechanics and the quantum conditions. Of course the mathematical 
difficulties are great. Even the three-body problem can be solved only 
by successive approximations and then only for certain special con- 
figurations, such as that in which both electrons move on identical orbits 
or one moves on a much larger orbit than the other. The problem 
of the lithium atom is still more difficult and no attempts worthy of 
serious consideration have been made to obtain the term values of atoms 
having three or more electrons. Calculations for the helium atom, assum- 
ing that the two electrons move on identical orbits, have been made by 
Bohr,i Van Vleck^ and Kramers.^ It is found that none of the models 
studied give the observed value of the ionizing potential and moreover the 
models are dynamically unstable; i.e., the electrons will not continue to 
move on orbits which are even approximately identical if their motion is 
slightly disturbed. Born and Heisenberg^ have calculated the excited 
terms of helium and find that these also do not agree with the observed 
values. 

^Phil, Mag., 26, 476 (1913). 

^Phys. Rev., 21, 372 (1923). 

3 z. Physik, 13, 312 (1923). 

^ Z. Physik, 16, 229 ^923). 



Sec. 8] MATE MECHANICAL MODELS 195 

If the laws of mechanics held, atoms having many electrons would 
exhibit similar instability. Thus the energy of one electron in such an 
atom might increase, while the others lost energy until it was spon- 
taneously ejected from the atom, in evident contradiction with fact. 
Or, one electron might move so close to the nucleus that it would collide 
with it. The experimental behavior of atoms is characterized by a 
regularity and relative simplicity which cannot be explained on the 
basis of ordinary mechanics. These facts alone point out the necessity 
of the new systems of dynamics. 

In order to secure approximate models of the alkali metal atoms and 
thus a partial explanation of the energy levels, we can make non-mechan- 
ical assumptions which simplify the problem. An alkali atom can readily 
lose its valence electron to form a singly charged positive ion, a fact 
wjiich led us to conclude that this electron alone is responsible for the 
doublet spectrum of the neutral atom. Similarly, the divalent elements 
of the second column of the periodic table and the trivalent elements 
of the third column readily lose two or three electrons, forming doubly 
and triply charged ions, respectively. 

The singly charged ion of a second group metal or the doubly charged 
ion of a third group metal has a single valence electron moving about a 
very stable electron group. Thus, the ions Mg"*^ and Al++"^ have the 
same electron configuration as the very inert gas neon, while Hg'*""'' and 
T1+++ must be similar to platinum, which is also very inert chernically. 
Mg+, Hg+, A1++, and Tl“^''“ are called “alkali-like^^ because they possess a 
single valence electron. The stable electron group obtained when this 
electron is removed is called the “kerneT^ or. the “core.'^^ 

The model of atoms (or ions) with one valence electron, used first 
by Sommerfeld,2 rests on the assumption that the force field of the kernel 
is central in character so that the electron moves in an orbit similar to a 
processing ellipse; whatever the law of central force between the kernel 
and the electron may be, the successive loops of the orbit have the same 
shape (Fig. 6). Therefore, the same energy and angular momentum 
are to be associated with the electron at corresponding points of these 
loops. Thus, the difficulties of spontaneous ionization or of collision 
with the nucleus do not arise with this model. At large distances 
from the kernel, its force field should approximate to the inverse square 
law. The kernel is not to be considered as a uniformly charged spherical 
surface of definite radius. The electrons within the kernel are rather 
to be regarded as moving (approximately) on elliptical or circular orbits 

1 We shall use the term ''kernel” as the equivalent of the German atomrest or 
rumpf. It was first used by Lewis (/. Am. Chem, Soc., 10, 1121 (1916)), and we 
beheve that it is a better English equivalent than other terms suggested since that 
time. 

2 Ann. Physik, 61, 15 (1916). 
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of differing semimajor axes and eccentricities, giving rise to an average 
field not unlike that of a spherical volume charge with density whicl 
varies in a radial direction. The electron will induce a polarizatior 
of the kernel so that the field at points outside will be somewhat greatei 
than the inverse square. At internal points, some of the electrons 
of the kernel will not “screen” the nucleus and therefore the force 
exerted on the valence electron will be much greater than the force 
outside. Within the innermost shell of electrons the nucleus is not 
screened by any of the electrons of the kernel and therefore the force 
will be 



where Z is the atomic number. It is convenient to represent the force 
at any distance from the nucleus as 


F - 




(13) 


where Z{f) is a function of r, which decreases from the value of the atomic 
number at r = 0 to a value of 1, 2, 3 • • • at r = oo for neutral, singly 
or doubly charged atoms, respectively. However, in order to show 
qualitatively the various types of orbits of an electron moving in the 
field of an atomic kernel, we can use a simpler model for the kernel, 
namely, a positive nucleus surrounded by a uniformly charged spherical 
surface, so that the net attracting charge is Z'e outside of the spherical 
surface and Ze inside this surface. To determine the possible types 
of orbit, consider the situation when the path of the valence electron 
lies entirely outside the kernel. Its minimum distance of approach is 


= a(l = 








(14) 


for an elliptical orbit of semimajor axis a, where the energy is negative 
and n is finite. ai is the radius of the first orbit of hydrogen. For 
the parabolic orbit, where the energy is zero and n is infinite, this becomes 

Pcii 
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All orbits having the same value of h have the same parameter, 

c ~ 

An orbit having n finite and the orbit with u infinite are shown in Fig. 7. 
If for some particular value of the radius of the spherical shell p is 
less than ¥‘ai/2Z\ all the orbits of a sequence having the azimuthal 
quantum number k will lie outside the shell and will be elliptical orbits 
just as in the case of the inverse square field of force of a bare nucleus. 
If p is greater than c, all orbits with azimuthal number k will penetrate 
the shell, and the circular orbit for which n = /c will lie completely 
inside. Finally, if p lies between c and c/2, the orbits of low total quan- 
tum number will not penetrate the shell but those of higher total quantum 
number will do so. Examples of all three of these types are known, 
although the types are not as sharply defined as this simple model would 
predict, since the kernel may have several shells of electrons and the 
valence electron may penetrate morb than one of these shells. We 
now consider these three cases in turn. 


9. NON-PENETRATING ORBITS 


These will have energy values lying very near those of the hydrogenic 
atom having an atomic number equal to the number of charges on the 
kernel. For such orbits the effective quantum number must lie very 
close to integral values and it is possible to pick them out in most cases 
from tables similar to Table 3. Thus the and W levels of the 

single .electron spectra of Li I and the other elements in the first 
horizontal line of the periodic table have effective quantum numbers 
lying very close to the hydrogenic values. The terms of Na I, K I, 
Mg II, A1 III, and Si IV and the terms of these spectra as well as 
Rb I, Cs I, Ca II, Sr II, Ba II, Zn II and Cd II have effective quantum 
numbers which are nearly integral, and, therefore, belong to non-penetrat- 
ing orbits. These terms follow the Ritz formula fairly well, although 
there are some minor deviations. This behavior is predicted by simple 
theory. 

The field of force outside the kernel may be represented by a series 
in descending powers of r, 


F = 




(15) 


R may be, of course, that certain terms in this series are much more 
important than others. Born and Heisenberg^ came to the conclusion 


Physik, 23, 388 (1924); Born". “Yorlesungen iibcr Atommechanik/’ p }89 
Springer (1925). 
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that the term containing is probably more important then any of the 
others except the inverse square term. The inverse fifth power term 
appears because the kernel is polarized by the field of the valence electron. 


Table 3. — Effective Quantum Numbers for Neutral Alkalies and Ionized 

Alkaline Earths 



Li 

Na 

K 

Rb 

Cs 

IS^^ 

1.588 

1.626 

1.771 

1.805 

1.869 

2S\^ 

2.596 

2.643 

2.802 

2.846 

2.920 

ZSy^ 

3.598 

3.647 

3.800 

3.856 

3.934 

Q 

0.40 

1.35 

2.18 

3.14 

4.06 

2Py 

1.966 

2.116 

2.232 

2.280 

2.392 

ZPy 

2.956 

3.133 

3.263 

3.317 

3.374 



3.954 

4.138 

4.272 

4.329 

4.390 

Q 

0.05 

0.86 

1.72 

2.66 

3.60 

3Z).)« 

2.999 

2.990 

2.854 

2.767 

2.548 



3.998 

3.988 

3.797 

3.706 

3.528 



5.000 

4.987 

4.770 

4.684 

4.526 

Q 

0.001 

0.02 

' 0.25 

1.33(?) 

2.47(?) 



4.000 

3.999 

3.994 

3.989 

3.977 



5.005 

5.000 

4.991 

4.984 

4.975 

Q 

0.001(?) 

-0.00 

0.01 

0.01 

0.03 



Mg+ 

Cd+ 

Sr+ 

Ba+ 



1.903 

1.791 

2.222 

2.333 

. 

2.920 

2.868 

3.267 

3.403 



3 925 


4 286 

4 4.04 

Q 

1.07 

3.10 

2.70 

3.60 

2Py 

2.265 

2.181 

2.595 

2.696 

3Ph 

3.286 

3.245 





4.293 

4.276 



Q 

0.70 

2.71 

2.4 

3.3 

ZDsy, 

2.970^ 

3.066 

2.431 

2.407 

4:D3y 

3.9621 

4.093 

3.513 

3.557 

sDz'i ; . . . . 

4.9601 

5.104 

4.536 

4.588 

6Z>5^ 

5.9571 

6.108 

5.552 

5.603 

Q 

0.04 

1.89 

1.45 

2.40 



4.00 

3.962 

3.962 

3.681 

5Fh... 

5.00 


4.966 

4.495 



6.00 

5.953 

5.970 

5.209 

Q 

0.00 

0.05 

0.03 

0.79 


These refer to the levels. 
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To a first approximation the electric moment p of the induced dipole is 
proportional to the intensity of this field at a distance r from the center 
of the kernel so that 

p = ( 16 ) 

where o: is a constant called the ^^polarizability/-’ The dipole can be 
regarded as two equal charges of unlike sign and 

magnitude p/l at a small distance I from each , ^ 

other. The axis of the dipole always points toward ^ 

the electron (Fig. 8) and the force tending to increase 
the distance between them is 


1 1^ 
- ynyh 


(y. _ ^3 y.6 ^ ^ 

The expression for the total force between the kernel and electron is 
therefore 

' (18) 

The potential energy is 

y.-JW. „9) 

and the kinetic energy is m(f2 + rV^)/2. The radial and azimuthal 
quantum conditions are thus 

r rr IH 


L4r=S\2mE + ^^-^+e^ 
J J L r 


dr = rirh 


p^dcp = 27rp^ = kh. 


The integral in equation (20) is evaluated in Appendix II and leads 
to the energy value, 


where ai is the radius of the first Bohr orbit of hydrogen. The constant 
can be calculated from the experimental values of 5i and ^2 independently 
and may then be compared with a value found in the following way. 

The kernel of each of the alkali metal atoms has the same number 
of electrons as one of the inert gases and undoubtedly has the' same 
electron configuration. The electrons of the inert gases are bound less 
firmly however than those of the kernels of the alkali metals immediately 
following them in the periodic table, because of the smaller charges 
on their nuclei. Therefore, the polarizabilities of these atoms should 
be greater than those of the alkali metal kernels, though we can expect 
that the constants will be of the same order of magnitude. The value 
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of the constant a for a rare gas can be calculated from its dielectric 
constant e or from its refractive index n for infinitely long wave lengths 
by the Lorentz-Lorenz formula, 

3 6 - 1 _ 3 - 1 

iiriv 6 + 2 47rV H 

where V is the number of atoms per unit volume; n is obtained by 
extrapolating the refractive index curve to very large wave lengths. 
In the following, Table 4, the first row contains values of a calculated 
from refractive indices. The second shows values obtained from spectro- 
scopic data, assuming that k = 1^ 2, 3, ■ • • for the Sj P, Dj • - - 
sequences, respectively. The third row is obtained in the same manner 
as the second row except that k is taken equal to % etc. Rubid- 

ium is not included because of the irregular character of its terms. 


Table 4. — Polarizability Constants 


Inert gases 

He 

Ne 

A 

Kr 

X 

1024a 

0.20 

0.39 

1.63 

2.46 

4.00 

Alkali metal ions 

Li+ 

Na+ 

K+ 

Rb+ 

Cs-^ 

With k integral, 1024 q! 

0.314 

0.405 

0.68 


6.48 

or, with k half-integral, 1024o!. . 

0.075 

0.21 

0.87 


3.36 


It will be noted that the half quantum numbers for k give values 
of Oi lower than those of the corresponding inert gases, as they should 
be, while whole quantum numbers do not. This appears to be an argu- 
ment for the half quantum numbers but it cannot be taken as conclusiv©. 
Hartreei and Schrodinger^ pointed out that different values of a can be 
secured by using different sequences of 'terms. The calculations show 
that the order of magnitude of a calculated with either set of values of 
k is that to be expected from the refractive indices of the rare gases. 


10. PENETRATING ORBITS 

Schrodmgers first showed that the orbits of the alkali valence 
electron must penetrate the kernel. In order to understand the difference 
between the energy values of penetrating and non-penetrating orbits 
we may assume that the kernel consists of a nucleus surrounded by a 
sphencal sheU, with the charge of q electrons uniformly distributed 
over Its surface. Schrodmger considered the more general case of several 
sheUs mth different radii, but the essential points can be understood 
by considenng a simple model for the sodium-like atoms and then extend- 
ing the results to atoms of higher atomic number. Let us suppose 
that a sodium-hke atom consists of a nucleus of charge Ze (Z = 11 12 

loe! S aS? 


' Ann. Physik., 77, 43 (1925). 
* Z. Physik, 4, 347 (1921). 
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13, . . . for Na I, Mg II, Si III, . . . , respectively) surrounded by a 
very small sphere carrying a charge and a larger shell of charge 
— 8e, and radius p. This distribution is based on the facts in regard 
to X-ray spectra presented in Chap. VIII. The two electrons of the 
inner shell may be considered as coincident with the nucleus for our 
purpose. Outside the kernel the effective charge attracting the valence 
electron is Zo, where 

Za^ Z -10, (23) 

while inside the kernel it is 

Zi=^ Z -2, (24) 

Neglecting the effect of polarization, the potential energy of the system 
when the valence electron is outside the shell is 


while inside the shell it is 


V - 



r > p, 


(25) 


V = 





^f + ^>r<p. (26) 


The total energy and angular momentum of the electron are the same 
both inside and outside, and its path consists of sections of ellipses 
(Fig. 6). The equations of the outside and inside orbits and their 
semimajor axes are, respectively, 


and 


where 


1 

mZoe^ r 

p ^ 1 

mZie^ r 




= 1 


1 + : 
1 + 


2Ep^ 

mZo^e^ 

2Eip^ - 
mZi^e^ 


cos B, Uo = 
cos 0, ai = 


2E ’ 

2Ei 


(27) 


pi], — pj (Z{ Zo)e^ 

p 


In applying the azimuthal quantum condition to this orbit the range 
of integration is 27r, and so 


V 



(28) 


but the range of integration for the radial quantum condition is made up 
of an outer loop and an inner loop^ for after traversing this path the 
electron repeats its motion. The radial integral is 



p^ 

rp 2 


dr = Urh. 


(29) 
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The integration can easily be carried out, but the graphical method 
used by Wentzel,^ Sommerfeld,^ and others shows more clearly the 
meaning of this integral. In Fig. 9, which is a modification of one 
given by Sommerfeld, pr is plotted against r so that the area under the 
curve ABCD is the radial integral and according to the quantum con- 
ditions must be equal to Urh. The radial integral of another orbit is out- 
lined by the curve A ' and that of an orbit which just falls within 



Fig. 9. H.a.dial phase integrals of pene- 
trating orbits. 


The area under this 
We set 


the kernel by the curve A"C"D". 
The energy .® of the quantized orbit 
must be such that the azimuthal and 
radial quantum conditions are ful- 
filled. The area under the curve ABF 
is the radial integral of an orbit having 
the same energy and angular mo- 
mentum as the actual one but which 
lies entirely in the inverse square field 
of force of a positive charge Z„e. 


curve is not a multiple of Planck’s constant. 


and then 


/[ 


2mE + t 


E = ^ 


Rhc 


(nr^ + ky 


dr = nyh 


Rhc 


(30) 


(31) 


where n* and n* are not whole numbers and n* is obviously the effective 
quantum number defined in Sec. 7. Further, 


- « -r 

where Q is the quantum defect defined in equation (12), and so 

nrh = fiAh -j- Qh. (33) 

The geom^ric meaning of Qh is now clear. It is the area FBCDF 

used by Bohr in to^nW extensively 
valence electrons in their norLfyoSt'^''^?T alkali 

are 2, 3, 4, 5, and 6 for Li Na K RK l^kese numbers 

, , , a b Li, Na, K, Rb, and Cs, respectively. Cu, Ag, and 

Physik, 19, 53 (1923). 

“Atombau,” 4th ed., p. 537 , 
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Au have the valence electron in the states in 4, 5 and 6 quantum 
orbits, respectively. The values of Q assigned to the energy states 
of the doublet spectra considered here are given in Table 3 and the 
values of the total quantum numbers of the orbits are obtained by adding 
Q to the effective quantum number and taking the nearest whole number. 

11. PARTIALLY PENETRATING ORBITS 

As stated above, it may happen that the orbits of higher total quantum 
number in a sequence may penetrate the kernel while those of lower 
quantum number do not. This occurs, if the radius of the kernel lies 
between k^ai and /c^ai/2, as shown in Fig. 7. An example of this was 
found by Wentzel {loc. cit.) in the sequence of terms of the mercury 
arc spectrum. The higher members of this sequence have large quantum 
defects while the lower terms have small quantum defects. This 
sequence belongs to an atom with two valence electrons, however, and, 
therefore, the irregularity of the effective quantum number may be 
partly due to causes other than the one considered here. 

12. MODELS OF MORE COMPLICATED ATOMS, AND THE RITZ FORMULA 

The results obtained from our penetrating-orbit model of the sodium- 
like atom, such as the derivation of the Rydberg formula, are surprising 
in view of its simplicity. Of course many modifications suggest them- 
selves. The force field outside the kernel is not exactly an inverse 
square field as assumed, partly because of polarization forces and partly 
because the electrons of the kernel cannot be replaced by a uniformly 
charged spherical surface. Moreover, in dealing with more complicated 
atoms, the effect of the electrons should be approximated by several 
shells of charge. The orbit of a valence electron would then consist 
of parts of several ellipses with different major and minor axes. It 
can be shown by methods like those of Sec. 9 that the spectral terms of such 
a model are given by the Ritz formula (8). According to the theory 
the constant a should be negative, and h positive. Ordinarily this is 
found to be the case. 

Much attention has been devoted to the computation of spectral 
terms on the basis of the shell model, and in simple cases fair agreement 
with the spectra has been attained. Appropriate distributions of the 
inner electrons must be determined with the aid of information gained 
trom X-ray spectra. 

13. THE ORIGIN OF THE ALKALI DOUBLETS 

We have seen that the difference between the orbits and 

and m^Py of the valence electron of an alkali lies in the orientation 
of the electron-spin vector with respect to its angular momentum. The 
quantum numbers n, I, and s are the same for both orbits, but s and ? 
are parallel and antiparallel for these two states, respectively. Therefore, 





Hydrogfen 
Fig. 10. 


L/fhhm 
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we should be able to calculato the wave-nuniber difference of these 
terms by a method like that used in Chap. V, Secs. 16 to 19, to obtain 
the difference of the terms 2, 1, % and 2, 1, 34 hydrogen. The paral- 
lelism of the two cases is most easily seen by considering the element 
lithium, whose P orbits do not penetrate the kernel, the term values 
being very close to those of hydrogen. At the left of Fig. 10 the positions 
of the two-quantum states of hydrogen are indicated on a much exagger- 
ated scale. The 2, 1, H, and 2, 0, terms are shown separately though 
they are actually coincident. The slight displacements of these terms 
from the positions predicted by the simple Balmer formula are due to the 
combined effects of relativity and electron spin, as summed up in equation 
(93), Chap. V. The corresponding terms of lithium are shown on the 

right, also on a distorted scale. The 

epj/^ orbit penetrates the kernel, as we recognize 

immediately from Table 3. Its quantum 
numbers arc n = 2, Z == 0, J so that it 

corresponds to the 2, 0, 34 <^^bit of hydrogen 
and is denoted by the same symbol. Sim- . 
ilarly, the 2‘^Pi.i and 2‘^Pn orbits correspond 
to 2, .1, 34 and 2, 1, % of hydrogen. The 
interval between these two states is small, 
for the orbits have the same total and 
azimuthal numbers, and are practically coin- 
cident. In fact, the interval is due to the 
electron spin. The energy of the penetrating 2, 0, }/2 orbit is also affected 
by the electron spin and the relativity change of mass, though these are 
small compared to the increase of the term due to penetration. The 
interval between IS and 2P is usually called a screening doublet,'' for 
the difference of their energies is due to the fact that on the average an 
electron on a LS' orbit is not screened from the powerful attraction of the 
nucleus to the extent it would bo in traversing a 2P orbit. Likewise, the 
interval between the 2'^Piij and 2^P% orbits is called a spin doublet. 

A better name would be ^^spin-relativity doublet. 

A quantitative test of the adequacy of this explanation is easily made. 
From equation (93) of (lhap. V, the interval between two levels with 
quantum numbers n, I, I + 34 Ij ^ “ 

nH{l + 1)' 

Now, in dealing with lithium, instead of employing an effective quantum 
number, we may tliink of the non-penetrating 2P orbits as hydrogenic 
orl)itB moving in the field of a nucleus with an effective chaige so 
that the .spectral term is 


-The (iorr(‘la( ion of 


hydrogon luul lithuirn tormn. 


H is 


AP = 


(33) 


T 


RZ.«^ 

2 * 


(34) 
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Using the known value of T, namely 28,582.5, we find that = 1.021, 
This value is used in equation (33) to calculate the relativity and spin 
corrections of the two orbits in question. The result is 

A5u = A?h, (35) 


where A?h is the separation of the two quantum orbits of hydrogen, 
0.365 cm.~b Therefore, 

Ai^Li = 0.386 cm.^b 

Kent^ has found the separation of the 2P orbits to be 0.34 cm.“^ 
which is a satisfactory agreement in view of the approximate nature 
of our model. 

In order to apply these ideas to the penetrating orbits of the other 
alkalies, it is necessary to consider the contributions of the inner and outer 
parts of the orbits. On the outer part of its orbit, the electron moves 
in a field corresponding to an effective atomic number Zo and in an orbit 
•whose dimensions are determined by the quantum numbers n* and I 
For an electron moving in a complete orbit of the same shape as this 
outer loop, the difference in wave number for the two possible orientations 
of the electron spin relative to the orbital angular momentum will be 


_ Ra^Zo^ 


(36) 


Similarly, the wave number separation for the two orientations for an 
electron moving in a complete ellipse having the same constants as the 
inner loop will be 


. ^ Ra^Zi^ 


(37) 


To get the value of AiJ for the actual orbit consisting of an outer and 
inner loop. (Fig. 6), we weight these two values in proportion to the 
relative times spent by the electron in the two parts of the orbit. This 
procedure is partially justified by the theorem of Chap. VI, Sec. 10. 

The time r required for the electron to move from the position of 
maximum distance from the nucleus to the minimum distance and back 
again in the actual orbit is nearly equal to the time required for it to 
traverse the whole outer ellipse, a result easily verified by the study 
of a few examples. Therefore, 


4 Tr'^nie^Zo^ 


(38) 


Similarly, the time spent in the inner loop of the orbit is very nearly equal 
to the time of revolution in a completed internal orbit, so that 




(39) 


1 Adrophys. J., 46, 343 (1^)14). 
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and 


Ap = Apo h ~ Avo “f" Av%-~ 

T T To 


Ra^Zo 


• n*H(l + 1) 


(Z.2 + 2,2). 


(40) 


14. THE CALCULATION OF ORBITAL PROPERTIES FROM DOUBLET 

SEPARATIONS 


If Zo is small compared to 2^, the first term in the parenthesis can 
be neglected. In this form Land^^ used equation (40) to calculate 
values of Zi for the penetrating P levels of a large number of atoms and 
found that Zi differed from the atomic number by only a few units 
in all cases. This was interpreted as showing that the electron penetrates 
close to the nucleus in all these orbits. 

For the doublet separations of ionized atoms of low atomic number 
it is not justifiable to neglect Zo^ in the equation above. The Zi values 
for the doublet spectrum of Na and for ions which have the same number 
of electrons as Na (namely, 11), are given in Table 5. 


Table 5 


Zo 

22P,^4. ~ 2^Py, 

n* 

^4 

Z^Pi/2 — ^^Pyz 

n* 

1 

17.18 

2.117 

7.58 

5.49 

3.134 

2 

91.55 

2.265 

9.34 

30.05 

3.287 

3 

238 

2.370 

10.58 

80.13 

3.392 

4 

460 

2.450 

11.37 

162.06 

3.471 

5 

795 ■ 

2.509 

12.14 



6 

1279 

1 

2,556 

12.86 







Na I.. 
Mg 11. 
A1 III 
Si IV. 
P V. 
S VI. 


7.55 

9.36 

10.50 

11.38 



42Pj,^ - 4 »Pj4 

n* 

Zi 

Average 

Zi 

1 

Z - Zi 

Na I 

2.49 

4.139 

7.72 

7.62 

3.38 

Mg II 

14.07 

4.294 

9.57 

9.42 

2.58 

A1 III 

39.15 

4.399 

10.86 

10.62 

2.36 

Si IV 

75 

4.478 

11.34 

11.36 

2.64 

P V 




12 14 


S VI 




12.95 

^ . ou 

3.06 






The last column of the table gives the value of the so-called screening 
constant for the inner part of the orbit. It is the difference between 
the atomic number and the calculated value of Zi for the orbits of 
these atoms. The data indicate that the P orbits of these atoms plunge 
inside a shell of about 7 electrons and remain outside the region occupied 

^ Z. Physik,j 26, 46 (1924). See also Millikan and Bowen, Phvs, Rev,, 24, 209 
(1924). 
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of hydrogenic atoms. The total quantum numbers n are written beside 
the terms. If an energy level falls close to the corresponding hydrogenic 
level, the orbit is ordinarily assumed to be non-penetrating and is given 
the same quantum numbers as the corresponding hydrogenic level; 
the doublet separation must also be small in order that this may be 
justifiable. Thus in Cu I, the levels fall near the two-quantum level 
of hydrogen so that they might be assigned the numbers n, Z = 2, 1. The 
doublet separation is large, however, and it is probable that this is a 
penetrating orbit with the quantum numbers n, Z = 4, 1. The assignment 
of total quantum numbers is largely determined from such general studies 
of the building up of the entire periodic system of the elements, which 
will be taken up in Chap. IX after X-ray spectra have been discussed. 

16, THE SCHEME OF QUANTUM NUMBERS FOR AN ATOM HAVING ANY 
NUMBER OF VALENCE ELECTRONS^ 

We are now in a position to discuss the spectra of atoms having 
several valence electrons. New phenomena will be encountered because 
the properties of the atom, e.g.j its energy, and its behavior when external 
fields are applied, will depend on the quantum numbers of all the electrons 
in the uncompleted outside group. In the presence of a uniform external 
force field, which we assume to be magnetic for simplicity, each electron 
in the outer group may be characterized by five quantum numbers. 
We denote the quantum numbers of the pth electron by 

Up, Ip, Ulip, Spj TYlgp, (41) 

Here Up is the total number, Ip the reduced azimuthal number, and mip, 
the component of Ip along the lines of force; Sp is th^ spin quantum 
number while rrigp is the component of Sp along the lines of force. ^ When 
there is no external field, the system is degenerate and the situation is 
simplified. Let us suppose that the values of Up and Ip for each electron 

^ The quantum numbers I, s, and j are vectors and should be indicated in bold-face 
type; but, since this is not customary, they have been indicated in this way only when 
it was especially necessary to emphasize their vector character. 

2 These five quantum numbers do not constitute a unique choice, and we shall 
sometimes use other systems, e.g., we shall replace 8p byjp, where jp is the resultant of 

and Ip. The reader may wonder why the spinning electron is assigned only five 
quantum numbers. The fact is, there should be six quantum numbers if we think of 
the electron as a rigid body spinning on an axis. To specify the position of such a 
body, we may give the coordinates of a point on the axis, and three other coordinates 
which specify the motion of the electron about its center of gravity. The quantum 
numbers for the motion of a symmetric rigid body in the absence of a field of force are 
discussed in Chap. XII, Sec. 24. A third quantum number specifying the orientation 
of the angular momentum vector is necessary when a field of force is applied. This 
corresponds to rrisp. In the case of the spinning electron, it appears probable that the 
other two have the same physical significance, so that apparently we deal with only 
one of them. 
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term sequences were given the names, /S,. P, D, etc., and the values 
k — 1, 2, and 3, etc. were assigned to these sequences, exactly as described 
in Sec. 3 . Naturally, it was believed that the azimuthal number of a 
spectral term was actually the azimuthal number of a single electron, 
called the ^4euchtelektron^^ or ^^emitting electron.’’ Today, we know 
that /c — 1 is identical with Z, the resultant of the Ip, so that Z = 0, 1, 
2, • • • etc. for the S, P, D, etc. terms, respectively. When s = 0, 

1, etc. we are dealing with singlets, doublets, triplets, etc. The multiplicity 
of the system of terms is indicated by a superscript in front of the symbol 
S, P, etc. Thus a triplet term for which I = 1 and j = 2 is written 

17. DESCRIPTION OF SECOND-GROUP SPECTRA 

The spectra of the neutral atoms of second group elements are more 
complicated than those of the alkalies because there are two sets of 
energy levels, a singlet system and a triplet system. We have spectral 

lines due to the combination of 
single levels, and groups of spec- 
trum lines, three or six in number, 
due to the combination of triplet 
levels with other triplet levels. In 
addition, there are lines caused by 
the change from a triplet level to 
a single level, and vice versa, which 
are called “intercombination lines.” 
In these spectra, the terms and their 
combinations may be described by 
means of numbers Z, j, and s, j ust as in 
the case of the alkali atoms. These 
numbers are characteristic of the 
term and not of any single electron. It is found empirically that when 
they are assigned to the terms in the way indicated in the energy diagram 
(Fig. 12), the selection rules as given above for doublet spectra hold 
true, i.e., Z changes by ±1, except in the case of combinations with the 
so-called primed terms, which will be discussed presently; and j changes 
by + 1 or 0, with the additional restriction that the change 0 0 is 

forbidden. 

We use the Hg spectrum (Fig. 13) as the first example because of its 
importance in experimental work. The physical properties of Hg are 
such that it is widely used in testing spectroscopic theories as well as in 
photochemistry and biological work, and the reader cannot be too 
familiar with its spectrum. Anticipating, we may say that all the terms 
which we shall define in discussing this element correspond to con- 
figurations in which one of the two valence electrons is on an excited 
orbit, while the orner is on an unexcited orbit, The freauenoy 


y 

iOfiOO 
80,000 
30,000\ 
40p00 

sqooo 
60,000 - 

70.000 - 

60.000 


- 1 5 j 

2 / 44/ 

-3^D 2 0 2 

^2\So. 0 0 0 
-2^Sj Oil 

- 2 :% J 0 / 

-2% / / 2 
/ / / 
■^2^Po I/O 


-7 So 0 0 0 


Fig. 12. — The energy diagram of mercury. 
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differences between the components of the more important triplet levels 
of Hg are very large; e.g,, 2^Pi — = 4,631 cm.“"h Quite generally, 

the separations of the components of multiple terms increase as we pass 
from low to high atomic numbers in a given group of the periodic table. 
The large p difference of the 2^P terms of Hg causes successive groups 
in the sharp and diffuse triplet series to overlap, so that it is difficult 


to detect series in this element by 
eye. The lowest term of the spec- 
trum is the singlet term VSq which 
lies at 84,178 cm.""h There is no 
triplet S state having a term value 
comparable with VSq, 2^>So is found 
at 20,353 cm.~^ and an S level of the 
triplet system lies nearby at 21,831 
cm.“h Because of the close agree- 
ment in energy value with the 2^>So 
orbit, this state is also given the 
number 2 and is called 2^Si. The 
first lines of the singlet and inter- 
combination principal series, VSq — 
2^Pi at 1,849 kj and HSo — 2'Piat 
2,536.7 1 , are the important reso- 
nance lines. They are the only 
lines in the absorption spectrum 
which lie in accessible regions. 
Often conditions are such that 
XI, 849 is the strongest line of the 
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r'lG. 13. — The mercury spectrum. 


emission spectrum. The most important series of Hg are as follows : (Ii 


reading across a horizontal line the wave length decreases.) 


Singlet System: 

Principal 2 P/So ■” m^Pi’, m ^ 3, mPi. 

Sharp m ^ 2 2^Pi - m^S,. 

Diffuse m ^ 3 2^Pi — m^Da. 

Triplet System: 

Principal ; ^ 3, 2^Si — m®Po,i, 2 . 

Sharp m ^ 2 2^P2 - w»/Sh; 2^Pi - m^Si; 2Po - m^Si. 

Diffuse m ^ 3 2^P2 — m^Di,2,3; 2^Pi — m®Di, 2 ; 

2^Po — m^Di. 

Intercomhination: 

Principal.. m^ 2 D;8o — m®Pi. 


It is unnecessary to illustrate the nature of the singlet series, so w( 
begin with the first triplet of the sharp series. The wave lengths, wave 
numbers, and wave-number differences of its three lines are as follows 
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Classification 


p ■ 

Av 

23^2 _ 2^Si 

5,460.74 

4,358.34 

4,046.56 

18,307.5 

22,938.1 

24,705.4 

.1,(130,0 

1,707,3 

2^Pi - 2^Si 

2^Pq - 2^Si 



Higher members of the series are similar and, obviously, have the wave 
number differences listed for the first triplet. A diffuse triplet is more 
complicated, since it is obtained by the combination of two triph^.t levels. 
Thus it would be expected to contain nine linos, but three of these are 


jil 


ill 








It'Ki. 14. — TransitioiiH of u 'I* — '^D niultii^lot. 

eliminated by the operation of the selection principle for In Fig. 
14 we see how this occurs. Numerical data for the diffuse triplet 2^P — 
of the related element cadmium are given below: 


Classification 

X 

P 

23?2 - PDi 

3,614.43 

27,659.0 



3,612.89 

27,670.8 

- mh 

3,610.61 

27,689.0 

2^Pi - 33/)i 

3,467.61 

28,830.1 

» PJh 

3,466.18 

28,842.0 

23/>„ - 33 /; j 

3,403.60 

29,372.3 




Ara/> 

11.8 

18.2 

18.1) 


Ahf* 


1 , 171 . I 


n\2.2 


As for the intercombination principal series, the lines IbS’o — m^P.i are 
ruled out by thej selection principle, while PSo — m^Po ia absent because 
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character to the three possible quantized orientations of the ^ 
with respect to the I vector. In general, the number of level 
spending to a given I and s is 2s + 1. 

The part of the table above the solid dividing line exhat 
possibilities of obtaining terms from a 3^ 0 electron and a secoit 
quantum electron; the highest value of I which can arise from 
arrangement is 2 since To obtain F terms, we must p 

second electron on ‘a four-quantum orbit. Then, Z = Z 2 = 0, 1, 
and we obtain the second members of the S, P, and D sequences a 
the first member of the F sequence. In all the terms in this tabl 
so that I 2 determines the azimuthal character of the terms. In 
containing only one valence electron with an I value different fre 
that electron may be considered as the “leuchtelektron,^^ and 
others may reasonably be referred to the kernel; but, on the 
such a distinction is of little benefit. 

19. PAULPS EQUIVALENCE PRINCIPLE 

In the energy diagram of Hg and in Table 6, we note that th< 
system has no deep-lying level which might be called VSi in 
to the lowest level of the atom, VSq, This is due to the open 
Pauli’s^ equivalence principle, a far-reaching hypothesis nov^ 
explained. In order to understand this principle we must 
acquainted with the behavior of an atom in a magnetic field, d: 
in Chap. X, Secs. 8 and 9. In the presence of a weak field the 
processes about the direction of the lines of force. Just as in the 
hydrogen and of the alkali metals, the atom is space-quantized 
field and the component of j in the direction of the field is ca 
magnetic quantum number m. On the other hand, in the prese: 
very strong field the coupling of the various ^ and Sp vectors is 
down, and each of these vectors is indeoendently space-quantize* 
field. Their orientations follow the usual quantum rules, so t 
takes integral values obeying the conditions, 

S mi, S 

while Msp has the values, 

Sp g TTlsp ^ Sp, or Msp = ±H- 

It is often more convenient to consider the case of a stro: 
because each electron is then definitely characterized by the five q 
numbers Ip, Sp, rrisp, and mip. The assignment of number; 
intermediate field is not so simple as in either a weak or a stroi 

Paulies principle is as follows: 

There are never two or more equivalent electrons in the atom, S' 
the values of all five of their quantum numbers will he identical 
strong magnetic field is applied. 

^Z.Physih.ZU 7^^(1925). 
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This assumption limits the number of ways in which the electrons 
in a field-free atom may be coupled, and also explains the structure 
of the periodic table of the elements (Chap. IX). We may use it at 
once to explain the absence of the l^Si term in Table 6 . For this state, 
the total quantum numbers of both valence electrons are equal. Their I 
vectors are each equal to zero, and their s vectors are parallel. The 
orbits of these electrons are therefore completely equivalent, and if a 
strong field is applied parallel to the common direction of the s vectors, 
both electrons would be characterized by the magnetic quantum numbers 
mi = 0, m, = +H, or mi = 0, = -H, for both of them must behave 

similarly. This configuration would not be in agreement with Paulies 
principle and, therefore, the level PaSi does not occur in the absence of a 
field. Other illustrations will be encountered continually. 

20. QUANTUM NUMBERS FOR THE HIGHER SERIES SYSTEMS OF SECOND- 

GROUP ELEMENTS 

Let us now return to the study of the Mg spectrum. If we place 
the first electron on a 4, 0 orbit and the second on a 3, 0 orbit, we* obtain 
the terms 2^So and 2^Si, as before; but the configuration of a 4, 0 orbit 
together with any possible orbit other than 3, 0 yields a series system 
similar to that in Table 6. Of course, all the terms lie at much higher 
levels on the energy diagram than their analogues in Table 6, and the 
series converges to a different limit. The triplet S term corresponding 
to the arrangement 4, 0; 4, 0 is missing, by Paulies rule. Similar systems 
are obtained if the first electron is on the 5, 0 orbit, and so on. Even 
the 4, 0 system must be expected to be extremely weak, and in Mg no 
such terms are known. They might be discovered by using a high- 
current arc. Series of this type are well known, however, in the spectra 
of other elements. 

When the first electron is on a 3, 1 orbit instead of its normal position 
3, 0, we encounter new relationships. Corresponding to given values 
of the IpBj we can have different values for the resultant Z; that is, spectral 
terms having various I values are found to correspond to one and the same 
set of Ip values; the difference between them arising from the various ^ possible 
orientations of the vectors Ip. The* way in which such terms arise is shown 
in Table 7. In this table some of the term symbols are provided with 
primes. The meaning of this notation is given in Sec. 21. 

It is not convenient at this stage to explain in detail the exclusions 
mentioned in the column of remarks for such explanation involves a 
knowledge of the strong field Zeeman effect of these terms, but we may 
describe the way in which these terms could arise, neglecting the fact 
that some of the possibilities listed are excluded. The resultant, 5, of 
Si and S 2 , may take the values H H The first value 

singlet terms; for when s - 0, the resultant, of Z and ^ is I itseli. 
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state in the customary fashion, the levels of calcium are found to 
have wave numbers which obey a Ritx; formula. However, this is not 
true of the upper levels for the emission of the multiplet at 4,300 A, 
whicli are designated by with m equal to 2, 3, etc. It was formerly 
customary to refer to such levels as primed levels, or primed terms, but 
the nu^aning of the term has been altered in recent years. Its present-day 
significance is described in Chap. X, Sec. 3, 

L(d us now examine tlie origin of the P' levels 
of calcium. When the atom is in a P' state 
iho valences electrons are on 4, 2 and n, 1 orbits, 
respectivedy, witii the understanding that 7i is 
greater t han or equal to 4. When n becomes 
infinite, the atom is ioni^^ed; as before, the ion 
is similar to the atom of potassium, but it is not 
in the normal state, for the valence electron is 
on a -1) orl)it. The energy of this state is 
positive and its wave number is negative, if 
the normal state of the ion is taken as the 
origin and therefore the wave numbers of tlie 
mP‘ levels convt'rge to a negative value and can- 
not be ('xpectc^d to follow a Ritz formula. 

l''or example^ the terms of the sequence of Ca liave been assigned 
th(‘ following wave numbers by Russell and Saunders d 




Fra. 15.— The 2»P 

multipk't of calcium. 


- / 
m»P' 


2H>' 10,7.'>;i, 10,840, 10,887 

m‘' 711, 707, 781 

- 5,000, -- 4,084, - 4,078 

r,»i" - 8,334, - 8,313, - 8,300 

(PP' -10,080, -10,003 


Tli(> fact, that those tenna extend into tlu^ region of negative wave 
nnml)era is worthy of notice. Whm the; term is negative, the atom 
poKHCH8(W more energy than would be required to eject a ainglc valence 
electron from the unexcited atom. 

All Hcciuencea which converge, as this one does, at an excited state 
of the ion, may be called “displaced;” they are neither anomalous 
nor infnaiuent, and it often happens that their wave numljors will obey 
!i llh.ic formula if the origin is shifted to the limit of this sequfmcc. Thus, 
in thti case of calcium, Russell and Saunders showed that the lines 
— mWi arc well niprestmtcMl by the formula 


17,950 


H 


(47) 


\m - ().H2()2 + 11.75 • 10 -‘'(47,9.50 - P 

Sinc<‘ th(' final orbit involve<l in the emission of thc'se lines is 
having the wave numlwvr 311,989 cm,**', the series limit lies at 2^P‘i — 


I AMrophyn. J., 61, 38 (11)26). 
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oospg' = 33,989 - 47,950 = —13,961 cm.“^. Let us now examine the 
evidence in favor of the statement made above, that the ooP' state 
is the state of the ion. We see that the ion will emit a quantum 
V — 13,961 in falling to its normal state which has wave num- 
ber zero in our present scheme of reckoning. The lowest terms 
of Ca"*" (with zero at the principal series limit, corresponding to 
removal of the valence electron) are as follows: l^S at 95,740, S^JD at 
82,028 - 82,089, and 2^P at 70,325 - 70,548 cmr\ Now VSy, - = 

13,711, and this agrees with 13,961 within the error involved in deter- 
mining the limit for the mP' sequence, which is somewhat irregular. 

This alone would not be sufficient proof of the assignment of quantum 
numbers cited above, but similar relationships are found in strontium 
and barium, and the question may be regarded as settled. In the 
elements Be and Mg, on the other hand, the situation is different, and a 
controversy arose before the matter was completely understood. Some 
authors claimed that the P' terms of all second-group elements arise 
from the configuration Zi = 2, Z 2 = 1, while others believed that the I 
values of both electrons are equal to one. Theoretically, there should 
be term systems con^esponding to both configurations, and the question 
involved is really that of their relative prominence. For example, 
there should be Mg terms arising from the electron grouping 3, 1; 3, 2, 
but lines involving them should be very faint for these terms lie much 
higher on the energy diagram than those corresponding to 3, 1 ; 3, 1. This 
is due to the fact that the 22P level of Mg+ is lower than 3^D. On the 
other hand, in the spectra of Ca, Sr, and Ba, Z^D is very close to 2®P, 
and in Ba, 3^Z) is actually lower than 2^P. Further in the spectra 
Ca II, Sr il, and Ba II, Z^D is greater than 2^P. Therefore, in these 
three ions this term lies closer to the normal level, PS, than any other 
level, and is metastable because of the operation of the azimuthal selection 
principle. It is well adapted to give rise to prominent terms when 
an electron is picked up by the ion to form a neutral atom. 

22. SELECTION PRINCIPLES 

Anticipating the explanations given in Chap. X, Sec. 3 , we may 
state the following selection principles for second-group spectra, which 
are a generalization of the ones used up to this point. The selection 
rule for j is Aj" = ± 1 or 0; that for I may be expressed by saying that only 
those transitions occur in which the Ip of one electron changes by ± 1, 
and that of a second by 0 or ±2. If the I value of only one electron is 
altered, then it changes by ±1. This rule is obeyed with only a few 
exceptions in all spectra. 


CHAPTER VIII 


X-RAYS AND X-RAY SPECTRA 

1. THE DISCOVERY AND PRODUCTION OF X-RAYS 

While experimenting with a cathode ray tube, Rontgen^ discovered 
that rays capable of passing through opaque objects originate wherever 
the cathode particles fall on the glass walls of the tube. These rays 
cause the air through which they pass to become ionized and thus con- 
ductive, affect a photographic plate, and cause many substances to 
fluoresce. They spread from the point of origin in all directions in 
straight lines and are not deflected by electric and magnetic fields. 
Because of these properties, Rontgen gave the correct explanation that 
they are electromagnetic waves, 
similar to ordinary light but of 
much shorter wave length. How- 
ever, experimental difficulties pre- 
vented him from demonstrating 
any interference phenomena such 
as are known for light. He 
observed that the ability of the 
rays to pass through thin layers 
of any substance varies greatly 
when the pressure of the residual 
gas in the tube is changed. Low 
pressure is favorable to the pro- 
duction of more penetrating or 
''harder'' radiations, which have 
the shorter wave lengths. The 
stopping power of different elements for rays of the same hardness 

increases rapidly with the atomic number. 

X-rays are emitted by any substance upon which high velocity 
electrons fall, the kinetic energy of translation of the electrons being 
converted into the energy of the X-rays. In present practice, the 
electrons are caused to impinge on a metal disk, the anticathode, instead 
of on the walls of the tube. The many types of tubes designed for the 
study of the rays themselves, of crystal structure, or of medical problems, 
vary in the means used for producing the free electrons and in the 
1 8itz.-Ber. phys.-med. Ges., Wiirzburgh, 1895. English translation in The Elec- 
triciciii* Jan. 24, 1896, and Apr, 24, 1897. 
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arrangement of the electrodes. We shall distinguish two main types, 
differing in the manner of producing the electron current. In ion tubes, 
the electrons are liberated when ions bombard the cathode. Such a 
tube is illustrated in Fig. 1 and consists of a disk-shaped cathode C, 
and anticathode A sealed in a glass bulb containing hydrogen at low 
pressures. A high potential (10 to 300 kilovolts), supplied by a trans- 
former and rectifier or by a battery of cells, is placed between C and A, 
The residual positive ions present in the gas are accelerated toward 
the cathode and cause the emission of electrons from the cold metal 
when they impinge on it with high velocities. The free electrons pro- 
duced in this way fall on the anticathode causing the emission of X-rays. 
By colliding with the H 2 molecules they maintain an abundant supply 
of ions which in turn maintain the electron supply. The electrons 
leave the cathode along lines perpendicular to its surface since nciarly 
the entire potential drop from the cathode to the anode is very near the 
cathode and the electric force is nearly perpendicular to its surface. By 
making the cathode concave, the electrons can be focused on a small 
area of the anticathode. X-rays emitted at A can’ pass out through 
the glass walls or through a window oh thin metal foil (usually aluminium) 
at L, The anticathode is often water-cooled as in the figure and can 
be removed from the tube so that different substances can be placed 
upon it. The kinetic energy of the electrons hitting the anticathode 
depends on the applied potential, and on the energy loss to molecules 
of the gas, that is, on the pressure. When the voltage across the tube, 
which determines the hardness of the radiation, is varied, the current 
is changed. The impossibility of varying these two factors independently 
is a marked disadvantage. 

Highly evacuated X-ray tubes differ from the ion tubes in that few 
gaseous ions are produced. Practically no electrons are liberated from 
the cathode by ionic bombardment. Other moans are used to secure 
free electrons from the cathode such as thermal or photoelectric emission. 
The most common method is to use a hot filament, usually tungsten, 
as the cathode. The advantage of this type of tube over the ion tube 
is that both the potential drop and electron current and thus the hardness 
and intensity of the X-rays can be easily and exactly controlled. 

2. THE NATURE OF X-RAYS 

When a beam of X-rays falls on matter a portion of its enxTgy is 
dissipated in a variety of ways. This energy is usually said to disappear 
by a process of absorption or by one of scattering. In absorption 
processes the energy is taken up by the atoms, raising them to higher 
quantized states or ionizing them. In the return to the normal condition 
these atoms can emit radiations which are definitely characteristic 
of the type of atom involved and are commonly called the ‘^fluorescent 
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or ^^characteristic radiations.’’ In scattering processes the atoms and 
electrons of the scattering material serve merely to deflect the X-ray 
quanta and in some cases to change their energy slightly, as explained 
in our discussion of the Compton effect in Chap. IV. Aside from this 
minor alteration of wave length, the properties of the secondary X-rays 
are determined by the character of the primary beam. 

We now discuss the experimental proofs that X-rays possess all the 
essential properties of ordinary light; in fact, many of their properties 
can be successfully predicted over a wide range of wave lengths by the 
electromagnetic theory of light. The existence of polarized X-rays was 
first demonstrated by studying the properties of scattered rays. In a 
beam of unpolarized X-rays, the electric vector shows no preference, 
on the average, for any direction perpendicular to the beam. It may be 
resolved into two components aa 
and bb perpendicular to each 
other. In Fig. 2, OA represents 
the direction of the beam. At 
A is placed a body which par- 
tially scatters this primary beam. 

According to electrodynamic 
laws, electrons in A vibrate with 
the frequency of the light beam 
and send out secondary wavelets 
in all directions which have the 
intensity and polarization re- 
quired for the light emitted by 



Fig. 2. — The polarization of X-rays by 
scattering. 


an oscillating doublet (Appendix 

VIII). The conaponent of motion of an electron which is dhe to the 
aa component of the electric vector produces light with electric vector 
in the direction of the meridians of a sphere, having its poles in the direc- 
tion aa, as shown in Fig. 2, Chap. I. At a distance r from the scatterer 
in a direction making an angle d with aa, the intensity of this light should 


be proportional to 


sin*-* 6 




( 1 ) 


where v is the acceleration produced by the electric field of the primary 
beam. From this formula the intensity of the light excited by aa is zero 
in the direction AB' and a maximum along AB. Similarly, the '56 
component of the primary beam will give rise to scattered light with tts 
electric vector in the direction of the meridians of a sphere having its 
poles in the direction of bh. The intensity of this light is zero in the 
direction AB, and a maximum in the direction AB' perpendicular to this. 
Thus the beam scattered along AB, perpendicular to the primary beam 
should be completely polarized with its electric vector parallel to aa, 



222 X-RAYS AND X-RAY SPECTRA [Chap. VIII 

while that in the direction AB' should be completely polarized along 
bb. The light scattered along the primary beam and that scattered 
backwards should be unpolarized, and in intermediate directions partial 
polarization should occur. The polarization of the scattered rays can 
be detected by allowing.them to fall on a second scatterer, either at B or 
B'. Reasoning similar to that above shows that the light scattered 
at B should have its electric vector along the meridians of a sphere 
with poles in the direction aa and this should have zero intensity along 
BC' and maximum intensity along BC. Similar relations hold for the 
beam scattered at B\ Barkla^ detected a difference in intensity for 

the beams BC and BC' which 
indicated that the beam AB 
was 70 per cent polarized. 
A. H. Compton and Hagenow, ^ 
repeating this work, took pre- 
cautions to avoid multiple 
scattering at A and B. They 
found polarization which was 
complete, within an experi- 
mental error of 1 or 2 per 
cent, showing that in this 
respect X-rays obey electro- 
magnetic theory. 

Additional evidence can be 
obtained from interference 
phenomena. Rontgen at- 
tempted to observe x-ray dlf- 
fraction but was unsuccessful. 
Haga and Wind® and Walter and PohB detected a slight broadening 
of a beam of rays which had passed through a wedge-shaped slit having 
a width of about 0.001 mm. at the broad end. Sommerfeld calculated 
the wave length of the X-rays used by these investigators as 1.3 • 10““® 
and 0.4 • 10~® cm., respectively. The experiments showed that the 
harder X-rays had the shorter wave lengths. Walter® and Rabinov® 
have made further studies of this subject. 

Definite evidence of another kind was provided by Laue^s discovery 
(1912) that X-rays can be diffracted by crystals. It occurred to him that 
regularly spaced layers of atoms separated by distances of the same order 

1 Proc. Roy. Soc., 77, 247 (1906). 

2 /. 0. S. A. and R. S. 8, 487 (1924). 

^ Ann. Physik, 68, 884 (1899). 

^ Ann. Physik, 29, 331 (1909). See also Sommeefbld, Physik. Z., 2, 59 (1900); 
Sommerfeld and Koch, Ann. Physik, 38, 507 (1912). 

5 Physik, 74 , 661 (1924); 76 , 189 (1924). 

® Ptoq. Nat, Acad. Sci,^ 11, 222 (1925). 
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of magnitude as the wave length of the X-rays should act as a diffraction 
grating. At Laue^s suggestion, Friedrich and Knipping performed an 
experiment to test the idea which was immediately successful. ^ A 
beam of X-rays, selected by narrow slits, fell on a crystal of ZnS about 
0.5 mm. thick and struck a photographic plate mounted perpendicular 
to the beam. Most of the radiation passed the crystal without deflection, 
and a part was scattered in all directions, but beams of high intensity 
were scattered in certain definite directions so that a point diagram 
appeared on the plate as shown in Fig. 3. The theory of this pattern 
was developed by Laue, assuming that the atoms of the crystal were 
arranged regularly in space and that they acted as point charges in 
scattering the rays. Such patterns are valuable in the study of crystal 
structure but are not adapted to precise measurement of X-ray wave 
lengths. Arrangements for this purpose are discussed farther on. 

3. REFLECTION AND REFRACTION IN THE X-RAY REGION 

Recently, the wave lengths of X-rays have been measured without 
the use of crystals, the results agreeing with crystal determinations. 
The two methods used are refraction in prisms which may be either 
crystalline or amorphous, and diffraction at the surface of a ruled grating. 

In considering the results of both types of experiment, we must 
remember that the refractive indices of solid substances (and presumably 
also of substances in other states) for X-rays are in general very slightly 
less than unity, for the same reason that we encounter refractive indices 
less than unity in the case of ordinary light — namely, we are dealing 
with a region lying at smaller wave lengths than a strong absorption 
band, a region of so-called “anomalous dispersion,^’ though it is not 
in any way anomalous. As we can see from Chap. VII, Sec. 9, the 
refractive index n of an amorphous substance is given by the equation 



where N is the number of molecules per unit volume, and a the electric 
moment induced in a single molecule by unit electric field. If the 
medium contains harmonically bound electrons, 

“ - v^’ ' 

in a region of slight absorption, Vi being a typical resonant frequency 
of the electrons. The constant Fi corresponding to each frequency 
is the number of electrons in each molecule having that frequency. 

^ Sitzungsher. Bayer, Akad. TFm. {Math,^ Pkys, Klasse)^ p. 303 (1912); Ann, 
Physik, 41, 971 (1913). 
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n will be greater or less than unity depending on whether a is positive 
or negative and this depends on the relative magnitudes of Vi and v. 
If V is less than all Vt, n is greater than unity, but if v is greater than all 
or a part of the resonant frequencies, n may be less than unity. In 
most of the refractive index experiments discussed here the wave lengths 
used are shorter than the resonance wave lengths of all the electrons 
in the atom; a is small and negative and, therefore. 


n : 


jVy.Zig!--. 


In deriving this equation, vi^ is neglected in comparison with The 
last term in this equation is of the order 5 X 10~® for the refraction 
of the wave length 1.3 k. in a glass prism of density 2.5. This formula 
is well confirmed by the measurements of Davis, Siegbahn, Compton, 
and their colleagues. This extension of the dispersion formula to the 
X-ray region could not have been expected confidently, since the assump- 
tions for its derivation are so simple that we might well feel inclined to 
distrust an extrapolation of such great range. 

The refraction of X-rays by solids has been used by Larson, Siegbahn 
and Waller^ and by Davis and Slack^ to secure prism spectrograms of 
X-series X-raysi The refracted beam is bent toward the apex of the 
wedge, because n is less than one. This method confirms the results 
of the more precise crystal grating methods of Sec. 7. 

Laby, Shearer, and Bingham* have recently made the discovery 
that X-rays having a wave length of about 50 k. are reflected regularly 
from glass and quartz up to glancing angles of 45 degrees. (The glancing 
angle is the complement of the angle of incidence.) They state that 
the angle of incidence is accurately equal to the angle of reflection. The 
reflection coefficient is about 50 per cent for glancing angles up to 35 
degrees. Check experiments were made to show that the radiation 
dealt with does not consist of electrons, or of light of longer wave length. 
These observations are especially interesting because they open the 
possibility that X-rays can be reflected from spherical surfaces and 
brought to a focus. If this is correct, it makes possible new methods 
for the study of long X-rays. For shorter X-rays, such reflection has not 
been observed, but since n — 1 is small and negative, it is possible to 
secure total reflection, if the glancing angle is sufficiently small— 
of the order of 30'. At any interface, total reflection occurs on the side of 
higher refractive index, which is the air side in the case of X-rays. Work- 
ing within this small angle where total reflection occurs, Compton and 


1 Phyn. Rev., 26, 235 (1926); Naiurmssenschaften, 62, 1212 (1924). 

2 Pkye. Ba’., 26, 881 (1925); Ibid., 27, 37 (1926); also Slack, ibid., 27, 691 (1926). 

» Nature 122, 96 (1928). See also Henderson and Laird, Proc. Nat. Acad. Sd., 
14, 773 (1928). 
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Doan^ Biiccoedcd in Becviring an X-ray spectrum from a ruled speculum 
grating. Their photographs show an unreflected beam and diffracted 
peanis of several orders at the positions predicted by the simple theory 
of the diffraction grating. The wave length of the Kai line of molyb- 
denum was found to be 0.707 A. Within the error of experiment, 
this agrees with the value 0.70759 A., obtained with crystal gratings. 
Similar spectra have been obtained by Thibaud,^Hunt/ and Weatherby/ 
who photographed lines with wave lengths between 6 and 46 A. Figure 
4 is a spectrogram, the original of which shows three orders of the carbon 
line known as at 44,6 A. The direct beam (D) and a reflected beam 
(R) are also shown. 



j ^ ^ D 

C Kcc 

Fio. 4. — X-ray spectrogram of the carbon K a line. (After Weatherhy,) D is the 
direct b<»am, li the reflected beam, and 1, 2, and 3 are the first, second, and third order 
spectra. 

By a clever use of the phenomenon of total reflection, Prins® has 
brought forward evidence of anomalous dispersion in the X-ray region. 
His method consists in the determination of the limiting angle of total 
reflection of the X-rays at the surface of a mirror, with X-rays of various 
wave lengths. If the refractive index of the mirror is 1 - then the 
limiting angle is approximately V^- Prins was able to show that 
this angle varies considerably when the wave length passes through 
certain critical regions. 


4. DIFFRACTION OF X-RAYS BY CRYSTALS 
There arc many useful arrangements of apparatus for studying the 
diffraction of X-rays by crystals. Some are especially adapted for 
the determination of crystal structures, the wave lengths utilized being 

known from the results of previous work, while others are especially suited 

to the independent determination of wave lengths. The methods intro- 
duced by W. H. and W. L. Bragg with their many modifications are 
equally useful in both these fields and depend on the use of a well-formed 
perfect crystal placed in definite orientations with respect to the incident 
X-ray beam. The method associated with the names of Debye and 

^ Prnc. Nat. Acad Sci., 11, 59B (1925), 

3 C. R.j 182, 1141 (1926); Rmie doptique, 5, 97 (1926). 


^Phy^H. Rev., BO, 227 (1927). 

^ Phyn. Rev., B2, 707 (im). 

Naturwis., 16, 555 (1928) for bibliography and for a summary 
obtained; also Z. Physik, 47, 479 (1928). 
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Scherrer and of Hull and frequently called the “powder method” has 
its main applications in the field of crystal structure and has the advan- 
tage that it depends on the use of a diffracting sample having numerous 
small crystals arranged at random, e.g., a powder or a piece of steel. 
Before describing these methods, we shall first recall some of the leading 
facts of crystallography. 

6. THE NATURE OF CRYSTAL LATTICES 

The natural regularity of external form and the homogeneous charac- 
ter of crystals led Hauy (1784) to suggest the modern theory of their 
structure in a primitive form; namely, that they are built up by the 
repetition of unit cells having the same size and orientation throughout 
the crystal. The unit cell ma,y he taken as the smallest group of atoms 
such that the entire crystal can be built up by repeating it in a definite 
way throughout the crystal. Isotopic atoms are regarded as equivalent in. 

forming a cell. Such a group can 

be chosen in many ways, but in 
practice this leads to no confu- 
sion. Let us fix our attention on 
some arbitrary point within a cell, 
such as the nucleus of a certain 
atom. The assemblage of simi- 
lar points in all the cells of an 
ideal infinite crystal forms a 
regular array which is called a 
“spacelattice.” Whatever point 
in the unit ceU we take to start 
with, the resulting space lattices 

Fia. 5.-A space lattice and a typical plane. ^ 

tional shift. In Fig. 5, we show a possible space lattice. Its points may. 
be connected in a variety of ways by three sets of parallel lines, so that 
every point hes at the intersection of three lines, one from each set. 
This is simply to aid the eye in following the symmetry of crystals 
possessing such a space lattice. The lines themselves have no 
physical significance, and in general will be drawn in a simple way, 
so that the resulting parallelepipeds have edges of the same order of 
magnitude. For example, in a crystal with cubic symmetry the lines 
may be drawn at right angles. Having chosen a particular method of 
drawing the lines, we choose a lattice point as origin and take the lines 
passing through it as coordinate axes (Fig. 5) which will be called 
the axes of the crystal. We now introduce a method of naming 
the different planes of atoms in the crystal. Let ABC be a typical 
plane on which a set of points lie, including the points a,t A, B, and C 
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themfK'lvofi. OA , OB, and OC arc then multiples of the smallest distances 
a, b, f, Ix't wtH'n lattice points in the directions Ox, Oy, Oz, respectively. 
{W<' my the tliatancc' between lattice points, not the distance between 
particlen. d'lu* distinction is apparent at once from Fig. 16, which shows 
the unit e«'!l of Na('!, containing two species of atoms.) Then the ratios 
OA/a, Oli/b, OC/c are the integers, ii, u, u and 


(I b c. 

oa'ob'oc 


= i'iiiu idu iiii- 


(5) 


Dividing the integers id^, idu idi by their largest common factor we 
arrive at a trijilet of integers h, k, I called the “Miller indices,” used to 
th'signute the plane ABC and all similar planes of lattice points parallel 
to it. I'or a cubic crystal where a = 6 = c, these indices have a simple 
physical meaning. 'I'aking the axes OA, OB, OC at right angles to 
each other the eepmtion of plane ABC is 

lx + my + nz = P (b) 



Fill. 0. 7. 


when* I, m, n are the diri'ction cosines of its normal and P its perpen- 
dicular (iistance from 0. The intercept equation is 


j. 4- * 
OA^OB'^OC 


or, -h = iiid^- 


(7) 


So if « 
in«liceH 


b *» r, then 1: in: n « Hwidddi, which is the ratio of the 
in.ueeH riven for crystals whosi^ axes are not at right angles, and for 
which « h, c an- not etiual, this relation will serve as a rewff/i means of 
vis u lining the positions of tim planes, although the above derivation 
L" not hold for such crystals. In Figs. 6, 7, and 8, we show three 
cotmnon forms in whicli cubic crystals occur m nature. The symb 
IM indicates the plane with indices 1, 1, -l;the minus sign is custom- 

arilv writt(*n to npace. 

Hluily ut llm akrmi »ymiiielry of otjatals hM shoTO tliat it is 

»1I known oo-stsl. into si* “'"'t 

l,y 11,0 toWivo Icwllis Of a, b, c snd by the .ngles S,7. which the 

axes tiiake with each other, an follows. 
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I. Cubic, a = 6 = c, O' = |S == 7 = 

II. Tetragonal a — b^^c, a — = 90° 

III. Rhombic a^^b^c, a = ^ = y = 90° 

IV. Monoclinic. ay^b^^c, a = ^ = 90°, y ^ 90° 

V. Triclinic a9^b^Cja9^^^y9^ 90° 

VI. Hexagonal a = b 9 ^c, a = P = 90°, y — 120°. 


Rhombohedral. The axes may be chosen as for the hexagonal, or 
a = b= Cja = 0 — y9^ 90°. 

These six systems of symmetry can be further subdivided into 
thirty-two classes on the basis of partial suppression of the maximum 
symmetry which the system can possibly possess. Both the system 
and class can be determined from the macroscopic crystalline form, 
but little can be said about the arrangement of the atoms within the 
unit cell ydthout the aid of X-rays. 


6. THE REFLECTION OF X-RAYS FROM CRYSTALS 


It must be understood that the word reflectioil is not used here 
in the same sense as in optics. If a parallel beam of X-rays of a given 



Fia. 9a.^ — The reflection of X-rays from 
lattice planes. 



Fig. 9?>, — The diffraction of X-rays by a 
simple cubic lattice. 


wave length impinges on a crystal, there is an angle of incidence t/2. — 6, 
(or better, several such angles), upon any set of crystal planes we may 
care to consider, such that a strong diffracted beam is sent off making 
an angle of 7 r /2 d with the normal to these planes, just as in the 
optical case (Fig. 9a). The angle 6 is called the glancing angle. The 
X-rays penetrate deep within the crystal, and the diffracted beam is 
formed by the interference of elementary beams scattered from all planes 
of the set under consideration. In position it obeys the ordinary law of 
reflection, but the mechanism of its production is not the same as that 
of a reflected beam of light. In some respects the action is like that of a 
diffraction grating with its spacings perpendicular to the surface of the 
crystal. 
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For simplicity, in giving the explanation of these facts, we begin 
with the case of a crystal having axes at right angles, the scattering 
centers being concentrated at the lattice points. Let a parallel beam of 
monochromatic X-rays be incident on the crystal. How can we choose 
its direction so that the secondary waves from all the atoms will reinforce 
to form diffracted beams of high intensity in definite directions? The 
answer is easily found if we assume that each lattice plane reflects in 
accordance with geometric optics. For, in Fig. 9a, reflected ’’ rays 
from the individual layers will interfere unless the paths of the beams 
diffracted by the successive layers differ by a whole number of wave 
lengths of the incident radiation, i.e,, 

NB' + B'M = 2d sin 6 = n\, (8) 

which is known as ^'Bragg’s law.” The integer n must be less than 
2d/\ because sin ^'is less than 1; n is called the order of the spectrum. 
This derivation has the disadvantage that one cannot be sure that it 
gives all the possible diffracted beams. Thus we might expect each 
layer of atoms to act as a two-dimensional grating, so that there would 
be additional diffracted beams. One might expect that such higher 
order l)eams from successive layers of atoms would reinforce in certain 
directions. However, a rigorous treatment (given below) shows that 
all of these higher order beams are destroyed by interference and that 
Bragg’s formula gives all the possible reflections from the crystal. 


Alternative Derivation of Bragg’s Law. — In Fig. 95, let ao, /3o, To, be thefiirection 
(iOsiacB of tlie iuc.idcnt beam and a, /3, 7 those of the reflected, beam. Consider wave 
fronts of this beam which are separated by the distance X. W e draw the intersections 
of tliese wave fronts with the YZ plane at any instant and find the condition that a 
l>air of adjac(mt scattering centers on the Z-axis should be excited in the same phase 
by these wave fronts. It is , 

(t "" 7o)c = Lx, 

where h is a positive integer or zero, for as we see from the figure, the difference in 
path of t,he beams whiedi strike adjacent atoms is ct - cto- Similar conditions are 
obtained for reinforcement along the X- and F-axes, so that 

= HX, 0 - ^o)5 - K\ (7 - 7o)c = LX. ^ (9) 

But if these eonditiotis are satisfied, then the waves from all pairs of atoms remforce, 
bocauHO for any sucdi pair the path difference is a sum of multiples of the three ele- 
mentary path differences written on the left side of equation (9). e have, 

a = an 4" , ’ & — 


' + T ’ T' = ■>'»+ T 


aquariuK, addins, and utilizins tlie relations, 
wo Kot, 

0/ 

X = “ 


1 , ao 2 + ( 3 o® + .70“ 


( 10 ) 
= 1 , 


, ffiSii I 

b c y 




(11) 


__ I , • 1 u — JC — L = 0 ffivinff the undefiected beam for 

Hm-o wo exclude tlio aimple emse H - K - U u, yvi b 

wind. « = ^ = (in, T = 7.. This beam IS present regardless of the wave length 
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used, but in all other cases, if ao, /So, 70, are given, by orienting the crystal in a particu- 
lar way with respect to the incident beam, a diffracted beam can arise only if X has 
one of the values obtained by substituting a possible set of values of 7?, Kj and L into 
tliis equation. At first sight it appears that H, K, and L could always be chosen to 
satisfy this condition, since after all the light used is not strictly monochromatic. 
However, if very high values are chosen for any or all of H, K, and X, the diffracted 
beam is found by experiment to be very weak, a result quite analogous to the faintness 
of higher orders of diffraction grating spectra, which is easily explained by optical 
considerations. 

For given values of H, K, and L, the angle 26 between incident and reflected 
beams is given by 

for squaring the relations in equation (10) and adding we have 

2 - 2{aaQ + + 7To) = ^ j 

or, since 

(XOLq + jS/So + 770 = cos 2dj 
4sm= e = 

and equation (12) follows. These relations are vaUd only for crystals having their 
axes mutually perpendicular.^ 

We can now prove that the diffracted beam behaves as though reflected from a set 
of atomic planes within the crystal. To do this, we write a condition which must be 
satisfied by the coordinates x, y, z of & point P in a plane which bisects the angle 
between the incident and diffracted beams and is perpendicular to the plane in which 
they lie. The line OP makes equal angles with these two beams. The equality of 
the cosines of these angles is expressed by 

ax + jz == aox + 1802/ -b (1^) 

Combining with equation (9), 

H . K . L 


-f - 0, 

0 / 0 c 


(14) 


which must be the equation of the reflecting plane. 

H/a, K/h^ and X/c are proportional to the direction cosines of its normal. Refer- 
ring to equations (6) and (7), we see that this plane is parallel to the lattice planes 
having Miller indices proportional to XT, K, and X. Thus if n is the greatest common 
factor of //, and X we put 

H ^nh,K =nk,L nl, (16) 

and h, k, and I are the Miller indices of the plane. The X-rays are diffracted a'3 
though they were reflected from a lattice plane of Miller indices h, k, and 1} thus 
equation (12) takes the form of Bragg’s equation (8), if we put 


d 


( -I- : 

W c\ 


(16) 


for this expression is the distance between two successive lattice planes of indices h, kj 
and L 

7. METHODS AND APPARATUS FOR X-RAY SPECTROSCOPY 


The X-ray spectrometer used by the Braggs consists essentially 
of a system of slits which selects a narrow beam of rays from the radiation 

^ The general formulas holding for any crystal will be found on p. 99 of Wyckopp, 
Structure of Crystals,^’ Chemical Catalogue Co., 1924, 
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of the X-ray tube, a crystal mounted on a revolving table carrying a 
vernier and a graduated circle so that its position can be accurately 
determined, and a device for detecting the beam reflected from the crystal, 
also mounted so that it revolves about the same vertical axis as the 
table and carrying a vernier to determine its angular position (Fig. 10), 
The Braggs used an ionization chamber as a detecting device. This 
is a metal chamber containing a vapor which absorbs the rays readily. 
Methyl bromide and SO2 are often used. An electrode is mounted in 
the chamber just out of the way of the entering beam. The chamber is 
insulated and raised to a high potential and the electrode connected to a 



Fia. 10.— Tho Bragg spootromoter. 
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Fig. 11. — The intensity of reflection of the Pd 
Kau and Ka 2 lines as a function of the angle, 0. 
{After Bragg.) 


sensitive electrometer. When X-rays enter, ions are produced, and the 
electrometer is discharged. In operation the costal is set at an a^le 
with the direction of the primary beam and the detectmg device at twice 
Tms angle sLe the reflection angle must be equal to that of incidence; 
the crystal is rotated through successive small angles, 
device being rotated always through twice the change of 

1 ionization current is determined at each position and is then 

It . ^ be noted « ~ ^ 

pairs ot peaks are due to the* the more intense 

the relative intensitms “ to'e that the intensities 

wave length. W. H. and w. ■ ss 100; 20: 7; 3; 1. 

of the first five orders are approximate y 
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A photographic plate may be used to detect the reflected beam. 
An arrangement suited to this means of detection and known as the 
rotating crystal apparatus of de Broglie is shown in Fig. 12. X-rays 
enter at C and fall on crystal D which is continuously and slowly rotated 
about axis 0 by clock work. At some position 1 making angle 6 i with 
the original beam, a spectrum line is obtained due to X-rays of wave 
length \i = 2d sin di/n, . The rays, deviated through an angle 26 1 arrive 
at position I on the photographic plate AA'. As the crystal is turned 
to another position 2 at an angle 62 from the direction of the original 
beam, another wave length X 2 = 2 d sin 62 /n will be reflected through 
an angle 2^2 to another position II, and so on. The photographic plate 
is mounted on an arm so that its position can be determined relative 
to the direction of the original beam. Since each wave length is diffracted 

to a different position a spectrum similar 
to the usual optical spectrum appears on 
the photographic plate and the wave 
length can be determined very accurately 
from the position of the line on the plate. 
This method has the advantage that it 
is largely automatic in operation and 
requires little attention, but it is not 
so sensitive as the ionization chamber 
method. 

In order to avoid the necessity of 
rocking the crystal, M. de Broglie^ 
has used a curved sheet of mica, and 
Trillat^ made use of a similar device 
in studying the orientation of the molecules in a thin film of fatty acid 
on the surface of a liquid. The film is allowed to' spread over the curved 
surface of a small drop of the liquid (mercury, for example), and the drop 
is placed in the beam of X-rays in the position ordinarily occupied by the 
crystal. 

8. THE DETERMINATION OF CRYSTAL STRUCTURE BY THE USE OF 

X-RAYS 

We must content ourselves with a few brief examples of the use 
of X-rays in studying the structure of crystals. References to many 
excellent treatises are given at the end of the chapter. Potassium 
chloride and sodium chloride have very simple space lattices, but they 
illustrate practically all the essential features involved in determining a 
structure. They may crystallize in cubes and on the basis of this 
crystalline form they must be assigned to the cubic system. The 

1 C. R., 15Y, 924 (1913). Verhandl. d, D. Rhys, Ges., 15, 348 (1913). 

2 C. i?., 187, 168 (1928). 



Pig. 12.-- “The de Broglie rotating 
crystal arrangement. 
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rlt‘inents of symmetry of these crystals as determined from a study of 
all the forms in which they occur, are shown in Fig. 13.^ The planes 
drawn in the figure are so-called reflection planes’^ dividing the crystal 
into two halves w^hicli are mirror images of each other. The lines con- 
necting the fact' centtu's are fourfold 
axes of symnu'try, since rotation 
aliouti tlu'so axt'S t.lirough one-fourth 
of a rt'volution lirings the crystal to 
a ptisiiityn indistinguisliable from its 
first position, Similarly, lines con- 
necting the opposite corners of the 
eulM^ are threefold axes of symmetry 
and lines conntufling the middle 
points of opposite edges are twofold 
axes. I'he ctmter of a cube is a center 
of syimmflry sincti a line drawn from 
it to any point in the crystal, when 
extendtul in the opposite^ direction 
an equal distance, will locate a point 
with proper! ic^s similar to those of 
the first point. The possession of 

these elements of symmetry places a , i ^ w 

crystal in the holohedric class of the cubic system, by definition. We 
at to tiie unit colb of Nadi and KCl all of the symmetry properties 

of a culxi. 'rhoro are three possible space lattices having the type ot 
syinnu'try exhihitod by the holohedric class of the cubic system. These 
imo th(‘ simple culiic, face-centered cubic, and body-centered cubic 



X 

111. — Tho symmetry properties of .i 
rock salt crystal. {After Wyckoff.) 
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lattices shown in b'ig. 14. The problem is to decide which of these i. 

the crystal in a Bragg spec—, 

gle for rellcction from various sets of atomic planes. The 
.WyckolT, “The Ht.'ueture ef Crystals, ” Chemical Catalogue Co., New York 
(14)241. 
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of the interplanar distances for two sets of reflecting planes cati 
determined without a knowledge of the wave length used. For 
two peaks to be considered we have ^-values given by 

2di sin di = ni\ 2d% sin 

so that 

di _ ni sin o 

d% 712 sin 01 

Care must be taken in assigning the values of n for the differ^ 
peaks. By inspecting the diagrams of the three possible lattices? 
from the relation 

(obtained from equation (16) by putting a = 6 = c), we find that 
each lattice 


dioo*diio-diii — It 


1 


V2V3 

At first sight, then, we should predict identical Bragg diffraction patto 
from all three lattices, as in Fig. 15a where the abscissa is proportionB-J 
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Fig. 15. — Reflection patterns from simple, face-centered and body-centered cubic latt»! 


sin 0 and the diffraction peaks of various orders from the three sets of pin 
considered are drawn in separate rows. The spaces between orders for 
three types of planes are in the ratios 1:\/ 2 : \/S. The heights of the hcsi 
lines indicate roughly the decreasing intensity. The simple cubic lafc 
actually gives a pattern of this kind, but with the face-centered lat 
some of the peaks due to 100 and 110 planes are destroyed by in 
ference, caused by atomic planes lying midway between those predic 
by the formula and having the same number and arrangement of at^ 
as the latter planes. (This does not contradict the formula, for it 
derived by considering an imaginary lattice, formed by taking one 
in each unit cell, while the intermediate planes of which we speak 
due to structures within the cell.) For all diffractions of odd 01 
the length of path of the light diffracted by these intermediate pit 
will differ by one-half wave length from that of the light diffracted by* 
planes considered in deriving the formula. The light from these 
sets of planes interferes and thus the diffraction beams of odd ordc^r 
completely extinguished, The result is the same as would be seer 
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by reducing the interplanar distances in a simple cubic crystal to one-half 
their value. The diffraction patterns for the 100, 110, and 111 planes 
of the face-centered lattices are shown in Fig. 155. The 111 pattern is un- 
altered. Similarly, the body-centered lattice gives the patterns of Fig. 15c 
with odd orders missing from the 100 and 111 reflections. The diffraction 
patterns of the 100, 110, and 111 faces of NaCl are similar to those for the 
face-centered cubic lattice except that the odd-order diffractions from the 
111 planes are relatively weaker than those predicted for this lattice. 
This pattern can be explained by the lattice of Fig. 16 where black dots 
represent positive metal ions and circles negative chlorine ions. The 
positive and negative ions are each placed on face-centered lattices 
which are displaced relative to each other by one-half their body diagonal. 
The diffractions by the 100 and 110 planes are the same as would be 
obtained if ions of either sign were present alone ; for 
the addition of the negative-ion lattice to the positive- 
ion lattice produces no new 100 or 110 planes; but it 
does introduce new 111 planes, of negative ions only, 
midway between 111 planes of positive ions. The 
presence of these intermediate planes will reinforce 
the even-order diffractions and will cause only partial 
interference of odd orders, because the electron density 
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Fig. 16 .' — The NaCl- 
lattice. 


near planes of positive charge is smaller than that near 

negative planes in the ratio 10:18. Thus, the weakening of odd 111 

orders is explained. 

With this definite information as to the arrangement of the atoins, 
we can compute the distance between 100 planes, which is called the 
“grating constant.” Inspection of Mg. 16 shows that 4 molecules of 
NaCl are to be considered as belonging to each unit cell, and knowing 
the number of molecules in 1 cc. of rock salt from its density, molecular 
weight, and the Avogadro number, we find the number of umt cells in 1 
cc., and, therefore, the side of each ceU. Proceeding in this way we 
obtain the value 5.628 1 . Since relative measurements of X-ray wave 
lengths can be made to six significant figures, the Seating constant is 
taken as 5.62800 1. with the understanding that the last two dig 


have no physical significance. -x- „ 

Let us now consider KCl. Evidently, if the electron densities m 

planes containing only positive and 

the odd 111 orders disappear completely and the pattern becomes t 
same as that of a simple cubic lattice having the lattice constant dioo/2. 
KCl presents a case of this kind, for K+ and Cl ions contain the same 
number of electrons and therefore should have nearly equal scattering 
powers. A gtance .1 Fig. 15 shows that the 'fraction « 

Of a simple cubic lattice. The grating space as obtained f^om th 
paten appears to be 3.138 I. B KCl really has a face-centered lattice. 
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its constant is twice this value, 6.276 A, and d(KCl)/d(NaCl) = 1.115. 
This is much more reasonable than the ratio obtained by using 3.138 A, 
for the K-ion should have a larger volume than the Na-ion. 

By equation (8) we can now calculate the wave lengths of the X-rays, 
using the observed values of 6, Thus, for the second order, 

X = =2X5^ 62800 ^q 

n ' 2 

X = 0.576 • lO-^cm. = 0.576 A. 

The theoretical maximum wave length which can be measured by using 
a given set of crystal planes is equal to 2d divided by the lowest value 
of n. This corresponds to sin ^ = 1 or ^ = 90°. For intensity reasons 
60° is about the working maximum so that the longest wave length 
which can be measured is considerably less than the theoretical limit. 
To avoid the excessive use of decimals it is customary to record X-ray 
wave lengths in terms of the X unit (abbreviated to X.U.) which is 
10""^ Angstrom units or 10~^^ cm. Thus, the strong palladium line 
called Ka has the wave length 0.576 X 10~^ cm. = 0.576 A = 576 X.U. 

Before leaving this subject, attention should be directed to X-ray 
diffraction patterns of liquids. While many investigations of these 
patterns have been made, the subject has developed rapidly only in 
recent years. We owe to G. W. Stewart and his colleagues, Morrow 
and Skinner,^ the first extensive and systematic studies of X-ray diffrac- 
tion in organic liquids, with spectrographs of adequate resolving power. 
The results give interesting information on the size and arrangement 
of molecules in the liquid state. 

9. DISCOVERY OF THE K AND L RADIATIONS BY ABSORPTION 

MEASUREMENTS 

Before Laue^s fundamental discovery, some information about the 
wave lengths of X-rays was obtained by Barkla through study of their 
absorption. Just as the intensity of a monochromatic beam of light 
falls off exponentially as it penetrates an absorbing medium so X-rays 
follow the law 

j = (19) 

where I is the intensity at depth d, Jo the intensity at depth d = 0, 
and II the absorption coefficient which depends on the absorbing material 
and the wave length. The values of m for different substances are not 
directly comparable, for densities vary widely and in an irregular manner 
as we pass through the periodic system. It is convenient to substitute 
m/p for d where m is the mass contained in a column of length d, 1 cm.^ 
in cross-section, and p is the density. Then 

__ /UWl 

I = Joe (20) 

1 Series of articles in Phys. Rev, (1927) and (1928). See especially 30, 558 (1928) 
for a summary of theories concerning liquid diffraction patterns. 
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The m/p value for any monochromatic constituent of a heterogeneous 
beam is called the ‘'mass absorption coefficient for that wave length.” 
It is a measure of the absorption in a beam of 1 sq. cm. cross-section in 
passing through unit mass, while m measures the absorption of such a 
beam in unit volume. When many wave lengths are present, equation 
(20) is replaced by 

J ^ + • • • ; (21) 

and for continuous radiation the sum becomes an integral. 

The primary rays produced in the anticathode cause a substance 
absorbing them to emit both electrons and secondary X-rays. The latter 
consists of two parts of different origin; the scattered radiation, which 
has an intensity distribution with respect to wave length determined 
primarily by the source of the primary rays, and the characteristic 
radiation, which varies with the material of the absorber. 

Barkla showed that the absorption of secondary X-rays follows 
the law in equation (21) and that the characteristic radiation consists 
mainly of two types of rays which differ greatly in hardness. The harder 
constituents are called the K radiation and the softer the L radiation. 
Table 1 gives the values of the mass absorption coefficients in aluminium 
for the K and L radiations of a few elements. 


Table 1. —Co efficients of Mass Absorption in Aluminium {After Barkla) 


Atomic 

number 

K-radiation 

L-radiation 

20 

435 


24 

136 


2<S 

59.1 


33 

22.5 


37 

10.9 


42 

4.8 1 


47 

2.5i 

700 

51 

1.21 

435 

56 

0.8 

224 

• 74 


30.0 

78 


22.2 

82 


17.4 

90 


8.0 

92 


7.5 


For example, silver produces a characterfetic Z absorp- 

tion bv aluminium is given by equation (21) using m /p - --5 and P /p 
700 These two coefficients are characteristic of the K and L radiations 
re“oectiS. The eomspondlng thickneesee of .lummium which would 
reduce the^JC and i radiotiona separately to half their initial intensities 
Trt O IM and 3,7 X 10- cm. Ate the rays pass through a smaU 
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thickness of aluminium foil, say 0.037 cm., the intensity of theL radiation 
will be reduced to a fraction of a per cent of its original value. That 
of the J? radiation is practically unchanged. After this the K radiation, 
if monochromatic, should obey equation (20), and is found to do so. 

The mass absorption coefficients in aluminium for the characteristic secondary 
radiation decrease continuously as the atomic number of the emitting element increases 
and show no periodic variations corresponding to the periodic variation in chemical 
pioperties. Facts of this kind led quite early to the speculation that X-rays arise 
from the inner portions of the atom, where the influence of the nucleus preponderates 
over those due to the electrons in the outer shells. However, this simple dependence 
of IX upon atomic number is not encountered in general. It occurs only when the 
atomic number of the absorber is less than those of the emitters under consideration, 
which is true for the combinations listed in Table 1. We shall return to this subject 
in Sec. 12. . 

10. GENERAL SURVEY OF X-RAY EMISSION SPECTRA 
The study of characteristic radiations received a great impetus 
when Moseley, ^ using de Broglie's method, first photographed the K spectra 



of a number of elements between Ca and Zn (Fig. 1, Chap. I). He usee 
the second and third reflections from a crystal of potassium ferrocyanide 
In agreement with Bragg's ionization measurements, the K radiatidr 
was found to consist of two distinct wave lengths for each element 
The work of later investigators with higher dispersion shows that th< 
typical K spectrum contains four strong lines known as Kon, K^i 
and For atoms of atomic numbers less than 16 (sulfur) the Ka 

I Phil Mag^, 26 , 1024 ( 1913 ); 27 , 703 ( 1914 ). 
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and Ka 2 lines lie so close together that they have not been separated by 
X-ray methods. KP 2 has not been observed in atoms of atomic number 
lower than 22 (Ti) . In addition to these strong 
lines, a number of very much weaker ones have 
been observed, due, it is believed, to doubly 
ionized atoms and, therefore, having analogy 
to the spark lines of optical spectra. The order 
of decreasing intensity of the four strong lines 
is, ai, a 2 , | 32 - Moseley’s work showed that 

the X-lines shift toward shorter wave lengths 
in a regular way with increasing atomic num- 
ber. The law connecting wave length and 
atomic number is most easily seen by plotting 
-\/J/R against the atomic number, where R is 
the Rydberg constant, inserted for reasons 
soon to’ be explained. Such a graph is called 
a “Moseley diagram.” Figure 17 shows 
Moseley diagrams for the X-series lines, with 
circles indicating the experimental values. 

(They can be extrapolated to atoms of lower 
atomic number, but this is not done here since 
the structure of the spectra becomes more 
complex in this region, as described in Chap. 

X. ) The curves of this diagram are very nearly 
straight lines, so that for each line we have 
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= A{Z - s). 


(22) 


where A and s are constant. Therefore, 

V = (Z - syRAK (23) 

For the X lines, s is approximately one, A^ 
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is about equal to p - for the Ka lines 
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for K^i. In 








and is roughly equal to ^2 ~ 32 

other words, the lines obey Bohr’s formula for 
the lines of hydrogenic atoms, a result of pro- 
found importance. 

The general structure of the L-series, 
which consists of many more wave lengths 
than the X-series, is illustrated by the dia- 
grammatic spectra in Fig. 18 together with 
two commonly used systems_of designating the lines 
has any theoretical basis. 
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3 V4. o ^ 1 I. 

The brackets indicate line groups which 


Fig. 18. — The L spectrum of tantalum. 
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appear successively as the tube voltage increases. The lines of group 
1 in the case of tungsten are excited by potentials higher than 10.16 
kilovolts, and those of group 2 come out above 11.6 kilovolts, while group 
3 lines appear only at potentials higher than 12.0 kilovolts.^ The relative 
intensities are indicated roughly by the weights of the lines. The regular 
shift in position of the L-series lines is shown by the Moseley diagram of 



Fig. 19. The number of lines decreases below about Z — 50, due to the 
smaller number of electron shells in the atom. 

In 1916,*Siegbahn2 discovered the M-series, lying at much greater 
wave lengths than the i-lines, while Dolejsek^ demonstrated the existence 
of an JV-series at still greater wave lengths. In no case do the series 
so far mentioned overlap. The existence of 0- and P-series lying in 
1 Webster, D. L., and H. Clark, Phys. Rev., 9, 571 (1917). Hoyt, Proc. Nat. 
Acad. Sci.y 6, 639 (1920). 

’ Yer. d. Devisch. Phys. Oes., 18 , 278 (1916). 

» Z. Physik, 10 , 129 (1922). 
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experimentally difficult regions is made certain by a study of the energy 
levels which give rise to the above mentioned series and by critical 
potential measurements and other special methods. The observed 
Jkf-series spectra consist of many lines which are usually designated 
by the symbols of the two energy levels involved, since they were first 
discovered after the energy levels were fairly well known. N-senes 

spectra have been measured only for a few heavy elements.^ ,r, , 

Just as the K-series lines obey approximately a formula like th^ 
of the Lyman series of hydrogen, so the stronger lines of the L, M, and 
spectra are represented in a rough way by formulas of the type 

= 2, 3, 4 for the L-, M-, and N-seriea, respectively, nj is an integer 
greater than ni; and for each series, s is a constant. 

11. ABSORPTION SPECTRA 

The intensity of the darkening of a photographic plate due to the 
action of light will depend among other things on two factors, the inten- 
sity of the light and the coefficient of absorption of the silver bromide 



Fio. 20.— The K- and Z,-absorption limits of Ag and Br. (After de Broghe.) 

for that light. De Broglie^ noted on his first photographs of X-ray 
spectra a very sharp change in the darkening of the plate caused by the 
continuous spectrum, at two distinct wave lengths as shown m Fig- 20^ 
These are the so-called “absorption limits of Ag and Br. Large 
absorption means intense darkening, so we see that rays of shorer 
wave length than these limits are absorbed strongly by the Ag or Br, 
respectively, while those of longer wave lengths are a,bBQrbed only 
It is certain that these limits are associated with silver bromide, for 
their positions are independent of the anticathode material. , 

Similar abrupt changes in absorption coefficients can be defected 
by studying the absorption spectrum of the element in question. To do 
this, a thin layer of the element (or of a compound containing the e 
is placed between a source of continuous Z radiation {e g., a tunjten 
target) and the slits of an X-ray spectrograph. Absorption of certa n 
wave-length regibns by the layer is indicated, of course, by absence of 
darkening in certain parts of the spectrum plate. 


1 Hjalmar, Z. Physik, 16, 55 (1923). 
^Jour. de Physique, 6, 161 (1916). 
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Figure 21 shows photographs of the Z-absorption spectra of several 
elements. The edge marked “Ag” is due to silver in the plate, i.e., 
wave lengths shorter than this are strongly absorbed by the silver 
(plate darkened) while longer wave lengths are absorbed only slightly. 
This limit is present in all the photographs. In addition, there is a 
limit due to the absorbing element. Its frequency is denoted by vk, 
its wave length by 'Kk, and it is called the “ X-absorption limit.’’ Fre- 
quencies greater than vk are strongly absorbed; smaller frequencies are 
only slightly absorbed. The simple interpretation is that quanta 


Ag-Edge Cd-Edge W:K-SerksCd-EdgeAg-Edge 



Fig. 21. — The iT-absorption limits of a number of elements. (A/ier de Broglie.)^ 

greater than Tivk can eject tightly bound electrons, which cannot b 
removed by smaller quanta, from the atoms of the absorber. Tb 
darkening of the plate falls off rapidly with increasing v in spite of th 
increased number of electrons which can be removed. This shows tha 
as long as the number of electrons which can be ejected, from each ator 
remains constant, the absorption coefficient decreases continuous!; 
with wave length. In fact, the absorption coefficient per atom is give 
approximately by the empirical formula, 

kZ*\^ -[■ 0 . 82 (ro, 

for wave lengths between 0.1 and 1.4 1, for all elements having atomi 
number greater than 5. 2 is the atomic number, and k and (To are coi 

1 Fig. 21 is taken from Sibgbahjst, “ Spektroskonie der Eongenstrahlen, ” p. 130, Springs 
Berlin, (1924). 
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stants. The first term arises from the ejection of photoelectrons and 
the seconn from scattering. 

Similar relations are found in absorption spectra covering the range 
of the L-series lines, but, here, three distinct limits are observed. The 
M-absorption spectra of a few heavy elements have been studied and 
five absorption limits have been observed. The general nature of the 
absorption by a given element as a function of wave length and the 
relative positions of the absorption limits and the emission lines are 
illustrated in Figs. 22a and 226 for the K- and L-series, respectively. 






The iC-absorption limit lies very slightly to the short wave-length side 
of the shortest emitted wave length, m. The three L lirmTs are often 
designated U, U, and Un in the order of increasing X. The Li W 
has a wave length slightly shorter than the shortest L-emission hne, 
but the Lii and L„r limits fall among the L-emission lines. Closer 
examination shows that in Hoyt’s classification of the fines according 
to their excitation voltages (Sec. 10) L„ lies on the high frequency 
Bide of groups 1 and 2, and Lm on the high frequency side of group 1 
only. Similarly, designating the M limits as Mi to Mv m the orde^ 
mcL»ng wave length, the M, limit lies .Ughtly to the “tort wav^h 
side of tht shortest M emission Une, the others falling among the emission 

lines. 
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12. KOSSEL’S EXPLANATION OF X-RAY SPECTRA 

The experimentally ascertained regularities just described can be 
explained by a very simple theory, the foundations of which were laid 
by Kossel.^ He thought of the atom as built up of successive aggregates 
of electrons, often loosely referred to as shells. All the electrons in a 
given aggregate are supposed to have the same ionization potential. 
We may think of these aggregates as containing the maximum number 
of electrons which they can possess without dynamical catastrophe, 
except that the outer shells, having very small ionization potentials 
from the standpoint of X-rays, may be incomplete. Because of this 
situation, it will generally be impossible to move an electron from a 
tightly bound to a more loosely bound shell, either by electron impact, 
or by the absorption of X-rays. Any excitation of a deep lying shell 
of the atom must consist in the removal of one of its electrons to the 
exterior of the atom. If this is done by radiation, the energy of the 
quantum must be equal to or greater than the ionization potential of 
the shell in question, which yields an immediate explanation of the 
absorption bands just described. The sharp discontinuity in absorption 
at the long wave-length limit vo of such an absorption band gives a 
direct measure of the ionization potential F of a shell through the equation 
Ve = hvo. A quantum having the frequency vq will eject an electron 
and leave it at rest outside the atom; a higher frequency v will eject an 
electron and give it kinetic energy h{v — vq). 

Similarly, a bombarding electron must fall through a potential at 
least as large as hva/e in order to ionize the shell in question. This 
explains Webster and Clark's observation of well-defined excitation 
potentials for the L-lines of tungsten.^ When a certain shell of the 
atom has been ionized, an electron may fall from an outer shell into 
the vacant place, causing the emission of light. It is important to remem- 
ber that the X-ray spectrum originates in an ionized atom. 

Evidence for this relation between the absorption and the emission 
spectra is found also in the variation of the absorption coefficients 
of an element for the characteristic X-rays of other elements immediately 
preceding and following it in the periodic system. Table 2 gives Barkla's'* 
determinations of the absorption coefficients for characteristic X-rays of 
elements from Cr to Se using Fe and Ni as the absorbers. 

A sharp increase in the coefficient of absorption for the characteristic 
X-rays occurs at the element having atomic number just two units 
higher than the absorber. Coincident with this increase in absorption 
there is a marked increase in the number of photoelectroiis emitted 
and the characteristic K radiation of the absorber is first excited. 

1 Z. Physiky 1, 124 (1920). 

2 Loc. cit. Sec. 10. 

^ PUL Mag., 17, 749 (1909). 
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Table 2 


Emitter 

Absorber 

Fe 

Ni 

Cr 

103.8 

129 

Fe 

66.1 

83.8 

Co 

67.2 

67.2 

Ni 

314 

56.3 

Cu 

.268 

62.7 

Zn 

221 

265 

As 

134 

166 

Se 

116.3 

141.3 


The reason for this is evident from Kossel’s theory of the absorption 
limit and its relation to the emission lines. The Z-absorption limit 
of Fe is at 1,737.7 X. U. and the X-emission lines of Fe, Co, and Ni 
are as follows; 



0:2 

CKl 


^2 

Fe 

1,936. SI 

1,932.30 

1,762.72 

1,740.60 

Co, 

1,789.66 

1,785.28 

1,617.13 

1,605.4 

Ni 

1,668.54 

1,654.61 

1,497.03 

1,485.4 






The Ni radiation, having wave lengths shorter than the Fe absorption 
limit will be absorbed by Fe with the removal of one of its K electrons 
and the entire K spectrum of Fe will be excited. The Fe radmtion and the 
strong ai and 0:2 lines of Co will not be absorbed. Thus Barkla s experi- 
ments are in accord with the predictions of the theory. 


13. THE GENERAL FEATURES OF X-RAY ENERGY LEVELS 

In discussing X-ray energy levels, it is customary to assi^^ .ero 
energy to the normal state of the atom, in contradiction to the con- 
vSns used tor optical energy diagrams. Approximate formulas 
for the wave number, of K-, L-, and M.sorles Unes worn P™” “ 

(24). The similarity of these formulas to those used in describing 
snectrum of hydrogen leads at once to an arrangement of the X-ray 
enorS^kvl, shows in Fig. 23, not unlike that for hydrogen. It m^t 
be uLorstood at once that this figure is a 
the different level, representing the enerpes 

from the different electron groups. Alternatively, the levels rep^ 
the energies of the atom ionised in various ways referred to the nonnm 

atom os an origin. Let us suppose the neutral atom is ionise yre 
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ing one of its most firmly bound electrons belonging to the so-called 
“K shell.” It will then be in the energy level marked K in Fig. 23 
which we shall call the “K state.” An electron in any of the looser- 
bound shells, which are called the L, M, etc. shells in order of decreasing 
ionization potential, could then fall into the K shell with emission of a 
if-series line. If this electron comes from the L shell, the line emitted 


has the wave number and is called Ka] if from the M shell, 


it has the wave number RZ"^ 


a 


V 


3 ' 


and is called K0; and so on. 


■X 




\Kp 


(As we shall see farther on Z' and Z" maybe considered 
to be effective nuclear charges.) When any one of these 
events has occurred, the shell from which the electron 
fell is incomplete and may be filled by the transition of 
an electron from any shell of smaller ionization potential. 
Such jumps continue in cascade fashion until the out- 
ermost shell has lost an electron and is replenished by- 
picking up a stray electron from regions outside the 


—M 

Normal Aihrn 

Fig. 23. — Sim- 
plified X-ray en- 
ergy diagram. 


atom. 

From the diagram, we can read off many combi- 
nation relations at once. For example, the frequency 
of the Kp line is the sum of the frequencies of the K<x 
and the La lines. It is customary to use the names of the 
lines and the levels to denote their frequencies, or better, 
the corresponding values of ?/ R, which are of convenient 
magnitude. Thus, the K level of uranium has & v/R 
value of 8,477, corresponding to a wave length of 0.107 5 
k] this is the highest value encountered. Using this 
notation, we have relations of the type 

Ka ^ K - L, Kfi = K - M, La = 

L - M,Kp = Ka-\- Let. 


Let us now consider X-ray transitions in more detail. If we ionize 
the atom from the L shell to begin with, leaving a full complement of 
electrons in all others, transitions from M to L, N to L, etc., will occur, 
giving rise to the emission of L-series fines. The principle is now obvious, 
and we may determine the energies of the various states in Fig. 23 
referred to the normal atom as an origin. They are given approximately 
by the values R{Z - sY/v? where s is in the neighborhood of unity 
for the K state and assumes larger values for the other states. Each 
of these values is identical with the amount of energy required to remove 
an electron from an orbit of a hydrogenic atom having the nuclear charge 
Z — s. The explanation of this approximate regularity is very simple. 
The motion of an electron in the innermost shell of an atom of reasonably 
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high atomic number is governed almost entirely by the overpowering 
attraction of the nucleus. The inner shell has 2 electrons as we shall 
see in Chap. IX, and the effect of each electron on the other is practically 
equivalent to a reduction of the nuclear charge by one unit. That is, the 
repulsive force which one electron exerts may be considered to screen off 
one unit of nuclear charge. This is the meaning of the value one assumed 
by the constant 5 for the K state. As for the other electrons in the 
atom, we shall see that their penetrating orbits (Chap. VII, Sec. 10) 
may pass very close to the electrons of the K shell; but in these portions 
of the orbits their velocities are very high and they remain between 
the K electrons and the nucleus only a very small fraction of the time. 
The result is that the kinetic energy of a X electron plus its potential 
energy with respect to the nucleus and the other K electron is practically 
that of an electron in a hydrogenic atom of nuclear charge Z — 1. This 
energy is approximately the amount required to bring the neutral atom 
to the K state. Similar statements may be made in regard to the 
ionization of any other shell. 


14. THE COMPLETE SCHEME OF X-RAY ENERGY LEVELS 


The preceding description is only a rough approximation to the facts. 
The interaction of the electrons in the atom is very complicated, and 
we have not discussed modifications due to relativity and to electron 
spin, which may be quite large because of the high vebcities of the 
electrons in the interior of the atom. These influences give rise to the 
existence of several classes of electrons in each shell except the K shell, 
each class having its own ionization potential. We said above that 
there are three L-absorption limits in the region covered by the L-series 
emission lines, five absorption limits corresponding to the ejection of 
M electrons from the atom by light, and so on. This complexity of the 
energy levels brings about a considerable increase in the comptoty 
of the emission spectra. For example, there are two Ka Hnes close 
together produced in transitions from the K state to two of the three 


L states. ■ 

An illustration will make these facts more concrete. We may 
determine the L levels of tungsten from its absorption spectrum; on 
numbering them Li, Ln, Lm in descending order on the energy dia^am 
we find the v/R values shown in the tabulation below. In this tabulation 
we also list the P/R values for the individual lines of the L-series, divided 
into groups in accordance with the work of Webster and Clark and of 
Hoyt described in Sec. 10 . All the lines in group 1 arise in “tioM 
to the Lm shell and are excited at 10.16 kilovolts which is not ar above 

the theoretical ionization potential of this sheU, ^ tinn'is low 

discrepancy is due to the fact that the probability 

when the energy of the bombarding electrons is very close to the value 
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required for ionization. Similarly, the other two groups arise in transi- 
tions to the Lii and Li shells and appear only when these levels are 
ionized. 


Table 3. — v/R Values of the L Limits and L Lines of Tungsten 



Lt 

74 


/34 




Group 3 

889.9 

887.77 

723.23 

701.66 





Lii 

71 

/3i 

v 




Group 2 

849.59 

831.81 

712.39 

642.78 





Liii 

^6 

^7 


ai 

0!2 

0 

Group 1 

750.88 

751.56 

746.45 

733.76 

618.46 

613.85 

544.03 


Table 4 gives the X-ray levels of uranium, thorium, and tungsten, 
obtainable by removing a single electron from the atom. The v/R 



values for all observed emission lines are expressible as differences between 
these numbers, except for certain lines which have their origin in the 
doubly ionized atom. However, not all the differences give rise to 
emission lines because of selection mice similar tQ tho^C fQVnd in optical 
spectra. 
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Table 4. — v/R Values op Ukanium, Thorium, and Tungsten 


Level 

U 

Th 

W 


8,477.0 

8,073.5 

5,113.8 

Li 

1,603.5 

1,509.7 

893.0 

Lii 

1,543.1 

1,451.5 

850.6 

Lm 

1,264.3 

1,200.6 

762.1 

Ml 

408.9 

381.6 

208.1 

Mil • 

382.1 

354.4 

191.3 

Min 

317.2 

298.0 

169.8 

Miv 

274.0 

256.6 

138.3 

Mv 

216.0 

244.9 

133.7 

Ni 

106.6 1 

97.8 ' 

44.1 

ATtt 

95.7 


38.0 

ATtty 

77.1 


33.0 

■iy Hi . . . ■ 

Niy 

56.3 

51.2 

18.8 

Ny 

53.6 

47.8 

18.4 

Nvi 

28.4 

24.8 

2.9 

Nyii 

27.6 

24.1 

2.8 


26.2 



5.7 

On, III 

15.4 


5.2 

Oiv.v 

5.8 




The combinations which occur can be seen in Fig. 24 which shows 
the levels of the rare gas radon on an exaggerated scale. (The correct 
scale has been used in the small diagrams at the left.) For example, 
the diagram indicates that only two of the three possible transitions 
between the L levels and the K level occur with emission of radiation, 
so that there are two Ka lines and not three. On the right are the 
symbols and quantum numbers for the levels, n and I are the total 
and reduced azimuthal numbers, respectively, j is not a quantum 
number of the removed electron but is the inner number of the ionized 
shell, and therefore of the whole atom, as' we shaU see in detad in Sec. 20. 
Further, I is the vectorial sum of the angular momenta of the electrons 
in the ionized atom, due to their revolution around the nucleus, ihis 
is numerically identical with the I value of the missing electron. In 
the earlier attempts at an interpretation of X-ray terms, the numbers 
I and 3 were often thought of as belonging to the missing electron. 

As an empirical fact, the following selection principles are obeyed 
with extreme fidelity in X-ray emission spectra; 

Al = + 1, Aj = ±1 0^^ 

found in most treatises on X-ray spectra; +] 

the values 1 , 2 , ... n; j as commonly used is equal to our j plus, 
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or in the older notation of Sommerfeld, 

Aki = ±1, Aki = ±1 or 0. 

These rules appear to be identical with the selection principles for thi 
azimuthal and inner quantum numbers in optical spectra, and I and , 
are often called by these names in spite of our more detailed and exac 
knowledge of their significance. Few exceptions to these rules an 
known. A weak tungsten line, Ka$, has been observed at the positioi 
expected for the K — Li transition. The quantum number Z does no 
change in this transition and therefore this is a violation of the firs 
selection rule. 

Using the transitions indicated in the diagram, which obey th( 
selection rules, very good agreement is obtained between the P/R value 
of the emission lines and those calculated from the experimentall; 
determined absorption limits. When we have established the origii 
of a set of emission lines by comparison with the experimental absorptioi 
limits, using elements in which both are easily studied, the regularit; 
of the Moseley diagrams enables us to classify the corresponding line 
of other elements with confidence even though some of the absorptioi 
limits are inaccessible. Then, from the known absorption limits an* 
the v/R values for the emission lines, we can find the unobserved limits 
For example, we can secure the M levels of W and other elements whos 
ilf-absorption limits have not been measured. It is known (usin, 
Siegbahn^s notation) that 

Li — = Mn, Li — L/?3 = Mm’ 

Substituting the numerical values from the tables of Siegbahn or Lindhj 
we have 

893.0 - 701.7 = Mil = 191.3, 

, 893.0 - 723.2 = Mm = 169.8. 

Using these values it is possible to show that the K^i line represent 
the combination of the Mm levels with the K level. Thus, 

K - Mm = 5,113.8 - 169.8 = 4,944.0 
while the measured value of K^i is 4,942.9. 

Thus, the building up of the complete X-ray energy diagram require 
the use of the usual spectroscopic methods of searching for combinatio: 
relations, and needs no further illustration. 

The values given in the case of these three elements refer to th 
atoms in chemical combination, for the spectra are obtained from thei 
compounds. Experimentally this makes little or no difference, for th 
energy of interaction of an inner incomplete shell and an outer incomplet 
shell is of the same order of magnitude as the doublet or triplet differenct 
occurring in optical spectra. From a theoretical standpoint, howevei 

1 For reference, see end of chapter. 
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the number and arrangement of levels in Fig. 24 would be considerably 
altered if outer electrons were present. As it stands it applies only 
to an atom or ion having complete subshells, that is, having the electronic 
configuration of radon. Fine structures of the X-ray lines due to the 
existence of incomplete shells are well known in a number of cases, 
as we shall see in Sec. 22. It will be understood that lighter atoms 
do not possess all the ionization potentials implied by the levels in 
Fig. 24 because they do not have as many electron shells. The X-ray 
spectra of the lightest atoms are very simple, and there is a steady 
increase in complexity as the atomic number increases. This will be 
discussed in the following chapter, since the exact number of levels cannot 
be deduced entirely from X-ray data' but requires the use of facts and 
theories derived from the study of optical spectra and the periodic table. 

For detailed tables of wave length and of v/R and (v/RY'^ values, 
the reader should consult the references at the end of the chapter. 

16. THE EMPIRICAL LAWS OF X-RAY DOUBLETS 
Some of the most useful advances in our knowledge of atomic 
structure have come from the critical study of Moseley diagrams^ showing 
the dependence of the (v/RY^ values of the X-ray levels on the atomic 
number. Figure 25 is such a diagram showing data for the K, L, and M 
levels, and Fig. 26, a similar diagram showing the M, N, And 0 levels 
on a larger scale. For the present, we may confine our attention to 
those portions of the curves which are quite uniform. It will be seen 
that the lines for the levels Lu and Lm diverge, but that the lines Li 
and Lii are parallel. We shall refer to the frequency difference between 
two neighboring levels as a doublet. Intervals which behave hke that 
between Ln and Lni are called “relativity doublets” or “relativity-spin 
doublets” and were first discovered by Sommerfeld, while those which 
resemble the interval between Li and Ln are screening doublets, and 
were discovered by Hertz. At the right of Fig. 24 we indicate the 
character of the various doublets. It will be noted that spin {R) and 
screening (S) doublets alternate in passing down the energy diagram, 
a fact which is helpful in memorizing these regularities. It is apparent 
that the two levels belonging to a spin doublet have identical anmuthal 
numbers, but different inner numbers. On the other hand, the levels 
of a screening doublet have different azimuthal number, but the same 

inner number. These relations are recapitulated in Table 5. 

The frequency difference A? of a spin doublet increases as the fourth 
power of the atomic number diminished by a certain screening constant 
d. In fact, the data are well satisfied by an empirical formula of the type 

= aZ - d)ni + aiZ - dY + h(Z - <L)^]. (26) 

R 

iSee Bohb and Costek, Z. Physik, 12, 342 (1923). 
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Table 5. — Quantum Numbers op X-ray Levels ^ 


Level 

Type of 
doublet 

n 

k = ki 

l^k -1 

Ill 

1 

K i 


1 

1 

0 

■ 

Li. 

s 

2 

1 

0 


Lii 

R 

2 

o 

1 

M 

Lm 


2 

2 

1 


Mi 

S 

3 

1 

0 

y 

Mil 

R 

3 

2 

1 

y 

Mill 

S 

3 

2 

1 

K 

Mrv 

R 

3 

3 

2 

K 

Mv. ... . 


3 

3 

2 

% 

Ni.^ 

S 

4 

1 

0 

y 

Nil 

R 

4 

2 

1 

M ' 

Niii 

S 

4 

2 

1 


Niv 

R 

4 

3 

2 

% 

Ny 

S 

4 

3 

2 

y 

iVvi 

R 

4 

4 

3 

y 

iV^vii 


4 

4 

3 

y 

Oi 

S 

5 

1 

0 

y 


^ R => relativity-spin doublet; = screening doublet. ki is the older azimuthal number assigned 
by Sommerfeld to these levels; Z is the true azimuthal number. 


Retaining only the first term in this formula, it is ' equivalent to the 
statement that AX is constant for the spin doublets as we pass from 
element to element. We see this at once from the relation AX = 
-AvlP, together with equation (24). As an experimental fact, easily 
interpreted by the theory we are about to outline, this law also holds 
^PPi*<^xii^^tely for the emission doublets. For example, in passing 
from uranium to silver the wave lengths of the Ln and Lm limits change 
by a factor of 6, but the wave length difference of L-series emission 
doublets which involve these limits changes by only 40 per cent. The 
law followed by the screening doublets is explained at once by the 
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Moseley term values, equation (24). If we have two levels for which 
the empirical screening constants are si and sa, we may write 


and, therefore, 



(27) 

(28) 


that is, the difference of their {v/R)^ values should be a constant, 
and their representative lines on the Moseley diagrams should be parallel. 
That this is approximately but not exactly true is evident from Figs. 
25 and 26. A more exact theory of these doublets will be given in Sec. 18. 


16. SOMMERFELD’S FORMULA FOR THE SPIN-RELATIVITY DOUBLETS 


We pointed out in Sec. 13 that the magnitudes of the X-ray energy 
levels are equal to the ionization potentials of electrons in the inner 
shells of the atom. The approximately hydrogenic character of these 
spectral terms is explained by the controlling influence of the nucleus; 
the effect of the other electrons on the one which is to be removed to 
give rise to an X-ray energy level is practically equivalent to a simple 
reduction of the nuclear charge. When an electron moves on an orbit 
pf low total quantum number in the field of a nucleus of high atomic 
number its velocity may not be neglected in comparison with the velocity 
of light, and it is essential to use a formula for its energy, which takes 
account of the variation of mass with velocity. 

Sommerfeld^ showed that it is possible to obtain excellent agreement 
with the observed X-ray energy levels by using a modification of the 
relativistic formula for the energy of the hydrogenic atom. This 
modification consists in replacing Z by Z — s in equation (35), Chap. V, 
so that s represents the screening of the nucleus by other electrons. 
WentzeP further modified this by replacing Z by Z - s in the first term 
of equation (35), Chap. V, and by Z - d in the other terms, so that the 
formula becomes 



1 An excellent resum6 is given in the chapters on X-rays in “Atombau,” 4th ed. 
Z. 16, 51 (1922). 
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The reason for the introduction of the two screening constants 
s and d can be seen from a consideration of the origin of the terms in 
this formula, using the simple shell model of Chap. VII, Sec. 10. We 
can see that the screening constant s in the first term depends on the 
distribution of electrons in shells both inside and outside the one con- 
taining the electron in question. All other terms in equation (29) arise 
from the variation of mass with velocity and from electron spin. In 
accord with Chap. V, Sec. 16, the values of these terms depend essentially 
on the velocity of the electron and this is determined by the field in 
which it moves, that is, on the screening due to the inner shells, regardless 
of the distribution of the outside shells. We may call s and d the total 
and partial screening constants, respectively. 


17. DATA CONCERNING THE L AND M DOUBLETS 


To obtain the formula for the separation of the L doublet, we write 
down the term values for Lu and Lm, as obtained from equation 
(29) by substituting the values of k and n given for these levels in Table 
5. Assuming that s is the same for both these levels, the term con- 
taining {Z — s) drops out in the difference and we obtain 


Aii 

7? 


T-ai — L] 


R 


= .J(Z _ d)4 


1 + i 


■dy 


4-^- -V 
^ 8 2*^^ 


The equations for the M doublets are 


dY + 




(30) 


Af 

R 

R 


Mil — Mm 

R 

Miy — My 

R 


= $iZ - d)^ 

= fl(^ - dY 


2 ^ 32 32 ^"^ 


“Vz 

2 ^ 32 


dY + 




(31) 


and other doublet formulas are obtained similarly. 

The precision with which the theory accounts for the spin doublets 
can best be seen by substituting the experimental values for the spin- 
doublet separations on the left-hand side of equations (30) and (31), 
and solving for the values of d. The degree of constancy of d for a 
given doublet, as the atomic number changes, is a measure of the 
apphcability of equation (29). The constancy of the screening number 
for the L-doublet is shown by Table 6 which is an extract from a more 
extensive table compiled by Sommerfeld.^ 

Similar calculations for the M and N doublets give values which are 
nearly as constant as those for the L doublet. It is natural that the 
departure from the Sommerfeld formula should become greater for the 
outer shells where the physical conditions necessary for its validity 
* “Atombau,” 4th ed., p. 447. 
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z 

Element 

Av/R 

d 

41 

Nb 

6.89 

* 3.50 

45 

Rh 

10.48 

3.47 

50 

Sn 

16.73 

3.60 

56 

Ba 

27.70 

3.54 

60 

Nd 

37.86 

3.51 

67 

Ho 

62.46 

3.50 

74 

W 

98.54 

3.51 

82 

Pb 

160.02 

3.44 

92 

U 

278.71 

3.49 


are not so well fulfilled. The screening constants for the L, M, and N 
doublets are assembled in Table 7. 

Table 7 


Level d 

Liif Lin 3.50 

Mn, Mm 8.5 

Miv, My 13.0 

Nii,Nm 17.0 

NiVf Ny , 24.4 

NyXf Nyii 34 


18. SCREENING DOUBLETS 

The values of the constant d can be secured by the method given 
in the preceding section, for all X-ray levels except K, Li, Mi, Ni, Oi, 
etc. In these cases there is no relativity doublet and, therefore, the 
constant s cannot be eliminated as for the other levels. The values 
of 5 for the doublet levels can be calculated by substituting the values of 

d (Table 7) in equation (29) and solving for the term ♦ This 

Tt 

is known as the ^'reduced term'^ and is represented by v'; it is the same 
for both levels of a relativity doublet. Following the reasoning used in 
deriving equation (28), but using the reduced terms instead of the actual 
terms, we secure the equation 



When the reduced terms for the Mn,m and the Miv.v levels are sub- 
stituted in this formula it is found that As/n is constant, with no 
indication of a trend such as we found in Sec. 16. The same is true for 
the Nn,iii and iViv,v screening doublets, though the erratic variations 
of As/n are greater. 
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To secure the reduced terms for the Li, Mi, Ni, etc., levels further 
assumptions are necessary. It seems most natural to assume that 
Ls/n should be constant, with increasing atomic number, for the screen- 
ing doublets Li ~ Lu.m, Mi - Mujn, Ni - iVn,iii, 0i - On, in, 
as well as for the screening doublets ilLn.m — ikfiv v and — 

iViv.v. Wentzel chose a value for d for the Lj level in such a way as to 
satisfy this assumption. That is, we calculate the reduced Li term, by 
substituting WentzePs d in equation (29), and call it vi; we also calculate 
the reduced term corresponding to the Lu and Lm terms. Then, using 
equation (32) we obtain a value of As/'n which is practically independent 
of the atomic number. The same method was applied by Wentzel to the 
other single levels. The values of d thus secured are as follows: 

Li Ml Ni 

d 2.0 6.8 14 

By comparison with Table 7, it will be seen that these values fit in with 
the trend of those for the other levels. The values of As/n calculated 
from equation (32) for a number of elements are listed in Table 8, which 


Table 8. Diffeeences of the Square Roots of Reduce© Terms for ScRBBNiisro 

Doublets 


z 

(Li, 

La, III) 

(Mi, 

Mu,ni) 

(Afn,ni, 

Miv,v) 

(m, 

Mn,!!!) 

(■Viijiii, 

Nrvfvj 

(Niv,v 

Nvi,vn) 

(Oi, 

On, III) j 

(Oil, III; 
Oiv,v) 

74 

0.54 

0.60 

1.12 

0.56 

1.15 

2.57 

0.58 

1.70 

78 

0.55 

0.63 

1.11 

0.45 

1.17 

2.47 

0.53 

1.51 

79 

0.57 

0.61 

1.12 

0.53 

1.27 

2.40 

0.09 

1.81 

81 

0.57 

0.57 

1.16 

0.63 

1.09 

2.21 

0.54 

1.42 

83 

0.54 

0.63 

1.08 

0.63 

1.05 

2.11 


1.97 

90 

0.60 

0.61 

1.12 



1.95 



92 

0.60 

0.62 

1.13 

0.56 

1.14 

1.94 

1.20 

1.51 


is similar to, but briefer than a table given by Wentzel. The constancy 
of these differences with respect to atomic number is very satisfactory^ 
it is also evident that they are approximately multiples of 0.58 so that 
the reduced terms are given by the equation, 

Z — 12 

— - 0 . 58^(0 . 

In this formula Sn is that value of s which will give the reduced term, 

for the Li, Mi, Ni, Oi . . . levels when n equals 2, 3, 4, 5, , 

respectively; for these terms <p(l) is zero. We cannot expect s„ to be 
independent of atomic number, since it depends on the number and 
distribution of electrons both nearer and farther from the nucleus 
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the region occupied by the electrons under consideration. The addition 
of electrons to the outer part of the atom must change the value of Sn- 
Since d depends only on the inner electron configurations, it should be 
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Tho ptnpirioAl rflations di*voloiM'c| hi'ri' for fh«' of thp 

X-ray 1 ovi* 1 h on <hi* atotiiic miinluT iin«l tho i|uatift«tii ntiinlM>rM en,}, 
be aiunmarized in one fnnnulii dtn- to Wcntwl. pnrtly ilHHtrofiral iid,| 
partly onipirieal, whieh giviw an exn'Ilont r<‘jiro)«‘n!n! mn <(f th«- 
mental X-ray enerftj' levela, Thw fonmila if>, 



y»(0) »» 0, 1^(1) I, v>{2) ■■ 3, • ■ • , 

<1(2,0) - 2.0, d(2,l) - 3.5, 

4(3,0) - 0.8. 4(3, 1) - 8.5,4(3.21 « 13 0, 

4(4,0) «■ 14.0, 4(4,1) - 17.0, 4(4,2) •» 24 I, 4(1,3) - 34 (34) 

The yahiea of »(Z,ri) are thoHe given in Fig 27 

Ab yet there la no compete theoretical explantilmn of thiw verj* 
atriking empirical «»latlonB. Finai' ami Hnrinf* have ahown that 
it i« poaaihle to account for the X-ray levela njf)proxininie)y hyawiiming 
stationary electron orbits In a CT-nlral flehl an«l e».|ieeially File* has 
shown that it is not {KMwililo for electrons to lie Isnintl in <»rhlis having 
the (juantum numliera n »• 4, 4: 4, in the cesium atom, hut that 

it is possible for such electrons to lie presiuit In atoms having atomic 
numbers only slightly higher than that of cesium. An invi^llf^tion 
by Hugiura and Urey* shows that this Is also true if k is assignetl half- 
integral values and that the values of the inner wcraening constant. 4, 
oaloulated on this basis agree fairly closely with the ei|ieriinenlal value*. 
The calculated and observiui constants for m^liim are 
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Using similar assumptions, Pauling* secunnl values which agree alsiut 
as well with the tihsi’rvinl values us those given alxive, 


' z. fhyM, ti, m 11, 1 (nri3); 11, aii drai; 11, aor. dual. 

•/Vi*, (‘tmh. 1‘hil 11, tm (Umj 
* KgL linn. Viikk. MrUknlt. Math .ffiM. AlnM , VH, |3 

*Z. PAysi*, 344 ( l«27) P*euM« hss sfan amtltn.) jh^ nm, inwhiuops 1« iltw 
probtem. BmJ.A. V. ,S.. m, 1030 dlKW) and Rmt. |{«y. Hiir . ili, tsi dW7) 
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19, COMPARISON OF THE RELATIVITY AND THE SPIN-RELATIVITY 
THEORIES OF X-RAY DOUBLETS 

We are now in a position to understand how and why Sommerfeld^s 
original interpretation was replaced by another which takes the spin 
of the electron into account. We have seen that in Sommerfeld^s 
theory it was necessary to assign the azimuthal number 1 to the Li 
and Lii orbits, and the number 2 to Lm, and that similar assignments, 
conflicting with the spin theory, must be made for other levels. This 
leads to difficulties. The two levels associated with a relativity doublet 
have the same total screening constant, as we assumed when equations 
(30) and (31) were obtained by subtracting two equations of the form 
of equation (29), having the same value of 5. It is difficult to see how“ 
this can be the case except in the case of a hydrogenic atom, for electrons 
having the same total but different azimuthal numbers will move on 
orbits of different shape. Even if this difficulty were overcome, there 
is another which . may be illustrated by referring to the L levels. Li 
and Lii form a screening doublet which obeys Hertz' law. If the total 
screening constants are different for these two levels, it seems reasonable 
to suppose that the relativity corrections should be different for them. 
As a matter of fact, the data would not permit this, as we see by 
considering the parallelism of the Li and Ln curves on the Moseley 
diagram. Even in the region of high atomic numbers where the rela- 
tivity doublet separation becomes large compared with the screening 
doublet there is no indication of such an effect. 

It is possible to overcome the first difficulty by a different inter- 
pretation. We may suppose that the interval between Li and Lm is 
a combined relativity and screening doublet, in which the difference of 
the screening constants is directly traceable to the difference in the 
azimuthal numbers. The difficulty is that then are still confronted 
by the same trouble as before in attempting to explain the interval 
between Li and Ln. Similar remarks may be made in regard to doublets 
of other series. 

Further difficulties arise when an attempt is made to correlate the 
energies of the X-ray electrons with those of the valence electron of an 
alkali metal. The correlation is based on the similarity of the X-ray 
diagram and the energy diagram of a typical alkali atom. In Chap. 
VII, Sec. 13, we discuss the empirical laws describing the separations of the 
doublet levels in alkali atoms, and in ions having the same number of 
electrons as the neutral alkalies. The outstanding fact is that these 
doublets obey approximately the same law as the X-ray spin doublets, 
especially when we are dealing with highly charged ions. Because of 
the inhomogeneity of the field through which the electron moves in the 
of the optical spectra it is necessary to introduce screening con- 
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stants for both the inner and outer parts of the orbit, as we showed in 
equation (40), Chap. VII. 

Even before the discovery of the spinning electron it was practically 
certain from evidence based on the Zeeman effect that the alkali doublets 
were principally due to differences in the orientation of two or more 
portions of the atom with respect to each other, and that the forces 
which held these parts in their quantized orientations were magnetic 
in origin. Because of the definite connection between magnetic moment 
and angular momentum, it appeared necessary to say that the levels 
forming an optical doublet have identical azimuthal numbers but 
different inner numbers. The selection principles for these numbers 
are identical in form with those for the X-ray quantum numbers 
by I and j in equation (25). Therefore, it appeared reasonable to call 
these numbers by the same names as the analogous numbers in optical 
spectra, and this is in complete disagreement with the assignment of 
quantum numbers based on the relativity theory. 

For a time this difficulty remained unsolved. It appeared that 
the magnetic explanation, using the two possible, orientations of a 
magnetic spinning electron relative to the magnetic moment of the 
orbital motion of the electron, left no room for the relativity correction, 
and vice versa, for either alone was able to yield a quantitative inter- 
pretation of the levels. As stated before, the true explanation lay 
in the fact that the combination of relativity and magnetic corrections, 
■as calculated by the new mechanics, gives the original relativistic 
energy levels of Sommerfeld. The validity of the first-order term of 
Sommerfeld’s formula was established by Heisenberg and Jordan^ 
and by Richter. ^ Dar,win2 has proved that the wave- mechanical 
theory of the electron introduced by Dirac yields precisely the expres- 
sion given by Sommerfeld. His formula is derived in such a way that 
the spin quantum number of the electron does not explicitly appear, 
but the selection principles appear in their usual form. 

20. THE QUANTUM NUMBERS OF THE X-RAY LEVELS 

Although the preceding discussion was based on a study of the 
energy of a single electron in the field of a partially screened nucleus, 
we must remember that this procedure yields only approximate 
results; for the negative energy of such an electron on its normal 
orbit, as determined by Sommerfeld’s formula and measured from the 
state in which it is removed to infinity, is only approximately the same 
as the energy of the atom on the corresponding X-ray level, measured 
from the unexcited state as an origin. In Sec. 14 we stated the selection 

1 Z. Physik, 37, 263 (1926). 

^Phys. Rev., 28, 849 (1926) and Proc. Nat. Acad. Sci., 13, 476 (1927). 

^ Proc. Roy. Soc., 118, 654 (1928). Also Goedon, Z. Physik, 48, 11 (1926). 
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principles for X-ray spectra and compared them with the strikingly* 
similar rules for an alkali atom. Further, we have pointed out the 
similarity of the alkali metal and X-ray energy diagrams. The reason 
for this similarity was first clearly stated by Pauli. ^ When a single 
electron is removed from an atom, the number of X-ray levels which 
may result is equal to the number of essentially distinct ways in which 
the remaining electrons may be coupled to yield quantized states. 
Let us suppose that we are dealing with an atom in which the I vectors 
(Chap. VII, Sec. 6) of the individual electrons are coupled so as to form 
a quantized resultant ], and that similarly the s vectors form a quantized 
resultant s. Further, we suppose that the vectors I and i are so oriented 
with respect to each other that their resultant j is quantized. If the 
atom is built up of successive electron shells each of which has no resultant 
angular momentum or magnetic moment, ^.e., with the I and s vectors 
adding up to Z = 0 and 5 = 0, then the removal of one electron whose 
quantum numbers are V and s' will leave an incomplete electron shell 
with its I and s values equal to V and s', so coupled as to give a certain 
quantized resultant f. Thus, the shell from which one electron is missing 
must have the same number of possible combinations of the I and s 
vectors of its electrons as the single electron removed from the shell 
and for this reason the X-ray levels are doublet levels just as in the case 
of the optical spectrum of an alkali. 

The exact optical analogues of the X-ray energy values are the 
energies required to ionize atoms having completed subshells of electrons, 
such as the alkaline earths and inert gases. ’ We may take neon and 
magnesium as the simplest examples. In Chap. IX, we shall see that 
the numbers of electrons in the two- and three-quantum shells of these 
elements are the following: 


Subshell 


Element 

2, 0 

2, 1 

3, 0 

Ne 

2 

6 

0 

Mff 

2 

6 

2 







The energy required to remove one of the 3, 0 valency electrons of 
is the energy of the Mi X-ray level of magnesium. The 3, 0 subsheU of 
Mg has I = 0, s = 0 and ] = 0. Bach of the electrons of this subshell 
has the quantum numbers Z = 0, s = H and i = If one electron is 
^Z. Physik, 31, 765 (1925). 
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removed, we obtain the quantum numbers of the incomplete subshell 
left behind by subtraction, as follows : 


1=0 s = 0 i = 0 

? = 0 s = M 3 = K 

1-1 = 0 s - s = -y% 3 - 3 -H' 

The values in the last line are in fact the quantum numbers of the remain- 
ing electron of this subshelL The level is, therefore, a level from 
the standpoint of optical spectra, so that our assignment of quantum 
numbers for the Mi level in Sec. 15 is verified. The removal of one of 
the 2, 0 electrons of neon gives an exactly similar optical level except 
that the total quantum number of the remaining electron is 2 instead 
of 3, and the ionization energy of this subshell is the energy of the L\ 
level of neon. 

, The removal of one of the six 2, 1 electrons from either of these elements 
may leave the incomplete subshell with an angular momentum of or 
in terms of /i/27r as a unit. That is, the electron removed may carry 
with it an angular momentum corresponding either to j or j ^ ; 
so that the quantum numbers of the ionized atom are formed as follows : 

7=0 s =0 J =.0 

_! g = K i = ¥2 oTj = K 

1 ^ 1 = i = -KorJ - y = 

We conclude that two different ionizing potentials will be observed 
depending on whether the incomplete shell is left with j equal to or 
to As we shall see in 'Chap. X, Sec. 10, these two levels of the ion 
are and levels. They are the Ln and Lm levels of neon, 
respectively. The Lu and Lm ionization potentials correspond to the 
two limits for the optical series spectra described in Chap. IX, Sec. 6 . 
Lai with j = is higher than Lm on the optical energy diagram so that 
these levels are an inverted ^P level of Ne+. The same is true of the 
low-lying ^P levels of the halogens. This is not true of the alkali metals 
in their ^P states, for here the level with j — % has the greater energy. 
Quite generally, the low-lying states of atoms with incomplete subshells 
are similar to the X-ray energy states in their multiplicity, and jusb 
as in this simple example the levels correspond to inverted doublets 
of optical spectra. Table 9 gives the number of electrons in each of the 
subshells of the argon atom in its normal state and each of its X-ray 
states. That the assignment of electrons to the subshells of the normal 
atom is correct will be proved in Chap. IX. In the last two columns 
of the table we give the optical symbol for the level and the atom whose 
normal or low-lying state is similar to the X-ray level. The addition 
of completed subshells to the outside of the atom does not change the 
multiplet character of the level. 
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Tablb 9 


x-ray lovol -- — ’ 

1, 0 

2, 0 

2, 1 

3, 0 

3, 1 

Optical 

symbol 

Analogous 

atom 

Normal Btate 

2 

2 

6 

2 

6 


A 

K 

1 

2 

6 

2 

6 


H 

U 

2 

1 

6 

2 

6 


Li ’ 

La, Iau 

2 

2 

5 

2 

6 


F 

Ml 

2 

2 

6 

1 

6 


Na 

Miu Mm 

2 

2 

6 

2 

5 

’H 

Cl 


21. X-RAY SPECTRA OF HIGHER ORDER 


In addition to the lines of the K- and L-series which agree so well 
with the energy level scheme developed in the preceding paragraphs, 
a considerable number of weak lines have been observed, which cannot be 
fitted into this scheme without seriously altering it. In general, they 
lie on the short wave-length side of the stronger lines of the K- and 
L-series, In the if-scries these weak lines are resolved for elements of 
atomic numbers 12 to 29 and in theL-series for elements of atomic numbers 
lower than 51. Such additional lines were first discovered by Siegbahn 
and Stenstrorn and were greatly extended in number and in precision 
of measurement by Dolejsck, Hjalmar, and Coster,^ while Foote and 
Mohler* have recorded critical potentials in the soft X-ray region which 
may be related to some of these lines. 

The Ka group of lines consists of three doublets 0 : 20 : 1 , 0 : 30 : 4 , and 0 : 50 : 6 , 
in the order of decreasing wave lengths, and a line o:i' lying between the 
axot% and doublets. This complete group is observed only in the 
elements Na, Mg, Al, and Si. The resolution of the a3o:4 and a5o:6 
doublets becomes more difficult with increasing atomic number, and, in 
this respect, they differ from the 0 : 10:2 doublet. The latter is due to 
combinations between the K and the Ln and Lm levels. The five lines 
au 0:3, 0:4, 0:5, and 0:3 may be arranged in three pairs such that the fre- 
quency differences of the pairs is approximately constant; 

ag “■ 0:1 ^ 0:5 - 0:3 ^ 0:6 — 0:4. ( 35 ) 


^Furthermore, the last of these differences for any one clement is very 
closely the same as the first of these differences for the element immedi- 
ately following in the periodic system; 

(0:6 — OL^z = o:i)^+i. ( 3 ®) 

These relationships expressed by equations (35) and (36) are illustrated 


in Table 10. 

t Beo BrnGBAim, ‘^leritgtmBlvralilcn," Bpringor, pp. 98, 
of the experimental data up to 1924, and Lindh, Phynth, 28, 93 (1927) for moio 

m:ont work. 

* Origin of Spectra,” p. 200j^. 
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Table 10 * 



Na 

Mg 

A1 

Si 

£^3 —Oil 

0.52 

yrO.64 

yf0.71 

7^0.83 

cts — as 

0.57 y 

/ 

/ 0.67 / 

0.76 > 

^ 0.91 

Oie — oc^ 

/ 

0.65-^ 

A 

0.76-^ 

0.83^ 

0.94 




1 Wbttebblad, Z . Physik , 42, 611 (1927). 


Similar regularities are found in the L-series . satellites though they 
are not so clear as the iiC-series relations, probably because of the more 
complicated structure of the L and M shells. 

WentzeP proposed that these faint lines represent the spark X-ray 
spectra emitted by atoms which have more than one electron removed. 
The X-ray spectra emitted by singly, doubly, and trebly ionized atoms 
may be. ref erred to as the first, second, and third spectra, respectively. 
Two electrons may be removed from the same or different shells of the 
atom and the spectrum emitted by such multiply ionized atoms when 
electrons of outer shells fall to the inner shells will be of different character 
from that emitted by the singly ionized atom. A doubly ionized atom 
will have an energy diagram of the singlet and triplet type, and the trebly 
ionized atom or ion will have doublet and quartet multiplicities. These 
conclusions follow from the study of multiplicities of optical spectra to 
be described in Chap. X. 

A word of explanation is necessary, however, in this connection. 
Many of the X-ray spectra ascribed to atoms are really characteristic of 
ions having closed subshells of electrons, or compounds with closed 
subshells, in the sense that the incomplete valence shell of one atom couples 
with those of other atoms in such a way that there is no resultant angular 
momentum or magnetic moment. For such ions and compounds the 
system of levels must be of the doublet type. But in many elements 
of transition groups, as for example the rare earths, the subshells are 
not aU closed even for stable ions, as indicated by measurements of 
magnetic susceptibility. The X-ray levels of such an ion cannot be a 
doublet system; there inust be closely spaced groups of levels in the 
neighborhood of each of the doublet levels. 

Aside from these facts on which there is general agreement, the 
subject of X-ray spark spectra is rather involved and controversial. 
A description of the various theories proposed in regard to the transitions 
which give rise to the Ka group would be quite lengthy, and we shall 
content ourselves with giving references to the more recent papers on 
the subject.^ 

1 Ann. Physik, 66, 487 (1921); ibid., 73 , 647 (1924); Z. Physik, 31 , 446 (1924). 

2 Backlin, Z. Physik, 27 , 30 (1924); Drtjyvestbyn, ibid., 43 , 707 (1927); Turner, 
Fhys. Rev., 26 , 143 (1925); Eichtmyer, Phil. Mag., 6 , 64 (1928), 
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22. THE EFFECTS OF CHEMICAL COMBINATION ON X-RAY SPECTRA^ 
Thus far, we have not considered changes in the spectra due to the 
state of chemical combination; they have been assumed to be charac- 
teristic of the individual atom and independent of its chemical com- 
bination with other atoms. This is found to be far from true when the fine 
structures of the absorption limits and lines and their exact wave lengths 
are determined. Though these effects have not been extensively investi- 
gated, it may be said that the absorption limits and emission lines of an 
element are different in position in nearly all of its chemical compounds 
and often there are differences in structure as well. The causes of these 



Fia. 28. — iiC-absorption limits of chlorine of different valences. {After Lindh.) 

changes are imperfectly understood and the experimental data are as 
yet too meager for systematic classification. 

Figure 28 gives the structure of the jK-absorption limits of chlorine 
in its different valencies, according to Lindh, and illustrates two general 
features: the absorption limit is shifted toward higher frequency as the 
valence increases, and a distinct fine structure appears, the nature of 
which depends on the valence. In some cases, the fine structure con- 
sists of fairly sharp absorption lines. There are two distinct absorption 
limits for each valence, except in the case of HCl, though these two limits 
are not observed for all compounds having a particular type of valency. 
The average wave lengths of these limits, Ki and observed in many 
compounds, and their variation with valence, are given in Table 11, 
together with the energy differences of these limits for free chlorine 
and for the element in combination. The change in wave length between 
the longest and shortest wave lengths is about 0.5 per cent, which is far 
from insignificant, though it corresponds only to an energy change of the 

1 For complete summaviesj see the following papers and references there given: 
Lindh, Physik. Z,, 28, 98 and 111 (1927) ; Steeling, Z.f. anorg. Chem., 131, 48 (1923); 
Z. f. Phys. Chem., 117, 161, 175, 194 (1925); Chem. Ber., 60, 650 (1927);/^l[Jber den 
Ziisainmenhang zwischen chemischer Konstitiition and K-Rontgen Absorptionsspek- 
tren,” Lnnd, May (1927); Z. Physik, 60, 506 (1928). 
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Table 11 





AV (volts) relative to 



Wave length 

Cla 

X2 — Ki 






(volts) 


Ki 

K 2 

Ki 

K, 


C12 

4,393.8 

4,381.6 

0 

0 

7.8 

HGL... 

4,385.3 


5.4 



Cl~ 

4,382.9 

4,360.0 

7.0 

13.8 

14.6 

C16+ 

4,376.9 

4,357.4 

10,8 

15.5 

12.5 



4,369.8 

4,347.8 

15.3 

21.6 

14.1 


order of magnitude of the binding energies of the compounds. There 
is some variation among the individual compounds containing the 
chlorine in any one valence type, though they group themselves rather 
closely about the values given in the table. 

A study of the K limits of chlorine and sulfur compounds, as well 
as others, shows that there must be specific effects of the metal ions 
with regard to both the wave lengths of the limits and their fine structures. 
Stelling^ pointed out that the variation in the wave length of the limit 
depends on the crystal structure, the interionic distances, and the electron 
configuration of the metal ion, and Fajans^ has found that the' experi- 
mental results agree fairly well with the assumption that the wave-length 
difference between the absorption limit of the free ion and of the ion in 
the crystal is proportional to the inverse fourth power of the interionic 
distance r if the metal ions have similar outside electron shells and the 
crystflils havo the same lattice j that is, 



where X^o is the wave length for the free ion and X that for the ion bound 
in a lattice, and /c is a constant. The following table shows how well 
this formula agrees with the experimental data on three sulfides, if 
Xco(S — ) is taken as 5,009.3 X. U. 


Table 12 


Compound 

X 

r 

fA 

8 

1 

II 

1 

8 

MeS 

5,005.3 

2.594 

45.3 

4.0 

180 

OaS 

5.006.6 

5.007.6 

2.843 

66.3 

2.7 

176 

BaS 

3.184 

103.0 

1.8 

185 







1 Loc. (At. 

2 Z Phydk, 60, 531 (1928). 
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The change of refractive index of the ions due to binding in a crystal 
follows a similar law' and this indicates that the variations due to the 
metal ions depend on the deformation of the outside electron shells 
of the negative ions. The complete explanation of these phenomena 
has not been given. It will probably be necessary to consider, in addi- 
tion, the lattice energy with normal ions, with ions having a K electron 
missing, and with free electrons in the lattice, as has been done by 
Aoyama, Kirnura, and Nishina,*-^ and also to consider the deformation of 
t he ion l)y the luvighboring atoms or ions. 

The dependence of emission spectra on the compound containing 
the element is even more prominent than that of the absorption edges, 
for here there appears to be a dependence on the metal of the target 
supporting the compound as well. Lines which appear when a compound 
is supported on a target of one metal will be absent, if the same compound 
is supported on another target, and the relative intensities of the lines 
may be changed. These spectra require much more research before 
any satisfactory classification and interpretation of the results can 
be made, 
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CHAPTER IX 

THE PERIODIC SYSTEM OF THE ELEMENTS 

1. THE ARRANGEMENT OF ELECTRONS IN ATOMS 

The periodic system of the elements consists of six completed periods 
and one incomplete period containing 2, 8, 8, 18, 18, 32, and 6 elements, 
respectively. Each increase in the length of period brings with it a 
number of elements with properties different from those of the preceding 
periods. The types of elements which first appear in the periods of 18 
are known as the transition elements, and the period of 32 also contains 
the fourteen rare earths. 

Figure 1 is the periodic table of Julius Thomsen^ which agrees well 
with the structure of the electron configurations deduced by Bohr, 
which we shall now describe. In this table the rare gases, which were 
postulated by Thomsen before their discovery, the transition groups, 
and the rare earths have logical positions. Thomsen pointed out that 
the numbers of elements in the periods of the table, omitting the inert 
gases, are given by the expression 

1 + 2X3 + 2X 5+ • • • , 
which can be modified on including the inert gases to read 

2X1 + 2X3 + 2X54-2X7+ ( 1 ) 

by breaking this series at different points, the numbers 2, 8, 18, 32, 
etc., mentioned above are secured. 

The approximate but unmistakable repetition of chemical and 
physical properties with these periods and the increasing length of 
the periods has been believed to be due to a regular building up of succes- 
sive electron shells with increasing numbers of electrons since the original 
proposals of Sir J. J. Thomson to account for them in this way. We 
are confronted with several questions: (1) How many electrons are 
there in each shell or subshell? (2) What limits the number of electrons 
in a given shell? (3) How are the periodic properties of the elements 
related to the exterior electron configurations? These questions can 
now be answered in a broad way, as a result of our knowledge of the 
optical and X-ray spectra of the elements. 

Bohr^ first proposed a distribution of electrons into different shells 
and subshells which was based on an attempt to correlate spectral data 

^Z. anorg, Chem., 9, 190 and 283 (1895). 

2 Anre. P%si/c, 71, 228 (1923); 2. P%sifc, 9, 1 (1922). 
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with the periodic system; this explained a wide range of phenometia. 
Bohr^s assignment of the numbers of electrons in the shells defined by 
the total quantum number, n, for the atoms of the different periods has 
not been modified, but his assignment of the numbers in the subshells 
defined by the azimuthal number, Z, has been modified by Stoner^ and 
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Ji'lG. 1. — The Thomsen-Bohr periodic table {modified). 


Main-Smith.* Following this work Pauli proposed his equivalence 
principle, which limits the possible numbers of electrons in each shell 
or subshell. There are two factors which are effective in determining 
the electron configuration of the normal state of an atom; first, the 
electron configuration must be one permitted by the Pauli equivalence 
principle, and second, it must be that which makes the energy of the 
atom a minimum. These two factors will now be taken up in order. 


1 Phil. Mag., 48 , 719 ( 1924 ). 

Chem. Ind.j 43 , 323 ( 1924 ); 
( 1924 ); Phih 50 , 878 ( 1925 ), 


“Chemistry and Atomic Structure,’’ London 
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2. THE PAULI EQUIVALENCE PRINCIPLE AND THE ELECTRON SHELLS 

Pauli's principle requires that no two electrons of an atom shall have 
all of their five quantum numbers identical (Chap. VII, Sec. 19). These 
five quantum numbers may be taken as those required to fix the steady 
states of an atom in a strong magnetic field, since there is a one-to^ne 
correspondence between these and the quantum numbers required to 
fix the steady states of the atom under any other conditions where the 
atomic system is not degenerate. These five quantum numbers and 
their possible values have been defined and illustrated in Chap. VII > 
but will be briefly reviewed here. They are, 

= 1, 2, 3, • • • , 

I = 0, 1, • • • n - 1, a vector, 

5 = a vector, 

mz = — 21, —Z + 1, • • • , 0, • • • Z — 1, Z, 
rris = ±H- 

Such a set of quantum numbers is required for each electron of an atom 
to fix the steady states in a strong magnetic field. In a weak magnetic 
field another set of quantum numbers must be used but there will still 
be 5Z such numbers. One of these will be the resultant angular momen- 
tum of all the electrons of the atom, in quantum units, and another 
the projection of this in the direction of the field. These two numbers 
are j and lUj respectively. When the field vanishes, loses its meaning, 
since the orientation in space becomes indeterminate. In the absence 
of the field many of the quantum numbers are no longer characteristic 
of the individual electrons, but of a group of electrons. However, 
the n, Z, and s quantum numbers can still be assigned to individual 
electrons, and, therefore, the shells and subshells can be designated 
in terms of these numbers. Since s is always H is unnecessary to 
use it in designating the shells. We now wish to find the maximum 
numbers of electrons having given values of n and Z, which an atom car 
possess without violating the Pauli principle. 

We consider first the smallest values of n and I and proceed to the 
larger values, considering, at present, only the numbers of electrons 
which may enter any shell and not the question of whether these numbers 
are actually present in the case of any given atom. Taking n = 1, 
can take only the value 0, and, therefore, mi only the value 0, whiL 
rris may take two values, ±M; therefore there may be two electron 
in an atom with n, Z = 1, 0, one for each of the two possible values of 
These two electrons complete the first shell. If n equals 2, Z may b 
either 0, or 1; with I equal to 0, mi must be 0 and may be ±K, an< 
thus two electrons may occupy the 2, 0 subshell j with Z equal to 1, mi ma, 
be — 1, 0, 1 ; and, as before, may be ± for each of these three values c 
mif so that six electrons may occupy the 2, 1 subshelh The eight electron 
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of the second completed shell have the quantum numbers given in Table 
1, if it is placed in a very strong magnetic field, and, as this field is 
allowed to vanish, they arrange themselves in two closed subshells 
of two and six electrons each. 


Table 1 


n 

1 

mi 

m* 

2 

0 

0 

-V2 

2 

0 

0 


2 

1 

-1 

-34 

2 

1 

-1 

+34 

2 

1 

0 

-34 

2 

1 

0 

+34 

2 

1 

1 

—34 

2 

1 

1 

+34 


Similar reasoning can be applied to the other electron shells. It 
is immediately evident that mi takes 2Z + 1 values and that always 
has 2s + 1 ( = 2) values, so that there will be 2(2Z -h 1) electrons in any 
subshell. Summing over the possible values of Z, the number of electrons 
in the nth shell is 

I m>n— 1 

^ 2(21 + 1) = 2nK (2) 

Table 2 


X~ray symbol n, I 2(2Z + 1) 2n^ 

K 1, 0 2 2 

Li 2,0 2 

Ln,xu 2,1 6 8 

Ml 3, 0 2 

Mil, in 3, 1 6 

Miv.v 3,2 10 18 

Ni 4, 0 2 

Nu^ni 4, 1 6 

iViv,v • 4j 2 10 

iVvijVii 4, 3 14 32 

(h 5,0 2 

On, in 5, 1 6 

OrvjV 5, 2 10 

Ovi,vu 5, 3 14' 

OviiMX 5,4 18 50 

Pr 6,0 2 


6, 5 




22 


72 
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This equation is equivalent to Thomsen’s rule given by the expression (1). 
It is interesting that the correct formula for the numbers of electrons in 
subshells was secured so many years before its theoretical interpretation. 
Table 2 gives the numbers of electrons in the completed shells and sub- 
shells to the sixth shell. The electron groups are not filled in the order 
in which they occur in this table. 

The P and 0 levels having high I values are hypothetical, as we shall 
soon see. The numbers 2, 8, 18, and 32 appear here as the maximum 
numbers of electrons in the shells, but the repetition of the 8 and 18 
periods found in the periodic system does not follow from the equivalence 
principle alone. 

It is convenient to introduce a symbol to represent the numbers 
of electrons in each shell and subshell of the atom. This can be done by 
ngin g a whole number to represent n and the letters s, p, d, etc. to indicate 
values of I equal to 0, 1, 2, etc., respectively. Superscripts on these 
letters indicate the numbers of electrons of each kind in the atom. The 
symbol will be clear from the following example; An atom having the 
following configuration; 


n, I • • 

Number of electrons 


1,0 2, 0 2, 1 
2 2 6 


3, 0 3 , 1 3 , 2 

2 6 4 : ■ 


would be represented by the symbol, 

ls^2s^2p^Zs^Zp^Zd^. 


3. BOHR’S THEORY OF THE PERIODIC SYSTEM^ 

Bohr attacked the problem of assigning quantum numbers to the 
individual electrons of the atom by considering the building up of the 

1 The principal arguments of this section are due to Bohr, but the assignment of 
electrons to the subshells was given essentially by Stoner and Main-Smith {loc, cit.). 
Bohr divided the electrons in each completed shell equally among the suId shells so 
that the assignment was the following: 

1, 0 2, 0 2, 1 ■ 3, 0 3, 1 3, 2 

Number of electrons. . . 2 4 4 6 6 6 

At the time there appeared to be no way of deciding whether this was correct or not. 
Stoner and Main-Smith assigned them as follows: 

n,l,i 1, 0, H 2, 0, 2, 1, K 2, 1. K 3, 0, 3, 1, 3, 1, % 

Number of elec- 

trons 2 2 2 4 2 2 4 

3 , 2 , % 3 , 2 , ^ . 

4 6 ■ 

The division of the suhshells for f > 0 into two parts is not justified for the relativity 
doublet levels Mimh, iWiv,v, etc. are due to two possible ways of orienting 

the vectors of the incomplete shell relative to each other. The quantum number j is 
not characteristic of the individual electron removed from these shells, but ^ a vector 
sum of the I and s vectors of all the remaining electrons and takes two possible values 
for a shell with one electron removed, if 1 > 0. See Chap VIII, Sec. 20, and Stonbb, 
Proc. of Leeds Phil. Soc., 1, 226 (1928), particularly p. 229. 
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electron shells starting with a bare nucleus of charge +Ze and adding 
electrons successively to this nucleus. He postulated that each successive 
electron could be added in such a way that the n and Z quantum numbers 
of the previously bound electrons would not be changed. This is called 
the ^^constructipn principle’’ (Aufbauprinzip). Further, the normal 
state of the atom has that electron configuration which gives the atom 
as a whole the least possible internal energy of all possible configurations. 
It will not be true always that ions and atoms having the same total 
number of electrons, whatever their nuclear charges may be, will have 
the same number of electrons in each of the shells and subshells, and 
cases in which they do not are especially instructive; but in many cases, 



the Z — 1 electrons of the singly charged ion of an element are bound 
in the same way as the electrons of the neutral atom immediately pre- 
ceding it in the periodic system. For this reason, and in order to proceed 
from simpler to more complex atoms, it is well to begin the discussion 

of the building process with hydrogen. , -j.!. 

In discussing the building up of the electron shells of elements with 
low atomic numbers, it is convenient to refer to the energy required 
to remove the most loosely bound electron. Unfortunately, this energy 
is unknown for many elements, but Fig. 2 is a plot of the known values 
against the atomic number for the elements of the periodic table. 
The most striking features of this curve are the very sharp decreases 
between each inert gas and the following alkali metal. The features 
of this curve will now be correlated with the electron configurations 

^Th^tretron of the hydrogen atom and of the singly ionized helium 
atom, in their normal states, is known from their spectra to have the 
nuantum numbers « = 1 and Z = 0. The binding energies are equal 
in wave numbers to Ks and 4.Rse, respectively. the spectra 

of only these two hydrogenic atoms have been observed, one el^ron 
bound to a bare nucleus of any atomic number would enter the 1, 0 steady 
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state, for this state has less energy than any other with higher quantum 
numbers. The second electron of helium is also bound in a 1, 0 orbit, 
as we can see from the following evidence. 

An electron brought to the helium ion’ is attracted by the field of 
one unit of positive charge at large distances, and by a field of two 
positive units as a maximum at small distances. Therefore the energy 
liberated in binding the second electron in the 1, 0 shell should lie soro-O- 
where between R and while the energy of binding in a state with 
n = 2 would be of the order of magnitude of S/4. The actual energy 
of binding calculated from the ionizing potential of 24.5 volts is 1 . 81 -K, 
which shows that both electrons have the quantum numbers n, Z = 1, 0. 
The configuration of the atom is represented therefore by the symbol 
Is^. This is a possible configuration according to the preceding section 
and Table 2. Only the higher terms of the Lill spectrum are known, 
and these are similar to the higher terms of the Hel spectrum. 

The third element lithium has an ionizing potential of 5.37 volts, 
so that the third electron is bound with an energy of 0.40 R. If the 
third electron entered the 1, 0 shell, its binding energy should be grea^ter 
than R and probably larger than the energy of binding of the second 
electron of helium; if bound in a state with n = 2, its energy should 
be approximately that of the hydrogen atom in its orbits with n = 2, or 
about HR- The energies of the 2^?^,^^ states of lithium are very 
nearly equal to this (Chap. VII, Table 3). The larger energy of binding 
of the normal state, is in agreement with its assignment to a 2, 0 

orbit, for due to its ellipticity such an orbit will pass very close to the 2 
inner electrons or perhaps within the region of their orbits and, thus, 
be in the field of three positive charges for a part of the time, i.e., the 
orbit is a penetrating orbit (Chap. VII, Secs. 10 and 11). The lithium 
atom, therefore, has the configuration ls^2s. The normal states of 
Be"*", and C®"*" are known and these as well as the excited states 
show that the third electron is bound in the 2, 0 shell. The 1, 0 shell is 
evidently completed at helium and is filled with two electrons in all other 
atoms. 

The fourth electron of beryllium, boron, or carbon is also bound 
in the 2, 0 shell. The normal states of these 4 electron atoms are ^>So 
states as they should be according to the theory of multiplets given in 
Chap. X. The energy of binding of this last electron increases above 
that of the lithium electron, for reasons similar to those which explain 
the increased binding energy of the second helium electron as compared 
with that of hydrogen. The normal beryllium atom and B"*" and C"*""*" 
as well have the configuration ls^2s\ The most loosely bound electron 
of boron requires considerably less energy for its removal than that of 
beryllium (Fig. 2). This indicates that it is bound in another type of 
orbit. The normal state of boron is a level showing that the last 
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electron is bound on a 2, 1 orbit. Thus, the 2, 0 subshell is completed 
with 2 electrons and the next one enters the 2, 1 subshell. 

The assignment of quantum numbers to the electrons of the remaining 
elements in the second period can be made from the study of their optical 
spectra. These spectra are of the more complex type considered in 
Chap. X and, therefore, we shall not discuss these assignments here. 
The following configurations are in accord with the known spectroscopic 
data: C, N, ^28^2^^] 0, ls^2s‘^2v^] ls^28‘^2p^] and 



Kig. 3. -““-Optical Moseley diagram of the energy levels of the nineteenth electron. {After 
Grotrian. See reference at the end of Chap. X.) 

The numbers preceding the symbols "^S, ^P, etc. are the total quantum numbers. Thus, 
the 426* state of this figure is the l^S state in our nomenclature. ^ 

Ne, ls^2s22p®. The binding energy of the last electron increases from 
boron to neon except for a slight decrease at oxygen. 

The ionizing potential of neon is 21.47 volts and that of sodium 
only 5.13 volts. This large change in the energy of binding indicates 
that the last electron of sodium does not enter the 2, 1 subshell and there- 
fore it has a total quantum number, u = 3. The binding energy of this 
electron is considerably greater than that of an electron of the same total 
quantum number in hydrogen, indicating that its orbit penetrates 
the completed shells. The normal level is a state and so the eleventh 
electron must enter a 3, 0 orbit. The electron configurations of the 
remaining elements of this period are similar to those of the preceding 
period. Argon has the configuration 

Figure 3 illustrates certain regularities of optical spectra, which have 
been partly discussed in Chap. VII, Secs. 13 and 14 , The doublet separa- 
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tions (not shown in the figure) follow the law for the relativity-spin doublets 
of X-ray spectra. In addition, the screening-doublet law of X-ray spectra 
holds very well for these optical levels of stripped atoms. Thus the curves 
for ^P, and states with total quantum number 4 are very nearly 
parallel to each other, showing that the screening constants for these 
levels differ by a constant amount. Such regularities have been used to 
extrapolate from the known levels of certain atoms to unknown ones of 
others. ‘ 

4. THE LONG PEBIODS 

The first 18 electrons are bound in the order of increasing n and I 
and the subshells have the numbers of electrons required by the theory 
of Sec. 2. The curve of ionizing potentials (Fig. 2) shows that there 
is a very marked decrease in binding energy with increasing n, as in the 
case of He and Li or Ne and Na. There is a smaller decrease with 
increasing I, as we see by comparing Be and B, and Mg and Al. In fact, 
it is quite generally true that an increase in n produces a greater decrease 
in the binding energy than an increase of 1. At potassium we meet 
the first irregularity in this respect. The quantum theory permits 10 
electrons to occupy the 3, 2 subshell, but it is not filled in argon or potas- 
sium and from the spectrum of potassium we know that its last electron 
enters the 4, 0 subshell. The normal level is with the configuration 
3s“3p'’4s, while the levels with the configuration 3s 3p ^3^ 

have a higher energy. This is also true in ionized calcium and the second 
valence electron of calcium as well is in the 4, 0 subshell. But in doubly- 
ionized scandium, the normal level is a ^D^.h level, showing that the 
nineteenth electron in scandium enters the 3, 2 subshell. The change 
of the configuration 3s"3p«3d from an excited level of K and Ca-^to the 
normal level of Sc^^ and other ions following it can be clearly seen from 
the Moseley diagram of Fig. 3. The normal states of the elements 
from Sc21 to Ni28, inclusive, have electrons in both the 3, 2 ana 4, 
subgroups and the variable valence. and magnetic properties of these 
elements are due to these partially completed ^ 

first element having enough electrons to fill completely the 3, 2 subshe , 
and 1 valence electron in addition. Its normal state is a ^ s a e 
and its electron configuration is 3s=“3p«3di“4s. The building up of the 
4, 0 and 4, 1 subshells from Cu29 to Kr36 is similar to that of the second 
and third periods. Krypton has the configuration 4s 4p . 

The electron configuration of copper differs from that of potassium 
only in having the third shell completed by the addition of 10 electrons 
to the 3, 2 subshell, and the different chemical properties of the two 
elements must be due to the different underlying sheUs. Since copper 

> See, for example, Milukan and Bowen, Proc. Nat. 
references given there, and Gibbs and White, Phys. Rev., 31, 309 (1928) and refer nces 
given there; Proc, NO't, Acad. Sci., 12, 598 (1926). 
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7nay be divalent, 1 electron of the 3, 2 subshell can be removed fairly 
easily, while in potassium, the electrons of the 3, 1 subshell are not thus 
easily removed. Moreover, the kernel of copper is undoubtedly much 
smaller than that of potassium. This can be seen to be in accord with 
theoretical expectations. The screening constants for the Mi, 
and Miv.v, that is, the 3, 0, 3, 1, and 3, 2 subshells, are 6.8, 8.5, and 13.0, 
respectively (Chap. VIII, Secs. 16 to 19 ), so that the effective nuclear 
charges for the 3, 0 and 3, 1 subshells of potassium are 12.2 and 10.5 
while those for the 3, 0, 3, 1, and 3, 2 subshells of copper are 22.2, 20.5, 
and 16.0, respectively. Under these higher fields, the third-shell electrons 
will lie closer to the nucleus in the case of copper. At least part of the 
difference in chemical properties of potassium and copper and also of 
calcium and 2 ;inc and other similarly related elements of the long periods 
is due to this difference in size of the respective kernels (Sec. 7 ). 

The fifth period is built up in the same way as the fourth period. 
The 4, 2 and 4, 3 subshells are both unfilled in Kr36, and in the second 
transition group of elements the 4, 2 subshell is completed with 10 
electrons at Ag47; the 4, 3 subshell is still unfilled. Rb37 has the con- 
figuration 4sHp^^5s and its normal state is a state; but Y2+ has the 
configuration 4sMp^4d and the normal state is the state. Ag47 

has the configuration, and Xe54 the configuration, 

In the sixth period, Cs55 and Ba56 are similar to K and Ca, and 
Rb and Sr in the structure of their valence shells. WithLa57 one valence 
electron enters the 5, 2 subshell and the other two the 6, 0 subshell and 
throughout the rare earths the numbers of electrons in these two subshells 
remain the same. Beginning with Ce58 the additional electrons enter 
the 4, 3 Bubshell until La71 is reached, when this subshell has its complete 
quota of 14 electrons. Hf72 has the configuration, 

this is similar to that of Zr, namely. 

The marked similarity of these elements is undoubtedly due to this 
circumstance and the additional fact that the atomic volumes are very 
nearly the same. The effect of the additional charge of the Hf nucleus 
on the size of the kernel has just been compensated by 
electron shells of higher total quantum number. From Hf72 to Au/y 
the 5, 2 Bubshell is filled to 10 electrons, so that this group of elements 
' is similar again in chemical properties to the first and second transition 
groups. From Au79 to Rn86 the process of building the 6, b and b , l 
shells to two and six electrons, respectively, is completed. Rn has the 
configuration, 





I'HM fBnumiC HYHTMM <W TlffS HLKMKSTS [('hai-. 1% 


2«0 

Ttw nevcoth iroup of the initwinR alkali metal B7, !la8R, 

Ap« 9, Th90, UXei, a««l UO’J. Thn pwjwrticw of radium are aimilar to 
thtjw' of Ua ami It unil«ul>ttHily haa the tiiiHli eoiitinuratHJii with two 
a^UhtiontU vaUnitH' elect rona iti the 7. tl aulmhell 'rhnriiim and uranium 
are aimllar to Ilf and W In profiertieH mdieniimt that the mhiitiorial 
valentH' eleetrona ent<*r the ii, <2 aul>t<hi*ll 1 hey eertaiiily are ntjf alinilar 

jr ? L M *V Nurmiii ! 


Etemeiit ! j I 3 

? In , 3# 






II 

1 1 



Hr 

S . 2 



y 

8 ... 2 

1 



I . . » 

2 


II 

ft ... ’J 

^ 'i 

1 ^ 

V 

II 

2 

2 

N 

7. .. 'i 

2 

:i 

O 

H , . . 2 

2 

1 

F 

II ,. . 2 

'1 

m 

ft 

Nr 

ICI . 2 

2 

II 

Ni 

ii .. 


1 

Mu 

Vi \ 



Al 

uv i 


2 

Hi 

H 'j 

Smm 2 

1* 

Ifi, .... « 


H 

III . . .. 1 


2 

a 

1? . - . 1 


2 

A 

1% .: 


' i 

H 

Ii. .1 



C*ii 

Hi - ^ . 



Hr 

it 1 



Ti 

n ' 



V 

n . . 1 


Arp III 

«*r 

n , . , . . . 


Mttn....- 1 



Fr 

*jfi . . . 



t Vi 

27 . . i 



Ni 

'M 



Til 

m 



r*ti 

:m 



< in 

:ii 



( 

:v: 


Arp»ii 

A»» 

:i.l 

1 

r'tllllipirilllMfl 

Hr 

:il , 



Hf 

;ift 



Hr 

;ifi 





tr.rn» 

1* 1 

IV 2 4. i ^ 1, 1 ^ 


1 1 

lUf iM . 4|l 

rrliriili 1 

! 



' 

i:i ft-i 

' ' ’ 1 


24 4K 

i 

1 

ft. a? 

^ J 1 ■ ! 

! 

M . 4H 


I 

H.4 



1 i . 24 



14 4H 






HI 9 



21 ft 



ft. 12 



T.ftI 



ft Wl 



H ii^ 






! 



i 12 mi 



i 111 ii 

1 . : i - J 

•NiV 

! 4 22 

! ■ 2 , ! 


«i m 

1 12 

»IIh 

! tl ft7 

! 2 2 : 


i i mi 

i H 2 


lV7i, 7 m* 

j 5 t 

’ 'B. 

i fl 74 

i A 2 


5 7.4H 

1 « 2 

*r. 

1 7 mi 

^ ? 2 

•r,, 

1 7 H1*H 2/i* 

: ■ H 2 


^ 7 H fITI* 

III 1 

•,v„ 

7 ii 

> 1« 2 

'N. 

i i :ift 

til 2 t 

d'l., 

ft i7 

HJ 2 2 


T.Hft 

III 2 :i 


« 4 

III 2 4 

•r, 


til 2 S 

•r*, 

t2 2 

to 2 0 

1 

'.M, 

18 tHit 

- 



Bisc. 4] 


THE LONG PERIODS 


281 


Table 3. — '{Continued) 


Element ‘ 


Configuration 

of inner shells 4, 2 4, 3 5, 0 

4d 4/ 5s 


Hb 37 

Sr 38 

Y 39 1 

Zr 40 2 

Cb 41 ICrypton con- 4 

Mo 42 figuration 5 

43 (6) 

Hu 44 7 

Hh 45 8 

Pd 46 

Ag 47 I 

Od 48 

In 49 

Sn 50 Palladium configu- 

Sb 51 ration 

Te 52 

I 53 

Xe 54 

bs 55 

Ba 56 

La 57 

Ce 58 

Pr 59 

Nd 60 

Xenon configura- 

tion. The shells 

Is to id contain 

46 electrons. 


Sa 62..., 
Eu 63 . . , 
Gd 64 
Tb 65 . . 
Dy 66... 
Ho 67 .. 
Er 68... 
Tn 69 . . 
Yb 70.. 
J.u 71... 


0 P Normal 

— term 

5, 1 5, 2 6, 0 (theo- 

5p 5d 6s retical) 


The shells 5s 1 
to 5p con- 1 

tain 8 elec- 1 

1 trons 1 



4.16 


5.67 

^Ds/, 

6.5 






7.35 

{^D%) 


Vi 

7.7 


7.7 

■So 

8.5 


7.54 

■So 

8.95 


5.76 

■Po 

7.37 


8.5 

■P2 



10 

■So 

12.078 


3.88 

■So 

5.19 


4 

■ff. 

4 
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Table 3. — {Continued) 


Element 


Hf 72. 
Ta 73. 
W 74. 
Re 75. 

Os 76. 

Ir 77, 


Configuration of 
inner shells 


Pt 78. 


O 


5,2 

5d 


Shells Is to 6p con- 
tain 68 electrons 


5,3 

5/ 


Au 79. 
Hg 80. 
T1 81. 
Pb 82 . 
Bi 83. 
Po 84. 

85. 
Rn 86. 


Shells Is to 5d contain 
78 electrons 


87. 
Ra 88. 
Ac 89. 
Th 90. 

UX91. 

Ur 92. 


Radon configuration. 
The shells Is to 5dl 
contain 7 8 electrons 


6 , 0 6, 1 
6s 1 6p 


6,2 

Qd 


7,0 

7s 


Normal 

term 

(theo- 

retical) 


The shells 
6s to 6p 
contain 8 
electrons 


^Fy, 

^Do 

'^Di 

*f^a 

“Da 


Vi 


^So 

’‘Pa 

“Po 

“Pa 

^Ph 


“So 

“Hi 

“Pa 

‘Kia 

“Li 

'Do 


9.20 

10.39 

6.08 

7.39 

8.0 


. is the energy in volts required to remove one electron end leave the ion in its lowest energy state 

except in the cases noted. . x- , r -r 

2 McLennan and SHAvmi give 7.94 for the ionization potential of sihcon. ^ routes- 

• In the case of vanadium, cobalt, and nickel, values are given for mmzation by V 

wn-a and d-a s* -v d»-as>. These two values are given in this order m the table. 

Yb, 7.06. 

to the rare earths, thus indicating that they do not enter the 5, 3 subsheU 
At Ce58 the configuration 4/6s^5p®5d6s^ is more stable than the 
configuration 5s25p'>5d26s^ but even at U92 the configuration mt 
the valence electrons in the 6, 2 and 7, 0 subshells is more stable than 
that with one or more electrons in the 5, 3 subshell. Calculations m 
by Sugiura and Urey^ indicate that electrons should first enter the 5, 6 
^ Kgl Me VidM, SM, Mgth.-fys. Medd., 7, No. 13, 3 (1926) in English. 
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subshell at the element 94. None of these arguments are conclusive, 
however; the configuration can be fixed only by more spectroscopic 
evidence. 

Table 3 gives the electron configurations of, all the elements so far 
as they are known at the present time. The detailed assignments 
of the electrons of the transition elements to the electron shells can 
be made only from their spectral terms, which are of the complex multi- 
plet type described in Chap. X. In Chap. X, Sec. 4 the assignment 
is carried through for the chromium atom. It is there proved that 
chromium has the configuration 3s^3d®, as given in the table. The 
configurations of other atoms have been determined in a similar way 
(see Chap. X, Sec. 17). 

6. X-RAY EVIDENCE FOR THE ASSIGNMENT OF ELECTRON 
CONFIGURATIONS^ 

The order in which the electrons enter the shells and subshells of atoms 
as the atomic number increases will affect the X-ray energy levels in 
two ways: (1) an X-ray energy level cannot appear until there is at 
least one electron in the subsheU corresponding to that level, and this 
level cannot be of the regular doublet type until the subshell is completely 
filled, though the higher multiplicity may not be detectable experi- 
mentally; (2) the change in numerical values of the X-ray energy levels 
of completed subshells . with atomic number shows irregularities at the 
elements where the electrons begin to enter a given subshell and where 
that subshell is completed. 

In Table 4 are fisted the elements where an electron first enters 
each subsheU and where that subshell is first complete. If, after the sub- 
shell is completed, it becomes incomplete again in some element of higher 
atomic number, the element where it is finally completed is also fisted. 
The last row of the table gives the element of lowest atomic number 
for which the level has been observed by the methods of crystal spectro- 
scopy. The X-ray term is first observed for atoms of higher atomic 
number than that at which the shell is first occupied. W e cannot expect 
the second and fourth fines to agree, for the electron configurations of Table 
3 apply to gaseous atoms, while the X-ray terms are usually observed for 
the elements in chemical combination and in the solid state. In the 
case of metals, we do not know how many and which electrons are free, 
so that we do not know whether we are dealing with an atom or ion. 
In the case of salts, there is the question of lattice energy of the normal 
ion, the ion with an inner electron removed, and of the electron in the 
crystal, all of which must be considered. Devia,tions from the regular 
doublet type also produce complications, especially for soft energy levels 
* Bohr and Costee, Z. Physik, 12, 360 (1923). 
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Table 4* 


Ijevel 

K 

Li 

Liijin 

Ml 

Mil, III 

Miv,V 

Ni 

An, HI 

Aiv,v 

AvijVll 

n,l 

1, 0 

2, 0 

2, 1 

3, 0 

3, 1 

3, 2 

4, 0 

4, 1 

4, 2 

4, 3 

Subshell en- 
tered at 

HI 

Li3 

B5 

Nall 

A113 

Sc21 

K19 

Ga31 

Y39 

Ce58 

Subshell com- 
pleted at — 

He2 

Be4 

NelO 

Mgl2 

A18 

Cu29 

/ Ca20 "1 
\ Zn30 J 

Kr36 

Pd46 

Lu71 

First observed 
at 

Nall 

Cr24 

Mgl2 

Fe26 

P16 

Cr24 

Rb37 

Cu29(?) 

Zr40 

Dy66 










Level 

Oi 

Oiijdi 

OlVyV 

Pi 

Pllflll 

PlYjV 

Ql 

Qihui 

n, 1 

5, 0 
Rb37 
r Sr38 \ 
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1 See Thoeakds, Phil. Mag., i , 1007 (1926) and references at the end of Chap. VIII. 


like those of the incomplete subshells. Only approximate values can be 
secured for these soft levels by the usual X-ray methods. Thus, the 
interpolation of levels between those determined by X-ray spectroscopy 
methods and those determined optically or by critical potential methods 
is not justified. Moreover, there are many experimental difficulties 
which sometimes prevent the observation of absorption hmits or of the 
emission lines necessary to calculate all the terms. In general, however, 
there is a marked parallelism between the appearance of an electron shell 
and the observed X-ray term. 

The K energy levels have been determined by the usual methods 
of X-ray spectroscopy only for Na 11 and elements of higher atomic 
number. The Moseley diagram of Chap. VIII, Fig. 25 rises uniformly 
with no evidence of sudden changes in slope and bends toward the (v/R) 
axis due to the change of mass with velocity and the spin of the electron. 

The ionizing potentials of neutral lithium and beryllium are the 
Li levels of these atoms, though the ions in the solid salts, theoretically, 
should not have such levels. From boron to neon the Lu.m shell is 
built in and the true X-ray La,m levels begin with neon. The observed 
ionizing potential of neon is 21.5 volts; but there are two sets of levels 
which approach different limits for large values of the quantum numbers. 
These two limits are separated by 782 cm.“^ and therefore the atom, 
really has two ionization potentials separated by this amount. Grotrian^ 

iZ.PAj/sffc, 8, 116(1921). 
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that these two limits are due to two steady states in which 
the neon ion is left by the removal of the electron, namely the Lu and 
Lin states. Granting this hypothesis, the doublet separation should 
be given by equation (30) Chap. VIII, and therefore, 


782 

R 


= - d)\ 


Solving this for the screening constant d, we secure d = 3.2, which 
is in fairly good agreement with the value 3.5 secured from the Lu, Lm 
doublets of elements of higher atomic number (Chap. VIII, Sec. 17). 

The Lii.ni curves (not separated at first in Chap. VIII, Fig. 25) rise 
rapidly from neon. There is a decided decrease in slope beginning 
with Sc21 and an increase in slope beginning with Cu29, as can most 
easily be seen by applying a straight edge to the curve. Other such 
changes in slope occur, but they are not so sharp as these two. Up to 
Sc21 electrons enter outside shells of the atom, but at this element, 
they begin to enter the underlying 3, 2 shell and this process continues 
up to Cu29, after which they again enter the outside shells. 


To see, qualitatively, why the slope decreases, we must remember that the total 
screening constant s depends on the distribution of electrons outside the region of the 
orbit, as well as within this region, and, therefore, changes in the distribution of outside 
charge influence the energy. Consider the simple model of an atom with a number of 
electrons in an L shell surrounded by a spherical surface, having one unit of negative 
charge, to represent an electron in a higher shell. If an electron is taken from the L 
shell, it must be removed against the attractive force of a positive charge ZeffC until 
the charged sphere is passed, after which it must be removed against a field of (Zoff — 
1) positive charges. The work of removal will therefore be greater, the larger the 
radius of the negatively charged sphere. Thus, if the twentj’^-first electron of scan- 
dium entered an outside 4, 1 orbit instead of an inner 3, 2 orbit more energy would be 
required to remove an L electron. The electron actually enters a 3, 2 orbit and the 
energy of the Lii,m level should be lower than the value secured by extrapolating the 
Lir,iii curve from lower elements to scandium. This effect actually appears first at 
Ti or V probably because the X-ray levels have been determined for the ionized ele- 
ments in the solid state and not lor the gaseous atoms. The actual atom is not so 
simple as this model but the qualitative predictions of the model are followed. Also 
we can expect that the slope of the curve will increase when electrons begin again to 
enter outer shells. This happens at copper just as it should. 


The Ml and the Ma,iii shells are built up from Nall to A18. The 
curves show a very marked break at Cu29, where the slope increases. 
The Miv,v shell is filled in from Sc21 to Cu29. The M curves show well 
defined breaks at Y39 and Ag47, due to the building in of the 4, 2 sub- 
shell, and at La57 and Ce58 due to the beginning of the 5, 2 and 4, 3 
subshells. The break at Au79 is not so pronounced because the com- 
pletion of the 4, 3 subshell at Lu71 and of the 5, 2 subshell at Au79 
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are so close together that the net effect is a gradual change in slope in 
this region. 

The Ni and iVu.m subshells, which are built up from K19 to Kr36, 
show very sharp breaks in their Moseley curves at Y39, Ag47, and 
La57 and Ce58 and a pronounced break at Lu71 or Hf72 and a less definite 
one at Au79. Sharp breaks occur in the Arv.v curves at La67 and 
pronounced but gradual changes in slope between Lu71 and Au79. 
The JVvi, VII shell is filled in at the rare earths. Its curve cuts the 0i 
and On , 111 curves because these levels appear first at lower atomic 
numbers than the Nvi.vii levels, but the energy of binding of the iVvi,vii 
electrons increases more rapidly with increasing atomic number. 

Summarizing these facts, we see that the X-ray energy levels do 
have periodic variations. New levels appear at different points in the 
periodic system and the points at which this occurs are related to the 
periodic properties of the elements; the square roots of the terms do not 
increase uniformly with increasing atomic number, but show decided 
breaks which are also related to the periods of the system. 


6. VALENCE AND THE PERIODIC SYSTEM 
The subject of the valence of the elements is very involved and 
has been the subject of innumerable researches. At the outset it is 
well to classify as clearly as possible the various types of valence. There 
are certain terms applied to the types of binding between the atomic 
constituents of a compound, which must be carefully defined. The 
binding between the atoms of a comppund is said to be an atomic 
binding,” if the adiabatic separation of the atomic nuclei- to large dis- 
tances gives uncharged atoms as the final products; the binding is said 
to be “ionic,” if the end products of this separation are positively and 
negatively charged ions. As an example of the first type we may take 
Ha As the distance between the nuclei increases, the molecule separates 
into two neutral atoms. This can be deduced from the vibratmn states 
of the molecule as deduced from its band spectrum (Chap. XII, be<^ 
10) . As an example of an ionic type of binding, we may take NaCl, whicfi 
in the gaseous state probably separates into two ions as the vibrational 
energy increases. Examples in the solid state are diamond and copper 
(atomic binding) and NaCl (ionic binding). The crystal structures 
of diamond and copper show that the atoms are equivalent and symmetri- 
cally arranged relative to each other and on evaporation they probably 
give a vapor of single atoms. The crystal structure of NaCl (Chap. 
VIII Sec. 6) shows that the sodium and chlorine ions are arranged in a 
lattice, where the sodium ion is placed symmetrically relative to the 
chlorine ions with no evidence of any pairing of sodium and chlorine 
ions. On evaporation, this type of crystal gives molecules such as 

NaCl. 
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The atomic valence types in the solid state may be further differ- 
entiated as (1) metallic, (2) diamond type, (3) non-metallic, and (4) 
inert gas type. Copper is an example of (1). This type is found in 
the elements at the top of Thomsen’s table and also in compounds 
between these elements. Diamond, carborundum (SiC), aluminium 
nitride (AIN), and other compounds pf two elements near the carbon 
group, such that the sum of the valence electrons is 8, are examples of 
atomic binding of the diamond type. They crystalUze in the cubic 
system; the hardest known substances and those which are least volatile 
occur in this group.i The non-metallic valence type occurs m Ha, CI 2 , 
and other compounds of elements toward the bottom of Thomsen’s 
table. These solids contain the molecule as a unit in the crystal lattice 
and evaporate in the form of molecules. They are in general low boiling 
and soft compounds. Finally, the inert gases in the solid state have 
atomic lattices. The salts with their ionic type of binding are formed 
by one element from the top and one from the bottom of the table. 
They conduct the electric current in both the fused and solid states by the 
transfer of ions. These characteristic binding types for substances 
in the solid state are very well summarized and illustrated by TaWe 
5 due to Grimm. This gives the valences toward hydrogen of the 
elements of the third period. The maximum valences toward hydrogen 
and oxygen as we pass from element to element through the short periods 
are illustrated by the following tabulation, where the elements in question 

iSee Grimm and Sommbrfbld, Z. Physik, 36, 49 (1926); Huggins, Phys. Rev., 27, 
286 (1926). 

> “Handbuch d. Physik,” 24, 489. 
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are in combination with hydrogen and oxygen and not with more electro- 
positive and electronegative elements as in Table 5. 


Hydrogen valence 

1 

2 

3 

4 

3 

2 

1 



LiH 

1 Na20 

BeHa 

MgO 

BHa 

AI2O3 

CH4 

SiOo 

1 

NH3 

P2O6 

OH2 

SO3 

i 

FH 

CI2O7 

Oxygen valence 

1 1 

2 

3 

4 

5 

6 

7 


These valences are mostly of the atomic type. The increasing valency 
toward oxygen also occurs in the h subgroups of the MendeMeff table 
(Chap. I, Sec. 2), that is, in the half periods beginning with Cu, Ag, 
and Au. 

So far we have discussed only binary compounds, but obviously 
the same definitions will apply to those which contain more than two 
elements. In such compounds it may be possible to have both ionic 
and atomic bindings. Thus the solid salt ammonium sulfate undoubtedly 
consists of positive ammonium ions and negative sulfate ions, while 
the bindings between the nitrogen and hydrogen atoms and between the 
sulfur and oxygen atoms are probably of the atomic type. 

The terms, "polar and non-polar valences,” have also been used 
with the meaning that we have given to ionic and atomic bindings. 
We reserve the terms polar and non-polar to indicate whether the mole- 
cule has an electric moment or not. Thus in the absence of water, 
the HCl molecule is polar in the sense that it has a permanent electric 
moment, but the binding between the hydrogen and chlorine atoms is 
probably atomic so that the separation of the two nuclei would result 
in a hydrogen atom and' a chlorine atom, and not in hydrogen and chlorine 
ions as has often been assumed. The hydrogen molecule is non-polar 
and has an atomic binding, while NaCl in the gaseous state is polar and 
has an ionic binding. It could hardly happen however, that a non-polar 
molecule should have an ionic binding.^ 

We are now in a position to discuss the relation of valence to the 
periodic table. Figure 4 gives a diagram of the kind first introduced 
by KosseF and by Langmuir’ showing the possible valences of the known 
elements. The valences toward hydrogen are shown as negative and 
those toward oxygen as positive. This arrangement is really quite 
arbitrary for the hydrogen valences are probably all atomic and therefore 
not due to a transfer of an electron from hydrogen to the element; 

1 See Chap. XII, See. 11 and the references there given on HCl, NaCl, and similar 
molecules. 

® Ann. Physikj 49, 229 (1916). 

J.,C.^., 41,868 (1919). 
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also many of the valences toward oxygen are certainly of the atomic 
type and not of the ionic type. Often it is impossible to be coi'taii 
whether a binding is atomic or ionic. The positive and negB^tivc 
valences in the figure may therefore be regarded simply as valencei 
toward more electropositive elements or more electronegative elements 
whether they are ionic or atomic. 

Lewis ^ and Langmuir^ have emphasized the great tendency of element 
from the extreme top and bottom of the Thomsen table to form 
having complete shells of eight outer electrons, and thus having tlao inor 
gas electron configurations. This is easily the most prominent fo^tiur 
of Fig. 4. Almost equally prominent is the tendency to form ions 
completed shells of 18 electrons. There is also a tendency on tlio 
of elements not belonging to the transition groups to have valoiice 
toward oxygen which differ by two units. However, this tendency i 
far less prominent than those mentioned above. Lewis poinbed on 
the extreme rarity of molecules with odd numbers of electrons, bhe s 
called ''odd molecules.’' This means that the number of electror 
entering into the chemical bonds will be even and those electrons ( 
each atom not so directly concerned with the bond must also be oven i 
number. In general, atoms of odd atomic number have odd stab 
valences and those of even atomic number even valences. Still lei 
prominent is the regularity that atoms having four valence electrons n( 
entering into chemical combination are less common than those lia^vir 
two such valence electrons; thus, sulfur does not form componneis : 
which it is divalent nor phosphorus those in which it is mono'V'nlen 

These even numbers are due to the fact that the ultimate eloctre 
shell consists of two electrons with all quantum numbers identical exce] 
that the electron spins are reversed in direction.^ The electron pa 
proposed by Lewis as a model for the chemical bond is probably sxich 
pair of electrons. 

In the transition groups indicated by solid circles we find tlie cas 
of multiple valence. In general, these valences fill triangular are 
in Fig. 4 and suggest the possibility that the triangles may be filled 
solid in the future. Some of these valences are more stable than othe. 
at least in the sense that in the presence of oxidizing and reducing ageh 
the "unstable" ions readily change to others with other valences. ( 
practice, chemists mean by a "stable” compound one that is not read 
decomposed by water, oxidized by oxygen, or reduced by comm 
reducing agents, i.e., that the compound is easily isolated.) "Witl 

1 J. A. C. S., 38, 762 (1916). Also, ‘‘Valence and the Structure of Atoms £ 
Molecules.’^ Chemical Catalogue Co., New York (1923). 

2 LOC. Cit. A d ^ A 

3 London, Z. Physik, 46, 455 (1927) and Pauling, Proc. Nat Acad. X4, 

(1928), 
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limits, the filling in of these triangles appears to be mostly a matter of 
skill in isolating the compounds. 


7. THE EFFECT OF SIZE AND CHARGE OF THE KERNEL ON CHEMICAL 

PROPERTIES 


A great many chemical properties are characteristic of ions and 
not of neutral atoms and therefore in considering the relation of chemical 
properties to the periodic system, we should construct a periodic table 
in which all known ions have a place. Figure 4 is in reality such a table 
and the addition of the strictly atomic valences as positive and negative 
ones can be justified because the properties of compounds in which 
they occur can be related to the size and charge of the kernel, and to the 
configurations of their electron shells. _ 

On the basis of the electronic structure of the kernel, ions may be 


classified in the following groups: 

1. The kernel has a rare gas configuration. This group may be 
further subdivided into ions with the closed shell of two ekctrons, i.e., 
ions of the elements in the first period of eight, and those with the close 

shell of eight electrons. ,. x i v 

2. The kernel has a closed shell of 18 electrons immediately beneath 

the valence shell. 

3. The kernel has incomplete shells and subshells. . . , i 

The hydrogen ion H+ is unique in having no electrons in its kernel 

and its many remarkable properties can undoubtedly be expkmed 
as due to this structure, as, for example, its high catalytic activity. 
The marked differences between second period elements and simi ar one 
in higher periods are to be ascribed partly to the fact a 
electron shell of the kernel has two electrons, 

to the small radius of the kernel. The evident differences of elements 
in the a and h subgroups of the Mende%ff table are at ^ 

to the electronic structures of the shells immediately beneath the valence 

‘''°Tho dependence of chemical propertiee on the ionic ^ 

bv Grimm ^ v. Hevesy,* and Pauling,^ among others. Evi- 

deSf'the relative sices and charges of ‘O” 
factors in determining the crystal structures o salta J''* 
electrons from even a very el.ctroposit.ve 
eponditure of energy, which must be partly 

lii^rated in the formation of the negative ion and partly by tne crysra 
lattic! energy of the solid. The lattice energy of an lomc sohd is great , 

1 See for example, Beonsted, CTem. Emew, 6 231 (1928). 

2 '‘Handbuch d. Physik'’ (see end of the chapter). 

^Z, anorg, allgem. Chern., 147, 217 (1^26). ri927) 

4 j, C, S., 60, 1036 (1928); Proc. Roy. Soc., 114, 181 (192 ). 
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the more closely the ions approach each other. Also, the properties 
of ions in water solution are largely determined by charge and radius. 
The energy of hydration increases with decreasing radius and increasing 
charge of the ion and this energy partly compensates for the large energy 
of ionization in the case of aqueous solutions of salts. 

Cartledge’^ has observed that the physical properties of ions in the 
solid state and in solution can be correlated very well with the ratio 
of charge to radius, which he calls the ^Tonic potential.” In fact, many 
properties of both ionic and atomic compounds can be correlated with 



Fig. 5. — The ionic potentials. (After Cartledge.) 

the ionic potential of the kernel obtained by removing all the valence 
electrons. Thus, the ionic potentials of and Cl“, and of CP+ and 
0^“" may be calculated by using the radii of these ions as obtained theo- 
retically by Pauling,^ or as determined from the distances of nearest 
approach in crystals; from these ionic potentials certain properties of 
PClfl and CI2O7 can be correctly predicted. 

In order to work with numbers of convenient size, the ionic potential 
may be expressed as the ratio of the number of elementary units of 
charge on the kernel divided by its radius in Angstrbm units; further, 
the square root of this quantity is more convenient for plotting against 
the number of electrons ^n the ion. This plot is given in Fig. 5 for ions 
whose radii have been estimated by the above methods. All those 
cations having < 2.2 are basic in water solutions, those having 

1 J. A. C. S., CO, 285C and 2863 (1928), 

»Loc, city 




293 


Sec. 8] THE NUMBER OF THE CHEMICAL ELEMENTS 

> 3.2 are acidic and those whose 4?^ values lie between 2.2 and 3.2 
are amphoteric. The fused chlorides of those elements for which < 
2.2 conduct the electric current, while those for which > 2.2 do not, 
and it will be noted that this limit is exactly the same as that for the 
change from acidic to amphoteric properties of the positive elements. 
Probably both these breaks in properties are due to a change from the 
ionic to the atomic type of binding. Cartledge has been able to show 
that, in general, other properties such as heat of hydration, discharge 
potential in the fused state, and hardness, vary continuously with the 
ionic potential, even though the ions differ in kernel structure and in 
valence. The values of Zr^+ and Hf^+ are 2.24 and 2.25 and those 
of Cb^+ and Ta'+ are 2.66 and 2.65, respectively. These facts, together 
with the similarities of the underlying kernels (complete shells of 18 
electrons), undoubtedly account for the marked similarity in chemical 
properties. 

The justification for classifying the oxygen valences in Fig. 3 as 
positive is now evident. If a ion is introduced into water, its ionic 
potential is so large that it can remove 0^" from water leaving H+ ions 
in solution and therefore it forms a negative ClOr ion with atomic 
bindings between the Cl and 0 atoms, and is acidic. On the other hand, 
AP+ can only remove 0^“ from water if a base is present to remove the 
H"*" ions formed, and it is therefore amphoteric. Finally Na+ has a low 
ionic potential and even in the presence of strong bases does not remove 
the from water. 


8. THE NUMBER OF THE CHEMICAL ELEMENTS 

It has often been suggested that elements with higher atomic numbers than 92 are 
so unstable that they did not long survive the genesis of the earth, but this is simply 
a speculation, and there is no adequate reason for believing uranium to be the heaviest 
element. However, there is fairly good evidence for a definite upper limit to the 

periodic system. . , v *i. 

There are several ways in which it is possible to obtain an approximate upper limit 
to the atomic number. One of these, discussed by Bohr, depends on a peculiarity of 
the relativistic energy, levels of the hydrogen atom. The inner electrons of a heavy 
atom are supposed to be on orbits which are approximately hydrogemc, so that equa- 
tion (34) of Chap. V holds true for them. It the atomic number becomes so large 
that the square root in the denominator of this formula becomes imaginary, t e or i • 
will no longer be stable. When n = 1 the value of Z for which, this occurs is 137 

It is probably incorrect to treat the problem in this fashion. Modifications of the 
law of force should be taken into account at such small, distances. Kossel has made 
an attempt to take this into account in an approximate way. He assumes that the 
magnetic attraction of two electrons is proportional to r"*, while Ae electrostatic repul- 
sion is proportional to i-^. Thus, if the diameter of a A orbit becomes too small, an 
electron on such an orbit might fall into the nucleus, reducmg the nuclear charge, 

^ Naturwis.j 16, 298 (1928), 
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Flint and Richardson^ have approached the question from another standpoint. 
Certain considerations based on relativistic mechanics indicate that there is a mini- 
mum possible radius for a circular electron orbit. The limit obtained by their theory 
is Z = 98. 
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CHAPTER X 

GENERAL THEORY OF ATOMIC SPECTRA 
1. HISTORICAL INTRODUCTION 

Before we proceed to a systematic study of the laws of spectra, the 
reader must be acquainted with some of the puzzling marches and 
countermarches which have brought us to our present position of mastery 
in this subject. In particular, he must understand the changes in term 
notation which have clouded the subject in recent years before he can 
read and understand the great majority of papers on spectra. 

At the risk of some repetition we shall now review the salient points 
in the history of this subject in a connected manner. The analysis of the 
more complicated spectra began to make active progress in 1922, with 
the publication of Catalan's paper on the manganese spectrum^ and that 
of Miss Gieseler^ on chromium. Up to that time, only singlet, doublet, 
and triplet spectra had been studied systematically, and terms of higher 
multiplicity could not be satisfactorily described by the simple notation 
in use. Two books on series spectra appeared, in 1922, by Fowler,^ 
and by Paschen and Gotze,^ and even now both of them are essential 
to a thorough knowledge of the subject. They contain discussions 
of the laws of spectral series, as well as a table, due to Rydberg, which 
is very useful in the discovery of series. However, the main part of 
each boojc consists of tables of all lines which had been classified in series 
up to 1922, arranged according to elements. The so-called revised 
Paschen notation has been used in the past much more widely than that 
of Fowler, and indeed it is occasionally used today, although it is now 
practically superseded by the notation adopted in this book. These 
notgt|<^ns are as follows: 


< r ' . 

Singlets 

Doublets 

Triplets 

Fowler . • 

B P 

D 

cr 


TTx 5' 

5 

s 

P3,2,i da, 2,1 

Paschen 

B P 

D 

s 

V2 

Pi d2 

di ’ 

s 

p3,2,i da, 2,1 

Modern. 

'Pi 






^Bi 

®Po,l,2 


In the modern notation, we use the actual value of j as a subscript but it 
must be remembered that many authors use j + in the systems of 

Trans. A, 223, 127 (1922). 

2 Ann. 69, 147 (1922). 

8 Fowlee, a., “Report on Series in Line Spectra,'’ London. 

4 “Seriengesetze der Linienspektren,” Berlin. 
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even multiplicity to avoid fractional subscripts. The correlation between 
the Fowler and Paschen notations, on the one hand, and the modern 
notation, on the other, must be altered when we meet with inverted 
multiple terms. The inner quantum numbers of the levels belonging 
to an inverted multiple term increase as we pass down the energy diagram ; 
those of a normal term decrease. However, the subscripts of the Fowler 
and Paschen notations always increase as we pass down the energy 
diagram. 

As a result of studies of simple ring models, the belief arose that 
the S, Pj D, . . . states correspond to azimuthal numbers 1, 2, 3, ... of 
a single valence electron, so that the minimum total quantum number in 
a sequence should be equal to the azimuthal number for that sequence. 
Thus, in the Rydberg term R/(m + <p)^, it seemed reasonable to write 
m = 1, 2, • • - in the S sequence, m = 2, 3 • • • for the P terms, etc. 
Paschen adopted this plan, throwing all the burden of accounting for the 
deviation from the Balmer formula on the quantity <p. This was correct 
for many D and F sequences and it led to reasonably small <p values in a 
large number of P and S sequences, so that the actual values of the total 
quantum numbers remained long undiscovered. Fowler thought it 
best to choose the m values in such a way as to make the value of <p 
fairly small. Thus, in his Report we encounter such terms as ID and 
3F. The trouble is that this principle is not followed with complete 
consistency throughout the Report.^ 

Beginning in 1922, Bohr showed that the total quantum number of 
the valence electron in the ;S or P levels of an alkali atom is not closely 
related to the value of m which makes <p as small as possible, but varies 
from atom to atom (Chap. IX). After this discovery many authors 
used the actual quantum number of the valence electron for the value 
of m, in discussing one-electron spectra and those parts of the spectra of 
second-group elements which arise when one electron is unexcited. The 
trouble was that attempts were made to do the same for terms in which 
two or more electrons are excited. Then came Land4^s discovery 
many characteristics of multiplet spectra can be derived from a 
consisting of a 'Teuchtelektron” with azimuthal number h anc| 
number n, and kernel (atomrumpf) with impulse moment rh/2-r. 
term symbol n";,, was introduced, but difficulties of printing it 

appear preferable to use n’’Py, etc, (When it is impossible to specify 
the quantum numbers of terms discovered empirically, it is quitp usual tc 
assign them arbitrary symbols pending a correct classification.) 

The Land6 model was inadequate in many respects and was soor 
superseded. The first step in this direction came from Russell anc 

1 Foote and Mohler give a clear treatment of this subject in '' Origin of Spectra,' 
p. 43. 



Table 1.^ — Compabison of Quantum Ntjmber Systems^ 


Sec. 1] 


HISTORICAL INTRODUCTION 


297 


n S 


luni^ 

-f)9d8 cj0iqnop o!^ snoSo 
•IBu-B paziuot 


I 

! VII 

i I- 

I 

5 • « 


i + 

« II 

a S II ft, II 
l!< 1 8 W 


1 

VII 

8 

Vll 

s 


g 12; i 

« I 

^ S ^ 

© H m 

P O o 

CC ^ +3 


flaoji^oa^a aou0]['BA 
o^^ anp mnj'^oada o'j snoS 
-oxBWB lliaqs paztuoi pioj-jv 


Vll 

+ g 
Vll 
II •T' 


^ 8 . ^ 


_|- i • 8 M 
- II Vll II 

T ;; s .1 8 ? s 


' AJ Vll^ II 


13 

^ JS 

XI 

15 ^ 

i a 

.5 -S 


rd Ti ’43 

■*3 © ^ 

d sj H 

I -3 

I ^ M 




I 


-H 

II 



X 1^ 

1 

1 + 

d 

G3 (i3 

Vll 

Vll Vll 

tR 

ft, M 

8 

8 Vll 

Vll 

Vll 

,s 
= 1 

.S^ + 

S 1 


• « '7 1 


5*7 " te 

8 1 t-H d- 


I 


Vll 

s 

8 I 
II ^ 

8 I 


g £• Vll £ I VJI 

P. W 8 « H i 

II Vll II Vll 


II 


8 I 


'^+ Vll^ 

+ 8 S I 

- II Vll II 

•1 8 T I 


mnj'ioads 

!^9|qnoQ ’uoit^oaio oi^uig 


+ 

00 

II 


• 'n 

• 'Si 




^ 05 
© © 

; 01 

'■ 


6 

*u 

>a '-p 

"tj <D 

© 


"© 

I 

1 a 

: a 

.9 ^ 

a 

d 

R 

d 


< 


d 

M 




+ 




05 

(N d rrt 
Os <u ^ 


a 


• fH 

n >. I 


P5 S 

m 


® ' r2 o 

|il fe 

^ ,9 

© § .2 
(d ^ 

§ g § a 

>2 a 2 

” s 5 « 
=3 5 d a 

« d O 

m sa d 5 

OQ .2 dl 1 * 

d £ 

ffi a d d 

^ ^ X3 M 

>> -2 'S 
-d ^ ‘*-1 © 
•§ 2 13 

s ^ 'a 2 

£ g i © 

w "c3 

d a r^- © 
d .d 
^ fl o - 

^ 11 a 
ll " I 


© 3. 
M O' 

© >—1 

> d 

. 1 S) 

1 © 


a “ 2 •? a ^ 

o Q . a o 


a ja o -o 

O oJ '-^ © 

Si-: |i 

1 1 j ■§ -ft 

^ a fi 

d a -p d 5 

© « p. d 8 

“ 'd « d © 

d M R M 
© „ © d d 

-M' d d « 


“ S. -*3 

VH S R 
o ^ « 

© 3 


^ a 
•9 -p 


§ ^ 
•rt © 
d d 
-d o 
R © 


»-• XI 
© ^ 
:g 5 

o ® 


tjjq.oads !^axd 
-I'qnui lutnJtou joj a'l'Budojdd'e 

‘ stioii ^ 09l9 I ^ J^Aas 10} i ^ u^^pisan 


« S 

:a 


R in *'^ © 
O ^-s 

s §-Sl 

f-i -rt d d 
■*r o3 O 
X 


bS I OQ 

■N « . - © 

a ^ 3 



298 


GENERAL THEORY OF ATOMIC SPECTRA 


[Chap. X 


Saunders’^ study of the primed terms of the alkaline earths. Their 
paper introduced the idea that the characteristics of the spectroscopic 
term are determined by the resultant quantum numbers of the atom as a 
whole, and not by the numbers of some privileged electron. This was 
followed by Pauli^s^ assignment of four quantum numbers to each 
electron, and by the introduction of the spinning electron, as described in 
Chap. VII, Sec. 16 . These ideas were immediately applied to complicated 
spectra. In the hands of Goudsmit,^ Heisenberg,^ and especially of Hand® 
they showed their capacity to predict the existence of spectral terms 
with almost complete success. 

The most recent treatise on spectral regularities is that of Hund.^’ 
It is devoted mainly to the study of the laws of spectra, and gives only 
as much information on individual spectra as is necessary to the proper 
illustration of the laws. A summary of various systems of quantum 
numbers is presented in Table 1. 

2. MULTIPLEX STRUCTURE 

In Chap. YII, Sec. 16 ,* we have described the quantum numbers 
belonging to each electron in the atom and have mentioned the most 
important ways in which the angular momentum vectors of the individual 
electrons may be coupled. In the early part of this chapter we shall deal 
almost exclusively with the so-called normal multiplets, which may be 
described on the assumptions that the Ip are strongly coupled to form a 
quantized I, that the Sp are likewise coupled so as to form a quantized 
5, and that the inner quantum number is the resultant of I and s. When 
cases of this kind have been studied there is little difficulty in tracing 
the corresponding relations for the other extreme type of coupling in 
which the Ip and Sp of each electron form a quantized resultant, let us say 
jp for the pth electron, and j is the vectorial sum of the jp. 

For the present, we shall pay no attention to Paulies principle, 
contenting ourselves with a simple enumeration of all the possibilities, 
regardless of whether they are allowed or not. In this connection, 
diagrams of the kind shown in Fig. 1 may be used to give us an idea of the 
arrangements of vectors which give rise to the various values of j when I 
and s are specified. We draw an arrow having a length proportional 
to I, and place at its tip another arrow representing s on the same scale. 
The maximum value of j, namely, I + s, occurs when these arrows are 
parallel. In Fig. la, this value is 5, in Fig. 16, it is The arrangement 

1 Astrophys, J., 61, 38 (1925). 

2 z. Phijsik, 31, 765 (1925). 

3^. 32, 794 (1925). 

4 Z. P%stfc, 32, 841 (1925). 

Z. Physiky 33, 345 and 855; 34, 296 (1925). 

® ^Xinienspektren und periodisches System der Elemente,” Berlin (1927), 
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of I and s giving rise to the next smaller j value (4 or % in the two cases, 
respectively) is obtained by laying off a circle with radius s + I — I 
around the point A as center. The intersection of this circle with one 
having radius s and center B is the end of the j vector of magnitude 
a + I — 1. Continuing the process, we obtain all possible configurations 



Fia. 1. — Quantizoa arrangements of I and s vectors. 


of I and s. By constructing a few diagrams of this kind, or by simply 
counting up the possibilities, the reader will easily verify the list of j 
values corresponding to each pair of values of I and s presented in Table 
2. The maximum multiplicity in an odd system of spectral terms is 
first encountered when we meet the value j = 0, and is equal to 2s + 1. 
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For example, a quintet S term has only one level, the P term,^ 
and the D ternid five. Similarly, we reach the maximum multipli 
an even term system when the azimuthal number has grown suflB.< 
large to give us a term with j example, ^P, etc. 

To summarize, when the number of electrons outside of closed 
is even, the values of 5 are integers, and we have odd spectral sy 
but when they are odd in number, the values of s are half integral 
integers plus J"^, and we have even spectral systems (Sec. 6), 

A complete picture of an atomic configuration requires a sta 
of the value of n and Z, as well as a description cf the orientat 
the I and s vectors, for each electron. Thus; we give n, Z, 
for each electron in the presence of a magnetic field. But frequen 
value of n is immaterial. When so, we use a notation, due to 
Russell, writing the small letters s, p, . . . to indicate electrons fo] 
Z == 0, 1, • • * , and indicating the number of each kind by a supe 
e.g,j we write cZ^s to describe a system of three electrons of the typ' 
712 , 2 ; and n^, 0, respectively. If necessary, this notation may be n 
to include the total quantum numbers; thus, Zd^5s. 

Now, we must determine the various Z’s and s's which cs 
from a given number of electrons. If there are ti electrons, the 
possible value for s is 7i/2, neglecting Pauli’s principle.- We 
expect to have also the values — 1)? “ 2), etc. The 

multiplicity to be expected would be n + 1. In practice, Pauli s p 
prevents the occurrence of such prodigious values of the inul 
(93 in the case of uranium!). The existence of terms of such hig. 
plicity would require the s vectors of many electrons to coil 
direction. To avoid violations of the equivalence principle W€ 
soon be obliged to utilize a great variety of values for mi. But 
is always less than Z, this involves high Ip values for the various el 
Finally, Up is greater than Ip, so extremely high stages of excitatior 
terized by large quantum numbers would be involved. In a 
as the nuclear charge increases and more electrons are added, 
electron becomes more and more firmly bound. There is less pc 
that the means of excitation at our disposal will change its state, 
groups are formed, such as the rare gas shells, due to the ec[v 
principle, and the system of multiplicities starts over again. 

3. THE AZIMUTHAL SELECTION PRINCIPLE AND THE BIST 
BETWEEN PRIMED AND UNPRIMED TERMS 

It is found that the selection rule for j in multiplets involvin 
or unprimed terms is Aj = ± 1 or 0. A rule governing the cl 

^ Strictly, we should call this a multiple term or set of terms. Howe 
become customary to call such a set of levels a term, as though it were a s 
In t)ractice, this causes no difficulty. 
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I was proposed independently by Laporte^ and RiisselP on the basis of 
experimental regularities’. They observed that the terms of any atom 
may be dividcKl int.o two groat classes which they called primed and 
unprimed, such that the following rules hold true with relatively few 
exceptions: Primed terms combine with unprimed terms in such a way 
that Al == 0 or ± 2, and with other primed terms according to the restric- 
tion A? == ±1 (or sometimes ±3), The latter rule is the same as the 
selection principle for combinations between unprimed terms. 

These rules are not quite correct and may be replaced by others 
derived by Heisenberg^ on the basis of the correspondence principle. 
We have seen (Chap. VI, Sec. 6) that the motion of each electron in an 
atom contains the frequency vi with which the perihelion of its orbit 
precesses. Heisenberg showed that the frequencies vi ± 2^2 also occur 
prominently, being the corresponding precession frequency of a second 
electron. By the correspondence principle, we may expect that transi- 
tions will occur in which the Ip of one electron changes by ± 1, while that 
of a second changes by 0 or ±2. This rule is obeyed with few exceptions 
in all spectra, and makes no mention of primed or unprimed terms, 
so that the separation of the terms into these two divisions appears 
superfluous. However, this is not the case from a practical standpoint. 
Heisenberg^s rule operates in such a way that when a spectrum is being 
analyzed, it is very convenient to divide the terms into the two great 
classes, mentioned in the rule of Russell and Laporte, in the absence of 
information about the Ip values which characterize a given state. The 
rule itself furnishes no criterion for deciding which half of the term system 
is to be called primed. After the work is done, it is usually possible to 
state definitely the quantuxn numbers belonging to each term, and then 
we can determine which group is to be called “ primed by applying a 
convention adopted by Russell, and very generally by others. This 
convention is based on a definite physical distinction and is as follows: 

Terms for which the sum of the absolute values of the Ip is even, belong 


to the category, 


8 r D F' '^G . . . , 


while those for which the sum of the absolute values of the Ip is odd, belong 


to the category, 


S' P D' F G' 


The reader may verify the fact that the primed terms of the alkaline 
earths are in agreement with this convention. 

More recently, a committee of American spectroscopists^has proposed 
the replacement of this notation by another in which all terras with even 
Ip sums are left unprimed while those with odd Ip sums are provided 

1 Z. Physik, 28, 135 (1924). 

« Science, 61, 612 (1924). 

» Z. Physik, 82, 841 (1926). 

*Phys, Rev., 88, 900 (1929), 
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with a superscript”, as *P°. The selection rules, where th 
clature is used, are: 

Odd odd, and even — ^ even: AJ = 0, +2. 

Odd — >• even, and even odd: Al = ±1 (or ±3). 

To be consistent, the P, F, etc. terms of the alkalies and the 
terms of the alkaline earths should be written S, P°, D, F°, et 
not done in these simple cases unless it is necessary to disti 
two kinds of terms. 

4. A TYPICAL MULTIPLEX SPECTRUM— NEUTRAL CHRO] 

We shall now illustrate these abstract considerations b; 
them to the spectrum of chromium which displays most of the 
features of multiplet spectra. 

Chromium stands in the sixth place after argon in the pej 
and has atomic number 24. At this stage in the developn 
periodic system, the 3, 0 and 3, 1 shells are complete. In 
{Z = 19) and calcium (Z = 20) two 4, 0 electrons are added t( 
for they are more firmly bound in these orbits than they wou! 
orbits. However, when the nuclear charge is increased s 
the 3, 2 orbits become more strongly bound than the 4, 0 orb 
the most stable state of once ionized Cr has five valence elect: 
orbits and none at all on 4, 0 orbits. 

Most of the important terms of the CrII spectrum, gii 
strong lines, arise from the above electron configuration, ani 
others, obtained from it by raising one and two electrons, resp 
4 0 orbits. These three configurations are. ref erred to as d 
dV. 

The spectrum arising from the excitation of one or mon 
valence electrons contains quadruple and sextuple terms 
shows the terms to be expected in this spectrum on the basis 
theory, soon to be explained, and their observed positions, 
terms on the energy diagram is given the arbitrary value 90,0( 


Table 3 


Electron 

configuratioa 

Terms of 
CrII 

Observed terms 

' 

<-’S 

102,498.31 



81,900 



90,000.00-90,534.78 


. 

82,472.76-82,968.43 



4h' 

72,104.87-72,338.75 



71,277.20-71,413.74 



4p 

71,632.23-72,544.53 



— — 
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on the basis of an. expert guess as to its probable value. It is recorded 
here to 7 significant figures because the wave numbers of the lines are . 
measured with great accuracy, and only their differences are involved 
in the analysis of the spectrum. 

The second column is derived by considering all the possible I and 
s values which can be obtained by vectorial additions of the Ip and Sp 
of the individual electrons, and excluding those which violate Pauli’s 
principle. The third shows the highest and lowest levels of the multiple 
terms which result. 

Practically all the prominent terms of CrI are obtained by adding 
an electron in an s orbit (Z = 0) to the and configurations of Cr+’, a 
surprising state of affairs when we consider the complexity of the spec- 
trum. Partial classifications of the CrI spectrum have been published 
by Catalan,^ Kiess and Kiess^ and Gieseler.^ 

New measurements and extensive studies of the spectrum have been 
made by Dr. C. C. Kiess, to whose kindness we owe the opportunity to 
use much of the data as well as the illustrations in this section. Further, 
the absorption spectrum of chromium vapor has been obtained by 
Gieseler and Grotrian.^ 

Between 26,232 A. and 1,994 1,, about 1,950 chromium lines are listed 
in Vol. 7 of Kayser’s “Handbook.” This list is by no means complete, 
for many faint and doubtful lines were omitted. On the whole, the arc 
spectrum and the spark spectrum are quite similar, both as to the genei al 
distribution of the lines which occur and the intensities of those lines. 
It is safe to say that little progress could be made in separating the spectra 
Cil and CrII on the basis of the listed intensities, but much information 
can be obtained from two papers by King® on the vacuum furnace spec- 
trum of Or. King measured the intensities of the stronger lines at 
temperatures of about 2000, 2300, and 2600°C. From 7,000 to 2,800 A. 
the lines were observed in emission, while the region from 2,780 to 2,360 jA 
was obtained in absorption. A supplementary list contains lines whic 
appear in a prolonged exposure at 1730“C., the lowest temperature at 
which photographs could conveniently be obtained. All the lines on 
the supplementary list (except possibly 6,022.04 A.) involve the three 
lowest multiple levels of the atom. Practically all the lines of the larger 
list have proved to be due to the neutral atom. The division of these 
lines into tempeVature classes has been of great value in classifying the 


>■ Phil. Trans. A, 223, 127 (1922) Andes de la Soc. Espafiola defis. y. chm,., 21,84 
(1923). 

> Science, 56, 666 (1922). 

^ Z, Physikf 22, 228 (1924:). 

» Asi'rS- A 41?86 (1916), and 60, 282 (1924); or, ML Wilson Contrihuiiom, 04, 
(1916) and 282 (1926). 
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Bp(HJtrum. ThuB, all linos classified by Catalan which involve the three 
lowest tcu’rns Ixdong in temperature classes I or 11. 

Wit h t 1 h^ aid of th(‘se pliysical characteristicvs of the lines, the spectrum 
luis \mm analyy.tHl into i-ri|)l(d.s, (|uintets, and septets, of which the two 
latti'r systiuMs ar(‘ by far tlu^ luost prominent. When a set of levels 
belonging to a tnulti|)l(^ t('rm combines with another such set of levels, 
the closc'ly related lines which result arc called a ^‘multiplet.’^ Much 
of th(' compl(‘x appearance of such a spectnirn is due to the overlapping 
of tlie limit ipl(‘ts which compose it. In Fig. 2, we show the region 
l)(‘tween 5,4(H1 and r),2()() A. Tlie line's of three important multiplets 
arc^ markeil in t lu‘ figure, tlu'ir wave lengths, wave numbers, intensities, 
and dc'siguations lieing as follows: 


X 1 

P 1 

Inteiisity 

Classification 

5,204,51 

10,208.8 

<)R 


00.05 

208 . 1 

{)U 


08.42 

104.8 

im 


5,247.55 

051.2 

40 


04,18 

18,001 .0 

50 


05,78 

085.5 

25 


75,17 

061.6 

2i)n 


75 70 

040.4 

15/i, 


70 07 

048.6 

20n 

■’F-z-Wv 

00 . m 

874 . 4 

50 

Hh-^Px 

97,80 

872.0 

20n 


9K . 02 

800.7 

15n 


9H.20 

808.7 

00 


98.45 

808.2 

Cahmlated 


5,800,71 

800.2 

25 

Hh-^Pz 

28.84 

702.4 

60ri 


20.15 

750.5 

20n 


20.80 

757.2 

5n 


45 HO 

701 . 1 

70 


48.81 

092.8 

50 


5,400.81 

1 470,8 

100 



In th(' remaining tables and diagrams of this section, the wave 
numlK'TS of th(^ terms as we pass to liigher energy, beginning at 

25 (^ro for the normal state of the atom. In spite of precedent, it is very 
convenient to proceed in this way when analyzing multiplet spectra. ^ It 
is usually very easy to discover the tgIciUv^ position of the terms giving 
rise to strong combinations, but the difficulty of establishing series 
ndationships prevtmts a determination of the distance of these terms 
from the normal energy state of the singly charged ion. (This remark 
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does not apply to our example, chromium, for series have been established 
in its spectrum.) Further, in atoms with several valence electrons 
there are several ionization potentials and there is little point in locating 
the zero of energy at a state of the ion which is obtained by removing 
any particular electron. 

With wave numbers increasing upward, the levels involved in the 
production of the above multiplets are as follows: 


w, 

42,261.3 


42,258.4 


42,256.2 


42,254.5 

^Di 

42,253.3 


26,801.8 


26,796.1 

«P3 

26,787.3 


23,498.9 


23,386.4 

^P2 

23,305.0 


8,307.5 


8,095.2 


7,927.4 


7,810.7 


7,750.7 

^82 

7,593.1 


The quintet P levels are the initial levels for the emission of 5,204- 
06-08, while ^82 is the final level. The remaining lines, arise in transitions 


J 



Fig. 3. — Energy diagram for three chromium multiplets. 

from the same level to the levels, and from an initial ’’D level 
to a final T level. The combinations occurring are shown in Fig. 3. 
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The wave-number separations of the levels are indicated by their values, 
and the inner quantum numbers are seen at either side. The selection 
rule Aj = ±1 or 0 is obeyed; all missing combinations would violate 
this rule. To avoid the use of lists and the trouble of making energy 
diagrams, it is customary to illustrate a multiplet by a rectangular array 
like that in Table 4. At the left are written the names of the initial 
levels; at the top, those of the final levels. For each combination, X, Vy 
and the intensity, in brackets, are written in the body of the table, below 


Table 4. — A ®P^I> Multiplet of Neutral Cr 



»n4 



^Di 

5Z)o 




5,296.69 [50] 
18,874.4 (116.6) 
(6.7) 

5,264.18 [60] 
18,991.0 (60.2) 
(6.5) 

6,247.56 [40] 
19,051.2 

ePa 


6,345.80 [70] 
18,701.1 (167.0) 
(8.8) 

5,298.29 [60] 
18,868.7 (116.8) 
(8.6) 

6,265.73 [25] 
18,986.3 


«P!I 

6,409.81 [100] 
18,479.8 (212.6) 

6,348.31 [60] 
18,092.3 (167.9) 

5.300.71 [26] 
18,860.2 




Table 5. — Relation of Prominent Cr and Cr"*" Terms 


Cr^ 

Cr 

h 

Term 

Empirical 
term value 

ip 

Term 

Empirical 
term value 

/-/.B 


0 

dH 


0 




^S 

7; 593 




d^p 

7po 

23,305-23,499 




spo 

26,802-26,787 



11,964-12,498 

sd^s 


7,750- 8,307 



sdH 


20,517-20,519 





Bp 

not found 






24,277-24,282 





6p 

21,841-21,857 




sd^p 

7po 

27,729-27,935 




w° 

27,825-27,300 





7po 

24,971-25,771 





Bpo 

29,421-29,825 





6D° 

33,338-33,816 





Bpo 

30,787-31,280 
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the final term and to the right of the initial term. The intervening 
numbers in parentheses are empirical values of Av for the various pairs 
of levels. 

In a case like this it is important to consider the various I values which 
arise by combining the Ip of the valence electrons. Table 5 shows how 
low lying terms of neutral chromium arise by adding a 4, 0 electron to the 
configuration of Cr"^, or by adding a 4, 0 or 3, 2 electron to the 
configuration. The terms listed are those which survive when Paulies 
rule has been applied. Higher lying terms are gotten if the sixth electron 
is on an orbit 4, 1. Still higher stages of excitation are possible, giving 
rise to weaker lines. 

0 

0,000 

V 20,000 

0 

.£ 

1 30,000 
40,000 


50,000 


In so far as it has been analyzed, the spectrum corresponds in every 
detail with the theory developed in this chapter. The empirical energy 
diagram is given in Fig. 4. To avoid detail, each multiple term is 
represented in the diagram by a circle drawn at the position of its center of 
gravity. For the lower levels, the character of the terms is known, and 
even and odd terms are distinguished by black circles and hollow circles 
with crosses, respectively. The combinations which occur are indicated 
by drawing solid lines between the circles representing the terms, and 
the electron configurations from which the terms arise are shown by the 
dotted lines, which run to the appropriate designations at the right of the 
diagram. At the bottom, the azimuthal character of each term is shown, 
and the division into primed and unprimed terms is indicated. 

It will be observed that, in a general way, the terms fall into, three 
groups, which are often called ‘How,'^ “middle,’’ and “high,” respectively, 
though no sharp distinction is intended. The addition of an s electron 
to the configurations d'^ or sd^ of the ion results in terms having even 
Vsums; for the I value of each s or d electron is itself even. Further, 



Fig. 4.— Complete energy diagram of neutral ehromium. 
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the addition of a d electron to sd'* gives “even” terms. These three 
configurations are responsible for the prominent low-lying terms. In 
‘accordance with Sec. 3, they are of the types S, P, D, F, etc. 

The middle group is composed of “odd” terms of the types S°, P°, 
D°, F°, etc., which have their origin in the configurations d®p and sd^p. 
Their position is accounted for by the fact that the binding energy of a 
4, 1 electron is considerably smaller than that of a 4, 0 or 3, 2 electron. 
Finally, the highest terms are obtained when one of the electrons is 
raised to an orbit of type 5, 0, or 4, 2. 

In general, the low terms do not combine among themselves, but 
combine freely with the middle group of terms. The reason is easily 
seen, when we remember that the low terms belong to the types S, P, 
D, etc. The selection principle forbids combinations of S with P, P with 
D, *S with D°, etc. ; but low S terms may combine with P° terms, which 
occur in the middle group ; low P terms may combine with middle S° and 
D° terms; and so on. For similar reasons, the middle terms do not 
usually form combinations among themselves, but are free to serve as 
the final states for transition's? from the high levels. Further, the high 
terms do not combine with the low terms. Exceptions to all these rules 
are encountered but the preceding statement gives a good idea of the 
general trend of affairs. 

6. SERIES IN THE CHROMIUM I SPECTRUM 

It is usually difficult to trace long series in the spectrum ot an atom 
with several valence electrons, and this circumstance prevents us from ‘ 
calculating accurate term values for such atoms. However, Russell^ 
made estimates for all elements in the first long period, based on a few 
related terms in each spectrum. 

Just as in the case of the alkaline earths, it is possible in these atoms 
to have series which converge to different limits. Suppose we assign 
the wave number zero to a state in which a given electron — call it A-^ 
has been removed, all other electrons remaining on their normal orbits. 
The removal of another electron B, not having the same ionization 
potential, while A remains in its normal orbit, will leave the atom in a 
state whose term value is not zero. That is, the term sequences in 
which electron B is on large orbits do not converge to zero, as a limit. 
Again, it may occur that electron B remains on an excited orbit while 
A occupies one of a sequence of large orbits, or is removed. The term 
values for such a sequence of states will converge to an excited state 
of the ion. More complicated situations can easily be imagined. In 
the case of most of the atoms of the iron group there are many metastable 
states. The number of ionization potentials is also large, each one 

^ jistrophys. J.j 66, 283 (1927), 
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corresponding to a different state of the ionized atom which can be 
reached by removing one electron. It is sufficient, however, to consider 
only those routes of ionization which involve the normal and the lowest * 
metastable states of the atom or ion. The following summary of the more 
important methods of ionization is modeled on a discussion by Russell 
(loc, cit.) If an atom with n electrons outside the argon shell is doubly 
ionized, we have an ion with the electron configuration Let us 

consider only the lowest multiple term arising from this configuration. 
By adding a 4s electron we obtain a singly ionized atom in the con- 
figuration The lowest multiple terms coming from this arrange- 

ment are of the same name as the parent terms, but of multiplicities 
1 unit greater and less, due to the fact that the incoming s electron 
does not change the resultant I value of the atom but increases or 
decreases s by unit. These terms are denoted by (a) and (&) in the 
second line of the following diagram: 

Doubly ionized atom: 

I i 1 

(a) (6) 

Singly ionized atom: . d^'~h . , 

^ j 

Neutral atom: (a) d'^^^s (b) 

The addition of a second s electron gives rise to a single low multiple 
term, due to the configuration of the neutral atom, for others are 

excluded by Paulies principle. (Of course, other terms may be obtained 
by adding the second s electron to the atom while it is in one of the higher 
multiple terms of the arrangement but such cases need not be 

considered for our present purpose.) Similarly, the addition of a d 
electron to the doubly ionized atom gives the configuration for 
which the lowest term is usually of a different name, and is of multiplicity 
higher by 1 unit, unless n exceeds 6, in which case it is lower by 1 unit. 
Adding one 4s electron gives two terms of the same name as the lowest 
term of the arrangement. These are marked (a) and (6) in the 
third lines of the diagram. This shows that there are four principal 
routes of single ionization in these atoms. Four of these have been 
traced in the case of chromium. 

We are indebted to Dr. Kiess for the following account of these 
series: The four sets of terms which form these series are marked 
in Fig. 4 by a small + sign placed to the left of the dot representing the 
term. It is seen that in each set only two terms have been definitely 
recognized as being in sequence; therefore, we cannot hope to calculate 
the series limits with the same precision as is done in the case of the 
alkalies or the alkaline earths. 

The relative separations of these terms are obtained from the meas- 
ured wave lengths of lines resulting from the combination of these 
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series-forming terms with other terms. For example, the two terms 
combine with a common term ^Ps to give the lines at wave lengths 
4274.80 A. and 7400.27 A., respectively. The vacuum wave numbers 
of these hnes are 23,386.4 and 13,509.3 and their sum 36,895.7 gives 
the separation of the two ’’S terms. In like manner, we find from the 
combinations of the two series-forming ‘S terms with the same ’’Pu 
term that they are separated by 30,290.1 wave number units, and that 
the lower of the two lies 7,593 units above the low ’/S. For the two 
terms, we find a separation of 40,517.0 units and a distance of 8,307 
units between the lower term and the base term '’S. 

The series of ’’8, ^8 and ’P terms converge to the limit ^8 of the 
Cr ion, as is indicated in Table 5. The ®I) terms, however, converge 
to *i) of the ion, the component 'P 4 in particular, having as its limit 
and this lies 12,498 wave-number units above ^8, as we find from 
an analysis of CrII. Our problem is, therefore, one of finding the 
distances separating each series term from the appropriate limit. And 
this is easily accomplished by solving for each series a pair of simultaneous 
equations obtained by substitution of the known data in Rydberg’s 
formula, as illustrated in Chap. IV and Appendix I of Fowler’s Report, 
or in our Chap.- VII, Sec. 7. Since the values of the series terms have been 
calculated and tabulated for all possible pairs of values of the parameters 
of the equation, we most readily effect our solution by simple interpolation 
from such a table (Table III of Fowler’s Report). 

With the value 36,896, the separation of the two '^8 terms, we inter- 
polate from the table the values 55,933 and 19,037 for the terms and a 
value 0.4003 for the constant <p, to be used in Rydberg’s formula for the 
calculation of the higher members of the ’’8 series (Chap. VII, Sec. 7). 
We thus conclude that the basic term ’’8 of neutral Cr lies 55,933 units 
below the basic term ^8 of the ion. With the separation 30,290 of the 
^8 terms we again find from the table that they lie 47,586 and 17,296 
units, respectively, below and that for the ^8 series <p — 0.5182. 
However, we have seen that the low and ’’8 terms are separated by 
7,593 units. The sum of this and 47,586 gives 55,179 as an alternative 
value for the distance between and A third series converging 
to ®>S consists of two ’^P terms. From the separation, 18,778 of the two 
T 4 terms, we find, from the table, 32,369 and 13,591, respectively, for 
their distances below ®/S, and a value 0.8408 for «?. Since the lower 
’’Pi lies 23,499 units above ’’8, we get from this series a value of 55,867 

for ^8. 

We again enter the table with the value 40,517 for the two D 4 terms 
and find that they lie 60,423 and 19,906 units, respectively, from their 
limit, ^D% of the ion, and that for the series, <p = 0.3473. To find 
their distances from the term ®S we decrease these numbers by 12 498 
giving 47,925 and 7,408. But we have seen that the term lies 8,307 
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units above We thus find 56,232 as a fourth value for The 
disagreement between the four values is not large considering that only 
two members are available in each series and we therefore adopt as the 
most probable value of the mean of the four, 55,803. In case more 
than two members of a series are known, a more rigorous solution is 
obtained by solving three simultaneous equations and using a formula, 
such as that of Ritz, which employs an additional parameter. In such 
a solution, it would then be desirable to use for the Rydberg number 
the value for the element in question and not that of hydrogen, although 
the error introduced by using the hydrogen value is not great. 

6. ALTERNATION LAW, DISPLACEMENT LAW, AND BRANCHING RULE 

Rydberg conjectured long ago that the spectra of neutral atoms 
alternate between doublet and triplet structure as the atomic number 
increases. This statement received many modifications, as the subject 
developed, which culminated in the generalization that even and odd 
multiplicities are found alternately as we pass through the periodic 
table, a regularity referred to as the ^^alternation law.^^ 

Further, Kossel and Sommerfeld^ promulgated the displacement 
law, namely — the spectrum of a singly charged ion resembles that of the 
neutral atom of the preceding element; the spectrum of a doubly charged 
ion resembles that of the element two places lower in the scale of atomic 
numbers^ etc. In general, the spectra of systems having the same number 
of electrons but different nuclear charges are similar. By “similar,^’ 
we mean that, in general, they have the same multiplicities, and that the 
order and relative spacings of the terms are somewhat alike, but no hard 
and fast rule can be laid down; there are many exceptions to the statement 
about order and spacings. Much can be said as to the spectrum of a 
neutral atom from a knowledge of the spectrum of its singly charged ion, 
or of the preceding neutral atom. A knowledge of the ionic spectrum 
usually, gives us a more reliable idea of the energy values of the neutral 
atom than a knowledge of that of the preceding neutral atom. 

A correct statement of both the alternation and the displacement 
laws, applying for any element in any stage of ionization is. 

Even {odd) spectral multiplicities occur when the number of electrons 
is odd {even). 

In practice, we need only count the number of electrons outside 
completed rare gas shells, for the total number of electrons will be 
odd or even according as the number of electrons in uncompleted shells 
is odd or even. Starting with an alkali, each I value of its valence 
electron has associated with it two j values, because the s vector J has 
two possible orientations with respect to I Now raise the nuclear 

^ Verh, d. Phys. Ges., 21, 240 (1919). 
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charge by 1? and add one more electron. The possible values of s are 
0 and 1, and we obtain singlet and triplet terms. 

Consider an atom in a singlet state (s = 0) and add one more electron, 
the arrangement of the two others remaining the same. The resultant 
s value is and we obtain doublet terms again. Also, consider a 
triplet term of the two-electron system {s = 1). Add one electron, again 
keeping the quantum numbers of the first two invariable. The s vector 
of the new electron can be oriented parallel or opposed to the vector 
Si + S 2 . The resultant values are li and M, giving doublets and 
quartets, I'cspectively. The question arises whether these doublet 
terms will be identical with those mentioned before. In general, they 
will not, for although the ^ vector is composed of contributions which 
we may write sind -}i in both cases, the accompanying 

values of the other quantum numbers are not the same for both arrange- 
ments. For example, the third-group metal thallium has prominent 
doublet terms arising from the following quantum numbers of the three 
valence electrons, 

Up Ip nup m>,p 

G 0 0 +H 

0 0 0 - H 

njj nii\i +3^ '2* 

Other doublet terms could arise from the arrangement, 

7ip Ip ffllp 

6 0 0 +}4 

6 1 ± 1 or 0 +H 

fh h nils —H' 

The general principle is clear. Adding one electron with azimuthal 
number h to an atom with quantum numbers U, Sr, and we have the 
following I values: 

/r H” hr 4" ht 1, * ’ * 1^^ 

Each of these I values may be combined with the resultant s values, 
namely, .s'. ± H, to form all possible j vectors. For example, the reader 
will easily find" that the addition of an electron for which Z = 1 to the 
term of an ion similar to an alkali atom gives rise to S, P, and D 
terms of both singlet and triplet systems. 

Similarly, each term of a singly charged ion gives rise (at least theo- 
retically) to two groups of terms of neighboring multiplicity in the 
spectrum of tlio neutral atom. This is the so-called branching rule 
(German, Verzweigungsprinzip), first proposed by Land6 and Pleisen- 
berg.^ An excerption occurs for singlet terms, which give rise only to 
doublets. This process will certainly show us all the terms which can 
arise, but it will often occur that some of these are excluded by Pauli s 

1 26 , 279 ( 1924 ). 
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principle. More satisfactory methods of predicting terms are discussed 
in Sec. 10 . 

7. THE INTERVAL RULE 

It was early noted that the separations of the levels making up a* 
triplet P term are approximately in the ratios 2:1. Writing AP21 = m^Pi 
— m^P 2 and APio = mAP^ — m^Pi, we have, AP21: APio = 2:1. For 
example, the separations of the 2^P terms of cadmium are 1,171.1 and 
541.9, which are in the ratio 2.16:1. Heisenberg generalized this 
regularity, pointing out that to a rough approximation we often have 

AjDs 2* AZ)2 i = 3:2, 

AP43: AP32 = 4:3, etc. 

With the discovery of multiplet spectra, similar relations were quickly 
found by many workers, and Land6^ proposed a more general interval 
rule, which bears his name and may be stated as follows: 

The wave-number difference between two terms belonging to the 
same multiple term and having inner numbers j and j — 1 is proportional 
to j. This leads to the ratios of term intervals written in the bottom 
lines of Table 2. By way of illustration, the levels of a ®i) term have 
inner numbers from 4 to 0, inclusive. Beginning with the pair having 
inner numbers 4 and 3, we should have wave-number intervals in the 
ratios 4: 3: 2: 1. As a matter of fact, the quintet D term of chromium 
listed in Sec. 4 shows the separations, 

212.3: 167.8: 116.7: 60.0 = 4: 3.16: 2.20: 1.13. 

This illustration is neither very bad nor very good. Sometimes 
a set of terms will obey the rule within 1 or 2 per cent; again, we meet 
with terms in which the individual levels are not in the order to be 
expected from their inner numbers. The theory underlying this rule is 
postponed to Sec. 13, and will include the explanation of the so-called 
''inverted terms.'^ In elements which lie near the end of a period, such 
as the iron group or the halogens, the normal situation is that the j 
values of a multiplet increase as we pass down the energy diagram. 
Thus, the lowest multiple level of neutral iron is a level with the 
following structure: 

j Term 

0 59,022 

1 59,112 

2 59,296 

3 59,584 

4 60,000 (assumed). 

Multiplets in which the i values decrease as we pass down the diagram 
are called "regular ” to distinguish them from the inverted type. We also 
encounter multiplets in which the j values first increase and then decrease, 
or vice versa. 

^Z. PJiysik, 16, 189 (1923). 
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8. 2EEMAN PATTERNS IN WEAK FIELDS AND LANDE’S g FORMULA 
In Chap. VII, Sec. 6, we described the Zeeman effect of the principal 
and sharp series of doublet lines, and the energy levels which give rise 
to the patterns obtained in the presence of a field. The behavior of lines 
of a normal multiplet spectrum in the presence of the field is qualitatively 


(a) 



Eio. 5. — Typical Zeomaa patterns. 

similar to that of doublet lines. Each energy level of the atom splits into 
several components, which we shall call magnetic levels, equally spaced 
and symmetrically disposed with respect to the position of the field-free 
level. The combinations of these levels, suitably controlled by a selection 
principle and a polarization rule, give rise to a line pattern which is 
symmetrical with respect to the position of the parent line. 

In Fig. 5/ we have illustrations of the Zeeman effect in chromium 
(Fig. 5a) at a field of about 32,000 gauss and in vanadium (Fig. 5b) 
1 This figure was kindly placed at our disposal by Dr. H. D. Babcock of the Ml 
Wilson Observatory. 
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at about 29,000 gauss. In Fig. 5a, the first and fourth strips show 
the chromium spectrum in the absence of a field. The third strip 
was taken through a polarizing prism so oriented that only light polarized 
with electric vector perpendicular to the field was transmitted. There- 
fore, this spectrum shows only the s-components of the Zeeman patterns. 
Similarly, the second strip shows only the 2 )“Components. In Fig. 56, 
the upper strip shows the p-components; the center, the ^-components, 
and the comparison spectrum is below. 

Such patterns are most easily explained by discussing the energy levels 
which give rise to them. What we shall say about these levels applies 
only to the case of an ideal multiplet spectrum. In practice, many 
exceptions are encountered because the conditions for the validity of 
our theory are not fulfilled, but on the whole it works surprisingly well. 
Most of the exceptions occur in elements of high atomic number. For 
hydrogenic atoms and for lines belonging to singlet systems of other 
atoms, the weak-field Zeeman pattern is a normal triplet, arising from 
energy levels whose positions relative to the original level are given 
by the formula, 

AE = mLh. (1) 


L is the frequency of the Larmor precession (Appendix VIII) and is 
given by the formula 


L = ^ 
iirmc 


( 2 ) 


where e is measured in electrostatic units. Energy levels of other 
multiplicities in normal multiplet spectra give rise to magnetic levels 
expressed by the formula 

AE ~ mgLhj (3) 

so that the term shift is 

AT = —mgL. (4) 

As before, m is the magnetic quantum number, defined as the component 
of j along the field when seen from the rotating coordinate system 
described in connection with Larmor^s theorem; g is known as Land^'s 
splitting factor, and depends only on ?, 5, and j for the spectral term 
under consideration. Land6^ discovered the correct formula for g 
empirically and gave a classical calculation which led to a similar formula. 
We know today that the new mechanics is required to derive the 
^-formula correctly, but it is of great interest to go as far as we can 
with the old mechanics. Consider an atom as represented by the 
aggregate of the vectors jp belonging to its electrons, and let the 

coupling be that characteristic of a normal multiplet spectrum. Suppose 
that the coupling of the I and s vectors is so strong that it is not appre- 

^ Z. Physih, 16, 189 (1923). See also E. Back, and A. Landjii, ZeemaneffeAt unci 
Multiplettstruktur der Spektrallinien,’’ Springer, Berlin (1925). 
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ciably disturbed by the magnetic field. Then the vectors I and s precess 
about their resultant j (Sec. 14), and j processes about the direction of H. 
To obtain the energy of this configuration, we recollect that the potential 
energy of a magnetic doublet having the moment m in. a field H is — /xH 
cos (mj H), or where ixu is the component of /i in the direction 

of the field. The change in energy of a perturbed system is equal to the 
perturbing potential averaged over a cycle ^ 
of the unperturbed motion (Chap. VI, Sec. t 

10) so that I 


AS = - Hiih, 

where the bar denotes a time average. To 
obtain the value of im, we consider Fig. 6. 
The magnetic moment due to the spin- 
ning electron with it§ angular momentum 

netic moment associated with the vector 
s is 



Fig. 6. — Angular momentum vec- 
tors of an atom in a weak field. 


The minus sign is introduced because the magnetic moment vector due 
to the rotation of a negative charge is antiparallel to the angular momen- 
tum vector for that rotation. Further, the moment associated with 1 is 


SO that 

- Air = (£^^-)[^ COS QH) + 2s cos (si7)] (7) 

while 

A£7 = LhiTcosTZff) + 25 cos (sil)] (8) 


by equations (2) and (3). To calculate I cos {IH) we split I into com- 
ponents parallel and perpendicular to j, having magnitudes I cos (jl) 
and Z sin (jl), and project these components on the direction of H. Since 
1 processes uniformly around j, the average value of the projection of 
1 sin (Jl) is zero (aside from terms proportional to H, which are negligible), 
but the projection of I cos (jl) on H is constant. 

Finally, 

Z cos (lli) — I cos (jl) cos (jH). (9) 

Similarly, 

5 cos (sH) — 5 cos (js) cos (JH) . (10) 

From the geometry of the triangle formed by j, 1, and s. 


cos (jl) = 


f 


2jl 


r COS (ys) = - 




p 


2js 


cos JE) 


m 

j' 


( 11 ) 
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Using equations (9), (10), and (11) in equation (8), we obtain 

LE = mLh(l + (12) 

Comparison with equation (4) shows that 


^ = 1 + 


p + §2 __ p 

2P 


As a matter of experimental fact this formula yields correct results only 
in the region of large quantum numbers, a situation which we might 
expect from the correspondence principle. The formula found empir- 
ically and by wave mechanics is very similar, however. It is 


. _ 1 , + 1 ) + s{s + 1 ) - Kl + 1 ) 

^ 2i(i+l) ^ 

__ 3 s(5 + 1) - l(l + 1) 

2 2i(i + 1 ) ^ 

— § _L “b ^ + 1) 

2 ^ 2j{j + 1) 


(13) 


In Table 6, the g values for the Zeeman effects of normal multiple 
levels are collected. (As a matter of fact, some of the most important 
earmarks of normality are obedience to the g formula and to the internal 
rule.) The value of g becomes indeterminate when the second fraction 
in equation (13) does so; that is, when s = I and j = 0. In this case the 
energy levels should not be changed by the field, for m = 0 when j = 0. 
This conclusion is confirmed by experiment. By way of illustration, we 
may derive the g factor for the S terms of alkali spectra. For these 
terms ? = 0, s = j = 3^^, and substituting in equation (13) we have 

g = 2, Therefore, the magnetic levels arising from a term will lie 
at the positions 


at = -2mL. 


Since m is the component of j along the field it can assume only two values, 
namely, so that AT = ±L,^in agreement with Chap. VII, Sec. 6 . 
This arrangement is identical with that to be expected in the absence of 
electron spin, as we see from the treatment of the Larmor precession in 
Appendix VIII, Sec. 3, but has its origin in a very different mechanism. 
The Zeeman pattern for any term may now be predicted, if we pay due 
attention to the selection principle for the magnetic quantum number. 
Empirically, and also as a result of the new mechanics, the magnetic 
quantum number can change by only +1 or 0. When it changes by one 
unitj we have s-components in the transverse Zeeman pattern, and when it 
retains its value, we have p-components. A further restriction is that 
when j remains unchanged, the levels for which m = 0 carmot combine. 
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Table 6. — The Splitting Factor g 


x 
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3 
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4 

1 

H 


0 
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0 
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2 
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4 
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2 

8 - 1^2 

a 

1 
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p 

2 
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HU 

D 

3 
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F 

4 
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In using the g formula and the selection principle to predict a Zeeman 
pattern, the following arrangement of the work is advantageous. Write 
in a row all the values of m which will be used, as in Table 7. 


Tabi.e 7.— Calculation of Zeeman Pattern for ^P.% — 


m « 

1 

1 

-K 

+M 


+H 

g * H 

-m 


-"I' 



“P54; g - H 

-ra 

-H 

H 

% 


m — 1 m; 3 

-Wl 5 

-’■Ks 

-^Hi 



m m] p 

Hi 

Ms 

-Hi 

-Hi 






Wii 

^Hi 



Below each value of m put the displacement mg of the magnetic level 
of the initial spectral term which has that m value. (It is customary 
to express the displacements of the levels in terms of the separation 
between the and ^-components of the normal triplet as a unit. Note 
that this unit is not fixed, but is proportional to //.) Write similarly 
the displacements of the levels belonging to the final term, in the next 
line. The cross-lines indicate the combinations which obey the selection 
rules. Subtraction of any displacement in the lower line from a dis- 
placement in the upper line yields a component in the Zeeman pattern. 
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the Zp and Sp vectors of each one take up quantized orientations with 
respect to the lines of force. This means that the Sp vector of each 
electron is oriented either parallel or antiparallel to the field. It follows 
as in Sec. 8 that the change of energy in the presence of the field is 

AS = = (mi + 2ms) (14) 

where mi is the sum of the magnetic quantum numbers mip corresponding 
to the orbital motions of the individual electrons, and is the sum of 
the numbers corresponding to their spins. We may refer to mi +• 
2ms as the strong-field magnetic quantum number. In a transition it 
usually changes only by ± 1 or 0, though exceptions have been noted. 
These changes correspond to the emission of perpendicular and of parallel 
components, respectively. This selection rule has the consequence that 
the strong-field pattern of all types of levels is a normal Zeeman triplet. 
The location of this triplet with respect to the original multiplet is 
described in Sec. 12. 

10. THE ENUMERATION OF NORMAL MULTIPLET TERMS 

We are now prepared for the problem of finding the terms which 
arise from a given configuration of electrons. This problem is attacked 
with the aid of Paulies principle (Chap. VII, Sec. 19), namely, there 
are never two or more equivalent electrons in the atom^ such that the values 
of all five of their quantum numbers coincide when a strong magnetic field 
is applied, and cases which can be derived from one another by interchanging 
the quantum numbers of two electrons give only a single term. 

Equivalent electrons are those which have the same total and azi- 
muthal numbers. We begin by considering the case of two such elec- 
trons, and shall place them first on s orbits. For each one mi = 0, and 
therefore the resultant mi is zero. In order to avoid having all five 
quantum numbers of both electrons the same, we must assume that m^i = 
ms 2 = -}4, and so the resultant = 0. The array of possible 
pairs of mi amd values reduces to only one pair, namely 0, 0, which 
yields a single undisplaced level, representing the Zeeman pattern of a ^So 
term. On removing the field, the single magnetic energy level passes 
adiabatically into a field-free ^So term. This furnishes a complete expla- 
nation of the fact that the lowest singlet S term of an alkaline earth atom 
is not accompanied by a triplet S term. There cannot be more than two 
equivalent s electrons, for the values of at least two of them would 
have to coincide. 

The method of enumerating possible terms is quite similar in other 
cases. For example. Table 8 gives all the possible valties of mi and 
which can arise from two p electrons having the same total quantum 
number. 
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Table 8. — Quantum Numbeks fok Two Equivalent p Electrons 


mil 



m«2 

mi 

m* 

Possible values of 
mi + 2m« 

1 

1 

H 

-K 

2 

0 

2 

1 

0 

± H 

± H 

1 

1, 0, 0, -1 

3, 1, 1, 

1 

-1 

±H 

± H 

0 

1, 0, 0, -1 

o 

! 

0 

0 



0 

0 

0 

0 



i }i 


1, 0,0, -1 

1, -1, -1, -3 

-1 


H 


-2 

0 

-2 


The quantum numbers of the two electrons are distinguished by the 
subscripts 1 and 2. We have, 


If 


li = 1. 

ma = mi2 = 1, 


then m«i and m «2 must have opposite signs, and therefore, 


But if, 


mi = 2 , = 0 . 


ma = 1 and mn = 0, 


then m«i and can be either plus or minus, independently, so that 
there are four possible ways in which the resultant can be formed, 
giving the values 1,(), 0,-1, in the second row of the column. We 
do not obtain any new terms by considering the case mn = 0, mi 2 = 1, 
for this is obtained from the previous one by simply interchanging 
the two electrons. Similar statements may be made for the combinations 
of mip values occurring in the third and fifth lines of the table. We 
must now consider the magnetic terms arising from these two p electrons. 
p]ach mi value may occur with any of the values which appear in the 
mme line of the table; every such combination of mi and values gives 
rise to a physically distinct atomic configuration which must be counted 
as a separate term even though its energy may coincide with that of 
several other terms. The positions of the terms are given by the expres- 
sion (mz + 2mi)Lj the values of mi + being listed in the last column 
of the table. 

To find the field-free terms, we must determine what I and s values 
would give ua the array of mi and values shown in the table. In 
the first place, the terms will all be even, since Mp =« 2. While there is a 
perfectly definite procedure for solving such problems, based on the 
dynamics of an atom with several magnetic parts, it is possible to answer 
the question also by the following method. The highest value of s 
must be the same as the highest value of In the case under discussion 
this is 1; now the magnetic levels for which m, ^ 1 or -1 arise from 
field-free levels for which s “ I, since there is no tendency for the indi- 
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will then have all its quantum numbers the same as those of the first 
or the second, and so we cannot avoid breaking the rule. The conclusion 
is that the above combination of m values does not occur. 

The configuration of three p electrons gives the terms ^>S°. 

The same process can be carried through for four, five, and six p electrons. 
These configurations have the same terms as those with two, one, and zero 
p electrons, respectively, which is a special case of a reciprocity theorem 
stated in Sec. 16, 

Nothing new in principle is introduced when we consider several 
equivalent d or / electrons. The tabulations are more complicated and 
more field-free terms are obtained. Table 10 summarizes the terms 
which arise from any number of equivalent p electrons; Table 11 does 
the same for d electrons. The case of one s and any number of equivalent 
d electrons, which is quite important, is obtained from Table 11 on 
replacing each term by two terms of the same azimuthal number, but of 
multiplicities greater and less by one, respectively. For example, 
is replaced by and ^P. 


Nvuabor of d 
electroiB 
1 
2 

3 

4 

5 

6 

7 

8 
9 

10 


Table 10 


Nurnbor of p 
electrons 
. 1 
2 

3 

4 

5 
C 


Terms 

2/>o 

hS 

-•'P Ip 

2po 


Table 11 


Terms 



H) 



H) 


^mPCPF^D^P^JKPF^ IPS 



^SXPlPrVPFH)\^ ^F^P^IPG^F^D^P 

H) 


''^G^FHPP^J^Gd^GPS mp^oyi) 



qMinfiXPFHrN^ 

•G) 


^F^PKFD 







11. CORRELATION OF MAGNETIC AND FIELD-FREE ENERGY LEVELS 

In the case of two (Mpiivalent p electrons we showed how one can deter- 
mine the aggregate' of field-f retv terms from a knowledge of the strong-fiedd 
magnt'.tic Itwels. However, our discussion did not always give us thti 
corrtdation l)etween the field-free levels and those observed in a strong 
field. Now, w(^ already possess complete knowledge of the connection 
betwtH'n th(^ field-free and the weak-field terms, so our problem reduces 
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to finding the correlation between the terms in weak and strong fields. 
Pauli^ solved it by studying the motions of a simple atom model con- 
taining two magnetic parts, which he called the electron and the core. 
The principal results of his theory are valid in a sufficient number of 
cases to make them very valuable, and we shall state them here without 
proof and without qualifications. If we specify a certain weak-field 
level by giving the values of Z, s, y, and m, the mi and ms values of the 
corresponding level in a strong field are as follows : 

For Regular Multiplets: 

If m s — Z, then ms = j — I, mi = m — {j — Z). 

If m g 5 — Z, then = m — (s — j), mi = s — j, (15) 

For Inverted Multiplets : 

If m ^ — 5, then ma ^ I — j, mi = (i — Z) + ^. 

If m ^ Z — 5, then = (s — j) + m, mz = y — s. (15a) 

For partially inverted multiplets, where the values of j first increase, 
and then decrease, no general rule can be given, although any definite 
numerical case could be treated by a direct study of the vector-precessions 
in Pauli's model. 


As an. example we take and ®Pi,^, for which s = M and 1 = 1. The and 
mi values belonging to each weak-field level are tabulated below, together with 2ms -h 
mi, which determines the energy. Figure 8a shows the correlation diagrarnmatically. 


Term 

m 

ms 

mi 

2ms + mi 







1 

2 







0 

1 






-1 

0 





1 


-1 

-2 





/ H 

1 1 

1 

0 




{ -H 

0 

-1 


The strong-field levels are measured from the center of gravity of the multiplet. The 
dotted connecting lines serve to show the correlation and do not indicate the rather 
complicated course taken by the energy levels as the field changes. 


Breit^ has given a speedy and easy method for carrying out such 
correlations. Suppose we specify the multiplet to be studied, giving 
its I and s values. We then draw up an array, having 2s + 1 rows 
and 21 + 1 columns. In the spaces of this array we write all the possible 
m values of the multiplet, arranged in a way which will be obvious on 
inspecting the following example: 

1 Physik, 20, 371 (1924). 

■^Phys. Rev., 2S,Zd4: (ld2Q). 
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+ 


•f 


+ 


1 1 


I 1 


I I 
' + + 


I I 
+ + 


+ 4“ 


Each m value is written in the form + mi. It 
will be understood that the entries s + (I — 2) and 
{s — 2) + Z symbolize different atomic configu- 
rations. The former means that Ws == s, mz = Z — 2; 
the latter, that Ms — s — 2^ mi =1. We now assert 
that beginning at the upper right, the m values blocked 
off by the division lines belong in succession to the 
various terms of the multiplet, beginning with the term 
of highest j, provided that the multiplet is regular; 
but, if it is inverted, the division lines must be drawn 
in the shape of the capital latter L. Then the left 
side and bottom edge of the array belong to the lowest 
term, which has the highest j, and so on. From these 
schemes we can read off at once the ms and mi 
values arising from a given term, and can find the 
positions of the strong- field levels with ease. For 
a normal ^'multiplet” the m array appears as 
follows: 

H + 1 H H 1 

-H + 1 -H-i 

From this we construct an array showing the cor- 
responding values of 2ms -t- mi, thus; 

2 10 

0 -in -2. 

On comparison with the tabulation following the 
equations (15), we see that this gives the correct 
result. For an inverted multiplet (like that of 
helium), the numbers in the m array and the energy 
array are the same as before, but the correlation is 
as follows: 

Values of m: + 1 [ 

— H -f 1 

Values of 2m, mi: 2 
0 

This case is further illustrated by Fig. 85. 

There is another interesting way of carrying out 
these correlations, depending on the hypothesis that 
levels which have the same m do not cross when the 
field strength is increased. Shenstone' has recently 
shown that certain incorrect predictions of the 
series limits approached by an atom, when one 
electron is removed, can be traced back to the 




-1 


M-1 


1 


_o 

-2 


1 Nature, 1212, 727 (1928). 
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inadequacy of this hypothesis. His paper should be consulted for a 
statement of the cases in which it is known to be correct. To illustrate 
the use of this hypothesis, we may consider all levels arising from a given 
regular multiplet, which have a certain value of mi. These levels will 
have different values. The highest yields the highest energy 
in this selected group of magnetic levels, and must be correlated with 
the highest level of the field-free multiplet — that for which j = j^ax* 
The next lower value is correlated with the level for which j = j^ax — 






771^ J7l^ 



Fig. 8a . — Correlation of strong- and weak- Fig. 86. — Correlation of strong- and weak- 
field levels for regular terms. field levels for inverted ^P terms. 


1, and so on. These facts are most easily dealt with by drawing up a 
table similar to Table 12, which refers to doublet levels. 

Table 12. — Correlation of Strong-field and Field-free Levels for Doublets 


mi. . 

ms. . 

-3 

-H M 

-2 

-H M 

-1 

-K H\ 

0 

1 

2 

3 

-H M 

S... 








P... 





M % 



D... 


5^ ^ 

h 

% ^ 

% % 

M % 



To illustrate the construction of this table, let us take the second 
row, referring to the P levels, “Pj^ and ^Pj^. Consider the magnetic 
levels for which mi = 1, arising from both these terms. For one of these 
magnetic levels m, will be +3^^, and for the other it will be — 3^^. The 
first is higher on the energy diagram and is therefore assigned to ^Pj^; 
the second, to To indicate this, ihe inner number % is written 

in the body of the table under mi = 1, while the inner number 

}4 is written under mi = 1, = \ — We follow through the same 

reasoning with the two magnetic levels for which m = 0, but when we 
come to the pair of levels for which mi = —1, the procedure must be 
changed. As before, we assign the higher level mi = —1, m* = 
to the term of higher energy, but the other level, mi = — 1, m, = 
— }- 2 , cannot now be assigned to ^Pj^, for if the field is decreased it 
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that he was led to a formula which can also be derived on the basis of 
the older quantum theory as Sommerfeld^ has shown. The formula 
for the position of a level, referred to the doublet center of gravity is 


Av 

= m 

L 


V 1/ 2mv 

4(2 + yi) “ 2\^ I + 




(19) 


where the plus (minus) sign refers to the higher (lower) level. This 
formula is well established by experiment. Much remains to be done in 
generalizing it to other multiplicities and in testing such generahzations. 

The and 7’s obey two interesting laws known as the permanence 
rules for g and 7 sums, and associated with the names of Heisenberg, 
Pauli, and Land6, The (/-sum rule may be expressed as follows: Having 
chosen a multi plet, we fix our attention on all magnetic levels with the 
same magnetic quantum number. For each of these components, 
there will be a different g, depending on the value of j for the corre- 
sponding field-free level. Summing these g values over all fs, the value 
is found to be independent of the field strength. This may be otherwise 
expressed by stating that the sum of the energy values which belong to 
definite values of 2, s, and m is a linear function of the field strength. The 
permanence of g sums is a phenomenon extremely well verified by experi- 
ment. Its validity extends beyond the case of normal multiplet spectra, 
and it is interesting from another standpoint, for it gives an alternative 
means of calculating the fis in weak fields from those in strong fields, or 
vice versa. For this applicatioii it is more’ convenient to write the 
principle in the form 

^mg = constant, with m, 2, and s fixed. (20) 

7, 

For example, we may consider the triplet P terms. The strong-field 
values of Sm{/ may be obtained by methods given in Sec. 11, which do not 

involve a knowledge of the weak-field</’s. The values found for m — 2,1, 

and 0 are 3, 3, and 0, respectively. Applying equation (20) to each of 
these cases, and letting g^, gi, and g, be the fir’s for the ^Pj, =Pi, and ®Po states, 
respectively, in a weak field, we have, 

292 = 3, fir2 + fiTi = 3, 0(9^2 + + S'o) = 0. 

We must remember that only ^Pi can give a term with m = 2, that both 
*P 2 and *Pi can give terms with m = 1 and that all three of the ^P levels 
can give terms with m = 0. These equations lead to the values = /t, 
(7i = M, ffo indeterminate, in agreement with Tandy’s table. 

Similarly, the sum of the 7 values for levels having fixed I, s, and m, 
but variable j, is independent of the field strength: 

^7 = constant, with m, I, and s fixed. 


I Z. Physik, 8, 267 (1922). 


( 21 ) 



[Chap. X 


332 GENERAL THEORY OF ATOMIC SPECTRA 


The value of 7 in a strong field is found to be 


_ msMi 

^ ^ y^y 


( 22 ) 


Other interesting regularities are these: 

XXy = 0 , ( 23 ) 

' m j 

= 0 . ( 24 ) 

■m j 

As mentioned by Back and Lande/ these relations lead to the following 
conclusion: If we attribute the weight one to every magnetic level, 
then the position of the center of gravity of all magnetic levels arising 
from a multiplet is independent of the field. 


13. EXPLANATION OF THE INTERVAL RULE AND OF INVERTED TERMS 

The interval rule of Landd may be explained by ideas very similar 
to those used in deriving the g formula. Let us represent the atom by an 
aggregate of angular momentum vectors, k and Sj. Each electron, say 
the pth, will be considered as a magnet of moment Sihe/iirmc. We 
suppose that the average field acting on this magnet to orient it is com- 
posed of two parts. First, there is a torque due to all the other Si vectors, 
which causes the s< vectors to form a quantized resultant s. Second, 
there is a torque on Si due to the revolution of the same electron on its 
orbit with quantum number k. It is supposed to be insensitive to the 
fields produced by the revolution of other electrons, for reasons not 
fully understood. Under these circumstances, the potential energy of 
interaction of and s,- is equal to (Chap. V, Secs. 16 and 17) 

Ei = hKcaHiSi cos , (25) 

Zi is the effective nuclear charge to which the electron is exposed when 
at a distance r from the nucleus and a is the radius of the first hydrogen 
orbit. To a first approximation, the vectors li have a precessional 
motion around their resultant I, the nature of which is explained in more 
detail in Sec. 14, and the vectors Si process around s; while I and s turn 
much more slowly around the resultant j. In general, the frequencies 
of these precessions will all be different and will be of an order of magni- 
tude quite distinct from that of the orbital frequency. If we write 
each term under the bar in equation (25) as a Fourier series, then on 
multiplying these series and averaging, all the terms will vanish, except 
the first one, which does not contain the time. This term is the product 
of the constant terms in these series, that is, the product of the average 
values of the individual series. This proves that the average in equation 
1 '‘Zeemaiiefiekt,” p. 74. 
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(25) is equal to the products of the averages of each of its factors. We 
write 2Ci for the average of ZiU^jr^, Further, 

liSi cos (liSi) = li cos (lil)si cos (sis) cos {Is). (26) 

Proof . — ksi cos (ksi) is the scalar product (li • si). Hince the precession of I and 
s around 7 is supposed to be slow compared with the precessions of the U and Si vectors, 
we may obtain a first approximation to this scalar product 
by calculating just as though I and s were fixed in space. 

Figure 9 illustrates the case of two electrons. We resolve k 
int a component k cos (kl) parallel to Z, and a component 
li sin (ZiZ) perpendicular thereto: st is resolved similarly. 

In the scalar product (h • Si), we write each vector as the 
sum of its two components. Multiplying out, we have the 
sum of four scalar products. Now, in taking the time 
average only the product (k cos (Ul) • Si cos (sis)) yields a 
finite contribution to the result, namely, the expression on 
the right of equation (26). This is true because the 
frequencies of the k and Si are supposed incommensurable. 

The cosine of the angle between the vectors U sin (lil) 
and 8i cos (sis) is as often positive as it is negative; and 
similar statements may be made concerning the products 
(Zi cos (Ul) • Si sin (siS)) and (U sin (kl) • Sisin («,;«)), so that 
their time averages are zero. 

Summing over all the electrons, and remember- 
ing that Si is always we have the total magnetic 
energy of the atom: 

E = hRca^ cos {ls)'^Cili cos (U) cos (s^s). (27) 

When the sum in this equation does not depend materially on the relative 
orientations of I and s, we may replace it by its approximately constant 
value, C, Then, replacing cos {Is) by its value in terms of the sides of the 
triangle i, I, s, we have, 

E = hRca^C^ (28) 



Fig. 9. — Quantized 
arrangements of U and Si 
vectors. 


The new mechanics requires us to replace this formula by 


E = hRca^C 


= hRca^C 


2(s + yi)(l + H) 
2(s + + M) 


(29) 


The difference of energy of two terms having the same I and s, but/s 
which differ by unity, is, 


Ej — Ei-i = hRcoL^C 




(30) 


334 general THMORY OF ATOMIC SPECTRA [Chap. X 

The 1iriiaa.r dependence of this energy difference on j gives us the interval 
rule (Sec. 7), and consideration of the assumptions on which equation 
(30) is derived gives us insight into the physical conditions which exist 
when this rule is approximately fulfilled. Many interesting conclusions 
may be drawn from equation (27), such as the following: 

If we have two outer electrons, one of which is on an s orbit, the sum 
in equation (27) reduces to a single term, let us say Cil^ cos (sas), and 

E = hRca^ cos cos (sas). 

For a triplet, cos (sas) takes the value +1, and therefore the interval 
between the outside levels of the triplet is 2hRca^C 2 I 2 , which is to say, 
the total spread of the triplet is the same as that of a doublet term 
of the same Z, and having the same effective total quantum number. 
This is often found to be the case. Other regularities which are pre- 
dicted by equation (27) have been studied by Bechert and Catalan.* 
We come now to the explanation of inverted terms. A multiplet 
will be regular or inverted, according as the summation in equation (27) 
is positive or negative. Now for excited states in which the constants 
Ci may be quite different for the various outer electrons, the possibilities 
are numerous and complicated. Let us limit our attention, therefore, 
to the case of equivalent electrons, for which Zi = X and all the Ci’s are 
equal to a constant k, let us say. If all the s< vectors are parallel, cos 
(sis) is positive in every term of the summation of equation (27), and it 
reduces to A:XS cos (ZjZ). But this sum must be positive, for there are 
more electrons with Z< in the direction of Z than in the opposite direction. 
This means that there cannot he inverted terms having the highest possible 
value of s, that is, having a multiplicity greater by one than the number 
of equivalent electrons involved. Therefore, we must consider terms of 
lower multiplicity. Perhaps the simplest illustration is that of the 
lowest terms of the sixth group elements, 0, Se, and Te. We need 
only consider the four p electrons of the outer shell. In discussing these 
terms, Slater assumed (Sec. 14) that the Sj vectors are all either parallel 
or antiparallel to their resultant, no reason being given save that this 
supposition leads to correct results. Since we are dealing with triplet 
terms, three of the Si vectors must be parallel to s, the fourth being 
antiparallel. Thus for three of the terms in the summation of equation 
'(27), cos (s<s) is positive, and for the fourth it is negative. Slater was 
able to show that for a simple vector model of this kind the resultant 
Z' of the k vectors which have their s,- vectors parallel to s, is conjugate 
to an angle variable, and must be a multiple of /i/2ir; and the same is 
true of Z", the resultant of the U vectors which have their Si vectors 
antiparallel to s. For the ’P term under consideration, Z" = 1, since 
there is only one electron for which s,- is antiparallel to s, but Z' may be 
* Z. Physik, 37, 658 (1926). 
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2, 1, or 0, and the whole problem is to find which of these possibilities 
actually occurs. Slater answered this question by making a new assump- 
tion — that Paulies exclusion principle applies separately to V and V\ 
so that no state is allowed which would become a forbidden state by 
simply removing electrons from the atom. On this basis, the three 
electrons giving rise to V must form an allowed configuration for which 
s = %. Looking at Table 10, we see that the only term of this kind is 
so that I' == 0. Thus, the sum in equation (27) reduces to a single term, 
— CiU cos (Ul), and cos (hi) is unity because h = Therefore, we 
have an inverted term. 

By applying the same method we can determine the nature of the 
lowest term in every case. So long as we are dealing with normal 
multiplet spectra, the result is as follows: Consider, first, an atom with 
an outer shell composed entirely of p electrons. If there are less than 
three of them, it is possiple to have terms for which the multiplicity is one 
greater than the number of electrons without violating Pauli’s principle 
(see Table 10). Since the energy of interaction of the Si vectors is 
ordinarily greater than that of the k vectors, these terms of highest 
multiplicity must be the lowest terms. As stated above, a term of the 
highest multiplicity must be regular. Now, if there are exactly three p 
electrons, we have a ^>S term, and if there are more p electrons we have 
= 0.^ From this it follows that all surviving terms of the summation 
of equation (27) are negative and we have inverted terms. Similar 
relations are encountered in the case of atoms which have only equivalent 
d electrons or equivalent / electrons. The general statement is this: 

In building an outer subshell of equivalent electrons we have regular 
terms in the first half of the subperiod, an S term at the middle^ and inverted 
terms in the second half. 

To make this more concrete, we may say that regular terms are 
dbtained from less than three p, five d, or seven / electrons, and so on. 

14. A DYNAMICAL MODEL FOR A COMPLEX ATOM 

In preceding sections we have made free use of a model in which 
the atom is replaced by a set of angular momentum vectors. Slater^ 
has made a thorough investigation of the motions in such a model on the 
basis of certain simplifying assumptions. Any one of the vectors is 
supposed to act on another with a torque which is proportional to the 
sine of the angle between them. To show that this assumption is a 
natural one, we may recall that under these circumstances the potential 

1 This follows because in the lowest term s must have as large a value as possible 
consistent with Pauli’s principle. The largest value of s is obtained when as many Si 
vectors as possible are in the direction of s; but when this is the case, on taking away 
the electrons with vectors antiparallel to s, we are left with a configuration giving 
rise to a term with V = 0, just as in the illustration dealing with sixth-group elements. 

-Rev,, 28,291 (1926), 
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energy of nny pnir of vectors will be proportional to the cosine of the 
angle between them, just as in the case of two magnets. It may be well 
at this point to consider the sign of the energy of such a pair of vectors. 
The fact that the alkali doublets are regular shows that the state of 
higher energy corresponds to the case in which I and s are parallel. Now, 
before the advent of the spinning electron, it was difficult to understand 
this as Breit^ first clearly pointed out. His argument is as follows: 

The vector s is supposed to represent the angular momentum of the 
kernel and is, therefore, localized, at least approximately, at the center 
of the atom. At the center there is a magnetic field H, due to the orbital 
revolution of the valence electron. If the magnetic moment of the 
kernel is y, and if y makes an angle 6 with the direction of H, the magnetic 
energy is —/xH cos 6. But when 1 and s are parallel, H and y are parallel, 
so that the state of higher j should have the lower energy. This difficulty 
was abolished when it was found that s is located on the electron itself, as 
we may see by considering the calculations in Secs. 16 and 17 of Chap. V. 

The practical consequence for our discussion of Slater’'s work is that 
we must choose the proper signs for the torques between the vectors 
in his rather abstract model, guided by our knowledge that the alkali 
doublets are regular, and by other pertinent facts. In order to restrict 
the discussion to normal multiplet spectra. Slater begins by assuming 
that the coupling of the 1 vectors among themselves, or of the s vectors 
among themselves, is strong compared to that between the I’s and s s. 
In other words, the separation between multiplets is to be large compared 
with that between adjacent levels of a multiplet. It is assumed that the s 
vectors are all either parallel or antiparallel to their resultant. Further, 
the problem is simplified by the assumption that there is no torque 
between the 1 of one electron and the s of another. With these restric- 
tions, Slater obtains the motions of the vectors for a shell of equivalent 
electrons and for such a shell in combination with another non-equivalent 
electron. His method of attack is as follows : 

Suppose that pi is one vector and p,- another. The torque exerted on pi by 
p,- is proportional to the sine of the angle between, if the energy is proportional 
to the cosine. It is a vector, at right angles to pi and p,-. That is, it can be 
written as a constant times the vector product: Ai,[pip,]. Taking the torque 
as the vector product of the force and the lever arm, it is readily verified that a 
positive Aii means that pi is being pulled toward p,-. The total torque on p,- 
is then the sum of the torques from all other angular momentum vectors: 

S, j)A»i'[p‘Pi]- 

The equation of motion for p,- now is simply that the time rate of change of 
the angular momentum, equals the torque acting: 

^ = rp<S^”p'l- 

di j L J J ' ' 

» Nature, Sept. 15, 1923. 
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The law of action and reaction states that the reaction of py on p^, ^/^[pypd, is 
equal and opposite to the action of pi on py, so that Aij = Aji. 

The device used in solving the equations of motion of this type is 
very simple in principle. First, we neglect the interaction of the Vs 
and s’s and consider the system of 1 vectors independently. As stated 
several times before, the motion of the Ts consists in a uniform rigid 
rotation around their resultant. The proof is very simple for the case 
of a shell of equivalent electrons: The constant Aij will be the same for 
each pair of electrons and may be written as A. Then the equation 
for h is, > 

where the summation sign indicates a vectorial sum which extends over 
all the electrons except the ^’th. Now the vector product, A[14i], is zero, 
and so it may be added to the right side of this equation, which becomes 

= (31) 

since 21/ = 1. It is well known’^ that when a vector is subject to a law 
of this kind, its motion is simply a uniform precession around the vector 
A1 with angular velocity Al, which we shall call Similarly, in the case 
of the s vectors, the whole system rotates around s with angular velocity 
Bs — (Ofi. Now we introduce a smalT coupling torque of the form 
iJL[\iSi] in the equation for h, and a similar term in the equation for Si. 
This causes a slow precession of both 1 and s around j. The detailed 
solution shows that small periodic terms of higher frequencies are also 
present in the motion; but still more important, it turns out that new 
quantities suitable for use as quantum integrals make their appearance. 
They are, V, the vector sum of those Vs which have s/s parallel to s, and 
1", the vector sum of those 1/s which have s/s antiparallel to s, so that 
1 = 1' + 1". To show that these vectors are suitable for quantization, 
we only need to prove that they are constant (except for quantities 
of the order of ix^), and this is easily carried through. The motion of the 
h may be described as follows: Each h processes with angular velocity 
(o/ about 1', or (*>/" about 1", as the case may be; further 1' and 1" precess 
about 1 with velocity wz, where 1 is a vector differing from 1 only by a 
quantity containing the first power of /x; I has the interesting property 
of processing uniformly around j, although 1 does not. The energy of 
the atom is finally shown to be 



1 For example, see Page, ‘Tntroduction to Theoretical Physics,” D, Van Nostrand 
Company, New York (1928). 
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By taking the derivative of E with respect to j we obtain the angular 
velocity of the precession around j, and coz, coz', etc., can be obtained simi- 
larly (Chap. IV, Sec. 13). 

The results are more complicated when one non-equivalent electron 
is added to the atom, and they will not be quoted here. Further study of 
Slater^s paper is recommended to anyone who wishes to appreciate the 
great value of the vector model in giving qualitative explanations of 
spectral phenomena. 

16. DETERMINATION OF THE SERIES LIMIT APPROACHED BY A 
MULTIPLET TERM 

Let us suppose that the total quantum number of one electron in an 
atom is adiabatically increased until it is very large. The state of the 
atom approaches that of a singly charged ion. In general, this ion will 
have a number of low-lying states, and we desire to know which one 
of these will be attained when the electron in question is completely 
removed. The answer depends on the nature of the multiplet level in 
which the atom was found when the process began. In some cases it is 
possible to examine this question experimentally by observing the 
behavior of individual terms of successive multiplets in a series. The 
simplest case would be that of the sharp or the diffuse series of an alkaline 
earth where the sequences head for the same wave number and the atom 
approaches the same ionic state regardless of the ji values of the terms 
through which it passes. The question involved here may be formulated 
as follows: 

Considering the case of two electrons solely to simplify the notation 
(a quite unimportant restriction), what is the correlation of the terms 
described by the quantum numbers 

Ih hy Si, 52, s, I, and j (33) 

with the terms of the ion, described by the numbers 

h) Si, ji. 

This question can be answered by the following artifice, introduced 
for the sole purpose of allowing us to use the results of Sec. 12 and others 
like them. If we expose the neutral atom to a strong magnetic field, 
we can follow in detail the way in which each term described by the 
quantum numbers of expression (33) gives rise to magnetic levels character- 
ized by certain sets of values of 

lu si, mil, m«i, h, 52, mz2, ms2. 

The atom will now occupy a state specified by a definite set of these 
quantum numbers; which one it occupies is of no significance. Now, 
with the field still applied, we take away the second electron, leaving 
an ion with the same values of h, Si, mn, and mn- Finally, the field 
is removed, and we have the ion in the state liSiji which is approached 
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by the atom as a series limit when is gradually increased. The physical 
principle involved here is very simple, but in practice the details of the 
correlation are complicated and we shall illustrate it by the simplest 
possible case, that of an atom with two electrons on p orbits. The prob- 
lem is attacked in reverse order. First we consult a table, showing the 
correlation of pairs of values of Zi, ji with pairs of values of miu m^i. 
(Table 12 is an example.) We then begin the construction, of the scheme 
shown in Table 14, writing down the chosen I values, and the possible 
mil and msi values. Now with each mzi, we can have mi 2 = +1, 0, 
or — 1, and for each of these possibilities there are two possible values 


Table 14. — Series Limits for Terms Arising from 2 ^-Electrons 
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of ms 2 , namely +H and — (It must be remembered that we are 
dealing with a case in which the electrons are not equivalent, and that 
Pauli’s rule does not apply.) We list all these cases, and form the result- 
ants, mi and m^. These are the strong-field values of mrand for the 
terms of the neutral atom arising from the ionic configuration h, j\. 

The first twelve lines of Table 14 give the mi and m^ values belonging 
to the magnetic levels of the neutral atom which arise from the ionic 
configuration l\ = 1, and the remainder of the table contains 

those coming from the ionic term h = 1, ji = The next problem is 
to pick out the field-free terms to which these magnetic levels belong. 
This is done in the following way: 

We know that the terms coming from two p electrons must be triplet 
and Ring let, R, P, and D. We construct Table 15 in precisely the same 
way in which Table 12 was obtained, to show the correlation of mi, m^ 
pairs with the field-free terms of the neutral atom. 



We see that the combination mi = 2, m,, = 1, belongs only to the 
term. In Table 14 this combination stands only in the group of magnetic 
terms arising from the spark term ii = %. From inspection of Table 
15 we find that also gives rise to the combinations 1, 1; 0, 1; —1, 1; 
— 2, 1; —2, 0; and -2,-1. We strike all of these out of the table and 
turn our attention to ^ 2 - Here we find that the highest magnetic level 
belonging to this term, namely that represented by the combination 
2, 0, is in the part of Table 14 belonging to the spark term = Yi. 
Again we strike out all magnetic levels of and continue the process, 
first for the triplet and then for the singlet terms. At the end we see 
that four of the terms go to the limit namely =*i> 2 , ®Pi, and »Po; 
the others approach the limit ^P%. 

The principle by which such questions are attacked is now clear. 
It will be seen that the limits approached by inveHed terms arising 
from two p electrons are different from those approached by regular term s 
of the same name. For a discussion of some of the difficulties which 
arise, in the case where the series electron is a p or d electron, we may 
refer to papers by Shenstone^ and Hund.® 

Nature, 121, 619, and 122, 727 (1928). 

“ Z. Physik, 62, 601 (1928). 
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16. RECIPROCITY THEOREMS 

Consider the energy levels of an atom in which one electron has been 
removed from a completed group, and (for simplicity) all other groups 
are closed. We have already considered such levels in our study of 
X-ray terms and it is our present purpose to generalize the remarks 
made in that section. 

For a closed group, = 0 and Smzp = 0. If we remove an 

electron characterized by the numbers li, nisi, ntn while the remaining 
electrons retain their numbers, the resultant nis and mi of the ionized 
group will be —msi and —mzi. To every set of quantum numbers Ui, h, 
Msi, mu of an atom with only one electron in the n-quantum group, there 
corresponds uniquely a set of numbers rii, h, —mu characterizing 

an energy state of an atom in which that group lacks only the electron 
with numbers ni, Zi, msi, mu- The generalization to the case where the 
group has lost r electrons is obvious and constitutes Pauli’s reciprocity 
theorem. In the absence of a strong external field a somewhat similar 
staterpent may be made, as we see from the fact that when the field is 
removed adiabatically the statistical weights of the various states are 
unaltered. However, the situation can be better appreciated from the 
following statement: For a closed group 21 = 2s = 2j = 0. If an 
electron having numbers ni, Zi, si, ji is removed the remainder is charac- 
terized by the numbers rij, -h, -si, -ji. Similarly, to every config- 
uration of r electrons of total quantum number n, characterized by the 
resultant numbers Z, s, and j, there corresponds a configuration of 2n^ — r 
electrons occupying all the places left vacant by the 7' electrons and having 
the quantum numbers —I, —s, and —j. 


17. THE NORMAL STATES OF THE TRANSITION ELEMENTS 

The spectral characteristics of the lowest lying terms of the elements 
of the first and second transition groups are known from studies^ of 
the type described in the preceding sections and from these the number 
of electrons in each subshell can be determined. Figure 10a taken from 
Gibbs and White^ is a plot of lower lying terms corresponding to the 
different numbers of electrons in the 4, 1 and 3, 2 types of orbits in the 
elements from K to Cu, inclusive. , The terms as given are referred 
to the term with one 5 electron and n — 1 d electrons as zero, since the 
ionizing energies of these atoms are not known accurately, and therefore 
the more usual method of referring to the ion and electron as haying 
zero energy cannot be used. The curves are designated by the number 
of d, s, and p electrons which combine to give the terms. There are 
usually many terms for each of these configurations; the plot shows the 
lowest term of each configuration. 
iProc. AcaeZ. 14, 559 (1928). 
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The assignment of electrons to the subshells for the normal states 
is now eyident. Ca, Sc, Ti, V, Mn, Fe, and Co have two valence electrons 
in the 4, 0 orbits and the remainder in 3, 2 orbits. Cr has one 4, 0 elec- 
tron and five 3, 2 electrons. The assignment in nickel is two 4, 0 and 
eight 3, 2 electrons, though the energy levels of this configuration and 
those of the configuration consisting of one 4, 0 electron and nine 3, 2 
electrons lie very close together. Figure lOh is a similar diagram for the 
second transition group and the electron configurations as given in Table 
3, Chap. IX follow from these curves. It is interesting to note the 



Fig. 10a.' — Plot of low terms of K to Cu, Pig. lOb. — Plot of low terms of Rb to Ag, 
inclusive. (After Gibbs and W kite.) inclusive. (After Gibbs and White.) 


similarity of these two sets of curves though they show that the normal 
states of the Fe, Co, Ni and Ru, Rh, Pd triads have quite different 
electron configurations. 
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SPECIAL TOPICS IN SPECTROSCOPY 

1. THE STARK EFFECT OF NON-HYDRO GENIC ATOMS 

The Stark effect of non-hydrogenic atoms is qualitatively similar 
to that of hydrogenic atoms presented in Chap. V, Secs. 12 to 15. In 
weak electric fields the energy change of the atom is proportional to the 
square of the field strength, but in sufficiently high fields it becomes 
proportional to the first power of the field. This gradual transition 
from the second-order to the first-order effect occurs, in general, at much 
higher electric fields in the case of non-hydrogenic atoms than in the 
case of hydrogenic atoms. Further, it occurs at greater fields in the 
case of energy levels which differ by large amounts from the corresponding 
hydrogenic levels. In Chap. V, Sec. 14, we showed that the additional 
energy due to the external field is equal to the mean value of the perturba- 
tion term in the potential energy taken over the unperturbed orbit. 
This term is eFz^ where z is the displacement of the electron from the 
nucleus in the direction of the field. The orbit of an electron moving 
in a central field of force, which deviates from the inverse square law, 
is not closed, but precesses in a plane. (In the hydrogenic atom, the 
precession is caused, ]5y the cliange of mass with velocity.) In the case 
of a precessing orbit, , 2 : Is as often positive as negative and the mean value 
of eFz is zero. Therefore, an energy term proportional to F is absent. 
The largest energy term must be secured by taking account of the small 
changes in the orbit and is proportional to If the field is sufficiently 
large, it will displace the electron relative to the nucleus by an appreciable 
distance. If it is strong enough to suppress the precession, the energy 
term proportional to F becomes important and, in fact, much larger than 
that proportional to FI The smaller the quantum defect is, the less 
is the deviation from the inverse square field and the more easily is the 
electron displaced in the direction of the field; therefore, only those 
levels having small quantum defects will be expected to have large first- 
order Stark effects in electric fields which can be produced by present 
experimental methods. 

The effect of an electric fiield on the spectra of non-hydrogenic atoms 
has been investigated by Stark^ and his pupils^^ by Nyquist,® Tahairine 

1 Ann. Physih, 43, 966 (1914); 66, 677 (tOJS), 

^Leiber;!’, Ann. P%m/c, 66, 589 (1918). 

Pk, 10, 226 (1917), 
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and Kokubu/ Ishida,^ and a number of other physicists. The most 
complete investigations of this kind are those of J. S. Foster® on the He I 

spectrum, and of Foster and his colleagues 
on neon and the secondary spectrum 
of hydrogen. The work on helium is of 
special interest because Foster has also 
given the theoretical explanation using 
matrix mechanics. Figure 1 is a repro- 
duction of one of Foster’s photographs 
showing the Stark effect components 
of the 2T - 4ip, 2^P - and 2ip - 
4^P lines, for which he used a modi- 
fied Lo Surdo^ tube as a source. The 
polarizations are marked at the side of 
the two figures. In the case of a maxi- 
mum field of 44.5 kilovolts per cen- 
timeter the corresponding maximum 
displacements of the 2^P — 4^D parallel 
components are 15.5 and 16.8 cm.^'b 
respectively, which gives the order of 
magnitude of the displacements secured. 

Table 1 classifies the various com- 
binations of field-free terms on the basis 
of the number of parallel (p) and per- 
pendicular (s) components observed in 
the field, It is always possible that 
the maximum number of components 
has not been observed, for their separa- 
tions may be too small to be resolved, 
only one parallel and two perpendicular 
components according to Foster’s experiments (Fig. 1), and therefore 


Table 1 


p/s 

Vo 

K 1 

% 


Term combinations 

^S - ^s 
hS ~ ^s 

^S - iP 
ip - IS 

ip - ip 

sp __ sp 

3P - 32)(?) 

ip - ID 

P - 3D(?) 

ip _ ip(?) 

sp — . sp 



iTakaminb, Astrophys. J., 60, 23 (1919); Takamine and Kokubu, Mem, ColL 
Sci., Kyoto, 3, 275 (1919). 

2 Nature, 122, 277 (1928). 

3 Proc. Roy. Soc. 114, 47 (1927); 117, 137 (1927); See also Fijjioka, Inst, of Phys. 
and Chem. Res., 181, Tokio, (1929). 

^ See Foster’s original article for the experimental details, and Chap, V Fig. 16, 



Fig. 1. — Stark effect of helium lines. 
{After J. S. Foster.) 
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iicjI ill {iTiy rohimn of Table 1. T}M*«)r(^tieaily, it liolongn 

HI the ecihiitiii aiHl it ii4 jihieetl thc»ri* for that reaHoii, Bimilarly, 

the 7' 0) liiien have two pamliel atid two jHTpeiHlieular ofiHi^ved 

thoHgli tii<»Hr*‘tira!ly they beloiig U> the eoliiUHi. 'rbey 
have jihieiHl in both eoluiiiiiH atul tlie iitieertainiy ban Inani iiuiieaitiHl 
!iy rjiifmtiiiri iiiiirkH,. 

Figure 2 iH flii^ theoretieal energy-level iliagnun ealmilattal l>y Fonter 
for tile traiiHitiona from the levels of total (tmuitiim muiib(*r 4 to thow* 
of total iiHiHiliiiii nuirilMT 2. The arrown imlieate the fH^rmittcai trann- 
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itiuliH; tin* |M>rjM'U<Uriiliif cuiiijiiim'iitK Am " f 1 iiri- indienti*<i by broken 
linoM niiil imrallel eiunjMtnentM, Am 0, by wilid linen. At th«< riji;ht. 
we nliiiw tiu' energy iliagriitn of the ettrreHjjonding leveln of hytlrogen 
from i«»|Uiiiion (70) of (‘hup. V; the broken eonneeting linen 
nhow file eorri’liilionn (n’t ween the levels <»f t he two atonm.' 'I'he fortnulaa 
for the ein rgy levels of helium are not nintide and the ealenhition ean he 
made only hy the jawturbation methods of ipiantniu nu'ehanics. The 
diagram shows the niindsT of paruih’l and perpendienlar t3otn{Mtfun»t+. 
to Is- eH|«'ete«i and the agreemiuit with lln3 exix'rimental data of Tal>l<' 
1 is euint>lete eseefd for the */* - and '/* — '/'* cximbinat ions as already 
ml•ntione^l, ^^oreaver, thi! Iheoretieai vaiues agree (luantitatively with 
thi* observed dlsplaeements. 

Hiinilar patterns are to is* eNjs'efed in the easi* of at«tms of highei 
alomie mindsT, It is to he noted, himever, lliat large <*(Te<!ts are seeured 
only when the orbits ilo not penetrate the kernel. In lines belonging 
to a dilTusi' scrii'S, it often happens that aliticwf the entire dinfslneeinent, 
of a Stark elTeel eoiiiponent is dm- to the 1) term. t'onver.Hely, in a 
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sharp series, for which the initial states correspond to penetrating S 
orbits, the final P term may contribute most of the displacement. This 
is well illustrated by the work of Foster and Bowles^ on neon. As for 
non-penetrating orbits, they find that the displacements D of the diffuse 
terms of neon in theoretically low fields are well represented by P = a — 
bx, where a and b are constants and x is the wave-number difference 
between the field-free term and the corresponding hydrogen term. 

•In this element most of the patterns of the sharp, diffuse, and com- 
bination lines are identical with those observed by Foster in parhelium. 
Foster and Bowles observed a phenomenon like the Paschen-Back 
effect for a number of neon lines. At sufiS.ciently high fields the various 
levels of a multiple term fuse together, yielding an unsymmetrical Stark 
effect. Now, the electric field brings out new lines corresponding to 
violations of the azimuthal selection rule (Sec. 2) and the group of Stark 
patterns, belonging to a group of such lines, shows a symmetry like that 
encountered in the Paschen-Back effect. 

The quadratic Stark effect of the sodium D lines was studied in 
absorption by Ladenburg.^ At a field strength of 160,000 volts per 
centimeter, the p-components for the two lines were displaced to the red 
about 0.025 A. The s-component of — 2 ^Py 2 is shifted a similar 
amount, but that of 2^P% is displaced by a smaller amount. 

Grotrian^ has found that the second and third members of the sodium 
principal series are displaced to the violet. Grotrian and Bamsauer^ 
studied the principal series of potassium, and found that their results 
agree well with a theory of Becker® as extended by Thomas.® 

Ions, which are present under the more common experimental 
conditions used for exciting atoms, may cause a Stark effect of the lines 
emitted by atoms in their neighborhood. The ionic fields, in which 
the atom finds itself, are not homogeneous and vary with time. The 
net effect is to broaden the line emitted by the many atoms in different 
fields. This is certainly one cause for the diffuse character of certain 
lines. The sh'arp series lines, so called because of their narrowness, are 
emitted by transitions between two penetrating orbits, which are very 
slightly affected by electric fields; the diffuse series line, on the other 
hand, are broad because the initial non-penetrating D orbits are strongly 
affected by electric fields of neighboring ions. Holtzmark’' has used such 

^ Proc. Roy, Soc.j 123 , 80 (1929). The Stark effect in neon was studied also by 
Nyquist, Phys. Rev.j 10 , 226 (1917). 

^ Physiky Z.j 22 , 549 (1921); Z. Physik, 28 , 51 (1924). 

Physik, 49 , 541 (1928). 

Z., 28 , 846 (1927). 

5 Z. 9 , 332 (1922). 

6Z. P%sifc, 34, 586 (1925). 

7 Physik, 68 , 577 (1919); Physik, Z., 26 , 73 (1924), 
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considerations in calculating the observed widths of spectral lines and 
obtained good agreement with experimental values, while Hulburt^ 
has discussed the broadening of the Balmer lines from a similar point 
of view. 

In the derivation of the formula for the first-order Stark effect of 
hydrogenic atoms in Chap. V, Sec. 12, we found that the dynamical 
problem is separable in parabolic coordinates S, rj, and that the limits of 
libration are secured by setting cubic expressions in and r/^ equal to 
zero, and solving these equations. Only two roots were considered, 
namely, those of importance when the field intensity F is small. The 
^ third root leads to significant solutions, when F is large, as in the cases 
considered in this section, and when the electron is on an orbit of high 
total quantum number. Robertson and Dewey^ have considered the 
limitations of the derivation more closely and find that non-periodic 
orbits with negative energy can exist. Thus, no quantizable orbits 

exist whose energy is greater than then only, if \pJi < 

This means that with sufficiently large fields and angular 

momenta, continuous energy states with negative energy are possible. 
The same conclusions can be drawn in the case of non-hydrogenic atoms. 

It is well known that the continuous spectra usually found on the 
shorter wave-length side of the series limits extend in many cases well 
to the long wave-length side of these limits. This continuous spectrum is 
due to the recombination of electrons and ions. The minimum energy 
available for emission is the energy of recombination of an electron and ion 
at rest relative to each other to form an atom in a quantized state; this 
energy is that of the series limit. Oldenberg® suggested that this exten- 
sion of the continuous spectrum into the longer wave lengths might be 
due to a Stark effect displacement of the series limits. Robertson and 
Dewey show that the existence of continuous energy states with energy 
less than zero as required by their theory accounts for the overlapping 
of the continuous and discrete spectra, assuming that the Stark effect 
is due to neighboring ions present under the conditions of excitation. 
Mohler’s recombination spectra, described in Chap. XIII, Sec. 6, and 
illustrated by Fig. 14J5, Chap. XIII, were taken under just such con- 
ditions and illustrate the effect very well. Sharp lines also appear along 
with the continuous spectrum, probably because many atoms radiate 
at considerable distances from ions and thus have sharply quantized 
energy states. 

1 Astrovhys. J., 66, 399 (1922); and 69, 177 (1924); Phys, Rev., 22, 24 (1923). 

2 P%s. 31, 973 (1928). 

P%n/c, 41, 1 (1927). 

f , 
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2. EXCEPTIONS TO SELECTION PRINCIPLES 

In our study of the Stark effect (Sec. 1) we saw that the 
rule for the azimuthal number breaks down if a strong electri 
present. As pointed out above, atoms may be subjected t< 
fields of other atoms or ions under the usual conditions of e: 
and therefore derivations of selection rules for isolated atoi 
on the correspondence principle, which are qualitative at hot 
means of the new mechanics, may not be applicable. 

As a general rule, violations of the azimuthal selection 
alone are quite frequent. Cases where Al and Aj both take ai 
values are less often encountered but are still numerous, but 
of the rule for Aj alone are very rare and it is especially hai*' 
duce lines for which is zero in both the initial and final orbits. 

Leaving the effect of external magnetic and electric field 
account, let us discuss the exceptions which occur in ordinary 
scopic practice. The production of forbidden lines is usua 
difficult, the greater the amount by which Al or Aj deviates 
prescribed values. In the tables there are many instances 
such as P — P, /S — P, and P — F. There are only a few i 
however, in which it was definitely proved that the applied ] 
or the fields of ions and electrons in the discharge are not re 
for or at any rate connected with the production of the lines 
Meggers, and Mohler^ observed the potassium lines ■ 
in the low voltage arc, in a space which was shielded from th 
potential of 7 volts. This observation was made at rather high 
but the line was also found by Mohler^ with a current densi 
order of 10“^ amperes per cm.^ Datta® obtained the first two 
of this series in absorption at a vapor pressure of 2}^ mm. 
pressure, lines due to the potassium atom were very sharp, 
does not indicate that breakdown of the selection rule is not d 
fields of neighboring atoms. It is in accord with our knowled 
effect of weak fields on atoms to assume that even in this 
molecular fields are responsible. 

In many cases, violations of the selection rule for I are n 
accompanied by failure of the rule for j. Hansen, Takair 
Werner^ obtained mercury lines for which Al = 8 in the c 
discharge. For metals of Group 2, all lines ending on P orbits 
Al ^ 4 involve a violation of the rule for j. Fukuda, Kujt 
Uchida^ excited Zn and Cd lines which violate both rules by t 
heavy currents in the vacuum arc at only 30 volts. 

1 Astrophys. J., 66, 145 (1922); Phil Mag., 43, 659 (1922). 

2 Sci. Papers, Bureau of Standards, 20, 167 (1925). 

^Proc. Roy. Soc., 101, 539 (1922). 

* Det Kgl Danshe Videnshahernes Selskab. Math.^-fys. Meddelelser, 6, 3 
Papers, Inst, Phys. Chem» Besearch, Tokyo, 4, 177 (1926), 
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HanM'n, Takamini-, an<i Wmior obtained I'l'^n - 2^1% of Hgin acon- 
deniMHl diiwharge, l>ut that it cannot Im’ pro<huu‘d by tntiicr a 

homogcncnuH oicclHc or nuiffnctic field alone. 'I’lnH line wan obtained 
in Zn, Cd. ami Hg by loMite, Takainine, and (’henanlt' umng a hot 
cathode are having a low voltage graiiient. (Vtily in tile case of (kl 
was it iKmaibie to exeiti* I’.S’n ~ 2’Pii by tluH method. Finally, 
Fiiknda’ obtaim-d this line in IkiIIi t'd and lig by the iwc* of a heavy 
condenwHl discharge in a Geisaler IuIk' with a narrow capillary, but 
waa unable to ©xcita the line in Zn except by uning a high-current 
vaetnitn arc. 

W«kkI and Gaviola* have shown that this line of mercury is cHfiecially 
intense ndative to linea which are not forbidden when Hg vapor is excited 
with its 2,M6.7 A. line in the prtwnce «)f nitrogen or water vapor, (lolli- 
aionsof the second kind {(’hap. XlVj iH't wecn nitrogen or water inoleculeH 
and mercury atoms in the 2*/'i state are very effective in throwing the 
mercury atoms into the 2*/*o state, so tliat a high conctuitration of 
such atoms is sectm*d. In this case no ions or electrons are present 
and the electric fields must 1 h' due to ueutral atoms. It may lie that 
transitions to the norma! state occur only iluring (’ollisionM with other 
atoms. The line olisi'rv<*<l is sharp, however, so that, if such is the cast*, 
none of the energy of exeitatitin ap}H'ars as translational energy of the 
atoms; the HtArk effect of the energy states invtilved would Ixi small, 
iiecause the electrons are moving in iM'netrnting orbits, 

Tlu'se vitilations of the selection ruh's are only apparent violations, 
if the ratiiating atoms are in high eleeirie fields. In such fields the 
asimuthal numls<r ( is no longer a iiitanlum numiier, for the quantum 
numliers of the fleltl-free aftim must Is* n*plaeed liy m, and n* of 
Chap. V, H<*c. 12, anti analogous mtmlHTs in the case of atoms with more 
than one valence electron. The si'lection rule is now Am «• ±l,or(). 
The } of the field-free atom must also Ih> replti<*ed by a numlK'r eciual 
to the vector sum of »i and s, and it is this mmtlM*r which must change 
by F t or 0, Instead of j. While for convenience we have spoken as 
though the wlecfion rules for I and j break down in strong fields, this 
Is not an accurate statement of the situation, The ijuantum numlx'rs 
of the atom have ohangiHl and the selection ndes apply bi the new nunt- 
bers. The cpiwtitm is then whether or not the new rules are ol>eye<l. 
In some «»f the exjs>riments referred to hImivc, high fiehls are pn-sent, 
and in thew* cam's the violations of the rules are prolmbly not real; 
but, In others, it would M*em that the elce-trie fiebts must Iw quite small 
and thus that tree faihtn's cif the rules occur. 

‘PAiSi. Hmi., tl, Ittfi (ItriU); ms* «lso Takamins bisI Foxcoa, /%«. lim., SIS, 23 

' M. Inst. Phys. Ch«m. Hmmarch, Tokyo, «, 171 (1926). 

• WooB, PM. Mm, ** «« Cl»37)i WooB and Oavioi-a, iW., t, 271 (1928). 
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Forbidden lines appear strongly in the spectra of certain nebulas, a 
discovery we owe to Bowen^ and Fowler.^ Prior to their work, many 
lines in nebular spectra were of unknown origin and were often ascribed 
to elements unknown on earth. It is certain that only light elements 
occur in an extremely tenuous galactic nebula. The Balmer series of 
hydrogen and the spectrum of helium are prominent features of many 
nebular spectra and lines belonging to the spark spectra of carbon, 
^oxygen, and nitrogen are also frequently found. Bpy^en has found 
that many of these unknown lines arise from traasitions, between metas- 
table states of ionized oxygen and nitrogen and their lower, |ying enprgy 
levels. Two strong nebular^ lines have the wave lengths 4,363,21 and 
7,325 A..; while the calculated wave lengths for the tra]pLsitions r~ ^aSo 
of 02+ and of 0^+ are 4,362.54 and 7,326.2, respectively; the 

agreement is within the limits of error of the calculated values. , The 
strong nebular lines at 5,006.84 and 4,958.91, .known , respectively, as 
the N 1 and N 2 lines, have a wave number separation of 193 cm. which 
agrees with the separation of ^Pi - of 0^+, namely, 192 cm.-h This 
quite certainly identifies these lines as due to the — iPa and ^Pi — }D 2 
transitions of this ion. Similarly, the 6,583.6 and 6,548.1 A. nebular 
lines are emitted in the analogous transitions of A^+. In all these trans- 
itions the /'s of the individual electrons remain unchanged, in violation 
of the selection principle stated in Chap. X, Sec. 3. The ^D 2 — ^Sq 
transition of 0^+ is also a violation of the selection principle for j. On 
the other hand, the line due to the transition ^Po — ^ 1)2 of 0^+ is not 
observed. Intercoihbination lines of this type are comparatively rare 
and weak® in the case of these light elements. 

These lines appear in nebulas having a density of about or 

10-18 grams per cm.® For an atom of oxygen or nitrogen in a gas of 
this density and at the probable temperatures of nebulas (10® to 10® 
degrees) the mean free path will be of the order of 10® kilometers and 
the mean free time 10® or more seconds. A metastable atom may radiate 
spontaneously in these long times and this accounts for the appearance 
of forbidden lines in nebulas. The presence of lines of unknown origin 
in the solar corona led to the assumption of a new element, coronium. 
This too will probably find its explanation in forbidden transitions of 
elements present in the corona. 

3. FINE STRUCTURES OF SPECTRAL LINES 

Shortly after Michelson constructed his interferometer, he discovered 
by its aid that some spectral lines have a complex structure. Since that 

1 Nature, 120, 473 (1927); Astrophys. 67, 1 (1928). 

2 120, 617 (1927). 

3 Ckoze aii4MiHTJL, Comptes Rendus, 186, 702 (1927); Fowlek, Nature. 120. 617 

(1927). 
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time the structure of many lines has been investigated with spectroscopes 
of high resolving power, such as the Lummer-Gehrcke plate and the 
Fabry-Perot etalon. In some cases, the lines of a multiplet lie so close 
together that th^ are referred to as a single complex line. Such is the 
case with the line 5,876 A. of .helium, for example. However, we are 
concerned here with the structure of individual lines of a multiplet, 
which is not predicted by the theories of Chap. X, and which is often 
referred to %s hyper-fine^ structure to distinguish it from multiplet struc- 
■turev. To illustrate the type of Results which are obtained, let us consider 
.the fine structure of the 2,537 Hg line as measured by Wood^ and later 
by Macnair.2 Earlier investigators had reported a structure which 
differs considerably from that recorded here, due to self-reversal of the 
components and false lines, produced by the spectroscopes employed. 
It is now certain that the line consists of five components, as follows: 

• -r25.6, —10.3, 0.0, +11.6, and +22.1 milli-Apigstroms. 
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It is customary to use the milli- 
Angstrom and one-thousandth of 
the reciprocal centimeter in dealing 
with fine structures. 

Much of the earlier data on fine 
structures is untrustworthy for ex- 
perimental reasons. They have 
been studied by Joos^ and by Ruark 
and Chenault,^ who showed that fine 
structures of the spectral terms are 
responsible for the fine structures 
of the lines. A fine quantum num- 
ber j /, was introduced to distinguish the various levels, of a complex 
spectral term, and showed that in some cases this quantum number obeys 
the selection rule A/ = ±1 or 0. Kimura^ has. analyzed a number of 
terms of thallium, using the data of Back® and of Mohammad and 
Mathur.^ He was able to explain the observed pattern on the basis 
of the above rule, together with the restriction that tt'ansitions between 
levels for which / = 0 are forbidden. A fine-structure energy diagram 
for the three cadmium lines at 5,085, 4,799, and 4,678 1. is shown in Fig. 3, 
taken from a paper by Macnair.^ The phenomena of fine structures 
are extremely varied, and it is perhaps impossible to explain all of them 


sFig. 3.' — Energy diagram for fine structures 
of three cadmium lines. 


iPM. Mag., 60, 761 (1925). , 

^Proc. Nat, Acad. Sci., 13, 430 (1927). 

^Physik. Z., 26, 380 (1925). 

4 PM. ikfa^., 60, 937 (1925). . ■ 

^ Sd. Papers, Inst. Phys. and Chem. Research, Tokyo, 9, 61 (1928). 
^ Ann. Phyaik, 70, 333 (1923). 

^ PM. Ma^., 6, nil (1928). 
aPM. 2, 613 (1926). 
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by the use of a single principle. Nagaoka, Sugiura, and Mishima^ 
suggested that the various components of a spectral line are emitted by 
different isotopes. It seems, however, that this is generally not the case. 
Fine structures are found both in elements which consist of a mixture 
of isotopes and those which do not. To be sure, there are changes in 
atomic spectra due to variations in the mass of the nucleus. Aronberg^ 
showed that the wave lengths of 4,058 k. obtained from ordinary lead 
and from radio lead are different by 0.0044 1., and Merton^ measured 
shifts of the same order of magnitude for 4,058 1. and other lead lines. 

Pauli^ suggested that the origin of the fine structures may be explained 
by assuming that the nucleus possesses angular momentum and magnetic 
moment. It may be well to point out that if the angular momentum 
is of the order of /i/ 27 r, the magnetic moment is much smaller than one 
Bohr magneton. The ratio of magnetic moment to angular momentum 
contains the mass in the denominator and, therefore, the magnetic 
moment of a nucleus of mass M will be of the order of m/M Bohr mag- 
netons, m being the mass of the electron. This assumption leads to 
frequency differences of the proper order of magnitude. If it is further 
assumed that the relative motion of the electronic and nuclear structures 
is a uniform precession around the vector representing the total impulse 
moment of the atom, a simple theory of the possible quantized states 
leads us to expect that complex levels will resemble tiny multiplet levels, 
which is sometimes true, but not always. Pauli states that these assump- 
tion’s as to the origin of satellites require that in an external magnetic 
field they should undergo a transformation. In weak fields they should 
have a new and perhaps complicated Zeeman pattern, which should 
change, in stronger fields, into the anomalous Zeeman pattern appropriate 
to the spectral line in question. There are data which are in good 
qualitative agreement with these predictions. In particular, the Zeeman 
patterns of certain complex mercury lines show a bqhavior like that 
predicted above.^ Further evidence in favor of Pauli’s hypothesis 
h^^s been obtained by Goudsmit and Back® in a study of the fine structures 
of bismuth lines. They conclude that the fine quantum number is to be 
interpreted as the resultant impulse moment of both the nucleus and the 

9 h 

electron shells, and find the value ^ for the moment of the bismuth 

nucleus. There is nothing impossible about this value, considering 
the high atomic number of bismuth. While Paulies hypothesis seems 

1 Japanese J. Phys., 2, Nos^ 6-10 (1923). 

^ Astrophys. J., 47, 96 (1918). 

^Proc. Roy. Soc., 96, 388 (1920). 

^ Naturwis.f 12, 741 (1927). 

s Data of Nagaoka and Takamine, PhU. Mag.j 27 , 333 (1914) and 29, 241 (1916); 
analyzed by Rxtark, Phil. Mag., 61 , 977 (1925). 

« PAyaifc, 43 , 321 (1927), 
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likely to be of very general application, it may not be amiss to point 
out some of the difficulties which confront it. Fine structures are quite 
capricious in their occurrence, and analogous elements do not have similar 
fine structures. Copper and silver, cadmium and mercury offer good 
illustrations. Further, we should anticipate that different isotopes 
of an element would have different nuclear moments, and therefore would 
have different fine structures. Data which bear on this point are few 
in number. Jenkins^ compared the spectra of ordinary Hg and Cl 
with those of samples in which certain isotopes were enriched. In 
the case of mercury, the proportions of isotopes 198 and 204 in these 
samples differed by about 20 and 27 per cent from their normal values, 
respectively. No wave-length shifts greater than 3 • 10~^ A. were 
observed in the lines 5,461, 4,358, 4,078 and 4,047 L.; and the relative 
intensities of the satellites were visually identical. In the case of chlorine 
the two specimens differed by 0.097 atomic-weight units, and distinct 
evidence of wave-length shifts was obtained. The chlorine lines exam- 
ined probably have no satellites. 

With few exceptions, elements which have abundant fine structures 
lie in those parts of the periodic table in which either the valence shell 
or the next underlying shell is well on its way to completion. It is 
worthy of note that nearly one-fifth of the lines of lanthanum have fine 
structures, which have been studied by Meggers and Burns. ^ 

4. THE POLARIZATION OF RESONANCE RADIATION 

Wood and Ellett^ observed that the resonance radiation of mercury 
and sodium is polarized, and that this polarization is related to the 
plane of polarization of the exciting light and is changed by a magnetic 
field. Figures 4 and 5 show the experimental results of Wood and 
Ellett,^ except that the angle of 54° for zero polarization in Fig. 5 is 
that obtained by Hanle^ and by Ellett in his later work, instead of 45° 
originally reported by the former authors. The incident light comes 
from the left in the direction of the X-axis; its electric vector is shown 
by arrows. The direction of the magnetic field H is indicated by an 
arrow and the polarization of the light observed along the axes is shown 
by crossed double-headed arrows which are not drawn to scale, and by 
the percentage of polarization: This is defined as 

P = (1) 

Ip ’T' J" 8 

^Nature, 117, 893 (1926); Phys. Rev., 29, 50 (1927). 

2 J. 0. ;S. A, 14, 449 (1927). 

^ Phys. Rev., 243 (1924:). 

* Wood and Edlutt, loc. cit.; Ellett, J. 0. S. A., 10, 427 (1926). 

» Z. Physik, 30, 93 (1924). 
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where Ip and Is are the intensities of the components parallel and per- 
pendicular to the magnetic field respectively, or, in the absence of the 
field, of the two components referred to the axes as shown. This polar- 
ization changes in most cases with the field intensity and the recorded 
values are the maximum polarizations observed. In the case of the 
mercury 2,536.7 k. line the maximum is reached at a few gauss, and 
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Fig. 4. — Polarization of Resonance Radiation of Sodium. 
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5, — Polarization of Resonance Radiation of Mercury. 


in the case of the sodium T> lines at 60 gauss; higher fields do not change 
the polarization. The experimental errors are fairly large and within 
the limits of these errors the results of Wood and Ellett are in substantial 
agreement with other work by Hanle and by Ga viola and Pringsheim.^ 

The theory of this effect was developed by Breit,^ Pringsheim,® 
Joos,f Gaviola and Pringsheim (Zoc. cit) and Van Vleck,® following 

1 Z. Physih, 24, 24 (1924). 

J PM. JVo?., 47, 832 (1924). 

» Naturwis., 12, 247 (1924); Z. Physik, 23, 324 (1924). 

< Physik. Z., 2E, 130, 298, 400 (1924). 

» Proc. Nat. Acad. Sci., 11, 612 (1925). Van Vleck has applied more recent inten- 
sity rules for the Zeeman components of the two P-lines to the previous calculations 
and it is largely his numerical results that are quoted here. 
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somewhat the suggestions of Foote, Ruark, and Mohler^ and Hanle.^ 
Since most of the observations have been made for the cases in which the 
magnetic field is zero or lies in the plane defined by the electric vector 
and the direction of the incident light, i.e., the XY plane (Fig. 4), we 
shall develop the theory for this case only. The other cases are handled 
quite simply by similar methods. 

Let the angle between the direction of the electric vector and that 
of the magnetic field be The magnetic field is assumed to be suf- 
ficiently intense to orient the atoms and to split the lines into parallel 
and perpendicular Zeeman components, but it must not be sufficiently 
intense to change the energy levels to such an extent that the outside 
Zeeman components fail to fall within the band of frequencies covered 
by the exciting line. The probability of absorption of linearly polarized 
light by a parallel Zeeman component is proportional to the square 
of the electric vector component parallel to 
the direction of the magnetic field, that is £7^ 
cos^ $, where E is the ele<?tric intensity of the 
light. The corresponding^^ circular oscil- 
lator which absorbs a perpendicular com- 
ponent can be resolved into two linear 
oscillators at right angles to each other as 
shown in Fig, 6. The one oscillator is per- 
pendicular to E and, therefore, the prob- 
ability for the absorption of the linear light by this component is zero; 
the probability of absorption by the other is proportional to E^ sin^ d. 

It is necessary to consider the relative probability of absorption 
by the corresponding linear and circular oscillators. The so-called 
principle of spectroscopic stability is a statement of the experimental 
fact that the percentage of polarization and the total intensity of the 
light emitted by a gas excited isotropically or absorbed by a gas do not 
change when a magnetic field' is applied. With isotropic excitation 
the sums of the intensities of the parallel components and of the circular 
components viewed perpendicular to the field must be equal and the 
sum of the intensities of all components when viewed perpendicular 
to the field must be equal to the sum of the intensities of the circular 
components viewed parallel to the field. This requires that the intensity 
of the circular components viewed parallel to the field must be twice 
that of the same components vie'^ed perpendicular to the field. Inte- 
gration of the intensities over alf directions in space shows that the total 
energy emitted by the circular components in all directions is twice 
the energy emitted by the parallel components in all directions so that 
the sum of all the probabilities of spontaneous transition for the circular 

1/. 0, S. A., 7, 415 (1923). 

^ Naturwis,^ 11 j {1^23). ,> 
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components must be twice the same sum for the parallel components. 
Obviously, the same relations must hold for the probabilities of absorption 
of unpolarized light. ^ 

Let Ai and be the probabilities of spontaneous emission in all 
directions in transitions from the ith excited Zeeman level for the per- 
pendicular and parallel components, respectively. There is at most 
only one such perpendicular component and one such parallel component 
in the cases we are considering. Then, because of the requirements of 
spectroscopic stability just considered, the probabilities of absorption 
of unpolarized light from a direction perpendicular to the field, by the 
ith parallel and perpendicular components are ai and respectively, 
and taking account of the factors cos^ 6 and sin^ 6 arising from the use 
of plane polarized light with angle 6 between the electric vector and the 
magnetic field, the probability of exciting the ^th level is proportional to 

E^ai cos^ 6 + }^iE^Ai sin^ d. ^ (2) 

To see how the polarization of the emitted light m.ay be obtained, 
we shall consider a representative case. The magnetic energy levels of 
the transitions of sodium are as given in Fig. 7. The 

relative probabilities of emission A or a, and the relative intensities I of 
the various Zeeman lines when viewed in a direction perpendicular to the 
magnetic field are indicated beneath the diagrams (Chap. XX). Sub- 
stituting the values of Ai and ai in expression (2), we get the probability 
of exciting an atom to the tth state. If the states with m = ±% 
are excited, the atom can return to a lower level by one transition only, 
but in the case of all other excited levels there are two such transitions. 
To secure the resultant probability of the return to a lower level by one 
route, we divide the emission probability (either Ai or by Ai + 
and multiply by the probability of excitation of the higher level. In 
the case of perpendicular components we must multiply by to get 
the intensity as compared to the parallel components, for the reasons 

1 The requirements of the principle of spectroscopic stability are readily derived 
for the case of classical linear oscillators. Three line|r oscillators of unit amplitude 
oriented parallel to the X-, F-, and Z-axes, respectively will emit unpolarized light with 
equal intensity in all directions. In the presence of a magnetic field parallel to the 
Z-axis, the motion of the three oscillators will be changed as follows: (1) the linear 
oscillator parallel to the field will be unchanged; (2) each of the other two oscillators 
will be split into right and left circularly polarized components of amplitude H* 
The total emission of the linear component is proportional to P and the intensity of 
light emitted by this component perpendicular to the Z direction is also proportional 
to P. Each circular oscillator may be resolved into two linear oscillators with ampli- 
tude a-nd the emission of each of these is proportional to (H)^ making the total 
intensity due to all circular components proportional to 2. Similarly, the intensity 
of each circular component viewed perpendicular to the field is proportional to H? 
and the intensity of each circular component viewed parallel to the field is proportional 
to b Thus the requirements of speotrosoopio stability are met. 
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and the excited beams. In fact, the observed values are all too small, 
except that determined in zero magnetic field. 

The 2,536.7 1 . resonance radiation of mercury is almost completely 
polarized in the absence of a magnetic field and it may safely be assumed 
that the deviation from complete polarization is due to unavoidable 
experimental difficulties. The polarization does not change when a field 
is applied parallel to the electric vector of the exciting light; this is in 
marked contrast to the behavior of sodium. This line is split by a 
magnetic field into two perpendicular components and one parallel 
component. The levels are given in Fig. 8. If the field is in the direction 
of the electric vector only the parallel component is excited, the atoms 
are raised only to the upper magnetic level m = 0, and only the parallel 

component should be emitted; that is, the 
7 "7 emitted should be completely polarized 

Q 7 jiarallel to the field, in good agreement with the 

I ^ o.bs*erved value of 90 per cent. If the field is 

parallel to the direction of the exciting beam, 
or perpendicular to both this direction and the 
electric vector, only the perpendicular com- 

^ 1 ^ 0 0 ponents should be excited and emitted and 

I ! z ! the light should be unpolarized when viewed 

Pig. 8. — Magnetic levels for along the field. This is in agreement with 
X2537 of Mercury. experiment. Further it should be completely 

polarized perpendicular to the field when viewed perpendicular to the 
field, but the observed percentage of polarization is only 60 per cent. 
The semi-classical method of calculating the polarization in the absence 
of the field used in the case of sodium resonance does not agree with 
the observed value of 90 per cent. Hefsenbergi suggested that the polar- 
ization should not change when a m?,gnetic field is applied parallel to 
the electric vector of the exciting fight. This appears to be correct 
in the case of the mercury 2,536.7 A. line, but not for the D-lines of 
sodium. The depolarization angle for mercury should be 54.7°, as in 
the case of the sodium D-lines, while Hanle obtained 54°. 

A weak magnetic field perpendicular to the electric vector and the 
direction of the illuminating beam- might be expected at first sight to 
destroy the polarization of the (unresolved) fight observed along the 
field, for with this arrangement we are dealing with the longitudinal 
Zeeman effect. However, this is not the case. The polarization meas- 
ured relative to' two sixes parallel to the electric vector and the direction 
of the incident beam,' respectively, decreases with increasing field. The 
explanation is as follows. The number of atoms of mercury in the 2^Pi 
state which radiate during the time t to i -(- dt after excitation is 
dN ^ '^ANdt ^ ^ANoe-^‘dt, 

•^Z Physik, 31, 617 (1026li‘ ' 
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and during the time t a linear oscillator attached to such an atom will 
be rotated by the field through an angle 

(p — 27rgLt, 

where g is Land^^s splitting factor and L the frequency of the Larmor 
precession. 

The intensities of the components along the two axes parallel and 
perpendicular to the electric vector of the incident light contributed 
by atoms radiating in the time dt are, 

dly = cos2 {2TrgLt)dt, dl^ = hvAN^e-^^ sin^ {2irgLt)dL 

The percentage of polarization is 



The integrals are extended from i = 0 to i = « since at any instant 
we are observing the effect of all atoms previously excited. However, 
the plane of maximum polarization is displaced about the axis of the 
magnetic field in the direction of the Larmor precession. The angle $ 
between the plane of maximum polarization in the presence of the field 
and that in its absence varies with the field according to the equation 

tan 2$ = (6a) 


and the percentage of polarization measured relative to axes parallel 
and perpendicular to the direction of maximum polarization is, 


P2 == 


1 + 


/ 4argL 


( 66 ) 


where Po is the per cent polarization with zero field. ^ These formulas 
show that $ = 45° and P = 0 at = «> . 

Equations (6a) and (66) can be derived in the following way. Eet the 
angle <p{ = 2wgLt) be the angle between the direction of polarization in 
the absence of the field and the direction of polarization of the light 
emitted by atoms emitting in the time t to t -\- dt and let •i’ be the angle 
defining the direction of maximum polarization (as yet unknown). 
Then the components parallel and perpendicular to the direction of # are, 


III = f hvANoe.-'^^ cos* ('5 — <p)dt, 7x = [ hvANoe ^ 
dt’^0 */i“o 

Then, 


sin^ —<p)dt. 


p = (/|| - /j-)100 . 

'ill + I± 


(a cos 2$ + 2 sin 2$)100 (66') 

+ A 

^ For the relations given here see Eldridge, Phys. Rev., 24, 234 (1924); Breit, 
J\ 0, S. A.j 10, 439 and 11, 465 (1925); and v. Kbussler, Phys. Zeit., 21, 313 (1926). 
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where a = A/2TgL, By taking dP/d^ and setting this equal to zero, 
we secure a value for <l> which makes P a maximum and this gives (6a). 
Substitution of (6a) into (66') gives (66) with the factor Po == 100. In 
order to secure (66) for any value of Po it is necessary to consider 
the contribution to I \\ and /i by other oscillators at right angles to the one 
considered, which must be present if Po is not 100. 

6. THE RAMAN EFFECT 

It has been known for many years that light is scattered without 
change of wave length by small particles suspended in a gas or liquid; 
this phenomenon is the so-called ‘^Tyndall effect.” The fraction of the 
incident light which is scattered decreases rapidly with decreasing radius 
of the particle; the fraction is small in the case of molecules, but is still 
observable and constitutes a '^molecular” Tyndall effect. The scattered 
light is highly polarized perpendicular to the direction of the primary 
beam and is coherent. Its intensity varies as the inverse fourth power 
of the wave length, so that shorter wave lengths are scattered with much 
greater intensity than long wave lengths. Rayleigh first recognized 
that molecular scattering is the cause of diffuse daylight and that the 
greater scattering in the shorter wave lengths causes the blue color of the 
sky. Kramers/ in connection with his quantum theory of dispersion, 
predicted that the displaced frequencies, vq ± Vi, should appear in the 
scattered light in addition to the incident frequency, vo ; here Vi represents 
one of the characteristic frequencies absorbed or emitted by the molecule. 
SmekaP extended the argument of Compton and Epstein (Chap. Ill, 
Sec. 16) in regard to collisions between atoms or molecules and light 
quanta to include possible changes in the internal quantized energy. 
He suggested that the incident quantum might give up part of its energy 
to increase the internal energy, the remainder being scattered as a 
quantum of lower energy and therefore of lower frequency, or that energy 
might be added to the incident quantum and the scattered quantum, 
might have a correspondingly greater energy and higher frequency. 

Raman® observed that such displaced frequencies . do appear in 
scattered light. He found that this effect is shown by many liquids, 
by the gases CO 2 and N 2 O under high pressure, and by transparent 
solids. The effect in the case of solids was discovered independently by 
Landsberg and Mandelstamm.^ This displaced radiation resembles 
the undisplaced radiation in several important respects. Its intensity 
follows the intensity of the undisplaced radiation rather closely in its 

^Nature, 113, 673 (1924); also Kramers and PIeisenbbrg, Nature, 114, 310 
(1924). 

2 Naturwis., 11, 873 (1923). 

3 Indian Journal of Physics, 2, 1 (1928). Discovered Feb. 28, 1928. 

^ Natunvis., 557 (1928),. . ^ 
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dependence on the wave length of the incident light. Some of the 
displaced lines are more highly polarized than the Tyndall scattering, 
but others are only slightly polarized. 

Raman and Krishnan^ and other investigators have studied the 
spectrum of the scattered light. The principal experimental difficulties 
are due to the very low intensity of the displaced light. The spectra 
contain the undisplaced lines of the incident light, new lines displaced 
mostly to the long wave-length side and also weaker lines displaced to 
shorter wave lengths. These lines are often referred to as the Stokes 
and anti-Stokes lines,’’ in analogy to similar lines in fluorescent spectra. 
Figure 9 is a reproduction of a photograph by Raman showing the 
spectrum of the light of the mercury arc scattered by carbon tetrachloride. 
The pattern is particularly clear in the neighborhood of the 4,358 1 .. line. 


Hg arc 


Hg arc 
ecafiered 
byCCl^. 

Fici. 9.' — Raman spectrum of CCI 4 . (After Raman,) 

(There is a weaker line of the mercury arc at 4,347 1 .. whose Raman lines 
are so much fainter than those due to the 4,358 k. line that they are not 
observed.) There are four lines on either side of this line, those on 
the long wave-length side being decidedly more intense than those on the 
short wave-length side. The latter decrease in intensity as we go farther 
from the 4,358 A. line and in fact the fourth line is barely visible on the 
original. The displaced lines are usually quite sharp. Wood^ has 
found that some of the displaced lines of benzene are only twice as 
broad as the exciting line. In other cases, the displaced lines are very 
broad. Figure 10 (also after Raman) shows such an effect in the case 
of water. 

I'lach line of the exciting spectrum is accompanied in the scattered 
spectrum by its own group of Raman lines and if the exciting spectrum 
contains many lines, the scattered spectrum is so complex that it is 
difficult to correlate the Raman lines with the correct exciting line. 

1 Indian Journal of Physics, 2, 399 (1928). 

^ Private corunumieatiori. 
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Wood^ has devised a method of excitation in which only the 3,888 A., 
line of helium is effective. A tube containing the scattering liquid is 
surrounded by a tube of nickel-oxide glass and then by a coiled helium 
discharge tube. The glass transmits only the 3,888 A. line and a few 
very weak lines in its neighborhood and the Raman lines observed are 
due to 3,888 alone. Figure 11 is a reproduction of the spectrum of 


Jiff arc 


Hg arc 
scaffered 
byH^O 

Fig. 10.' — Raman spectrum of water. (After Raman.) 



benzene secured in this way, using a high dispersion spectrograph and 
quite narrow slits. It will be noted that the spectrum is very simple 
and that the fainter displaced lines are very narrow. 

The phenomenological explanation of the Raman effect is that 
given by Smekal. The lines displaced toward longer wave lengths are 
due to quanta which have made inelastic collisions of the first kind with 
the molecules, while those displaced to the shorter wave lengths have 
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Fig. 11. — Raman spectrum of benzene excited by He 3888. (After Wood.) 


made collisions of the second kind with excited molecules, so that their 
energy has been added to that of the incident quantum; and, finally, the 
undisplaced line is due to quanta which have made elastic collisions. 
The Raman effect presents another good example of similarity between 
the behavior of light quanta and electrons (Chap. XXI). At ordinary 
temperatures only a small fraction of the molecules will possess energy 
associated with any degree of freedom for which the energy steps are 
^ Private communication. 
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more than a few times the mean thermal energy; thus, the anti-Stokes 
lines are less intense than the corresponding Stokes lines. For Stokes 
lines of about the same intensity, the intensity of the corresponding 
anti-Stokes lines decreases as the frequency difference between these 
lines and the exciting line increases. , This is in agreement with observa- 
tion, as shown by Fig. 9.^ 

A comparison of the wave lengths of infra-red bands, calculated from 
the Raman displacements and observed in the infra-red, brings out some 
very striking facts. With few exceptions, the displaced Raman lines 
correspond to observed infra-red bands, but there seems to be little or no 
correlation between the relative intensities of the displaced lines and 
the intensities of the corresponding infra-red absorption bands. Thus 
benzene has a very strong absorption band at Q.TS/x, toluene one at 
6.86iLt, and chlorbenzene at 6.77ju, while Pringsheim finds no evidence 
for any scattered lines displaced by the corresponding frequencies. 
Moreover, the most intense Raman lines of these substances are displaced 
by frequencies corresponding to the 10 . 3 , 10 . 2 , and 10 . 0 ^ infra-red 
bands, respectively, and these are not the strongest infra-red bands of 
these substances. Pringsheim has further observed that cases in which 
the vibrational energy changes by 2vi, 3 ^^^, . . . , are very rare. 

Langer^ and Rasetti^ have given the following explanation of such 
peculiarities. Let v be the frequency of the incident light, and let vu 
be the frequency corresponding to a transition of the scattering molecule 
from state h to state 1. Further, let Akn and Au be the amplitudes 
corresponding to the intensities of the lines emitted in jumps from k to n, 
and from I to n, respectively. Then it is a consequence of wave mechanics 
that the intensity of the Raman lines v ± vki is proportional to a sum 
of terms of the type 

AkrAln [ V- + 1— -1(m + vy. 

IPkn ± P Pln+ yj 

Thus, the Raman lines v ± vu will appear only when we can find at 
least one level n such that both Akr. and Ain are different from zero; 
that is, when there is at least one level with which both fc and Z can 
combine. 

These considerations show that we may have a Raman shift corre- 
sponding to an infra-red transition forbidden by the selection rules, so 
that we have the possibility of getting energy levels of molecules which 
cannot be detected in other ways. Langer has analyzed his data on 
the Raman effect in CCU from this point of view and finds excellent 
agreement. 

1 See also Pringsheim, Z. Physik, 60, 741 (1928). 

a iVatwe, 123, 345 (1929). 

•Proo. Nat Acad. Sai. 16, 234 (1929). 
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Rasetti’^ has secured the displaced raercury lines scattered by CO 
and CO 2 at atmospheric pressure. CO gives a line displaced by the 
frequency of its infra-red band, while CO 2 does not. Instead, the 
observed Raman line of CO 2 is displaced by the difference infrequency 
of two infra-red bands. McLennan and McLeod have secured Raman 
lines from liquid oxygen, nitrogen, and hydrogen. The observed changes 
in frequency correspond to changes in the vibration quantum number 
from 0 to 1 and from 0 to 2 in the case of oxygen and nitrogen, and from 

0 to 1 in the case of hydrogen. In addition, changes in frequency corre- 
sponding to changes in the rotational quantum number from 0 to 2 and 

1 to 3 are observed in the case of hydrogen. None of the corresponding 
infra-red bands have been observed and in fact these transitions are 
violations of the selection rules for band spectra. 

Ramdas^ has found that the Raman effect is less intense in gaseous 
CO 2 than in liquid CO 2 at the same density, that is, near the critical 
temperature, and he succeeded in getting the effect in ether vapor. 
Wood® has observed a displaced line corresponding to the 3.46 m band 
of HCl, by illuminating this gas at one atmosphere pressure by an intense 
mercury arc. The Raman line is very sharp, and is displaced slightly 
less toward the red from the exciting line than would be expected for a 
line at the middle of this band. It appears that the Q branch of this 
band is excited; this is the group of lines for which the vibrational quan- 
tum number changes from 0 to 1 and the rotational quantum number 
does not change. Using formulas which will be developed in Chap. XII, 
the frequencies of these lines can be calculated; the line corresponding 
to a transition from the rotational state present in largest numbers at 
ordinary temperatures should have a wave number about 3.5 cm. ^ 
less tba-n that of the middle of the band, which agrees with Wood’s 
observation. As we shall see in Chap. XII, this Q branch is not observed 
in the infra-red. 

It is important to consider whether the displaced radiation is coherent 
or incoherent. Brickwedde and Peters^ have shown that it is incoherent 
in the case of scattering from quartz by studying the variation of intensity 
of the displaced lines 'as a function of the temperature. Undisplaced 
radiation scattered by crystals at low temperatures is very weak, because 
it is destroyed (except in the direction of the original beam) by inter- 
ference between wave trains from .the regularly arranged atoms of the 
crystal; its intensity increases with the absolute temperature because 
of the increased irregularity in the crystal. 

I Nature, 123, 205 (1928). 

^ Indian Journal of Physics, 3, 131 (1928). 

® Private communication. 

4 Private^ communication of work done in the cryogenic laboratory of the Bureau 
of Standards, 
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’ an ixicoherent scattering, in which there is no phase relationship 
in the light scattered by different particles, local variations in 
r of the crystal would have no effect upon the intensity of the 
cd light. Thus we have an experimental test for determining 
3r the modified scattering is coherent or incoherent. Figure 
spectrogram obtained by Brickwedde and Peters, showing Raman 
F quartz excited by 2,537 of mercury, which is greatly overexposed, 
lines, marked S21ju and A21ju, are shifted by a frequency corre- 
ng to an absorption band at 21 . The figure shows the large 
=56 in the intensity of the anti-Stokes line in going from 55 to 525°C. 
tokes line, however, decreases slightly in intensity with rising 


55 ^C. 


300°C. 


5Z5°C. 


Pia. 12, — Raman spectra of quartz. (After Brickioedde and Peters.) 

ratures. The intensities of the mercury lines increase with rising 
ratures because they come from the Tyndall scattering. Comparing 
tensities of the Stokes line S21 and the mercury line 2,564, it will 
m that at 55°C, S21 is more, intense than the mercury hne 2,564; 
)°C* they are of about equal intensity, and at 525°C., the mercury 
,564 is more intense than aS 21. The temperature variation of the 
n scattering in crystalline media is, therefore, different from that 
Tyndall scattering which increases as the absolute temperature. 
Bsults obtained are in qualitative agreement with the explanation 
tie intensities of these Raman lines vary as the density of population 
initial states which give rise to them, the density of population 
ig with temperature in accordance with the Boltzmann distribution 
If the Raman scattering were coherent, the intensity of the Stokes 
21 should increase with temperature and it should be more intense 
J,564 at 525°C. 

lere is the further question of a possible time lag in theKScattering 
JB, though it seems doubtful if there' is any lag of the order of that 
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observed in fluorescence (10“^ — 10“® seconds).^ It seems more likely 
that the cause of the incoherence lies in the random phases of the scatter- 
ing molecules,^ i,e., at the same time that the energy changes there is a 
random change of phase. 


6. DISPLACED X RADIATION 


Davis and MitchelP discovered that scattered X radiation may be 
displaced toward longer wave lengths in a way similar to the Raman 
effect for ordinary light; this was made independently of Raman^s 
discovery and almost simultaneously with it. They studied the Mo 
Kaij a% radiation, scattered from metalhc beryllium and aluminium, 
and from graphite, with the double X-ray spectrometer developed by 
Davis and Purks.^ In addition to the undisplaced Kai and Ka^ lines, 
the latter being very weak, they found lines which were displaced toward 
longer wave lengths by amounts to be expected, if part of the energy 
of the incident quantum of Kai was used to ionize the K shell of the atom 
and the remainder scattered as a quantum of less energy. The displaced 
lines are very narrow so that the electron removed from the atom must 
receive only a small kinetic energy, or always the same kinetic energy. 
The agreement between the values for X-energy levels secured from 
the change in frequency of the scattered light and from other measure- 
ments is especially good. 

If no kinetic energy is given to the electron, the shift in wave length 
will be 


AX 


(Xk - X)’ 


( 7 ) 


where X is the wave length of Mo Kai and \k is the wave length of the 
X-absorption limit of the scattering element. In the case of carbon and 
aluminium the observed displacements in wave length and those calculated 
from equation (7) are: 

C Al 

AX(calculated) 0,0117 A. 0.069 A. 

AX(observed) 0.0113 ± 0.00015 A. 0.069 ± 0.002 A. 


The agreement is so good that there can be little doubt that the inter- 
pretation is correct. They have also observed lines displaced by smaller 
distances and the energy lost by the quantum is of the order of magnitude 
of the L-absorption limits of these atoms, though we cannot make an 

iRuark, Nature, 122, 312 (1928); Gaviola, Z. Physik, 42, 862 (1927). 

2 Pringsheim, Naturwis., 16, 44 (1928). 

^Phys. Rev. 31, 119 (1928); 32, 331 (1928). The discovery was made on Mar. 9, 
1928, The authors are indebted to Mr. Mitchell for the privilege of seeing another 
manuscript before going to press. 

Nat Acad, Sd., 13, 419 (1927); 14, 172 (1928). 
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exact comparison because the L-absorption limits for the solids under 
consideration are not known with sufficient precision. 

In the case of beryllium, a line is observed displaced toward shorter 
wave lengths by an amount to be expected if the energy of the quantum 
is increased by 16 volts. The ionizing potential of gaseous beryllium is 
about 8 volts. Considering our uncertain knowledge of the binding 
of outer electrons in metallic beryllium, it may be that the 16 volts 
is the energy liberated when an electron falls into the outer shell of 
beryllium. This would be the X-ray effect analogous to the anti-Stokes 
Raman effect. Due to the small number of ionized atoms which should 
Kft nresent. this e^^nlanation cannot be accepted with confidence. 
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Joos, G., ^^Ergebnisse und Anwendungen der Spektroskopie,’ ’ and ^^Ramaneffekt/’ 
Wien- Harms Handbuch der Physik, Vol. 22, Akademische Verlagsgesellschaq, 
Leipzig (1926). 



CHAPTER XII 


MOLECULAR SPECTRA 

Molecular spectra are rivaled in complexity and number of lineit 
Dnly by the most complex atomic spectra. Under low dispersion they 
appear as continuous bands, and for this reason they are often called 
“ band spectra.” Usually a band has a sharp intense edge or head on one 
side, and gradually decreases in intensity toward the other side. Under 
higher dispersion a band can usually, be resolved into groups of mono- 
chromatic lines, well ordered according to fairly simple laws. Near the 
intense head of the band these lines are close together and in some 
instances, they overlap completely, forming a continuum. As they recede 
from the band head, the lines become more widely separated and also 
weaker. The names, band and line spectra used to distinguish molecular 
and atomic spectra are therefore not distinctive, since both types are 
in reality composed of monochromatic lines having approximately 
the same width. Figure la and 16 show the emission bands of the 
NO and CN molecules under low and high dispersion, which may be 
compared with the atomic spectra of Figs. 1 and 13, Chap. VII. 

In point of experimental methods and theoretical significance, 
molecular spectra fall into three groups according as they lie in the far 
infra-red (20 — 150^, let us say), in the near infra-red, or in the visible 
or ultra-violet regions. The first two groups are simple in structure and 
theory, and their study leads naturally to an understanding of the more 
complex and extensive visible spectra. Therefore, we take them up 
in the order in which they are named. Anticipating the experimental 
evidence, these three types of bands are correlated respectively with (1) 
changes in the rotational energy; (2) simultaneous changes of the rota- 
tional and vibrational energy; and (3) simultaneous changes in the 
rotational, vibrational, and electronic energy of the molecule. Most 
of the data and theoretical considerations available at present deal with 
diatomic molecules, which therefore take up the major part of the dis- 
cussion in this chapter. 

Under heading A, dealing with infra-red rotation and rotation- 
vibration spectra, all the molecules discussed are of the HCl type, and 
have closed electron shells like those of the inert gases. The simple 
theories developed for them must be modified when we consider molecules 
whose electron shells have a resultant electronic angular momentum, 
under heading B. Further modifications in the theory of rotational 

368 









370 


MOLECULAR SPECTRA [Chap. X 


bands are necessary in the case of polyatomic molecules, discussc 
under heading C, 



A. Infea-red Spectra 
1. ROTATION SPECTRA 

The far infra-red spectra are known only in absorption, and o: 
for the molecules HCl, HBr, HI, HF, H2O, and NH3 have they b< 
studied in any detail. The H2O lines have been only imperfectly resoh 



Sec. 2] THE THEORY OF THE ROTATING DIATOMIC MOLECULE 371 

and the classification is uncertain.^ Eecently, Badger^ has observed six 
absorption lines of NH3 which follow a simple formula. We cannot 
obtain much information about the structure of such a complex molecule 
from this spectrum because it must be incomplete (Sec. 24). The 
absorption spectra of the hydrogen halides have been investigated by 
Czerny^ who finds a number of lines in the region from 40 to 130ju. 
For each molecule these lines are nearly equally spaced in the frequency 
scale and can be represented by the formulas 

HF; V = 4L086M - 0,011879M^ iif = 2, 4, 5, 

HCl; V = 20.8411M - 0.001814M^ ikf = 4, 6, 7, 8, 9, 10, 11, 

HBr; v = 16.7092iif - 0.001457M3, M - 5, 6, 7, 10, 11, 12, 13, 14, 

HI; P = 12.840ikf ~ 0.000820M^ M = 6, 7, 8, 9. (1) 

Lines of greater wave length are to be expected ^ith wave numbers given 
by substituting M values beginning with 1 in these formulas, but the 
region in which they would lie has not been investigated by spectro- 
scopic methods. The wave number for ikf =1 for HGl would be 20.84 
and the corresponding wave length would be 480/4 or about 0.5 mm. 
Radiations having approximately this wave length have been produced 
electrically by Nichols and Tear,^ who analyzed them with an inte- 
ferometer arrangement, but such methods have not yet been applied 
to the study of absorption spectra. A plot of wave numbers observed by 
Czerny for HCl is shown in Fig. 4. 

Long before this work was done, much evidence had accumulated 
indicating that there should be infra-red spectra due entirely to changes 
in the rotational energy of molecules. The most conclusive evidence 
that Czerny's bands arise in this way comes from the detailed study 
of the near infra-red bands, to be described in Sec. 3. Th^ quantum 
theory of the rotating molecule, which will now be given, together with 
the Bohr frequency condition, gives an exact explanation of the structure 
of the far infra-red spectra. 

2. THE THEORY OF THE ROTATING DIATOMIC MOLECULE 

The energy of a rotating rigid diatomic molecule may be considered 
entirely kinetic as a first approximation. Using plane polar coordinates, 
the energy is 

( 2 ) 

* Sleatob and Phhlps, Astrophys. J., 62 , 28 (1926). 

* Nature, 121 , 942 (1928). 

» Z. Physik, 34 , 227 (1925); 44, 235 (1927); 46 , 476 (1927). 

‘ Phys. Rev., 21, 687 (1923). 
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where r is the distance between the nuclei and the reduced mass. 
Applying the quantum condition 

p^dcp = 2rp^ = jhj i = 0, 1, • • • (3) 


r 


we have, if I is the moment of inertia, 


w. = 


(4) 


This formula is modified by quantum mechanics (Chap. XV, Sec. 9) 
to the form 

j{j + l)h' 


Ei 


+ a constant independent of j, 


(5) 


m 


SttU 

i = 0, 1, • • • . 

If we use the so-called “half-integral” values j = H, 34, 
equation (4) instead of i ^ 0, 1, • • • , we obtain a sequence of energy 
levels identical with those obtained fromj(j -|- l)h^/8Tr^I, except for a con- 
stant term I A ,f ' This follows from the fact that (a -|- /4)^ ~ "b 
4 SttV 

1) _j_ Since the differences of the energy levels determine the spectral 
frequencies, both formulas give identical spectra. As a matter of fact, 
we must use equation (4) with half quantum numbers or equation (5) 
with whole quantum numbers to explain formula (1), for either supposi- 
tion tells us that the wave number emitted in the transition from jf -f 1 

. Ei+^-Ei _(j + l)h 


he 


The use of equation (4) with j equal to an integer would give j + }4 in 
place of i -b 1 in this formula, which would then disagree with the fact 
that the empirical ordinal number M is an integer. We shall adopt 
the formula (5) in all that follows. 

The model assumed above is inadequate, for the molecule cannot 
be truly rigid and the centrifugal force due to rotation changes the 
distance between the nuclei slightly. To take this into account, we 
write the energy in the form 


E = 




2txr^ ■ 


-b F. 


^6) 


As a first approximation we assume that 

Y . ^ (7) 

where ro is the equilibrium distance between the nuclei when the molecule 
is not rotating and fc is a constant, so that the law of force is harmonic. 
The centrifugal and centripetal forces must be equal when the new 
equilibrium is attained and so, 

fji.T<p^ — k(r — Tq). 
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The angular momentum will again be constant, and, therefore, 

= ukr^ir — To). ( 8 ) 

Let r — ro = A. An approximate value of A/ro may be obtained from 
equation (8) on replacing r® by ro®. It is. 


The energy is approximately 
+ F = 


A 

ro 


P <p^ 


( 9 ) 


E = 

2fxr^ 


2yro 




ro / 2 V^o/ 

and to a sufficient approximation for our purpose we may substitute the 
above value of A/ro, obtaining 


E 


= (■[ _ V<p^ \ 

\ jLt/sroV 


Using the quantum condition equation (3) 

E = Bohcj’^il — 

,2 7 ~» ^ 


where 


and Bq = 


( 10 ) 

( 11 ) 


4:7r^Io^k "" SttUqC 

The new mechanics modifies this formula to 

E = Boha[j(j + 1) - u^f(j + 1)“], j = 0, 1, . • • , (12) 

and this is the expression we shall use. This procedure is nearly equiv- 
alent to the use of half-integral J’s in equation (10). 

The selection rule for j may be derived by the correspondence prin- 
ciple. The molecule rotates with uniform angular velocity in a plane 
which may be taken as the xy plane. If it has an electric moment P in 
the direction of the line of nuclei, the x- and y-components will be 

Px = P'Cos 2Trat, Py = P sin 2ir(at, (13) 

where w is the frequency of revolution and is equal to dE/djh and 27 rut 
is the angle between the a;-axis and the line of nuclei. Since only the 
fundamental frequency occurs in these expansions, the quantum number 
will decrease by 1 in emission and increase by 1 in absorption. This is 
the selection rule for rotation bands. Molecules which do not have a 
permanent electric moment such as O 2 , N 2 , I/ 2 , etc. Will not absorb in 
the infra-red, for in this case, P = 0 and the rate of emission is zero. 
(Chap. VI, Sec. 4). 

Using the Bohr. frequency condition, equation (12), and the above 
selection rule, the wave numbers which will be absorbed by a rotating 
hydrogen halide molecule are, 

y= 0, 1, ■ • • , (14) 


5 = + 1) 

he 
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This is of the same form as equation (1), if M - j + 1- Equating the 
constants of this equation to those of equation (1) it is possible to secure 
values for the constants I a and u, and thus the distance between the 
nuclei. The results of such calculations are given in Table 1. in 
particular, from equations (9) and (11) 

A 




= 


(15) 


and from the values of u given in the table it is evident that the assump- 
tion that A/ro is small in equation (9) is justified. , . . ^ 

The transitions involved in the absorption of these far infra-red 
lines are shown by the arrows at the left in Tig. 5. The permitted 
transitions are 0 ^ 1, 1 2, 2 ^ 3, etc., and neglecting the effect of the 

small term in the energy proportional to p{j + l)^ the wave numbers o 
the light absorbed are 2Bo, 4Bo, 65o, etc., respectively. These are plotted 
in Fig 4 for the case of HCl, taking into account the cubic term of 
equation (1) or equation (14); the lines plotted in this way become 
closer together as we go to higher frequencies. 


3. NEAR INFRA-RED ROTATION-VIBRATION SPECTRA 


Lord Rayleighi showed that a rotating vibrating diatomic molecule 
having an electric moment should emit and absorb light of frequences 
w* ± lor with approximately equal intensities; w® and Wrare the frequencies 
of vibration and rotation, respectively. Bjerrum^ pointed out that as a 
result of the Maxwell-Boltzmann distribution law there should be a 
most probable value for -i- cor and for - oir- Thus the number of 
molecules dN having frequencies of rotation between cor and w, + doir is 


..AT Ar 

dN = Afexpl — — J 


47r^I 1 


The intensity of absorption for oi, -f- Wr or a!„ — Wr should be proportional 
to dN/dwr and this will be zero for co^ = 0 and to,. = <» , and a maximum 

for w, = — The absorption band will have a minimum inten- 

1 /kT\^^ 

sity at co„ and two maxima on either side at a distance J the 


frequency scale.® Figure 2 shows a band at 4.7/i discovered by Miss von 
Bahr,^ who found that the separation of the two maxima increases approx- 


iPM. ikfaff., (5) 34, 410 (1892). 

2 “Nernst Festschrift,” Halle (1912). 

3 Kemble, in the Bull, of the National Research Council entitled Molecular 
vSpectra in Gases”; see references, end of chapter. Henceforth this publication will 

be referred to as “ Molecular Spectra.” 

4 verh. deut. Physik. Ges., 16, 710, 731 (1913). See also Spence and Halley, .7, 0. 
S. A. and R. S. L, 7, 169 (1923). 
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imately as the square root of the absolute temperature. This doublet 
character has now been established for many of the near infra-red bands. 

Under higher dispersion, the rotation vibration bands of a number 
of molecules have been resolved into fairly narrow lines; of these the 
hydrogen halide bands have been most carefully studied, and will be 
considered in detail, since they illustrate very well the general structure 



Pos’i+i on o-f the Prism 

Fia. 2. — The vibration-rotation band of CO. {After von Bahr.) 

of the bands of diatomic molecules in the infra-red, as well as in the 
visible and ultra-violet. Imes^ has studied the fundamental bands of 
HF, HCl, and HBr and the first harmonic of HCl. Colby, Meyer, and 
Bronk^ have extended the HCl fundamental band at 3.4/x to twenty 
lines on either side of the mid-point of the band. In Fig. 3, we reproduce 
their absorption curve for this band and, in Fig. 4, we show a plot of the 



Fig. 3.^ — The 3.4 im absorption band of HCl. {After Colby, Meyer, and Bronk, Reprinted 
by permission of the University of Chicago Press.) 

frequencies of the lines together with a plot of Czerny’s rotation spectrum 
placed so that the zero frequency coincides with the missing line” 
of the 3.4 m band (shown broken in this figure and indicated by the weak 
absorption at the mid-point in Fig. 3). The band consists of approxi- 
mately equally spaced lines which become closer together toward the 
J., 60, ,251 (1919). 

^ Astrophys. J., 67, 7 (1923). See also Czerny, Z, Physik, 46, 476 (1927). 
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(See Appendix II for an illustration of this procedure.) Finally, 
solving for E, and neglecting an additive constant, we have 

E = nhoi^il — xn) + — pnah, (25) 

where 

X = u{% + 

a = (1 + 2 c 3 + • • • ), (26) 

and 

= ^ 

^ 4’7r^7oWo 


The energy of the diatomic molecule has been calculated by Fues, 
using wave mechanics and employing the potential energy given in 
equation (18) (Chap. XIX, Sec. 4), The formula obtained is identical 
with Kratzer’s except that half integral quantum numbers must be used 
throughout. However, if we wish to use integral quantum numbers, 
Fues’ formula can be secured by replacing h and j of equation (25) by n + 
]>4 and j + H) respectively. The equation for the energy then becomes 


E 


- (n + - A'j 


xhcao 
16 ir 2 J 


(" + 5 )’ 

- + 1) - 




■uYU + 1 )“* 


- ahnjij + 1) + 3^^ (l - (27) 


where ?z = 0, 1, 2, • • • and j — 0, 1, 2, - • • 
further simplified by writing 



ho3, and 


Stt^Io 




This equation can be 


ah ^ 

2 8t^I’ 


(28) 


so that CO is an “effective” frequency of vibration for zero amplitude 
(n = 0), and Z is an “effective” moment of inertia for zero rotation 
(j = 0) ; finally, the constant term of equation (27) may be neglected 
for most purposes since it drops out in taking the difference of two 
energies, which determines the frequency of the radiation. Then since 
a and u are small, equation (27) becomes 

“i“ ^'^^co — xhco 





-u^~jK3 + iy-<^hnjij + l). (29) 

It is convenient to substitute the simpler symbol B for h/Sw^Ic. Then 
equation (29) becomes 


E = (n + '}4)ho} — xhM{n + H)® + hcBj(j + 1) — u%cBf{j + 1)^ 

-ahnjij + 1). (30) 



Hkc. fil 


SKLECTWN PRINCIPLES 


370 


Wr> H4>«« fnuii l•llUlU i(}Jl (2(}) and thn di'fmition of B that 

2Br 2B 

i4 m * ^ . 

W OJ 

Fur riiimt iH|Uati«irm (29) nnd (30) will hv BatiHfactory, though 

thrn* mny !«* neciwintiB whim it will Iw mmmBmy to \m) equation (27) 
nr lunn^ oiiosfilifHtnii fnriiiiilaH ofiiitiiioing highc^r pcwornof (n + 
niiO j\j t I ). Thn rhatig<* frniti n<|uaUnn (27) to nqtuititm (29) mnanR a 
rliitiigi^ ill tlin nlnrtrnnin niiorgy by \\w atiumrii of thn last eooitant 
tnriri of ni|UiiHnfi (27). 

Thp tiitiii I’fiiagy A*j in 

* H, \ H, 

wlirri» A** in ihp t'lirruy «iC ih*' I'lnirtaiit* fnotioitH iiial K jj 4 sivtai hy <a|uatkm (27). 

Wr mn* liiiil liii^ lairriiy tm n 0 tiint j ^ 0 

K.U. - ».j - ») - K . . i(.-. - •■;) . 

¥nm\ thn ^tuily «if nlwirnuii’ biuidu f* r., Iiiinilii thn ninmikm of whi<’h in annampaninfi 
iiv ii rliiihg*' ia thn rh’nlroitin iua i»f thn ai«ilf»i’uh‘l, It i« jMmfilhln ta mnnirn 

thn thOnrnma? Iwtwm»ri Miin « 0, j » 01 far two nlnfirotiin HtatoH of thn luolnruln. 
It in, 

• 0» j « 0) Ei**in «*» 0, j (I) » *■* K/* f *« 

Um* i \ \ \ 

■ ' 4 ; iriw%!J *“ //7 l2St»V/e^ "" 

IViiiind fjiiiMititinfi ndnr to thn ttiglinr Invn! atal art' in gnanml dlffnn^nt faiin 

thn riirn’^jMifiihitg dotihlnqiritnnil (jutitittitnii. whtnli rnfnr to thn hiwnr liwl. 

If tltn itmlnriiln ii? i»f ntofiiK hrtvttiK iwit4i|M»i«, thn viihioa of and S§** for 

tfin imiOiiiin iiiolnroinM ff»rinnd from thnni will dillnr only hy vary mnall atncitiii^of thn 
ofiinr in|»rnirfi f<»r iht? nffrHii in iitoniii* «|H»ntrn ^Hol^ 7), Thn nofmt.Hnti» w/« 

on thn miinm^of thn iinnini,nr|imtion C2H), ami ilifforftppmdahly 
for ilifTnrnot imi!o|iin inoh’nuln», HO iliiit if i« jKjwtildn to dnniilti wlnithnr thn oonntant 
tnrmi* of ni|iiiition I27i nto firwunit or not. Mnlllknii nhowndl in thi* way that ihii 
tnrm 2 noi#4t hn ami it in Innlmlml in n«tantton (29) for tliii* mnwtari, Tlia 

prn*inti$'n of flin othnr roti^tatii t*»rmH him not linnn firovnil nxiH^rimnfUally, pmhahly 
iHM’Hiotn thn tni{it$iiiriti« thnniHt^vnu nn^ mnalh hci that thn altnrHthnta of fminnnry 
Ilia from thnir ilianrmint*f« nminoi tin dntonti»*i, For thn iiakn of hrovity thono unprovnil 
Inrom hiivn hnnti oinittnd from nifitaiion C2II|, 

t. ilLECTIOl^ PElIfCIPLii FOE lOTATIOIf-VIBEAtlOlf BAUDS 

Tlio Mdimthiri m\m tnny tn* tlnrlvml by rxii^rMUng thn maaonlug of 
Hoty 2. 'Fho oliHdrir fiaitiiont liien*Hm*s aiitl dimrtnuttia m thn ouolai 
viljfiitiy Tlio FoiiHor for Iho vihrriiltiniil motion of th^ nudih 

whi*ri tho form! hiihling thinii to tlndr fjoiiiilon cif oqnillbrium in Marly 
hiirtiioriio will bo iismiinotl to of tbo forrn 

f #« -f f , mm 2wmJ + ft mis 2r2<*i»l 
wUvrv I ; m|oul til fiA* ihih, Thoiigb thn nlortrio inoni^^nt of tho moloculo 
may not la* tmaotly pro}K»rtiotoil to this displaomrioot* wn may asHumo that 
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the same frequencies will appear in the Fourier expansion of this moment 
and, therefore, we write 

jP — jP 0 P\ cos 2i7rco<ot -P 2 cos 27r2co-yl{ -1- ■ • • (^1) 

The substitution of this expression for P in equation (13) gives equations 
for the X- and ^/-components of P as functions of the time and of co^ and 
0 );.. The result is, 

p ^ 

= Pq cos 27rco,i + -^-[COS 27r(a)v + cc,)t + COS 2t(oJv — 

P 

+ -™[cos27r(2aj^ + co,.)^ + COS 27r(2do.y — CO,. )2:] + * • • 

p 

Py = PoSin27rcoy^ + -^[sin 27r(co„ + 03r)t — sin 27r(co„ — cdr)t] 

P 

+ -“[sin 27r(2a)i, + cor)^ — sin 27r(2cov — co,.)^] • • • (32) 

The frequencies appearing in these expressions are co^, co„ ± co,., 2co^ ± cor, 
etc., and according to classical theory these frequencies will occur in the 
light emitted. By the correspondence principle, the following changes 
in the quantum numbers will occur with the emission of light ; 

An = 0, Aj = 1, 

An = 1, Aj = ±1, 

An = 2, Aj = ±1, 

(33) 

and the same changes with opposite signs will occur in the absorption 
process. 

6. APPLICATION OF KRATZER»S THEORY TO THE HYDROGEN 

HALIDES 

If we calculate the frequencies emitted, using equation (30), and 
the first selection rule of equation (33), we secure equation (14) previously 
derived for the rotation bands. From the other selection rules of equa- 
tion (33) we secure the wave numbers of the rotation- vibration bands; 
+ 1, j) = (n' - n")co. - X(h[{n' + }4y - (n" -f- }i)-] 

+ (2B - “(n' + n'o) U + 1) - “(n' - n'0(i+ 1)^ - 4:U^B(j + 1)», 

j = 0, 1,2, ■ ■ ■ , for = +1, (34a) 

and 

i>(n', n"-,j - 1, 3 ) = (n' - n'0« - a;ci[(n' + My - (n" + My] 

- ( 2 B - ^(n' + n'o)i - “(n' - n")y + iu^Bf, 

j = 1, 2, ■■■ , for Aj = — 1. (346) 

In these formulas j is the quantum number of the lower energy state. 
These relations are of the sarne form as the empirical equation (16) for 
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i\w IK 'I Imnil, if wi» urn* thr (34ri) with M j + I for thf^ 

hrnnrh, ntul tho oquiiticiri with M « —j for the F !)rrinch. The 
F hnineh rnissiNts nf lintm iMihiiiHj when j (h^ereiiHeH hy vinity^ anti th(‘ 
brnnrh <*f Une^ for wliieh J iiumniatm by unity; ihnr<‘ftire| ilto li l>mnch 
toward hii^her fnaunnuhea. Tin* vahn*H tif and for the 
abHorptitin biuniM of HC1 eiin bMlett*rriiined uh follnwH: dluuipplimtitm 
of tin* MiocwidbBtdiitiiiaiin di«tri!intinn law nlnnvH tliat all but a Hnuill 
friirtitni tif the niidecnilim \/ill be in tin* s^4*rt) vibratitusal lf*vtd at ortlinary 
t»niitn*riitnri‘n; ihitH thi* frartioti of tin* 
in the mnaintl vibraiitiiiiil Htate 

will 1 h» 


J 

J - 


Ab 

N 


■"{n) 


i 

t 

0- 


it 


when- (8 fhi' difTfri'iiPi* in J'nnrgy 
iM'lwi'i’tJ thn with vibrnfinnnl 

qtinrittmi nutiilx'r I iiml 0. 'I'ho fr«‘- 
nf Um* inisfiinii: lini- of th«' 3.411#* 
hniul Ih iiImuiI 2,H.H(V*, hu that for n trm- 
jK^ratim^ of 3«Hl'‘ K,^K/kT S 14 ninl Muw 
f K|i( - AH kT) i« n ainnll (jUiintity nf thn 
*>nkT of Id *. Triin»itinnH in which tin* 
wave h'figtha 3.4tV anil 1.7(1#* arc 
nlawirb'il mtiMl nrigiimt*' from t la* lnw«>Ht 
level arul tenninnte on tii*' firat iinii 
Mittnitii viliralinii h'Vcla aa ahnwn in tlic 
*lia«rai«, Fig. h. Thia aaaigntnent ia 
mn«le la'canae tht'rc ia no liiiiul iH'twccn 
the one at 3.4(1#* and the ftitatinn lianda. 

The nninerietd viduca of the con- 
atania of ectuatlnii (34) are obinini'd hy 



J" 60 


Ji! 


Mi OI^S^ 

f 'k 



Fin. 5. *rh*» vitifrititmril mid mtn* 

liiiitid itivtdi «d HCI. This 

riitniiiJiiSil li^vtda iiri* ntiilUHl on t4»n 
tinii*)* tho noiilii id Iho vitimiionni 


e«in|Miria*in willi equation (Ifto)’ 

- a»)*i - .r.i|{r,' 4 <0* - or 4- ' -m - 2,88(1.20 

2H ~ "(a' 4 »") ~ 20.11370 

”(«' - a") » 0.30318 

c 

4»»« » 0,001814. (35) 


The e(|Untiona can la* aolved hir the valuea of /f, a, and a’ aa noon as the 
vuhjea c»f n' and n" have la'en dt'cided njam, hut w anri xu eannot to 
eulenlat*>d from t>ne hand. Faing “ 1, «*' “ 0, we find the values, 


2« - 20,8411, " 


0.30318, M - 0.592 ■ 10 *. 


(36) 
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The value of B calculated here and that found from the rotation bands 
equation (14) are identical, but this is because the empirical equations 
(1) and (16a) were calculated by Czerny so as to make them agree. 
There is some slight systematic error in the experimental data of either 
the rotation band or the rotation-vibration band. Because of the 
experimental difficulties such an error is easily possible. 

The wave number of the missing line of the band is secured by 
setting {j + 1) in equation (34a) or j in equation (346) equal to zero. 
This gives 

n'O = {n' - n")w - x^[{n' + K)' - (n" + }iy] (37) 
and, for the case of the absorption bands for which n" = 0, this reduces 
to 

v(n'j 0 ) = n'^ — x6on'(n' + 1 ). 

For n' = 1, 2, 3, • • • we obtain the wave numbers 

0^(1 - 2a;), 2^(1 - 3a;), 3^(1 - 4a;). ^ 

The theory predicts, therefore, that the centers of the rotation-vibration 
bands should be nearly, but not exactly, multiples of a constant w. 
The missing lines for the 3.46 and 1.76iU bands of HCl have the wave 
numbers 2,886.07 and 5,667.0, From these it is possible to calculate 
6) and a;co, for 

^ — 2a;w = 2,886.07 and 2w -• 6a;^ = 5,667.0. 

By solving these equations simultaneously for co and xco, they give 

w = 2,991.3, xoi = 52.6. 

The energy levels represented in Fig. 5 have been calculated by 
substituting the values of the constants obtained above in equation 
(30). The vibration levels are nearly equally spaced, while the spacing 
of the rotational levels increases with increasing j. The latter are 
shown on a. scale ten times as great as that for the vibration levels. 
The wave number of the light absorbed, during a transition indicated 
by an arrow, is plotted immediately below it. The missing lines are 
shown at the middle of the bands and the corresponding forbidden 
transitions immediately above them. At the left, we see the transitions 
for the rotation bands which form an R branch without a P branch. 
The effect of the small terms in the energy proportional to x, a, and 
is to depress each of the energy levels below the value given by the larger 
terms alone; the small terms also bring the lines of the R branch closer 
together, and cause those of the P branch to draw farther apart, as j 
increases. 

1 These differ from the formulas given by Kratzer, which are widely quoted. 
Kratzer gave v(l, 0) = co(l — x), v{2, 0) = 2co(l — 2x), etc. The difference is due 
to the changes, made necessary by the use of (n + K)* instead of n, i.e., the use of 
half-integral instead of integral numbers. Only the data of Imes (Sec. 3) were 
available when Kratzer developed his theory. 
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Though no absorption should be observed at ordinary temperatures 
for bands which have n" greater than zero, we may expect such absorption 
at higher temperatures. At 600° K, about one molecule in a thousand will 
be in the first vibrational state. Five weak lines of a band involving 
this level were observed by Colby, Meyer, and Bronk^ at this tem- 
perature. They fit well into the formula (346) for v(2, 1; j — 1, j) 
obtained by using the constants we have just derived in equation (36), 
provided we make j equal to the integers 9 to 13, inclusive. 

Table 1 gives the values of the fundamental constants of the hydrogen 
halides as derived from their infra-red spectra. The moment of inertia 
is given by the relation, I = h/ST^c = 27.66 • and the 

equilibrium distance between the nuclei is then secured from the relation 
I = where fx is the reduced mass, u may be found from spectroscopic 
data, as in equation (36), and may also be obtained from the relation, 
u = 2B/co. 02 for HI has been calculated from this relation together with 
the observed value of u. 

Table V 


Molecule 

/ • 10^0 

u (ob- 
served) 

u (cal- 
culated) 

r • 108 

c5 

i 

X03 

HF 

1.348 

0.0120 

0.00669 

0.0102 

1 

0.929 

4,037 

2,991.3 

2,647 

^2,270 

50 

HCl 

2.658 

0.00697 

1.282 

52.6 

HBr 

3.316 

0.60660 

0.00631 

1.421 

44 

HI 

4.3146 

0.00565 

1.6170 






1 The values for J, u (observed), and r for HF, HCl, and HBr and co for HCl listed in this table are 
calculated from the data of Czerny, Z. Physik,^^5, 476 (1927). The remaining values are taken from 
Birgb, “International Critical Tables,” Vol. 6, corrected as he directs for the normalization of quan- 
tum numbers used here. 


Schafer and Thomas^ have observed the higher harmonics of HF^ 
HGl, and HBr. The wave numbers of the missing lines of the hydrogen 
halide bands from all sources are listed in the following table : 



«(! - 2x) 

2aj(l — 3a:) 

3w(l — 4a:) 

HF 

3,962.6 

7,880 


HCl 

2,886.2 * 

2,659.1 

2,270 (calculated) 

5,667 

8,400 

HBr 

HI..,. 







7. THE EFFECT OF ISOTOPY ON THE VIBRATIONAL AND ROTATIONAL 
ENERGY OF DIATOMIC MOLECULES 
The change in the energy of a diatomic molecule produced by altera- 
tions in the masses of its nuclei cah be seen at once from equation (25) 
or (27). These equations contain the nuclear masses implicitly, through 
^ Astrophys. J., 68, 303 (1923); loc. cit. 

P%sifc, 12, 330 (1923). 
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the presence of the reduced mass jjlj and, therefore, the emission and 
absorption frequencies of molecules containing different isotopic 
nuclei will not be identical. Now x, u, and a are- small quantities and 
the percentage of change in them due to differences in the nuclear mass 
is also small, so the terms in which they occur may be neglected in making 
comparisons of the frequencies due to isotopic molecules. Then equation 
(29) beconaes 



where ju = and = c*)o. While /i is different for 

^ Ml + y47r V / 

chemically identical molecules which contain different isotopes of the same 
element, ro and k are the same for all such molecules, for the equilibrium 
distance and the force binding the atoms together depend only on the 
electric forces between the nuclei and the electrons, and may be considered 
the same for all atoms having the same atomic number. 

It is convenient to discuss the rotational and vibrational isotope 
effects separately. Let us consider the simplest case, in which the 
molecule consists of one pure element and one with two isotopes — for 
example hydrogen chloride, which consists of the molecules HCl'"^^ 
and Let the reduced masses for the two molecules be fxi and 

with > Ml and let p = (mi/m 2)^^. The rotational energies of the two 
molecules will be 


jBlr — 






j(j + 1)^ ■®2r = 




8TV2ro^ 


i(i + 1) = 




SttVi'^'o 


.i(i+l)p^(39) 


The wave number emitted in a change from j' to/' is 
hr==Bi'j'(r+l) ~ £l"/'(/' + 1) 
for the first type of molecule. For the second, it is hr where 

hr = 

so that 

Plr — hr = APr = (1 — P^)vir- 

Similarly, the vibrational energies will be, 

- (» + IKikT- - (” + - 


(" + 


k 

47rVi/ 


Pj 


so that 


V2v 


,( k 


47rV2/ 




\ 47r ^JLt2 


pj'lv, 


(40) 

(41) 


(42) 

(43) 


and 


Vlv — V2v — A?„ = (1 — p)vu. 


(44) 
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From rqujition (41) it cnii m'on that tlw* wavo-longth differences due 
{u i«>t«i{>y in rotation «iK‘ctra are lM«yond the limit of detection with 
nppitniliw of the kind usiai up t»i the prewnt. lOquation (44) predicts 
that it should Ih' jHtwilile to detect it in rotation-vibration sfH'ctra, and 
m fact it has lavn obm-rved in the 1,70/11 Imnd of HC'l, On the long 
wave-length siiie of each prominent praik of th«» absorption curve of 
!*'ig. 0 liiH's fouml It Htimller js'nk or htimp in the curve. Indep«sndontly, 
laiomis' ami Kratjter’ pointed out that this small break could Iks explained 
as due to the molecule HCl”. The weaker {xaik should be due to the 
isoto|S' present in smaller amount (i.c., the heavier one in this c-aw*, 
since the atomic weight of ehlortne is 35.40) and should have a larger 
wave length than the niain js’iik, Aecortling to etiuntion (44), Aiv/h " 

\ — p m 0.(XKI7715 and dX » " "-13.5 A. The exp<*rimentul 

value Is 14 i. 1 k. 



Fill *1 ’t ill’ i,7fl|i Imml Ilf flCl, iA/tffif tmm, hy ittrnnmmn *tf ihg t/nimritUy 

it/ i himya 


Meyer and Is»vln' have alsti rt'solved the lines of the fundamental HCl 
l»anU at 3.40/u into close dmihlets and ftnd that the separation and relative 
inbmsities an' those i«xp<>ct»Hl from the theory and the atomic weight of 
chlorine. 

Miilllken* first applied the development given here to electronic 
hands, in the casi* of thr molecule BO. Homo very atrlking rosulta 
came from this study: thesti bands were definitely shown to Ire due 
to BO, and not to BN as was prt'viously supjM)sed; it wm found that 
the vibration quantutti numiier mtist Im* half integral as in equation (27) 
and not integral ns in e(|uation (2S), anti that in the lowest vibrational 
state the energy is hu, 2, 'I’he cnlcitlated vntiie t>f 1/p for B'^tlami B**()la 
1.0202, while for B’^N and B"N it is 1.0270; the value determined from 
tin* sjM'ctra is 1,0201 t O.OtXKl, in definite agreement witli the former. 
The ({uestion of half-integral quantum numlx'rs will Is' ilisouwied later. 

‘ Nature, im, 17W fltt'iO.t; A»tr„phifii J., «3, 24H 

* Z. fhi/mk, 8 , 4»«) ( IteiOi ; 4, 470 ( IB2t !. 

* PXj/K. Hfv. 84, 44, (IStW/. 

* PXp. /lOw. 3ft, UAU (1035). 
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B. Electronic Bands 

8. DEFINITIONS OF ELECTRONIC, VIBRATIONAL, AND ROTATIONAL 

ENERGIES 

In order to explain visible and ultra-violet bands, we are led to the 
assumption that they are due to changes in the electronic quantum 
numbers of the molecule. The structure of the individual electronic 
bands is similar to that of the infra-red rotation-vibration bands, and the 
frequency differences between the many bands of a related group (or 
so-called “band system”) are of the same order of magnitude as the 
infra-red vibration frequencies. Thus, even the gross structure of such 
systems indicates that at least three quantum numbers must change 
simultaneously in the emission of one line, namely, the electronic quantum 
number (or in many cases several electronic quantum numbers), the 
vibration quantum number, and the rotation quantum number. We 
have tacitly assumed that the energy of vibration and rotation can be 
fixed by the quantum numbers n and j, introduced above, and that this 
energy is independent of the electronic energy of the molecule. Strictly, 
it is impossible to speak .of electronic, rotational, or vibrational energy, 
for the total energy of the molecule is a function of all its quantum 
numbers and it is impossible to localize energy in the various degrees of 
freedom. Thus the energy of rotation and vibration of the molecule 
is a function of n and j, and of certain constants, such as the moment 
of inertia and the characteristic frequency of vibration for small ampli- 
tudes. These constants are functions of the electronic quantum numbers 
and it would be just as correct to refer to this energy as electronic. 
For convenience, however, it is arbitrarily separated into electronic, vibra- 
tional, and rotational energy, and so we must carefully define these terms. 

We represent the total energy of the molecule as 

E = E{e, n, j), . (45) 

where e represents all the electronic quantum numbers, n, the vibrational 
numbers, and j, the rotational numbers. (There are several n’s and j’s 
in the case of polyatomic molecules.) The electronic energy is defined 
as the value of E(e, n, j) when j is zero and n is thus, 

E, = E{e, r-M,0). ■ (46) 

The vibrational ehergy is then defined as 

= E{e, n, 0) - E, (47) 

and the rotational energy as 

E,- = Eie, n, j) - E, - E„. (48) 

According to these definitions, the energy of rotation of the diatomic 
molecule as given in equation (29) is 

Ej = + i)> 


(491 
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nd the vibrational energy is 

En == (n ~ xhoci(n 4- }iy. (50) 

’he term cthnjij -f 1) is treated as part of the rotational energy although 
; contains the vibration quantum number n. 

Kratzer's formula was derived by assuming that I, oc, £o, x, and u 
,re constants for all vibrational and rotational states as long as the 
nolecule is in its normal electronic state; but, obviously, these assump- 
ions should be equally valid for any electronic steady state and we may 
ixpect that his formula will hold for the rotational and vibrational energy 
n both the initial and final states involved in the emission of electronic 
3 ands. Only one modification need be considered, namely, the changes 
leccssary if the electron system has a resultant angular momentum when 
;he nueiei are not rotating; this alters the rotational energy states of 
Ire molecule by changing the form of By and also by limiting the possible 
values of i as will be shown later. , . 


9. BAND SYSTEMS AND VIBRATION TRANSITIONS 
It is easy to recognize from experimental evidence that certain 
arge groups of bands are very closely related to each, other. Thus, 
lither the entire group or a large part of it appears under given expqn- 
nental conditions or none of it appears, and the relative intensities 
)f different bands are approximately the same for different rnethods.o 
ixcitation, or vary in a regular way. Deslandres made the first atternpts 
tt classification of such band groups, which are now usually cdled 
‘systems.” A. system is the aggregate of bands emitted in transitioiis 
laving common initial and final electronic states, including under this 
term all the electronic states corresponding to a inultiplet in atomic 
spectra. Each system will consist of many bands, such as those discussed 
n^der infra-red spectra, whose positions are determined by the changes in 
vibrational quantum number, and each band will consist o 
lines, whoso spacings are determined pnmanly ^ ^ 

nnn ntiim number. The electronic energy differences and theretore 
their contributions to the frequencies are usually much larger than those 
of the vibrational energy changes and these, in turn, are much large 
tLn the changes in rotational energy. The general position of the 
ylm B therSore determined by the electron 

Smatization of the electronic levels is not thoroughly understood at 
nr attention is directed toward finding the quantum 

Ju^bers of the electronic levels, which are similar in some respects to the 
rr.— ana i„ne, quantam numbers. This is b-ompheW 
W Studying the rotational structure of the individual bands. The 
elecSSds and transitinns sriU be disnnaasd, therefore, riter we hnue 
treated the detailed structure of the bands. . , 
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We begin with the gross structure of the band systems as determined 
by the vibrational quantum changes. The individual bands, in most 
cases, have not been resolved into their individual lines and thus the 
position of the origin of the band, i,e., the missing line of the vibration- 
rotation bands, is unknown. For most systems only the frequencies 
of the band hea<is are known, and these have been used to secure the 
vibration levels of the initial and final electronic levels. Deslandres 



Fia. 7.^ — Progressions and a sequence. 
I is a first progression, II a second pro- 
gression, and III a sequence. 


first showed that it is possible to 
arrange the band heads in progressions , 
such that in a given progression the 
heads are approximately equally 
spaced in the frequency scale, and such 
that the frequency differences between 
the bands of one progression will be 
almost exactly equal to the differences 
of other progressions. Further, he 
showed that the wave numbers in a 
progression may be represented rather 
closely by the formula, 

y = a + hn At (51) 

where n may take integral values, either 
positive or negative, and a, 6, and c are 
constants. Such progressions in any 
band system can be selected in two 
ways; in one, the frequency interval 
between bands increases toward the 
violet, and in the other, toward the 
red. Deslandres designated these as 
first and second progressions, respec- 
tively. The quantum theory of band 
systems leads to a clear understand- 
ing of these empirical relationships. 

For brevity, we shall neglect the 
rotational energy at first and shall 


say that an electronic band system is emitted in transitions between 
‘electronic levels, each consisting of a series of vibration levels of the same 
kind as those necessary to account for the infra-red bands of HCl, etc. 
(see Fig. 5). The simplified energy diagram we shall employ consists 
of two groups of vibration levels with different spacings, which may or 
may not overlap. Figure 7 shows such an energy diagram, with arrows 
indicating the transitions. A group of transitions from one of the 
vibration levels of the higher electronic level B to the different vibration 
levels of the lower electronic level A is called an progression^'; and 
a group of transitions from different vibration levels of B to one vibration 
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li»vi»l Ilf A III! '**n* progreanion**’ Biich pmgresBionH are Bhown 

I Ilia! 11 nf Fig 7 » Hinee there are tnany prugrenBioiiH of each 
kiral, we may B|aa*ify i*aeli progreaaiiin by the niualjer of itn common 
imt iai level, Hint lairh n iirogrimBiori by the rmiuber of itB common final 
level. It IB iimm’iliattfiy that the difT<»rcmceH in fretiuency 

of the triuiBilionH of any n** progreHaion, nuiltiplied by /i, will tho 
energy^difTereneea of the vibrationa! levels belonging to /t, and similarly 
^neh difTerenees in any n* progreHsion, multiplied by will b(^ tlu* (‘mTgy* 
differimees of H, It in further evident that the difT«*n‘ncc*s for the various 
n** jirogr<*aBiiiiis iiiubI !h' equal, and those for the a/ [n’ognmsionH miiHt 
Im* **qmil. In nil easi^s where the band origins have \mm eKiudly located 
iind have Inaui used in place of the biinil lauids, tliis is found to la* tnm 
w'ilhiti ttii^ limils of e?«js»riineiitiil error, 'riie transiiionH for which 
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I'm H I'lu. (iruurfiwlim* »utl ih'iiiimh’i'p nf lhi< ii U''(» liiiml*, 


n" n' i»*in’<»iM«tiuit iircmlli'U “M'cjumiWH." 'I’hi* MCMiUf'noo n' - n" - 1 

in iUuntnUrd In thi- inu'rxy ditturatii of Fig. 7. 'I’ho iipiM’iifHiMUi of Huch 
m ob«orvotl in t!i« upeotruin Oftn to WHjn from Fig. 1 for tho 
caw' of Uh' 0 Ni ) iMtndn. 

I’ho pniiiloiu «»f tho HiMHiroHoopiHt in to »rrftngo tho band« in progroo- 
motw Httd ftf n*i*lga tho prt.jMn valtion to initiiii and fliml quantum mindM‘r« 
for c-»c'h baml. Ttio rolatioiiB of pnigroiwlonH anti aotpioncoM aro illuit- 
tralotl by Fig. K, wbioh ohowa tho liaijd hoada of tho ti lianti Byf»toiii of 
H"0 arraiigotl aooortbiig to progrotwitJiiB.' Tho n” pnigrotutionH ans 
arraiigoil in lioriatontal rowit, tho diagtmal hrokon lino «how« an «' progroH- 
Hton for ri " - r». imd t ho .liagtmal wiHti lino hIuvwh tho aotpionot', f 1 . Tho 
numlH'ring «if tho tranStlonit i« flxod by tho jKiHition of (fit- 0 - .0 1 ratiHlUon, 
whirl! oooiqiii'H a mii.pio |it»«ition in tho achomo, and by tho otpiai tiiffor- 
ono.-». ..f I to* progroBBioiiH. Thow IranHiiioiiH having olaHHihod, t ho 
on..rgv domrani onii Ih- rooNtruoto.l by taking tho frotpionoy at tho «> - 0 
tran^iti.oi n« tiio diff.-roiioo in tljooloetmn IovoIh (» f t ho mohxMilc. tlmdiffor- 
,.nct.« of tho »" pn.gr.wi..mt ,ib tho intorvala tolwoon vibration 1 ov<‘Ih of 

* Mei,emi;s. ^ tlS, ClSriSl. 
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A, the lower electron level, and those of the n' progressions as the 
intervals of 

The vibrational energy levels belonging to a given electronic level, 
as defined in the preceding paragraph, will obey a formula of the type of 
equation (50), approximately. Writing this formula with different 
constants for the initial and final states, we have 

E' = Ee' ■+ in' + }4)ho)' - x'hoi'in' + HY, 


E" = EJ' + (n" + - x"hoi"in" + HY, (52) 

and the wave number of the light emitted in a typical transition will be 



Ve = (E/ — Ee'^)lhc. If n" is held constant, equation (53) gives 
the formula for an n' progression and, if n' is held constant, the formula 
for an n" progression. These formulas are: 

A' + B'n! - C'n'^ ( 54 ) 


where 


and 


- yix'Ci' - {{n" + H)^" - + HY], 

B' = w'(l - x'), C' = 

V = A" - B"n" + C''n"\ 


(55) 


where 

^ ^ + [(^^ + ” x'^'in + 

J5" - a3"(l - a:"), C'' = a:"co", 

respectively, and are of the form of equation (51). The n' progressions 
extend toward the violet and the bands become closer together in the 
wave-number scale as n' increases, so that if n' becomes sufficiently large, 
B'n' - C'n'^ would reach a maximum and then decrease, ihe n 
progressions extend toward the red with decreasing distance between 
Lnds as n" increases, and would reach a minimum 

value and then increase. The n' progression is therefore similar to the 
Deslandres’ “second progression,” and the n progression to his first 
nme-ression The maximum and minimum values for these progressions 

Ire approached in only a few cases; the extension of the progression 
beyond these values has never been observed and is theoretically impossi- 
ble because the molecule dissociates if it has more energy than the amount 
corresponding to either of them, as will appear later. The formula (51) 

1 For a detailed discussion of the relations between these progressions sec Biege, 
“Molecular Spectra,” p. 73 . 
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would hardly be expected to be valid for large values of the vibration 
quantum number, since it was derived on the assumption of small vibra- 
tions, though it does hold quite accurately over a large range for many 
electronic steady states. By using a graduated scale the reader can see 
that the bands of the progressions shown in Fig. 8 do become closer 
together in the way described. 

How closely the parabolic equations (54) and (55) are followed can 
be seen from Table 2, where the wave numbers of the B^^O bands are 
listed. The first differences are given in parentheses between the wave 
numbers of the bands. At the right and bottom the averages of these 
first differences are listed, together with the differences of these averages, 
the second differences. According to equation (54) the first and 
second differences for the n' progressions are 

Ai(n' + H) = + 1) - - C^(2n' + 1), 

A2(n0 = Ai(n' + ^^) - Ai(n' - K) = -2C' 

and for the n" progressions, from equation (55), we have 

Ai(7z" + K) = Kn" + 1) - Knn = + 1), 

A2(n^') = At(n" + K) ” Ai(n" ~ H) = 2C". 

Thus, if equations (54) and (55), and therefore equation (51), are correct, 
the second differences should be constant and equal to — 2C' and 2C", 
respectively. The values in Table 2 show that they are very nearly 
constant as the formula requires, even for fairly large values of n' and 
n'\ This is also true for a majority of known electronic levels, but there 
are a few very definite exceptions. In these cases the differences between 
the band frequencies or, what is the same thing, the differences between 
the vibrational energy levels, decrease more rapidly than the parabolic 
law (equation (51)) requires. This behavior seems to be associated 
with an instability of the molecule. 

10, HEATS OE DISSOCIATION QF DIATOMIC MOLECULES DETERMINED 
FROM THEIR VIBRATIONAL LEVELS 

Kratzer^s theory of the diatomic molecule . (Sec. 4 ) is limited in 
application to small displacements from the equilibrium position. Such 
a theory cannot be used to discuss displacements which are so large that 
the molecule approaches the dissociated state, and, therefore, it is 
necessary to reconsider the problem, with special attention to large 
values of the rotational and vibrational quantum numbers and the 
transition of the molecule into two isolated atoms. 

This problem has been considered by Born and Franck^ using classical 
mechanics, which furnishes an especially good approximation in this 
region of large quantum numbers. If two atoms, A and are brought 

1 P/iT/si/c, 31, 411 (1925). 
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t{> 1 % flofinitr tiif^tnnrr fron^ rneh <ithor eikI thoiight of an stationary, the 
antTjii^y of Ihti^ nyMvm wilt <*ontain lerniH due* to ttio action of the field 
of oiich atoiii on iln' elec^tron inotioiiH of ilu^ other, an effect which will 
remMuble tht* oniuuiry Stark <‘fTet*t to a inarkt^d d<*p;ree, since t!u^ atomic 
fields are birgely elect rieal in origin, 'rhis eia^rgy of t he systenn will ho a 
function of the tlisUinee IsUwetm the atom eemtt^rs, say F(r). This 
iniiy 1 m* eonsideria! m tlie |>ot<’ntial energy for the dist)lacein<‘ntr of tlu^ 
atiirns ridaHve to each other. general h{*!iavinr of this function 

can Im^ m*en from gcuieral eonsidernfions. At r — h is (Hjual to the 
total energy of the I wo isohited atoms, which may be* set equal to Kero ninety 



Fill n. tsirvn* fur twt» iO«»m»i: C#o ih*Mittirni4 nttrjiet at Inw* 

ttiiU mi iiimU illilufim’i; m ttie iileiiii filii4 iiUii^r lit all 

wo nrr inf<'r«*«t<'e| only in thf dmngn»t of onorgy in tho procoHH of molc'CAilo 
foriitntinn <»r of iii»wociHti«>n, In gonoral, two atoiriM at a fairly large' 
»lj«tanni' iijairt will attriuit oach (»thor, though it iw alno powHiblt' that 
thi'.v may n'|Hil ot hor at all distanona.' At Htiml! dintanooM tho ffircoa 
will filwiiy** »«< ri'pidaivo. If tho forco at largo diatanooH la ono of at t rac- 
tiofi, thoro niu»t t>o a diHtitnoo ro at whioh thonun neit her attraction nor 
ropubion, and ihia in tho ociiiilihrium dintaiico of two atoniH; and Hince 
the radial force hetwoon them in tW/iir, wo w'o that V muHt alwayK 
•looroiMM' aa r increaw«, ovt'r the region of retmlHive force, m that it inuHt 
have a mininuun at r«. Un tho other hami, if th.< force la ropulHive at all 

I It wTMiH likclv t lmt nil nUmw nttriwt. ouch other nl. leiwt nliglit ly at large <!mtaiice» 

due m V410 diT Wf«ih 
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distances, the curve 7(r) falls continuously as r increases. These two 
cases are illustrated by the curves a and h of Fig. 9. In the second case, 
a molecule cannot be formed, while in the first, a molecule may exist 
having an energy of dissociation equal to the difference of the values of 
F at r = 00 and r — Tq. 

In polar coordinates, the Hamiltonian function for the motion of 2 
atoms relative to each other, either in collision or as a permanent molecule 


is, 

The quantized energy levels for the undissociated molecule can be secured 
in the usual way, if V is known as a function of r. Kratzer s calculations 
in Sec. 4 accomplish this for the special case of small oscillations in 
the neighborhood of r = ro, and for low rotational energies. Also, the 
problem of two ions revolving in large orbits with respect to each other is 
almost exactly the same as that of the hydrogen atom, the largest term 
in the energy being 


== constant, 

{n + 


( 57 ) 


where e is the charge on one ion, p. the reduced mass, and n and j the radial 
and angular quantum numbers, respectively; thus the energy becomes 
zero only when n j is infinite. The general case cannot be handled in 
any simple way, but Kratzer^ has shown that the following statement 
holds true for the vibrational states without rotation: if V is an inverse 
power series, and the largest term is the inverse first or second power 
in the region of large values of r the energy reaches the dissociation 
value only when n becomes infinite (see equation (57)) ; but if the most 
prominent term for large r is the inverse third, or a higher power, the 
energy becomes sufficient for dissociation at a finite value of n, let us 
say no. The way the vibration energy levels may be expected to run 
as a function of n is shown by Fig. 9, for the atomic type of binding. 
The horizontal lines represent the energies of the vibrational states 
for the values of n given at the right. The curved line represents V , and 
the points of intersection of V and the horizontal lines give the values 
of r when E = V, or when the kinetic energy is zero, so that the inter- 
sections of these lines with the curve F are the limits of oscillation. 
In Fig. 9 the horizontal lines become closer together as n increases, 
but at no, which is finite, they are separated by finite differences of energy. 
Without knowing the detailed law of force between the atoms it is possible 
to secure the energy of dissociation from empirical band spectrum data. 
Thus, consider the problem of the molecule solved and the energy 

1 Z. Phyaik, 26, 40 (1924). 
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expressed as a 
numbers, 


function of the rotational and 
E^E{n,j). 


vibrational quantum 
(58) 


The molecule will be considered as dissociated if the two atoms are at 
rest relative to each other or are moving with respect to each other at 
infinity. These conditions will be met when the frequency of vibration 
of the non-rotating molecule is zero, for then the period is infinite, 
corresponding to a fall of the atoms from rest at infinity, a collision 
and a return to an infinite distance. Thus, the condition for dissociation 


is 


1 dE_ 
h dn 


= = 0 , 


(59) 


and knowing E as & function of n from the empirical band formula it is 
possible to solve equation (59) for n, substitute in equation (58) and thus 
secure the energy of dissociation. In some cases a plot of o)«(n) against n 
is more useful; the energy of dissociation is then taken to be 

h (j}{n)dn = D, (60) 

which is the area under the curve from « = 0 out to the abscissa of 
the maximum no. 

Essentially, this method was used by Hulthdn' for the normal state 
of the HgH molecule. Franck^* and Dymond® also used it in securing 
the energy of dissociation of the I 2 molecule from the absorption spectrum. 
The absorption bands of I 2 , the energy diagram of the molecule and the 
transitions giving these bands are shown in Fig. 10. All the bands 
of the figure are produced in transitions from the lowest vibration level 
of the normal electronic state to the vibration levels of the first excited 
electronic state; they are the n' progression with n" = 0. The bands 
approach a limit at the broken line where dv/ dn' becomes equal to zero. 
Beyond this the spectrum is continuous. This limit corresponds to an 
energy of 2.47 volts which is evidently too high for the dissociation energy 
of the iodine molecule into two normal iodine atoms in the ^ state. 
Franck explained this by assuming that one iodine atom is left in the 
metastable state having an energy of excitation of 0.94 volt.‘ This 
gives 1.53 volts for the energy of dissociation into normal atoms which 
is in fair agreement with the thermochemical value of 1.6 volts. 

This excited iodine atom cannot be detected by the emission of 
characteristic lines since the transition ^Ph does not occur, in 

accordance with the selection rules. Turner® found that atomic iodine 

1 Z. Physih, 32, 32 (1925). 

2 Trans. Faraday Society, 21, Part 3 (1925). 

* P%sifc, 34, 553 (1925). 

‘Turner, Phys. Rev., 27, 397 (1926). 

‘ Phys. Rev., 31, 983 (1928). 
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line, whose lower energy state is are absorbed by strongly illuminated 
iodine vapor, but found no evidence of absorption by atoms in the Ph 
swe under Ihese conditions. The excited iodine atonm 
state must quickly revad to the -Pm state by 

kind (Chap XIV). Urey, Dawsey, and Kice^ have found that the 
absorption of hydrog»^P-^3"^^ 

1. has sufficient energy to dissociate the molecule 



This method of determining dissociation energies was also applied by 
Birge and Sponer* to a number of compounds of oxygen, nitrogen and 
carbon in different states of excitation. One of the most striking ea ur 
of this work is the fact that «(n) is almost a linear function of n, even 
for large values of n, for nearly all molecules with atomic binding, and 
espeSy is this true for their normal states. This is exactly the require- 


data o^^SioS! Ann. PhyM, 71, 108 (1923). 
3 Phys. Rev., 28, 259 (1926). 



A%i\ iCJj HEATS i^F l>lSSOtl ATif^X OF DIATOMH^ MOFErdl.ES 


397 


iwnit of Kmtz<*r’s <‘<|uatton (oO) for tin* (‘oorgy* Although his theory 
rt'JVH derivoil only for siiuilt o«Meilliitions» it provi*H to hcMt very good a|)[)ioxi“ 
[nation over a eonsiilrmhh' range for thin cIhsh of lutheeules. 

The i)a and O-A inoleeiileH in iludr normal and exeiliMl stat(*s furniKh 
very neat examines of tluH nHiho(! of determining flisHtHuat ion (m(‘rgi(‘H. 
Tin* known eleetnmie vilmation IvwIh of tlu'se mole- 
eulea ar<^ illuHtmted in Fig, 11 , taken from Birge and 
Spont'r.* Sinee only a fi‘w of tin* vibration l(‘V<dH of 
th<‘ A eltadronie Ntate are knowin any ealeulationH 
baaed on ii will be imnumratej and tlu^rc'forc* wc^ omit 
all dbeywion of ttiia ntate, The vilmifion li'Vtds of 
tin* iioriiifd t)® nmhande (A* Htati*) ran he repreHented 
over the known «*\tw»rimental range liy t h«^ e(|uation 

e ^ l,5h5.37a IIAAInK (hi) 

Applying the ramdition of epmUion (59) for debnanin- 
Ing rill, the value id n for whieh UK tht h, we have*, 

~ m 1,5*15.37 ~ 22.74 a t» Ci; hH.Kl. (h2) 

tin 

Hiiliatiiuting thm in equation (<U), the wavi* tmmher 
TOm^p^nniing to the diwoeiation tmergy in 
r *53,H5h em. h 

whieh i« equivalent to thh5 voltn or 153,2Hh eidorii*H 
pi?r gram rnoleride. An w** Her* from Fig. 1 1 tlu* 
aaniimption of the linearity <d de ovc'rtlu* <‘ntiri» 
range to diaHoeintion r**prem*n(H a very great c*xlra-« D 
polatHin and (he eahndation iaiaed on thiHiiHHnrnptimi 
may Im* expeeted tci la^ in **rror by a rather large* 
ainonni. The diaaoeiatinn energy may alno lx* w*enrcxl 
by tiring the vibration h*velH of the /J eleetronie ntate. 

Theiai leveln do not billow a paraliolie ('quation nueh 
m eejuntion (hi), m that ile dn !h not linear. By 
plotting i\w valm*H «»f dr thi againat n it in fouml that 
the known vibration leveln exteinl to viilueH of n very 
elom* to tlie limiting v*ilue m, b>r dmaoeiatiom Tlie 4, J/iUVu (»f 
value of the diHH«Hnafi<m energy in Heeured by taking <Jd. {A/trrHiwtumd 
the integral of equation (hh) grnphieally. I'he viilue 
m»NH*ured iHtkUh ! (thlvoltH, d'hedifTerenee b<*tw(*eii hy 

the A and H leveln, with n *« ti m eaeh eaw*, ih known 3 ^^ (imH), 
to lx, li.M vollx, frotii tfic iiltra-vioU't biuulri of 
oxygt'n. Thi< xuiit of (hf» onorny of «‘xcitation lo tho B Icvol with 
n « (> find till' (iixxocialioti oinTjty of tho O, tiiol(>eu!o i» tins B ulub' 

' rit. For ri-fori'iici'N lo llii' orixiiiiit litoriitiiri' on tin, hiimlM from whicli tin, 
etwrgv ii'vi'li. iiri' liiTivi'il. im wrll »« tin’ iiuiimrinil vuIuoh qtioUid in tlio folluwinn 
|>aritKrii|itn<i tin’ r«’iMl<’r „l,otilil rnfi’r to lliirinrtlnUi. 
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in fliuH +• (i.flfi <■ 7.05 volts. This is in fiiirly 
with tin* valuo volts socnml by oxtmitulniiiiv fona the vii.nuitm 
h*v4‘lw of till* noriiHil inolmih*, mid indifiui's that dd' pioiincfti „f 
ilksocintimi by tin* two ways must In* vitv itcHtly nh itOcni in vut-tny 

wiifi'iit. Tlui normal stati* of tin* O-atom in a h vi l ivuli die Koimra- 

tioiiH O.Ol and 0.02 volts' and the noxl Ii'vrl Cl) or ',s‘l in-t. n iVw volts 

hi^hor on fin* riuTKy dimtram. It is ovidriit, lliorofon-, tl«:o the nornml 

and «•'c«•it(‘d oxyKon molotnilos Isifh wjmniti* inio ^^toJll^ winid! difh j at 
most by only 0.01 to O.OH volt of ••niTKy, mid ihi* disiigns iiii ni brlwci n 
tho two viduos Ht*miri*d for 1) must !«• dm* to tho orror in ••vlr.i point ing 
from till* vibration Inwls of tin* nornml flrrlroniv IfVol !i!»4l ibi* IwtiiT 
valni* for tho i*nc*rKy of ilissoriation is that sri'iirotl by iiHiuii iho datn mi 
till* ««.x«dtcd stiiti* of tho molrruli*. It is iincorfain ivbfihcr 7.0.'» volts 
Is tin* oticrgy of disMoination of the molmnili* into two iiornud nfoms 
or into atoms nithi'r or both of whirh an* l•Xl•itl•d. If both an* I'xrili'd, 
this rnorgy of rxcitaliim is at most (t.OO volt (2 • O.Od volt}, so thiii fhi* 
rnnrgy of ilissodation into two normal atoms may Is* ns low as 7.115 — 
(l.ttfi » (kOh volts. Hirgi* and KjMini’r givi* 7.02 * It.ll5 volts as i1m> la's! 

Vllllll*. 

'ria* vibrational lovols of tin* 0*' nioli’culi* an* givrn iimiraluly ovrr 
the oxiMTimmitnl rniigo, by tin* imralKiUc formnliis, 

(ijj) 

and 

HJi’) - HH5.2:1h - i:i7ri*. (W) 

Tin* rorrosiionding vahios of an* fitl'id nml 32 31, and tlm dlssoHatinii 
imorKios, cali-ulati'd as hIhivo, IS. ttl and l.7fi volts, rosjsTtivoly, Adding 
the oxHtatioa miorgy of thi* H' lovol, 4.73 volts, to 1 ,7tl volts, wo got », 111 
volts, whioh imroos olosoly with tho vahio lliti volts wourod from tho 
normal X* lovol. Again, it apjioars that an oxritod moloonlo may 
disHooiato into normal atoms or atoms with only small nmimtifs of 
onorgy.® 'Fhoso rosults may Is* In orror liy »«*vor»l lonihs of a volt 
Im'cihisi* of tho largo oxtraiKilalion usod (Fig. ! I). 

Noto addod in imaif ; Hirtw*" has roeontly rovisial tho valno 11(1.’* volts for 
tho onorgy of dissoolaf ion of (), Bidmilatod from tho vlbnifion h*vi b of tho 
lowoHi oli*otroni«i stato and aonohtdos that tho onorgy of •{)<.*♦, wom ion Into 
two normal atoms is oorliilnly loss than 7 volts and givos tl volts iw tho 
most likoly valuo. Thua 7.02 volts Is tho onorgy r«’«|nnod to dioHoointo 
tho molowdo info otio normal ami ono oxoifi'd atom 

Alfomids havo hwn mado to tloforndno tin* onorgy of d^^M>oiat^on 
of liiatmniii molornlm by aiijilying similiir mo|}io«h5 f** tli*. futaimmd 
• Hoorifii.i*, AxtruphfiM. J., 69, 114 (1031), 

» 't*hi« cont hwimt is not in snoord with thoory mol niav l«c wrnni? .v. ,. XJ t n ih t )s, 
/7iV«. Ao'., »a* 210 (IH2H). 

*l%». »«.. S4, KMia (1039), 
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Howpvi'r, thr rouplitiR of vibrational and rotational energy 
and other TOinplicntions are involved in any complete diseusHion of the 
problem, and it will be be«t to omit further diseuasion in the present 
uncertain state of the subject, 

ii. IWTEN8ITIES IN BAND SYSTEMS 
Blrgp* has pointed out that for ninny luuid syntems the bands of 
each progression have two tiiaxima of intensity with a minimum iietwi'en 
them; tlien' ait' thus two esjM'eially favored traimitionK from each higlier 
or lower vibration energy- level. In other easeH there is only one maxi- 
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tnum which may lie regarded an a Huperposition of two maxima lying 
very clone together; and in yet tither caws only one maximum is ohst'rved, 
which, from the gimeral distribution of intimsity, seems to be due to the 
two maxima lieing very widely separated so that only one of them falls 
to th« oliaervable rei^on, The intensity distributions for AlO, 8iN, and 
Ii aiti typical illustmtionii of these Intensity relations. 

Figure 12 Is a sejuare array of the bands of Alt) with IntenBities 
given in plaiss of the wave nuinlM'rs. Otherwise, the arrangement is 
the same as that of 'rabh' 2 for the B'H) bands. 'I'lie rows are the n" 
progressions and the columns the n' progrtwions. 'I’he «" progression 
with «' « 0 and the n' pnigressism with n" 0 have only one maximum, 
in intensity, namely tiie (0, ()) liand, but all other progressions have two 
maxima, The *ero sfsjuence is very nearly at the minimum intensity, 
with two maxima on each side. Many other liand systems show similar 
distributions, but are not usually so symmetrical as the AiO bands, 

‘ Boas and Fa*soa, ke. cH.; hmwn, Z, Pkytik, tl, 688 (1986)< 

• Btaos, Pkm- Mtv., Mt m (1986). 
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their Yelocities relative to each other. In the excited state, the nuclei 
find themselves acted on by different forces and so oscillate with fre-^ 
queney and amplitude different from those characteristic of the lower* 
energy state, i.e., they are brought to a state with a different vibrational 
quantum number. The change in the vibrational quantum number is 
determined by the relative shapes of the two potential energy curves 
for the displacement of the nuclei relative to each other in the initial 
and final electronic levels. The curves F' and F" of Tig. 14 represent: 
two such potential energy curves. The energies EJ' and EJ are th.e^ 
electronic energies for the two steady states having zero vibrational 
energy. The solid horizontal line represents one vibrational energy 
level for the lower electronic state. The curves V' and V" approach two 
horizontal lines at large values of r, which represent the energies of tlao 
system when dissociated in two independent ways — firstly, into two normal 
atoms and, secondly, into a normal and an excited atom. We consider* 
the absorption of light by a molecule in the vibration state indicated 
by n'\ The nuclei oscillate with respect to each other in such a way 
that r oscillates between the limits a and b. At any point r it has Hnetio 
energy equal to the difference between the ordinates of the line ah arid 
the curve F". Now, when the nuclear separation corresponds to tto 
point c, a quantum of light is absorbed, which for the instant does not: 
change the kinetic energy of the nuclei, nor the , value of r, and so tho 
system will be carried to a point d on the energy diagram, where dl is 
equal to c/, i.e.^ the kinetic energy remains the same as in the lower state • 
The molecule will then bo in a state (not a quantized energy level) 
having energy equal to the ordinate of d. In this way the curve gdJ^ 
can be traced, giving the locus of the energies of the molecule after the 
absorption of light by a molecule in the state. Since the nuclei 
remain in the neighborhood of a and h for comparatively longer times 
than at points between these, the transitions to the region of g and Ji will 
be more probable than to other points on the curve gdh. Another maxi- 
mum in the probability curve for the transitions may be present near^ 
the point d, for though the molecule spends less time in the neighborhood 
of c than near a and b, yet for a considerable distance on either side of 
it will be transferred to the same quantum states near d, because of tlio 
flatness of the curve gdh at this point. Thus the theory predicts that: 
there will be two very probable transitions, or in certain cases three, 
if there is a maximum in the curve gdk In general, the transitions 
arrived at by using classical mechanics are not quantized states, and , 
therefore, we must content ourselves with assuming that the actizal 
changes of the vibration quantum number lie in the neighborhood of tKe 
unquantized ones required by the above discussion. 

Th^ theory as developed does not take into account the distribution 
of molecules in the various excited electronic and vibrational states^ 
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which depends on the mode of excitation of the gas and therefore will 
vary with the experimental conditions, such as pressure, velocity of the 
exciting electrons, etc.^ For this reason the comparison of the theory 
with bands observed in discharge tubes can only be qualitative. 

The general types of intensity distribution in band systems can be 
accounted for by the different possible shapes of the potential energy 
curves F' and F". If these curves were of exactly the same shape and the 
values of Tq and ro" were the same, the vibration number would not 
change. This condition is approached in the case of the SiN band 

system, as can be seen from the 
values of the moments of inertia and 
frequencies of vibration in the two 
states : 

ib' = 1,016.3, w" = 1,145.0, r = 

38.0 • 10-^0, r' = 37.4 • 10-^0. 

In the case of the AlO band system, 
the curves do not differ greatly in 
shape, but the equilibrium distances 
between the nuclei are different in the 
two states, thus accounting for the 
two maxima of intensity in the pro- 
gressions. The constants for these 
bands are: 

= 864.4, a;" = 970, /' = 

46.02 • 10-^^ I" = 43.38 • 10”^^^. 

The constants for the iodine band 
system are in agreement with its 
unusual intensity distribution : 

= 127.5, = 213.67, F = 951.6 • 10-^^ 1" = 742.6 • lO^^o. 

In this case, both the shape of the F' and F" curves and the values of 
and ro" are very different for the two states. 

The relations of the potential energy curves for CI 2 are certainly 
of the type shown in Fig. 15. In this case, discontinuous absorption 
bands involving the normal state of the molecule are unknown, ^ though 
absorption bands for transitions from the first vibration state have been 
observed. How this may occur is indicated by the arrows m, n, and 0. 
The transitions from the normal state will transfer the molecule to the 
continuous energy levels in the neighborhood of the arrow n, while 
transitions from the first or higher vibration levels may go to the quantized 
higher vibration levels, as shown by the arrow 0, or to the continuous 

1 Herzbeeg, Z, Physikj 49 , 761 ( 1928 ). 

Z. PhysiJo, 6 , 130 ( 1921 ); 39 , 77 ( 1926 ). 



Fig. 15. — Approximate potential energy 
curves of the CI 2 type. 
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region, as indicated by the arrow m. This is certainly a possible mecha- 
nism for the photochemical decomposition of some molecules. The 
reverse process in which two atoms combine to form a molecule with the 
emission of light should also be possible. The recombination spectra 
of the halogens have been observed by Kondratjew and Leipunsky‘ 
and by Urey and Bates.'’* Not every collision between two suitable atoms 
should result in the formation of a molecule with the emission of light. 
The probability per sec of such a transition taking place will be about 10^ 
at the most, but the duration of a collision is only about 10““ seconds, so 
that only one collision in 10,000 should result in recombination. 

The shape of the V' curve for the excited state of the HCl type of 
molecule (such as the halogen hydrides and alkali halides) is unknown, 
since no vibration levels of these molecules in excited states have ever 
been detected. It may be that it is similar to that of Fig. 15, but with 
its minimum displaced to a larger value of r relative to ro for the lower 
electronic level. But since only continuous absorption spectra are 
known for these molecules, “ it may be that the V' curve for these molecules 
has no minimum and therefore approaches the horizontal line from the 
high energy side. In this case both absorption and emission spectra 
will be continuous, with no possibility of a band spectrum, which agrees 
with the known experimental facts. 

12. THE APPROXIMATE ROTATIONAL STRUCTURE OF AN ELECTRONIC 

BAND 

The structure and gross appearance of an electronic band differ 
considerably from those of the infra-red bands such as those of HCl. 
The differences are due principally to two effects: (1) the distance between 
the nuclei of the molecule may be quite different in the initial and final 
states, because of the different electron structure of the two states; and 
(2) the molecule in either or both states may have a resultant angular 
momentum due to orbital motion of the electron or the electron spins. 
The first of these influences the gross structure and appearance of all 
electronic bands and will be discussed in this paragraph, while the latter 
affects the formulas for the energy levels, the possible values of the 
rotational quantum number, and the selection rules. 

Consider a molecule which has moments of inertia I' and I" in the 
states of larger and smaller energy, respectively. If higher terms in j 
are neglected, and effects due to electronic angular momenta are not 

1 60, 366 (1028). 

^Phys. Rev., 33, 270 (1029); Doc. (1920). 

® See Franck and Kuhn, E. Physik, 43, 164 (1927); 44, 607 (1927); Franck, 
Kuhn, and Roli.bfhon, ibid., 43, 166 (1927); Hoqness and Franck, ibid., 44, 26 
(1927); Dymoni), ibid., 34, 663 (1926); Gibson and Ramspbrobb, Phys. Rev., 30, 698 
(1927). 
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included, then from equation (5), the rotational energies for the two 
steady states will be, 

E/ = + 1) = B'chfif + !)• 

and 

Er" = + 1) = B'W'if' + 1). (65) 

Accordingly, the wave numbers of the lines emitted will be 

j = (®l^^ = p, + ?„ + + 1) - + 1), (66) 

he 

where Ve and are the contributions to the wave number due to the 
changes in electronic and vibrational energy. In many electronic bands 
j may change by 0 as well as by ±1. The wave numbers corresponding 
to the three possible values of Aj are as follows: 


E(j) = + (B' - B")(j + 1)^ + {B' + B")(j + 1); 

Ai= -l;i = 0, 1, 2 • • • , (67) 

Q(j) = + vn + (S' - B")P + (B' - B")j ; 

Aj = 0;i = 0, 1, 2 • . (68) 

p(j) = + ?„ + (B' - B")p - {B' + B")j, 

Aj = +l;i = 1, 2, 3, • • • , (69) 


where now iyi each case j is ths QHdntwYi nuwhBv of the jincil votOftiofioX 
state, i.e., j". This convention is used throughout this chapter. The 
possible values of j in equations (67), (68), and (69) are limited by the 
condition that neither j' nor j" can become less than 0. The sets of 
lines described by these formulas are called the B, Q, and P branches, 
respectively. It is convenient to rewrite them in the forms 


where 


R{f) =A+ 2B(j + 1) + C(i + l)^ 
Q(j) = A + Cj + Cp, 

P(j) = A- 2Bj + CP, ■ 

A = ?. + 2B = B' + B", C = B'- B". 


(70) 

(71) 

(72) 


If B' and B" were equal, so that C would be zero, the formulas for 
the a and P branches would not have the quadratic term and Q{j) 
.would reduce to H" Vn, so that the Q-branch would consist of a single 
line. Figure 16 shows the wave numbers for the three branches plotted 
against the values of j for this simple case. Such a plot is known as a 
“Fortrat diagram.” The continuous straight lines joining the points 
serve only to guide the eye in following the diagram. The i? branch, 
is similar to the rotation bands in arrangement and in numbers of initial 
and final states, but the P branch has no counterpart in the rotation 
spectrum, since energy cannot be emitted by an increase in the rotational. 
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equations (34o) and (346), and n' must always be larger than n". How- 
ever, C is small for these bands and the doubling back of the E branch 
would occur only at large values of j. For this reason none of the 
infra-red bands so far studied have observable heads. 

13. THE RIGID GYROSCOPIC DIATOMIC MOLECULE; KRAMERS-PAULI 

MODEL 

The problem of determining the rotational energy states of a diatomic 
molecule which has a resultant electronic angular momentum even for 
zero rotation of the nuclei has been considered by Kramers and Pauli,' 
Kratzer^ and Kemble® using the old mechanics, and recently by Hill 
and Van Vleck,‘ using wave mechanics. By means of the formulas they 
have developed it appears possible to account for the structure of all 
known rotational energy levels. 



(a) Cb) (c> Cd) te) 

Pig. 18. — Vector combinations of the gyroscopic diatomic molecule — Kramers-Pauli 

model. 

Kramers and Pauli assumed that a diatomic molecule may have 
a resultant electronic angular momentum vector, rigidly oriented with 
respect to the line of nuclei at an arbitrary angle, which is supposed 
to be the same for all rotational states. The components of this angular 
momentum parallel and perpendicular to this line are represented by 

a'hl^Tt and €/i/27r, respectively. It is assumed that the electronic angular 

2 

momentum s, which is equal to (a-' + in quantum units, and the 

total angular momentum of the molecule j, are quantized. In the 
rotation of this molecule, the vector s lies in a plane determined by 
the line of nuclei and the direction of j. 

The vector diagram for such a molecule is shown in Fig. 18c. Since 
j is the resultant of cr', e, and m\ we have 

p = 0-'^ + (m' + 6)2. 

Therefore, 

m' = (p — cr'^)^ — €, 

iZ. 13, 351 (1923). 

2 Ann. Physik, 71, 72 (1923).; 

3 “Molecular Spectra,” p. 318; F/iys. 30, 387 (1927), 

Uev., 32, 250 (1928). 
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and so the angular momentum of the nuclear rotation, m/i/2ir, is not 
ordinarily an integer. The energy may still be written in the same 
form as for the non-gyroscopic molecule, namely 


E = 





[Q-2 _ _ 



(73) 


In the special cases cr'= 0 and 6 = 0, this becomes 


E 




(J — tY and E 


¥ 


(f - a' ), 


(74) 


respectively. To secure the formulas required by the quantum mechan- 
ics it is only necessary to replace f hj j(j + 1) and (j — e)^ by {j — a) 
(j _ e 1) in equations (74). Figure 18, abc, shows the arrangement 
of the vectors for these two special cases and the general case, respectively. 
The arrangements of vectors shown in Fig. 18de were excluded by 
Kramers and Pauli, since they are dynamically unstable, in the sense 
that a slight displacement of the vectors would cause a rearrangement 
into one of the first three types. They were included by Kratzer, 
however, because they are necessary to account for the number of observed 
energy levels. "We secure the additional formulas for the energy in 
cases d and e by using the ambiguous sign before e in equations (73) and 
(74), and shall always consider 6 as a positive quantity. 

Kratzer introduced an additional term in the energy proportional 
to the first power of inf . Its theoretical justification has been given by 
Hund‘ and Hulth^n.^' For simplicity consider the arrangements shown 
in Fig. 18ci and d, and let the electronic angular momentum e be due to 
the spin of a single electron, so that 6 = s= and the magnetic 
moment is one Bohr magneton. Further, assume that the nuclei have 
the same charge and mass. The rotation of the nuclei with m' units of 
angular momentum will produce a magnetic field at the center of mass 

eoual to - m', where Ze is the effective charge of either nucleus, 
^ Alt 

T the distance between them, and m the reduced mass. The mutual 
magnetic energy, due to the coupling of an electron with magnetic 
moment efhl^Tmtfi with the magnetic field will be, 



This neglects the magnetic field due to the rotation of the electrons 
along with the nuclei; this field is opposite to that due to the rotation 
of the nuclei. Therefore, the expression for Em should be replaced 
by a summation which includes the term due to the nuclei and others 

' Z’. P%sa, 42, 93 (1927). 

2 Z. 46, 331 (1927). 
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due to the magnetic fields produced by the rotation of the individ- 
ual electrons. This summation will not be zero in general because of 
the different values of r for the nuclei and electrons and will be equal 
to a constant multiphed by m\ The additional term in the energy may 
be positive or negative for either orientation of m' and 5, and examples 
of both cases are known. Using the ambiguous sign before e in equation 
(73), and adding a term proportional to m', and choosing the ambiguous 
sign before the last term so. that the constant 8 is usually positive, we have 

^ ± 2S[(i^ - <r'^) +e]. (76) 

The last term, linear in [(j^ — + e], is necessary to account for 

the number of energy levels observed in many molecules; and the theo- 
retical value of 5, which can be secured by comparison with Em^ above, 
is of the right order of magnitude. The case of the hydrides is partic- 
ularly simple for in this case>we can consider the rotation of the positive 
hydrogen nucleus about the heavier atom. The separation of the levels 
for parallel and antiparallel rnf and s is of the order of magnitude expected. 

However, the formula (75) does not yield the energy levels of mole- 
cules satisfactorily. Some molecules have rotational energy levels which 
follow approximately but not exactly, the requirements of the theory, 
as for example the OH molecule.^ The reasons for this failure are that 
classical mechanics cannot be expected to give the correct formula, and 
that the electronic angular momentum vector is not rigidly bound to any 
orientation in the molecule, but changes its orientation with changing 
rotation of the molecule. Before taking up these modifications of the 
theory (Sec. 16), it is well to consider the origin and nature of the elec- 
tronic angular momentum, which first became possible with the intro- 
duction of the spinning electron. 

14. SIMILARITIES OF THE ELECTRONIC LEVELS OF ATOMS AND 

MOLECULES 

Mulliken^ showed that the first excited level of BO and other mole- 
cules with 9 outer electrons is a doublet level, with a separation of the 
order of magnitude to be expected, if the cause of the multiplicity is 
the same as that of the alkali metal doublets; and Hulth6n» showed that 
the doublet separations of the ZnH, CdH, and HgH molecules were of 
the same order as those of the Zn, Cd, and Hg atoms. Mecke^ inde- 

--Parisoa of the OH bands 

(1924? 28 , 261 
® Nature, 116, 642 (1926). 

‘JVateTOm., 13, 698, 755 (1925). 
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pendently pointed out certain analogies between the alkali metals and BO^ 
C0"*“, CN, and N 2 '^. He also noted a similar analogy between these 
metals and the alkaline earth halides. Birge^ summed up the evidence 
previously presented and pointed out that quite generally, definite 
analogies could be drawn between molecules and corresponding’^ 
atoms; that molecular electronic levels are found to follow a Ritz formula 
and are arranged in multiplets just as in the case of atoms. Examples 
of the first of these points of similarity are the electronic levels of the 
hydrogen and helium molecules,^ which follow a Ritz formula. The 
A level of N 2 is a triplet with spacings approximately 20 and 42, while 
those of the 2^P level of Mg are 41 and 20.® Also, in the case of a doublet 
level of CO"^ the separation is 126, as compared with the separation 
91.5 for the 2^P level of Mg+. Subsequent work has amply justified 
Birge’s conclusions. 

* ' 

15. VECTOR MODEL OF THE DIATOMIC MOLECULE WITH AN 
ELASTICALLY BOUND GYROSCOPE 

) 

Hund"^ first applied the methods of describing atomic multiplets by 
the use of the I and 5 vectors, as given in Chap. VII, to diatomic molecules. 
In the theory of the Stark effect (Chap. V, Sec. 12), we find that, the 
quantum numbers ni, n^, and m, (where ni + ^ equals the total 

quantum number, n) must be used to fix the steady states of a hydrogen 
atom, which in the absence of the electrostatic field has the quantum 
numbers n and k. According to this theory, m may take all integral 
values from —A; to +A;, except zero. Wave mechanics (Chap. XVl, 
Sec. 7) similarly requires the use of three quantum numbers in the, pres- 
ence of the field, but the allowed values of m are all integral values 
including zero from — J to +1. The quantum numbers k of the oldqr 
theory and I of the new theory lose their original significance because there 
is no constant angular momentum vector which processes uniformly 
about the direction of the electric field. : 

Two atoms in close proximity will influence each other in a way 
similar to that in which an electric field acts on an isolated atom, for 
each atom finds itself in the strong inhomogeneous electric field of t]pi,e 
other. (The magnetic field in the neighborhood of an atom having a 
magnetic moment will be negligible compared to its electric fields, in 
its effect on the energy states of neighboring atoms.) The effect ^of 
the field of one atom on the other is to cause a torque on the electron 

^Nature, 117,300 (1926). 

2 Fowler, Proc. Roy. Soc., 91, 208 (1915); Curtis and Long, ibid., lOS; 

(1925); Birge, Proc. Nat. Acad. Sci., 14, 12 (1928). ^ 

3 The close agreement between these figures is probably not significant. * i . 

4 z. Physik, 36, 657 (1926); 40, 742 (1927); 42, 93 (1927). : j/i uiii); 
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system aad nucleus of the latter about a line perpendicular to the line 
joining them. This causes a precession of the electron system of the 
second atom about the line of nuclei; the second atom causes a similar 
precession of the first. This means that one of the angle variables of the 
system is the frequency of precession multiplied by the time. The 
angular momentum about the line of nuclei is constant and must be 
quantized. Let this quantum number be X. Just as in the case of the 
Stark effect in a strong electric field, where the component of angular 
momentum parallel to the field may take all integral values from - 1 to 

so here X takes the values — Z, — Z + .1, • * * Z — 1, Z, where Z is a 
hypothetical quantum number which would be the azimuthal number if 
the two atomic fields were replaced by a central field. The total number 
of X values for given Z is thus (21 + 1). There is no indication from the 
Stark effect that the electron spin vector is caused to process with an 
appreciable angular velocity in the presence of an electric field, and there- 
fore no such precession of s about the line of nuclei is to be expected, and 
the orientation of s in the non-rotating molecule will depend only on its 
coupling with X. If this is zero, it should be free to orient itself in any 
direction whatsoever. However, when the molecule is rotating, there 
will be a coupling between the s and X vectors on the one hand and the ■ 
magnetic field due to the rotation of the nuclei on the other hand, as 
described above (Sec. 13) ; but since the X vector is strongly oriented by 
large electric fields the coupling between it and this weak magnetic field 
can be neglected. Also, even neglecting this weak magnetic field, there 
is a coupling betweeni the X and s vectors and the j vector, arising from 
the kinetic reactions in a rotating gyroscope, which tend to orient the X 
and s vectors parallel or antiparallel to j, as will be shown presently; 
but in most cases these effects tending to orient X in the direction of j 
are much smaller than the effects due to the electrical fields of the 
atoms. The orientation of X is therefore practically unaffected by 
the rotation of the molecule as a whole. This is not true with respect 
to the orientation of s; the strength of coupling between X and s may be 
weaker or stronger than the strength of coupling between the s and jV 
vectors, or approximately equal to it. For this reason Hund distinguishes 
the cases: 

Case a. — The coupling between X and s is very much stronger than 
that between j and s, so that the orientation of s depends principally 
on X and only slightly on j. The quantum numbers for this case are 
j, Sj X and o-; <r is the projection of s along the line of nuclei and (in case a) 
it takes all values from — s to +s. We shall denote the vector sum of X 
and O' by t. The meaning of these vectors can be seen from Fig. 19. 

Case b. — The coupling between the X and s is very much weaker than 
that between j and s. Tn this case we have the following quantum 
numbers: X as before; kj which is the resultant of X and the rotational 
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number m', (not quantized) as shown in Fig. 19; and j which is the vector 
sum of k and s. The s in this case takes quantized orientations with 
respect to k and is only slightly influenced by X. 

There is also the intermediate case where the strengths of coupling 
are nearly the same. Then for low values of j, the rotational states will 
follow those required for case a, and for large values of j, those required 
for case 6; between these two extremes there will be a transition from 
case a to case h. Since the coupling between 5 and j is always fairly 
weak, this transition case will not occur unless the coupling between 
X and s is weak. It will be necessary therefore to correlate the arrange- 
ments of vectors for case a with those for case b. The circles 
of Fig. 19 indicate the precessions of the vectors. In case a, m' and i 
process about j with the same frequency while in case 6, m' and X process 




Fig. l9.--Vector oombuiations and processions of tho gyroscopic diatomic molecule. 

Hund’s cases (a) and (6). 


about k with the same frequency, w' is determined hyj and t or by A; and 
X in these two cases, respectively, and, therefore, is not quantized. 
It must be understood that we are dealing with a model in which I and 3 
are not directly coupled to form a quantized resultant, as they are in the 
normal multiplet levels of atoms. The s vector does not couple with 
Ij which is not a quantum number, but only with X which has the direc- 
tion of the line of nuclei in case a, or with k in case 6. 

The total number of quantized states will be the same for case a* 
and case 6. In case a, the total number of values of cr for a given value 
of s is 23 + 1. Combining this with the total number of X values, we 
have (23 + l){2l + 1) possible steady states. For case 6, there will 
be 2i! + 1 possible values of X, as for case a, and 23 + 1 possible orien- 
tations of 3 with respect to k and thus a total of (2s + l)(2it + 1) com- 
binations for each j value, in this case as well. Some of these levels 
will have identical energies if the molecule is not rotating, Changing the 
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sign of both <t and X in case a, or X in case 6 should result in no change 
of energy if the molecule is of this kind. Simple considerations shovi) 
that as a consequence the number of levels observed should be (2s +, 1) 
(I + 1). On the other hand, if the molecule has rotational energy, 
this degeneracy is removed and two steady states with a small energy 
difference occur if X 0 (Chap. XIX, Sec. 9). This results in the 
appearance of the full number of levels expected, namely (2s + 1) 
(21 + 1). They are arranged in close pairs, except that the level for 
which X = 0 is single. It was known that the interpretation of experi- 
mental facts required this doubling of the levels before the cause was 
understood, and the phenomenon was called ^V-type doubling '' or, 
better, using the symbols of this chapter, X-type doubling. It is always 
present if X is not zero. The explanation was first given by Hund,^ 
and has been discussed also by Hulth^n^ and Kronig.^ States for which 
X is different will usually be widely separated because of the large Stark 
effect” (see Chap. V, Sec. 12 and Chap. XVI, Sec. 7). 

The resultant X which we have used may be regarded as the vector 
sum of Xi, X2, X3, . . . Xr . . . , characteristic of the individual electrons. 
Each of the electrons is influenced by the large inhomogeneous electric 
field of the two nuclei so very strongly that the coupling between the 
Vs of the individual electrons is broken down and each behaves to a first 
approximation as though the others were not present and thus, 

= Xi + X2 + X3 • • • Xr + • • * . 

These two cases, a and 6, occur most frequently and are the only 
ones discussed in detail in this book, but other ways of combining the 
Z and 5 vectors may occur. It may^occur that the coupling energy of 
the I vectors among themselves is greater than the energy of the ''Stark 
effect” due to the two nuclei. In this case, the Vs will form a quantized 
resultant I and the s’s another resultant s. These two vectors will form 
a j which will be entirely similar to the atomic j and this will process 
about the line of nuclei. Its projection on this line will be c, which will 
then combine with the m' to form the resultant j of the molecule. This 
is Hund’s case c. 

Again it may happen that the molecule consists of a kernel having only 
closed shells of electrons and the two nuclei, and one or more "valence” 
electrons moving at relatively large distances from the kernel. In this 
case, there will be, first, a rotation of the kernel with a resultant angular 
momentum and, second, a resultant angular momentum of the outer 
electron system made up by a vector sum of the Vs and s’s of the electrons. 

1 Z. 42, 93 (1927). 

2 Z. Physiky 46, 369 (1927). 

3 Z, PhysiLy 46, 814 (1928); 60, 347 (1928). See also Van Vleck, Phys. Eev,y 33, 
46.7 (1929)» 
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Finally, there will be a coupling between these vectors. Several cases 
may be considered here depending on the way the vectors are coupled. 
Weizel has shown that this uncoupling of the X from the line of nuclei 
occurs in the case of certain He 2 levels.^ 

16. ENERGY OF THE ELASTIC GYROSCOPIC MOLECULE; CORRELATION OF 

CASES a AND 6 

Having considered the origin of the resultant electronic angular 
momentum we wish to secure the formula for the rotational energy and 


Normal Doublels Inverted Doublets 

L^X-S C-X-f-S C-X-S C=X-f’S 



Jz^k’Ts j=Ic~s 

Fio. 20. — Tho c.orrdatiori of cases (a) and (/>) when « — 

to decide how the states of case a are to be correlated with those of case b. 
In other words, if a molecule belongs to case a and has certain values 
of the quantum numbers X, <r, and t for small values of i, if it 
becomes a molecule of case b for large j, what will be the values of the 
quantum numbers j, X, 6' and fc, which correspond to the values of the 
1 64 , 321 (1929), 

I' 
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quantum numbers for case a? This correlation is given graphically 
in Fig. 20 for normal and inverted doublets (where s = K? so that 
(T = ±K)* In the normal doublets the higher energy level for no 
rotation of the nuclei is that for which t = |X| + \a\, and the lower, 
that for which l = |X| — |or|, while the reverse holds for the inverted 
doublets. Thus, for example, if X = 1 and cr = or the 

molecular states are similar to atomic states, and the rule for 

normal and inverted doublets is the same. For normal doublets, those 
states of case a which have X and a parallel go into states of case h having 
k and s antiparallel; and those states of case a having X and <r antiparallel 
go into states of case h having k and s parallel. For inverted doublets, 
parallel X and cr go over into parallel k and s; and antiparallel X and o- 
into antiparallel k and s. One apparent exception to the rule for normal 
doublets will be discussed later. 

The essential features of the argument both for the energy levels 
and the correlation of the two sets of quantum numbers for the two cases 
can be understood from the mechanical model considered by Kemble.^ 
We shall consider only the special case where s == and therefore 
(T = for small values of j, which is the case of a doublet system of 

electronic levels. The two possible arrangements of vectors for the 
case intermediate between cases a and 6 are given in Pig. 20, with the s 
slightly displaced from the position parallel or antiparallel to X in the 
way expected for normal and inverted doublets. The resultant electronic 
angular momentum does not lie along the line of nuclei, but it does lie 
in- the plane determined by j and the line of nuclei so that as stated above 
there is no component of electronic angular momentum perpendicular to 
this plane. The coordinates 0 and <p fixing the position of X, s, and j rela- 
tive to each other are shown in the figure. It is assumed as a first approxi- 
mation at least that the energy of coupling between X and s is proportional 
to these numbers and to the angle between them; let this energy be 

V(e) = Ah\s cos dj (76) 

where A is positive for normal doublets, and negative for inverted 
doublets. The torque tending to increase d will be 


-dV 

de 


= AKks sin 6. 


(76a) 


This must be equal to the torque due to the precession of the gyroscope 
about J in a state of steady motion; this is known from the theory of 
the gyroscope to be equal to the angular velocity of precession multiplied 
by the component of angular momentum perpendicular to j, and is 
therefore, 

cash sin (j, s), 


1 Phys. Rev,, 30, 387 (1927). 
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where co is the frequency of precession of the nuclei about j. 
this to the right member of equation (76a), we have 

.Ax sin d = sin (6 + (^), 

since the angle (i, s) = 0 + as can be seen from the figure. 

These results may be better understood by the following geometrical argument. 
The torque due to the coupling between s and X is in a direction to increase the angle d 
for the two vector arrangements of Fig. 20 when A is positive, i.e., for normal doublets. 
This torque if not balanced by an opposing one would cause a rotation of s in the 
direction of increasing 6. In time dt^ it would contribute an additional angular 
momentum, upward from the plane of the page in (20o:) and downward in (20i3), 
equal to the torque times dt. This additional angular momentum is perpendicular to 
s. In the absence of any coupling with X, s would keep its orientation in space 
unchanged. Therefore, s is changed in direction relative to the line of nuclei, by the 
rotation of the molecule as a whole, at a rate equal to the projection of s on the 
plane perpendicular to j multiplied by the angular velocity of precession, 27raj. This 
will be downward from the plane of the page in (20ai) and upward in (20/3), so that 
these changes due to the rotation of the molecule are always opposite in direction to 
the angular momenta contributed by the coupling torque. When these two are equal 
no precession of the s vector about the line of nuclei will occur, and it will be held in 
kinetic equilibrium at the angle $. This is the meaning of equation (77). The angle B 
decreases with increasing j in (20a) and increases with increasing; in‘(20/3). Finally, 
s becomes parallel or antiparallel to fc, thus proving the correlation of states given for 
normal doublets. The correlation for inverted doublets is similar; here A is negative 
so that the direction of the coupling torque is opposite to that for normal doublets 
and a similar argument applied to the inverted doublets will give the correlation of 
the cases a and h as before. 


Equating 

(77) 


The kinetic energy of rotation of the nuclei is 

T = J'2M^o^(27rw)^ sin^ <p = }'iI{27roiy sin^ <pj ’ (78) 

where Tq is the distance between the nuclei, ji the reduced mass, and I 
the moment of inertia of the molecule. The angular momentum of 
rotation about a line perpendicular to the line of nuclei and in the plane 
of j and this line is 

fj.r Q^{27ro)) sin (p = 7(2™) sin (p 
and this must be equal to 

[J sm v? + s sin Oy^~y 


so that 


h{j sin -f- g sin ^) , 
4x^7 sin (p 


(79) 


Further, from the geometry of the figure, we have 

j cos <p = \ + s cos d. (80) 

To secure the energy as a function of j, X and s, we must eliminate <pj co, 
and B from equation (78) by means of equations (77), (79), and (80). 



MOIM '(!LA ft .S7'AV ’THA 


n(» 




riuH cannot l)p dono except for the litnititiK chhi's of vi'r.\ and 

very IjiTO* vahu'w of j, 'J'hc formulaH agm* fairly vvoll wiih thr >‘\pvri 
inonfal data for tlio atato of OH aociirod finoi ilt«- wah i 

band at 2,K11 A., hut again wo ahall inako uw of tho otoiv .^ai't an.i 
Hitnplor formula of Hill ami V''an Vlock' Hocurod from mnfrt\ ioi‘ch!inii'!. 
using the matrix analogue of Keniblo’H model. Tliis formuln ih 


E « [(J + i,j)8 - T + 'a)* t «*(» ' (.HI, 

wluTo o .1 lit' ami B *= /j,'Hir®/r an used before in this ehnpt. i 'I bi.M 
formida holds throughout Hie region <if transition from euNe ,i lo rie.i- I, 
fi*r both normal (A positive) and inverted (.1 negntivej .loid.lris „iir| 
agres's very well with experimental data to lie presented m Hte following 
paragraphs. 


17. NOTATION FOR ELECTRONIC LRVELH ANO lUNIJS' 

'I'he notation used to ilescrilH* inoleeular levels is an outgrowth of the 
methods of designating atomic levels, but is more eomplietited l«<eauw' 
of the greater numlK«r of (piantum numlK'rs. Itmloublediy, H wiH {«> 

> I'kjiH. ftriK, 32, 250 (li)2H). 

» Many Hymliols have tici'ii iittml for the (nmiituiii nuini.ers of •cities aii<| g 
iippearH that there imiy he still further changes, lli-iow «,• gni> winie of Hiese sisieio* 
ami tliat used in this hook. We list under “ W'asliingion " n set adopted I., „„ 
eial gnmp of speetmseopists at tho April meeting of i!,e .Imeriean I'livsie.il Hm-eUv. 
I’rof. II. H. Mulliki'n tells us that he is using a set someu hat ihITerent from tins mIocIi 
we list under “Mulliken (revised)." Thesymhols usi-d in this h.sik p„H|v ch.esm 
hewmse we had used small letters instead of eapitals in preparing die lasik and fell 
tluit tho labor of ehunging tdl our symliols was (m. greal lo jnsiif v mu doing »o Also, 

we rather prefer small letters heeauae of the greater easi* of writing them We lielieve 
tlie set used is sufficiently similar to tho others to make eompiin.son with other works 
coinpiirativiily tiiwy. 


Quantum N umhvrn Jar Cane a. 
TfUH tHH)k I .............. . 

Wigtiiir and Wiiiaia*. 

ntind..,,.,.,,,,. 

Mtiliikan 

WiiHliiagiori, . 

M'liIIikan (rc^viatHll 

Quantum N umhvrn Jar h, 
I’hiH Injok 

Wigfiw and Witima*. ..... 

Umul , I . . s . . * . , s I . . . . . . 

Mulliken 

Mulliknit frttviwnl I , 


% 

ffkfiffif) 

Ukf) 

Hkf) 


iff 

ffkfiffif} 

Ukf) 

Ukf) 


In addition to these, Henmson ami Kmnig have used n for x, and f^mt,m ir» id 
(I'irghminngeliand) has use, r for X, Th« use of (Jf.a.k symhols w a. m-.t d 

liy Wigner ami Witmer. IWemnoog to the papers of the withorr. Ced gni.n 

throughout the text. » 



BANDS OF THE TYPE 


417 


in the future, as the subject grows. The detailed symbols 
i by Mulliken,^ Hund^ and Wigner and Witmer® for electronic 
molecules will be developed as different types of bands are 
and the necessity for them becomes evident. The symbols 
itc., will be used to indicate levels for which X = 0, 1, 2, etc., 
dy. Bands are indicated by giving the symbols for both the 
i the final electronic states. We now proceed to give illustra- 
"arious types of electronic bands. The selection rules will be 
lapirically from the experimental data. 

18. BANDS OF THE TYPE 

afra-red rotation* vibration bands of HCl, discussed in detail 
, are examples of this type of band. The rotational energy 
the initial and final states is approximately proportional to 
jf = 0, 1, • • • . The levels are single, which indicates that 
no electronic angular momentum, so that X and o- are zero, 
id li branches are known, so that the selection rule is Aj = ± 1. 
onic bands of this type are known, of which the CuH bands 
are a good example. A least square computation^ of the best 
equations for the two branches yields the results, 

23,311.080 + 14.6072M -- 1.07834^2 0.001155ikf^ + 

0.0000364MS 

(82) 

23,310.976 - 14.4439M - 1.09105^2 + 0.003657ikf'' + 

0.0000138MS 

= 1, 2, • • • . The difference between the constant terms in 
► equations is probably not significant, but the differences in the 
istants are certainly real. These bands can be accounted for 
Lately by assuming terms (v = E/hc) given by the equations 

+ V.' + F'if), F'(j') ^ By (/ + 1), 

i?" = V." + ^ B'Tif + 1), (83) 

# 

■ j” — 0, 1, • • ■ and the selection rule, Aj ± 1. The energy 
;ram required for the band is entirely similar to that of the HCl 
'ig. 6). The arrows showing the transitions for the P and R 
are numbered in accordance with the usual convention by 
e j value of the lower energy state. The first R line is P(0,) and 
P line P(l); their wave numbers are given by equation (82) 
= 1. Equation (82) can be rewritten, using j instead of the 
. running number M by substituting M = j + I in R{M) 

Rev., 30, 785 (1927). 
yaik, 61, 759 (1928). 
ysik, 61, 869 (1928). 
a and Shba, “Molecular Spectra,” p. 87. 
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and M = j in P(M) in the right hand menabers so that R(M) and 
P{M) equal R(j) and P(j) of equations (70) and (72) respectively. 
The so-called double difference^ of the rotational terms,” defined 
as F(i + 1) — F(j — 1) and represented by the symbol 2AF, can be 
secured by taking differences between the wave numbers of suitably 
chosen lines of the P and R branches. From the figure, it is easily 
seen that these differences are given by the following combinations: 

2AF'{j) = F'(j + 1) -F'U ~ 1) = P(ikf ) ~ P(M) = R{j) - P{j) (84) 
- 13.632 + 26.8911i + 0.009463f - 0.004666^^ + 0.0000226J^ 

2AP”(i)=P”(i+l)--P”(i--l)=P(M-l)-P(M+l)=P(i™l)™P(i+l) 
= 15.635 + 31.2222i + 0.001656^2 - 0.004867f + 0.0000226^1 

From these equations we can determine the functions P'(j) and F^^(j). 
Except for an unknown additive constant independent of j, they are, 

F'(j) = 6.8144i + 6.7239f + 1.5753 • IQ-^f - 5.832 • 

+ 2.26 • 10■"^i^ 

F^'(j) = 7.8172i + 7.8068i2 + 2.685 • IQ-^f - 6.084 • 10”^ 

+ 2.26 • (85) 

The first two terms on the right of these equations could be replaced by 
6.7239i(i + 1) + 0.0905i, 

and 

7.8068i(i + 1) + 0.0104i, (86) 

respectively, and thus these equations are approximately, but not 
exactly, in the form to be expected for a rotating non-gyroscopic diatomic 
molecule. Kemble^ has suggested that this deviation is due to an 
orientation of the electron spin vectors relative to j in such a way that 
they do not exactly add up to a resultant zero. This would occur 
because of the kinetic torque due to the rotation and would give a small 
component of electronic angular momentum parallel toj. The additional 
term in the energy proportional to j arises for the reasons given in Sec. 13. 
This deviation is quite frequent in this type of level, but the approximate 
agreement and the singlet character of the levels lead to the conclusion 
that neither of the electronic states has any resultant electronic angular 
momentum. The transition is therefore classified as — ^Z. 

The CuH molecule has an even number of electrons and 2 of these, 
one from the copper atom and 1 from the hydrogen atom may form a 
^^valence” group similar to that of the alkaline earths. Thus wc may 
expect the levels to be single and triple, as in these atoms. The known 
singlet bands are in accord with this expectation; j takes integral values 
for this level of odd multiplicity, just as the atomic j does in the case of 
odd atomic multiplets. 

» “Molecular Spectra,” pp, 345-346. 
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19. THE 4,241 A. BAND OF AlH; A 'n TRANSITION* 

This band consists of a P, a Q, and an R branch, and, therefore, the 
first and most obvious assumption to make is that it is emitted in transi- 
tions between two sets of single rotational levels, following the selection 
rule Aj = ±1 or 0. This is not true, for on following through the assump- 
tion, we find that a doubling of the levels must be assumed. A doubling 
of levels is to be expected in accordance with the preceding theoretical 
discussion for a singlet 11 state, for here X = 1 and cr = 0; two states of 
slightly different energy will be present for each value of j, due to the 
two possible orientations of X, which can be explained only by means of 
the new mechanics (Chap. XIX, Sec. 9). To see how this doubling is 
detected in practice, we return to the original erroneous assumption for 
the present. That is, we assume that the wave numbers of the three 
observed branches are given by the following differences, omitting for 
simplicity the contribution to the wave numbers by the change in elec- 


tronic and vibrational energy, 

P(J) = P'(J - 1 ) - P"0') 
Q(j) = R'(J) - P"(j) 

R{j) = F’U + 1 ) - 


(87) 


Then the first differences designated by AF{j -h and defined as 
p(^j ^ 1) _ //’(j) are for the two electronic levels, 

AF'ij + H) = F'(j + 1) - F'ij) = P(f) - Q(i) = <^(i + 1) “ -PO' + 1)' 

AF"{j + H) = p'u + 1) - ^"(7) = 

If our assignment of transitions is correct, the two expressions for AF' 
and similarly the two for AF" should agree. That they do not agree 
exactly is evident from Table 3. The amount, of the discrepancy is 
known as “the combination defect,” and its existence proves that the 


Table 3 


i 

F'(j + l)-F'ij) 

« 

F"(j + 1 ) - 

^ F"(j) 

R(J) - Q(j) 

5 ' ' 

Q(j + 1 ) - P<J + 1 ) 

Q(j) — P{j + 1 ) 

5 " , 

RU) - QU + 1 ) 

0 

1 

2 

3 

4 

9 

19 

14 

19 

24.1 

36.2 

48.3 

60.3 
107.1 
118.7 
173.5 

220.3 

0.2 

0.3 

0.5 

0.9 

0.9 

1.8 

3.5 

5.5 

23.9 

35.9 

47.8 

59.4 

106.2 

116.9 

170.0 

214.8 

25.1 

37.6 

50.2 ’ 

62.3 
112.2 
123.9 
171.2 

227.6 

0.2 

0.3 

0.5 

0 . 9 ' 

0.9 

1.8 

3.8 

5.6 

12.8 

25.3 

37.9 

50.7 

63.2 

113.1 

125.7 

174.0 

. 233.2 


' Ehiksson ftud I-Iur/rmSN, Z. Physik, 34, 776 (1925), 
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' /%*. ftw,, 80, 7K5 (H>27). 

» III this type of level j and k a.m identical. 
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From these differences, Fb'O) — F/ij) can be secured as a function 
of j. It appears that it cannot be a linear function of the rotational 
quantum number and that the B levels lie higher than the A levels as 
shown in Fig. 21. 

By using only the P and R branches, expressions could be secured 
for Ps'O') and Fa'U) functions of j, by exactly the same methods 
which were used in discussing the CuH bands above. The differences 
Fa'ij + 1) — Fs'ij — 1) are found to follow a fairly smooth formula 
of the type 4jB(j + ^), which shows that Ps'(i) = B'j(J + 1). Because 
the lines Q(0) and P(l) are missing, the level for i = 0 must be absent. 
The lower levels follow a formula of the form F a" (J) = B''j{j + 1) with 
j = 0, 1, • • • , very closely. Thus, the energy diagram meets all the 
requirements necessary to account for this band. 

The initial state is evidently a *n state with X = 1 and v = 0. The 
final level is evidently a level of the same type as those of the HCl 
bands or the CuH band; X = 0 and one would expect that its rotation 
levels might behave as either A ox B levels and would combine with 
both these types of levels, which is not the case. The selection rule 
for this band is that given in equation (89). It is to be noted that j 
takes integral values for this system of odd multiplicity, as it should. 

20. THE B BAND OF CaH; A TRANSITION 

The CaH molecule has an odd number of electrons so that the spin 
number s must be half integral. If two of the three valence electrons form 
a closed shell, only one electron is involved in the emission process and we 
may expect a doublet system of levels similar in some ways to those 
of the alkalies. In order to avoid confusion, certain points developed 
in the preceding theory of the gyroscopic molecule may be repeated 
here. For a 2 level, X is zero and therefore the s vector, which is H 
in this molecule, will not tend to orient along the line of nuclei at all since 
electrostatic fields do not influence its orientation. Therefore, it is 
free to orient itself parallel or antiparallel to k. However, since^ X is 
zero, k is the angular momentum of rotation of the nuclei, and j will 
be equal to (Jfc + H) or {k - }4), for f'^o orientations of s with 
respect to k. The energy of rotation will therefore be proportional to 
k(k + 1) for both these orientations, with only a slight difference due 
to the two orientations of s in the weak magnetic fields produced by the 
rotation of the nuclei. This effect was discussed in connection with 
equation (74), and the theoretical formula for this case, neglecting the 
small magnetic energy, is secured from equation (81) by setting X = 0 
and a = 0.- Thus, the terms should follow the formula, 

F = Biu + }4y ± (i + H)] ± 25* 

= Bk{k + 1) ± 23* (92) 
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where 

j = k + }i, or j = A - 

(Compare equations (74), (75), and (81).) The ambiguous sign is chosen 
so that the energy is maximum when k and s have the same direction. 
Those terms which have the same k will evidently form close doublet 
levels whose separation becomes zero for ^ = 0. 

The known bands of CaH have been measured by Hulth6n^ and 
Mulliken^ and are called the 4, B, and C bands. The B bands are two in 
number and are probably the zero sequence with vibration numbers 
0 0 and 1 — » 1. These bands and also the C bands are to be classed 

as a 2 2 transition. The A bands are a > 22 transition. This 

type will be considered later. The B bands consist of two R and two P 
branches, and perhaps two short Q branches. All of them can be satis- 
factorily accounted for by assuming two energy levels for each value 
of j, both for the initial and final electronic states. The observed lines 
are given by the combinations, 

'Pn(i) = h + - 1) -Pi"(i), 

Rii{3) = + Pi'(i + 1) - Pi"(i), 

P22(i) = va + P2'(i - 1) - 

R 22 U) = + P2'(i'+ 1) “ P2"(i). (93) 

The subscripts 1 and 2 of the P^s distinguish the two sets of terms for 
wliich 5 is parallel and antiparallel to kj respectively; and the subscripts 
of the P^s and P's indicate the orientation of the s for both the initial 
ar.d the final states involved in the emission of the line. The double 
subscript is unnecessary here since Pi 2 (i), Pi 2 (i), etc. are not observed 
in these bands, but the full symbol will be used, because it will be required 
in more complex band types. The subscripts A and B are unnecessary 


Table 4^ 


k 

Pii 

j 

Rn 

P 22 

3 

P 22 

0 


M 

15,761.91 




1 

15,745.12 

K 

15,770.73 



15,773.07 

2 

36.53 

% 

79.91 

15,737.87 

H 

83.20 

3 

28.13 


89.51 

30.86 

% 

93.75 

4 

20.70 


99.54 

24.11 

y2 

804.53 

5 

13.48 

W2 

809.93 

17.78 

% 

15.73 


1 Hulth^n gives lines which would be designated PnQ^) and — in the present numeration, 
with wave numbers 16,745,12 and 16,763.17 respectively; but Mulliken, Rhys. Rev., 30, 145 (1927), 
gives reasons for believing that these should be classified as Qn(H) and QnQ^i) lines and they are there- 
fore omitted from the table. See diSQnseiQn b^lQW, 

' Phys. Rev., 29 , 97 (1927), 

“•Phys. Rev., 26, 509 (1926), 
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because X = 0, and all the levels are A levels. Both systems of subscripts 
will be needed when both X and s are not zero. 

The wave numbers of the observed lines are given in Table 4 for 
small values of the rotational quantum numbers. The fs and fc’s 
given are those for the final state in each case. 

Using this assignment of the lines to the branches and the inter- 
pretation of the branches expressed by equations (93) we can secure 
the double differences of terms as before. 

2APx'(i) = F,'{j -hi) - F/(i - 1) = Rn(j) - 

2AF’i"0') = Fi'(J + 1) - - 1) = -RiiO' - 1) - + 1)’ 

and there are similar equations for 2AF2(,j) and 2AF2'{J). These 
differences are given in Table 5. 


Table 5 


h 

j 

2AFi' 


‘iAFo! 

3 

3 


d" 

2AF2" 

3 

1 

0, ' 

% 

26. 6l! 
43.38 

-1.95 

45.331 


% 

% 

25.37 

42.30 

0.09 

42.21 

% 

A 

3 

7L 

61.08 

-1.81 

62.89 


% 

59.21 

0.12 

59.09 

% 

4 

/A 

78.84 

-1.61 

80.47 

% 

Vi 

76.03 

0.06 

75.97 

y% 

5 

/A 

96.46 

-1.50 

97.95 

% 


92.83 

0.05 

92.77 



For the higher energy state the differences for the F. terms are larger than 
those for the Fi terms, showing that the F, set is more widely spaced 
than the F^ set. Thus the F, term lies higher in the energy diagram 
than the F, term having the same value of k. The opposite ^ 

the lower energy state, and this is the more usual order of these two 

flpta of tcrins for ^2) oloctronic levels. x j • 

The assignment of these branches to the transitions ^cheated m 
equation (93), where Fi(i) and F,{j) are the rotational terms for pardlel 
and antiparallel k and s, respectively, cannot be proved unique r 
study of this band alone. Thus we might interchange 
or the two R branches in Table 4, for the two doubtful lines at 15,745 12 
nnfi 15 763 17 (see footnote of Table 4) are known, which may make the 
0?1 Ls“ltloal, and in this values entirely diferent rom 
r rtf T«blP 5 would be secured. Moreover, there is no proof for the 

^ f PoTT wbirh are emitted in transitions from other energy levels to t e 

? ^ Wls of the B band. The double differences for the lower energy 

slmel those secured ftoM this band and the seleefon rules 
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so that we have here an “inverted doublet.’’ From equation (95) we 
see tb&t 

4Bfc + 2B = AFi(i) + AFiij), 

and thus B can be calculated. The values of the constants required to 
give the best agreement with the empirical data are given by Hulth^n and 
are: 

B' = 4.400, 8' = -0.250, u' = 1.96 X 10-»cm. 

B” = 4.225, 5" = 0.011, u" = 2.01 X 10-«cm. 

V, = 15,753.84. 

The selection rules for the band are : 

Aj = Ak — +1, intense lines: 

Aj = 0, Afc = +1, weak or forbidden lines; 

Ak = 0 does not occur. ■ 

The CN bands of Fig. 1 are due to a transition of this type, but the 
separation of the doublet levels for parallel and antiparallel k and s is 
so small that the two lines with the same k cannot be separated: The 
unusual intensities of the lines for A;' = 4, 7, 13, and 15 are due to some 
unknown cause associated with their excitation by the action of active 
nitrogen on organic compounds. 


21. THE OH BANDS; A ‘2 TRANSITION 

In bands of the type, the m levels for small values of j, le., 

for Hund’s case a, will have X = 1, o- = ±K) and also will show the X-type 
doubling, depending on the two possible orientations of X with respect 
to the two atoms. Four rotational states will therefore be expecteci for 
each value of j. The doublet may be called normal or inverted, according 
as or is the higher energy level. For the region of large va,lues of 
j, we have the quantum numbers j, k, and X; j will be equal tok + A 

or k as for the =* 2 levels. , „ 

We select for a detailed example the so-called ‘ water bands ; the 
higher energy level is a level similar in every way to the levels of the 
CaH B band, while the lower level, which is believed to be the ground 
level is an inverted *II level. For small j we are dealing with a case a 
molecule, and for larger j, the behavior approaches that of a case^b 
molecule. The formula for its energy levels will be given by equation 
(81) with X = 1, if the X-type of doubling and also the small effect of the 
magnetic field of the rotating nuclei are neglected ; thus, 

Fi{j) = 5[(i -t- Hy - 1 ± + Vzy + a{0i - i)}H 

where /= 1 or 2, depending on whether the positive or negative sign is 
used- f.e., on whether k and s are antiparallel or parallel for large j, or X 

and <r are antiparallel or parallel for small i, respectively. 



426 


MOLECULAR SPECTRA 


Xil 


Tho vvatc'r haiuls’ oomist of five hamiH with tiie v ilirni luti 

lUimlx^rH fur the initial atni final Btatew: (0, 0), (I), 1), tl, (M. ri, Hi, unii 
(2, 1). Thir((M‘n hranduw have Ijeen olwcrved, lliuii«h the »hila r<'iniiri‘«i 
fur onr purpose here an; not complete for any one hitini; fur tin- 

(0, 0) hand at and the (1,6) hand at 2, si i X. niT liinsf 

In tnany thn Htrunfuri' nf niiil flin 

first linn, nf imeli iinn iiavn !«»nn tlnlnrininiMl fniiii Mnin’nl IhiinI.m. Tfit^ 
rnaHonini^ by whinfi tiin nnnrgy InvnlH Imvv Ihhhi m 

in that nnncl abnvn for Ihn fall B biincl, but in niuri* iiivtilvml bfriiin"!* 



of tht‘ more eomplex st ruct lire of thew hands; if will not h. given here 
hecauHi* of the iinpossihilify of hrietly siimnuirliiing the iittrieafe (h'lnils, 
Kigure 22 is tlu^ Forfrat diagram for the (1, ()) hand. Tin* mon- intense 
hranches known as the main hranehes are al«*ve the line for /. « t» and 
th(( weaker ont's known as satellite hranehes are heli»w this lini*. The 
hranehes are indicated hy Mtilliktm’s syntlMtls which have been dewrii.eii 
in pnmeding paragraphs, 'rite reailer will see the ineaning of th.-e 
syrnlKtlH more readily hy sttulying Fig. 21, which is the typleid enetgv 
diagram for ihesti haiuis. It is drawm tt> senle for the (I, it) hand 
at. 2,811 A., except that we have exaggerated the d«mhling ff»r the 
Fi ami A’-j levels in the higher electronic slate, and the X-(ype dunh- 

' We<)vvcttitu.xjicrimc-iitttldBtnonthM«ehand*{«t!«KitKHwi IfurT/. i-.t. Ph<ruh 
38, 12.t.’t (li)IU); FuiiTHAT. J. ,h Phm., 6, at (15)24); \S stmm, A,if„pi,,,, ,1 , «. | j.*, 
awl .Iack, Pw. W«j/. .SV. 118, 373 fl«27i awl H«. n)T i,„.i p,,.,,. 

t.he<.rct.c,d mtcrprctalion n. Ihmr., Pw. .tm,t. Sri. AmMm, 171 M-.u.,; 

Biiwik, ‘ MoliMniliir HpiH«fra in ilimm,'*; KKWiiiAii, /%«. m :ih 7 \ft m t 

EMM, Phy*. /to., 32, 3KK (ttrisjpuul and Va.x Vi.Kes, I'hyt. Rtt . 32, .f.'rfi i tin's , 



Sec. ^1] 


THE OH BANDS; A TRANSITION 


427 


ling indicated by the A and B levels for the lower electronic state. 
The arrows indicate the first lines of observed branches except that 
been observed. Although it is expected according to the 
selection rules, it should be weak and hidden by other lines. The j, 
k, and a quantum numbers are given for the levels, though k has no real 
meaning for the ^11 levels with small j, nor has <t for the ^11 levels with 
large j. 

Kemble has shown that the formula secured by classical mechanics 
gives approximate agreement with the empirical energy levels for the 
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Tiq. 24.' — Energy diagram of the OH molecule. (After MvUiken.) 

zero vibrational state, and HiU and Van Vleck have shown that equation 
(81a) can be made to agree with these levels over the entire range by 
using B = 18.58 and a(a - 4) = 21.79 or « = -3.078, and adding a 
small term -0.00177 h\ to make an approximate correction tor tPe 
change of moment of inertia with rotation. A slight disagreement for 
the higher values of j is probably due to neglect of the X-type doubling, 
which is not included in the theory, and of the energy contributed by the 
coupling between s and the magnetic field of the rotating nuclei. 
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and the usual selection rule for the A and B states. Since the coupling 
between the a and X is strong, two bands, in which i = H ^.nd t = %, 
respectively, are widely separated and thus have the appearance of 
separate bands instead of the complex structure of the OH bands. The 
values of j given in the figure are for the final electronic state. 

22. SYMMETRIC AND ANTISYMMETRIC TERMS AND ALTERNATING 

INTENSITIES! 


A review of the examples of electronic bands presented in the pre- 
ceding paragraphs shows one especially interesting fact, which has 
not been emphasized. In all the bands studied it is possible to arrange 
the rotational levels into two sets, such that transitions in which light 
is emitted always occur between a level of one set, and one of the other. 
This may be seen from discussions of Hund,^ Hulthdn,® Kronig,* and 


Wigner.^ 

Hund first showed that two sets of steady states are to be expected 
on theoretical grounds for molecules consisting of two like atoms; these two 
sets are referred to as symmetric and antisymmetric states. Hulthdn 
pointed out that two sets of levels should be expected for all diatomic 
molecules on the basis of experimental data. Kronig, and also Wigner 
and Witmer, showed that wave mechanics requires two sets for diatomic 
molecules consisting of unlike atoms, and that the selection rule stated 
at the beginning of this paragraph should hold; they may be called the 
“plus (X) and minus ( j ) sets,” respectively. It then became theoreti- 
cally clear that diatomic molecules with like nuclei should have symmetric 
and antisymmetric types of levels and that each of these types may be 
divided into plus and minus sets. Symmetric and antisymmetric 
terms never combine and plus terms combine only with minus terms, 

or the reverse. (Chap. XIX, Sec. 9.) , , c • 

The permitted transitions of the quantum numbers defining the 
rotational steady states for the types of bands described above, can be 
shown very clearly by plotting the energies of the rotational steady 
states horizontally. The two plots for the two electronic states involved 
are placed one above the other. This has been done m Fig. 2Mor all 
the types of bands discussed here, except in the case of the 2 E type, 
where the "S .states are placed between the my, and the Uy, states for 
convenience. The levels are represented by the symbols X and | for 
the plus and minus terms, respectively, and the transitions permitted 
by the above selection rules are indicated by diagonal lines. 

. 1 See Chaip. XIX for a further discussion of this subject. 

2 Z. Physik., 46, 349 (1928). 

® 46, 814 (1928). 

6 z P%sffc.', 43 ! 624 (1927); Neumann and Wigner, ibid.,U, 844 (1928) ; Winner 
and Wither, iMd., 61, 869 (1928). 
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There is no irregularity in the energy values as we go from one set of 
terms to the other, and there is no variation in the intensity of the lines 
emitted. In fact, there is no known experimental method of differentiat- 
ing between them. It should be noted from the figure that this classifi- 
cation of levels robs the A and B assigned to the X-type doublets of any 
physical meaning, but these letters are still convenient for classifying 
the experimental data. 

In the case of molecules having like nuclei theory requires that the 
plus and minus states may also be symmetnc or antisymmetric as 
well. These are well illustrated by the helium bands investigated 



by Curtis and Long.’^ Figure 26 illustrates these two types of levels 
for the — s- IS transition. The branches observed are similar to those 
of the AlH bands (Sec. 19) except that aU the transitions involving 
the symmetric levels are missing, so that only half the lines we should 
expect to find are present. The resulting spectrum is represented in 
Fig. 27 where the broken lines indicate the missing lines. Except for 
these missing lines the structure of the bands and the formulas for 
the energy levels are exactly similar to those described in the preceding 
paragraphs. Here we have a case where one set of levels is differentiated 
from the other by being altogether absent. Mecke was the first to 
explain this structure of the hehum bands by assuming that alternate 
levels are missing. 

The spectrum of the hydrogen molecule investigated by Werner^ 
and especially by Hori® in the far ultra-violet is similar in some respects 

1 Curtis, W. E., Proc. Roy. Soc., 101, 38 (1922); 103, 315 (1923); Curtis and 
Long, ifeid., 108, 513 (1925). 

» Proc. Boy. Soc., 113, 107 (1926). 

•Z. FXysifc, 44 , 834 (1927). 
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to the helium bands. Again we expect singlet and triplet electronic 
levels since it is an even molecule, whose normal state will be ^2). Two 
ultra-violet band systems are known, which are assigned to 
and transitions. Figure 28 is the energy diagram for the Werner 

bands with broken lines and solid lines to indicate the symmetric and 
antisymmetric levels, respectively. The doublets of the ^11 level are 
due to X-type doubling. The permitted transitions are exactly of the 

type of the AlH band (Sec. 19 



y . — ^ 

Fig. 27. 


Fig. 26. — Energy level diagram for the m 
bands of Hea. 

Fig. 27.— The observed lines of the He 2 1 


and Fig. 21), and only symmetric 
levels combine with symmetric 
levels, and antisymmetric levels 
with antisymmetric levels. 
There is one very marked dif- 
ference between the AlH bands 
and these H 2 bands, namely, 
that in these bands the spectral 
lines emitted in transitions be- 
tween symmetric levels are much 



IS Fig. 28. — Tho transitions of the 
Werner bands of H 2 . 


weaker than those due to transitions between antisymmetric levels. It 
will be noted that this is similar to the behavior of the helium bands. 
In fact, the latter represent a special case of intensity alternation in which 

the weaker lines are entirely absent. '■ 

1 See Chap. XIX, Sec. 10. We really do not know whether it is the symmetric 
or the antisymmetric level? which are absent in the case of He*. 


% 
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There is no irregularity in the energies of the levels, but only a 
difference in the intensities of the lines emitted. This might be due 
either’ to a difference in the number of symmetric and antisymmetric mole- 
cules, or to a difference in the probabilities of the transitions. The former 
postulate is in good agreement with other experimental facts, which will 
now be presented. 

The a priori probability of a state of the rotating molecule is given by 
the number of nondegenerate states into which it splits, when placed in a 
suitable external field. This is equal to the number of different orienta- 
tions of the j vector in this field, namely, + 1. The probabilities for 
the states with j = 0, 2, 4, • • * are therefore proportional to 1, 5, 
9, • • * and those for the states with j = 1, 3, 5, • • • are proportional 
to 3, 7, 11, • - • , but the relative probabilities of these two sets of states 
are not one-to-one for otherwise the intensities of the band lines would 
not alternate as they do. Light is thrown on this question by studies of 
specific heats. The heat capacity of a diatomic gas due to its rotational 
energy is given by the formula 


where 


C 



InQ, 


<r 


St^LT’ 


Q — 'StPj exp 


A2 


i(i + 1) ^ 


(98) 

(99) 


and Pj is the a priori probability of the jth. state. Hund^ considered 
the heat capacity of hydrogen, using this formula and adjusting two con- 
stants to fit the experimental data; the first of these is the moment of 
inertia of the hydrogen molecule, unknown at the time but now known 
from the work of Hori, and the second is the relative probability of the 
symmetric and antisymmetric rotational states. By equation (99), 


Q = i8[l + 56-'" + 96-^'" +•--] + 3e-2" + + . . . (100) 


where /? is the ratio of probabilities of the symmetric and antisymmetric 
states. By taking ^ equal to 2 and the moment of inertia I equal to 
1.54 • 10“^^ g.cm.^ he secured fairly good agreement with the experimental 
heat-capacity curve. The value of the moment of inertia is 4.66 • lO”'^^ 
g.cm.^ and no value of ^ can be chosen so that the heat-capacity curve is 
even approximated by equation (98) using the above formula for Q; 
therefore, some modification of the theory is necessary.^ 

The theory used by Hund assumes that symmetric or antisymmetric 
molecules may be readily changed to the other type in collisions. Denni- 
son® made the interesting assumption that this is not true, but that the 

1 Z. 42 , 93 (1927). 

2 See Birge and Jbppersbn, Nature, March. 22, 1930. 

^Proc. Roy. Soc., 116, 483 (1927). 
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time interval diiring which a Riven molecule retainH itn type is long 
compared to the tinu' required to determine thi^ h(>at capacity. If this 
is true, we liave to rieitl with the luait enpucity of a !ni,xture of two gases, 
whose heat eapaeifies are separately given Ity the formulas, 

<r’f JnQ.. Q. “ 1 f r>e f he 1 , 

Q., - 3<' t- 7e f • • • . (iOl) 


H 


The measured heat en|)aeity for a gram moleeuh* is that of a mixture 
of p parts of the first gas, t«» om* of the secomi, namely, 


V p(\ } 
li“ a -f p)It’ 


( 102 ) 


Using lhest> formulas with p ' a. the experimental curve is checkcal very 
lifrel! and the moment of iniTtia iMspured is l.ill • 10 '•* in excellent 
agrtaunent with Hod's value. Huud's original tlu'ory rtspiires that at 
low temp45rafur«H all the molecules should he in the sytiiim't rie (luantum 
state with j “• 0. Aeeording to Dennison’s theory, only one molee.ulo 
is in this lowest state for ev<‘ry three in the antisymmetric state with 
j - 1. Kven collisions with other iiudeeutes and with the walls of the 
containing vess«*l oidy slowly e!mng<‘ synimetric to antisymmetrio 
molecules, i»r the reveiVe. 

Further prtM>f of the inahility of «>ne set <if rotational h'vels to change 
to the other set in culiisinns is given Ity the work of \V<iod and Is)omi8‘ 
on the fluoresctmt sjM'ctrum of Ij va{x»r. Wlien iodine vapor is illu- 
minatetl with monochromatic light only those. Htat<*s will he excited, 
whoso energy of oscitation above one of the low-lying energy levels 
present in the gas at ortliriiiry temixTatures eedneides with the frcjiuency 
of the exciting line within the limits of the Doppler broadening, Tl\p 
transitions from thew excited levels to the low-lying levels must conform 
to the selection rule that Aj - ±1 (the band Is a 'S— * 'S tyiK')» while 
many changes in the vibration quantum numlKtr are {permitted, An n," 
progression of hands will Isi emitted with only two lines in each band, 
one tor Aj” 1 and the «tther for Aj - -1. The ad<lition of helium to 
the iodine gas caus<*s many mor«! lines of tliest* hands to apjK’ar, due 
undoubtedly to itjolecules losing or gaining rotational energy in collisions 
with helium atoms, giving rise to other excited states and thus to other 
transitions for which Aj »’d:l. These adriitional excited rotational 
states are symmetric states only. By way of illustration, the green 
mercury line excites the itiolecule to the state n' *■ 2(1, j' “> 34. In 
the absence of helium, n changes by large amounts hut j Ity only ± 1 , 
and thus the final rotational states have/' - 33 or 35. In the presence 


> FhU. Man. 8, 231 f!028). 
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of helium at a pressure of 0.5 mm. of mercury, fairly strong bands 
found fpr which n' = 25 and 27 and weaker bands with n' = 24 and 
in addition to the strong bands with n' = 26 so that n' has been char 
by + 1 or ± 2 in collisions. Much larger changes in thej' occur, but 1 
are found only for even values of f so that collisions carry the mole 
from the state, f = 34, to other even (symmetric) states only. It 
been assumed that the even numbered rotational states of the exc 
electronic level are symmetric. If this is also assumed for the nor 
electronic state and if the transition is ‘2 ^ '2, it would be necess 
to have transitions between symmetric and antisymmetric tei 
contrary to the rule stated above. Wigner and Witmer^ showed ' 
the sy mm otTio states of 2 electronic levels may be either odd or t 
numbered. In the case of iodine we do not know which states 
symmetric, and which antisymmetric. Loomis and Wood arbitrj 
assigned them in the way adopted here. 

Though the rate at which the symmetric form of hydrogen cha: 
to the antisymmetric form or vice versa may be very small, it shoul 
finite, and if hydrogen gas is kept at a very low temperature for a s 
ciently long time, it should change to the symmetric form. The 
varieties of hydrogen should have different boiling and melting po 
heat capacities, etc. Giauque and Johnston^ have found that the t: 
point pressure for hydrogen which was kept at liquid air temperat 
for 197 days was lower than that of hydrogen prepared and kept at r 
temperature. The two pressures observed were 5.34 and 5.38 ± 
cm., respectively. This demonstration that two forms of hydn 
exist with different physical properties furnishes convincing proof ol 
existence of symmetric and antisymmetric diatomic molecules. 

Bonhoeffer and Harteek^ have succeeded in producing large cha 
in the properties of hydrogen by cooling it to liquid air or liquid hydr 
temperatures in the presence of charcoal. While the equilibrium : 
of symmetric (para) to antisymmetric (ortho) hydrogen at ordi: 
temperatures is 1 ; 3 at liquid air temperatures this becomes~l : 1 ai 
liquid hydrogen temperatures hydrogen in equilibrium should co 
of nearly 100 per cent symmetric molecules. Using charcoal as a eata 
they prepared mixtures of symmetric and antisymmetric hydr 
varying in composition from 25 per cent to nearly 100 per cent oi 
symmetric form. Some properties of the two forms and of ordi 
hydrogen (the 1:3 mixture) are given in the following table, 
properties of the antisymmetric form have been secured by extrapoh 
from properties of the mixtures. 

' Loc. cit. 

2 J. A. C. S., 60, 3221 (1928). 

2 Z. physik. Chemie, 4B, 113 (1929); Naturwis. 1, 182 (1929). 
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Ordinary 

Symmetric Antisymmetric Hydrogen 

Triple point 13.83° A 13.99° A ’ 13.95 A 

Vapor pressure at 20,39° A. . . 787 ± 1 mm. 751 mm. 760 mm. 

The heat of vaporization of the symmetric hydrogen is 0.65 per cent 
less than that of the antisymmetric form. Independently Eucken^ 
secured an enrichment of the symmetric hydrogen by cooling hydrogen 
at high pressures to liquid air temperatures and has shown that the heat 
capacity of different samples so treated differ widely from that of ordinary 
hydrogen in accordance with Dennison’s theory. 

Hund suggested that the presence of both the symmetric and anti- 
symmetric levels is to be associated with a spin of the nuclei similar to 
the spin of the electron. The relative probability of 1 to 3 for symmetric 
and antisymmetric states is due to the proton having an angular momentum 
of in quantum units. The relative probabilities of two states, one 
of which has the two spins in the same direction and the other of which 
has the two spins in opposite directions, are 3 to 1; for, if the two spins 
have the same direction, the resultant spin of 1 may orient in an external 
magnetic field in three directions; but if they have opposite directions, 
the orientation of the resultant vectbr zero is indeterminate, and this con- 
dition is assigned the probability one. For the symmetric states, the 
nuclear spins are antiparallel with a resultant of 0 and for the anti- 
symmetric states they are parallel with a resultant of 1. In the case of 
the helium molecule, we assume that the helium nucleus has no spin 
and thus there is no orientation of the nuclei relative to each other. 
Such a case is to be associated with the entire absence of one set of 
states (Chap. XIX, Sec. 10). In the case of iodine alternating line 
intensities have not been observed; for some reason the probabilities 
of the symmetric and antisymmetric states are very nearly equal m 
this case, due perhaps to a large nuclear spin. 

The alternation of line intensities is very characteristic of molecules 
having like nuclei. The phenomenon is known in the bands of C 2 , N 2 , 
N 2 +, O 2 , CI 36 - CI 36 and F 2 , in addition to H 2 and IIe 2 , but does not 
occur in the I 2 and Na 2 bands. 


C. Polyatomic Molecules 

23. THE INFRA-RED SPECTRA OF POLYATOMIC MOLECULES 
Studies have been made on the infra-red rotation-vibration spectra 
of a number of polyatomic molecules,^ but none have been investigated 
with sufficient dispersion to separate the individual hues except 
methane* and ammonia, phosphine and arsine.^ The latter appear 


^ Naturms. 1, 182 (1929). 

2 See Hettneh, Z. Ehysik, 1, 345 (1920). 

3 C 001 .EY, Astrophys. J., 42, 73 (1925). 

* Robbbtson and Fox. Proc. Rov- Soe., 120, 128-2U (1928). 
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to be somewhat irregular, which may be due either to the presence of 
unresolved double lines or to difficulties of classification. The spectra 
of such molecules are necessarily more complex than those of diatomic 
molecules, because of the larger number of degrees of freedom. If we 
neglect electronic and nuclear spins, there will be 3n degrees foi: an 
n-atomic molecule. In general, three may be assigned to the translation 
of the molecule, three to its rotation as a whole, and the remaining Sn — 6 
to its vibrations. Therefore, three rotational and 3n — 6 vibrational 
■ numbers are required to fix the states of the molecule. Thus, for a mole- 
cule of five unlike atoms, three rotational and nine vibrational quantum 
numbers will be required, and the number of energy levels and transitions 
will be so great that the task of separating the spectral lines in the 
infra-red becomes almost hopeless. If several atoms are of the same kind 



Fig. 29. — The 3.31 m methane band. (After Cooley, Reprinted by permission of the 
University of Chicago Press.) 

SO that the molecule has a high symmetry, the molecule may be highly 
degenerate, so that a much smaller number of quantum numbers will be 
required. In the case of methane, if we assume the tetrahedral model, 
only four incommensurable vibrational frequencies should be present, 
instead of the nine expected for an unsymmetrical non-degenerate 
molecule. 

It is for this reason that detailed work on infra-red rotation-vibration bands has 
been limited, chiefly to symmetrical molecules. Those with small moments of inertia 
are best for this work, for the moments of inertia appear in the denominator- in the 
equations for the energy, equations (115) and (116), and thus a smaller moment of 
inertia means a greater separation of the lines of a band. At present, with most infra- 
red spectrographs, it is impossible to separate lines that are much closer together 
than those of the halogen hydrides, and for this reason the well-known infra-red bands 
are practically limited to hydrides and other compounds containing hydrogen. 

Cooley^ observed eight absorption bands of methane and Ellis^ has 
extended their number to fifteen. The frequencies of the maxima can 
all be accounted for by the formula 

^1^1+ r2P2 + T3P3 + T4V4 = p, 

where the f's are integral numbers and n . . . P4 are four fundamental 
frequencies.' Two bands, in the neighborhood of 3.31/x and 7.7/x, 

^Loc. dt. 

^Proc. Nat. Acad., 13, 202 (1927). 
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reBpectively, were part iaily rpHolvod into linos by ( 'ooloy and his absorp- 
tion curve for the X3.31 m l)and is roproducod in Fig. 29. This curve as 
well as the one for X7.7 m, has a structure similar in some respects to the 
H(d absorption eurvtm of (’olby, M(‘yer, and Bronk (Fig. 3) and of 
lines (Fig. (i). 'I'here is one marked difference; in the central region of the 
H('l band the absorption is weak, showing a missing line distinctly, 
while methane shows strong unsymmetrical absorption in this same 
region, 'riiis appears to be due to an unr(‘solv('<l () branch. The wave 
nuinlrers of the and li brancht's of thi-se two bands are 

5 - 1,320.4 + r>.4094f - 0.0377 ,Vf^ (104) 

and 

V - 3,019.3 + 9.771.1/ - ().0351M'S (105) 

for the bamls at 7.7 and 3.3 Ig, respectively, when' M (‘quals 1, 2, . . . 
for the // branches and —2, -3, • • • for the branches. ('Phe lines for 
M ^ — 1 an* probably present , but are masked by t he int ense Q liranches.) 

The freaks in the absorption curve for the 7.7g band are vi^ry regular and 
symmetrical, but those of flu* 3.3 Ig band an^ somewhat irregular and 
may not Ik* comph'tely resolved. 

24. THE QUANTUM THEORY OP THE HEAVY SYMMETRIC TOP TYPE OF 

MOLECULE 

In order to relate the constants of tlx'si* empirical ('quations to the 
constants of the molectile, it is necessary f.o considiir the rotational 
energy of the polyatomic molecule. In our study of the rotational 
levels of diatomic molecules we proceeded as though all the mass of the i 
atoms were located in a mathematical line joining the nuclei; so that 
the model lias two equal principal moments of inertia about two lines 
perp<*ndicular to eacli other and to the line of niudei, and zero moment of 
inertia almut the line of nuclei itsi'lf. But wh<*n a molecule consists of 
several atoms, the nuclei usually do not lie in a straight line and thus it is 
iif'cessary to treat the molecule as a rigid or semirigid body with three 
principal moments of inertia, usually all different. If tho molecule 
poHSiiHses an axis of symmetry, two of the moments will be. equal, and for 
a few molecules, such as the tetrahedral model of methane, all three 
principal moments may he equal. We considi'r ht^re the theory of a rigid 
molecule having two equal moments of inertia, and tho third unequal to 
thew', but not equal to zero. 

'Phis problem was first sol veil by Iloiche' and was further considered 
by Epstein.* Later, a gyroscope, such as a spinning electron, was added 
to the model* Further it has been considered on the basis of the now 

• Phmk, 19, 394 f HlIHi, 

20, 289 (1919). 

* Kkamsss, %, 13, 343; and Kh/imkhs u.ud Faiu.i, E , Phy ^ tk ^ 13, 3111 (1928) ; 

WiTMKu, Proc, Nol. Acad. .iJoi., 12, 602 (1927). 
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mechanics by several authors (Chap. XIX, Sec. 6). Here we shall give 
a solution in terms of the old mechanics. For convenience, we first 
obtain the rotational energy states, then the vibrational levels of the 
non-rotating molecule, and finally the selection rules. 

Let A, A, and C be the moments of inertia about the principal 
axes x', y', and z' fixed in the molecule, and let the components of angular 
velocity about these axes be p, q, and r. The kinetic energy is given by 
2T = Ap^ -b Aq^ -f Cr® 


(P2 -b Q2) , 

A P 


( 106 ) 


where P = Ap, Q = Aq, and R = Cr. P, Q, and R are the components 
of angular momentum about x', y', and z', respectively. Instead of these 
coordinates we shall use the Eulerian angles shown in Fig. 30 and defined 
as follows: 6 is the angle between the fixed z-axis and the axis z'; the 



Fig. 30. — The coordinates of the symmetric top. 


angle between the x^-SLxis and the nodal line; and \l/, the angle between 
the nodal line and an arbitrary line fixed in the nodal plane, which is taken 
as the fixed a:-axis. Then 


p = d <p + sin S sin <pj q = —d sin cp + \p sin 6 cos (p 

and 

T = (p cos 6. 

Substituting these in equation (106) 

2T = A{d^ + sin + 2^^ cos S + cos^ (9), 

and the momenta conjugate to 0, i/', and <p are 
dT , . 

C cos cos 0 + 4-. sin^ 0, 

dxj/ 

p^ = ~= C{^ + f cos e). 


( 107 ) 

( 108 ) 

4 


( 109 ) 


Sec. 24] THE HEAVY SYMMETRIC TOP TYPE OF MOLECULE 439 

On eliminating $, and t by means of equations (107), using the defini- 
tions of P, Q, and Rj equations (109) become, 
pe = P cos (p — Q sin <py = R cos d + P sin 6 sin <p + 

Q sin 6 cos (p, p^ = R, (110) 

Expressing the kinetic energy in terms of the momenta, equation (109), 
we have the Hamiltonian, 




4_ COS B - nY ^ 

“T /I A 


A sin^ 0 


2E. 


(Ill) 



;\= 

Fig. 31. — The relation between 
j and X with j = 4. 


(113) 

are therefore. 


Since (p and do not appear in this equation, 
p^ and are constants. By choosing the 
2 :-axis fixed in space as the invariable axis, 
i,e., the direction of the resultant angular 
momentum, 

J = (P2 + Q2 + (112) 

po will be zero. In this case, 

jR “ / cos 0, P = / sin 0 sin <pj Q = 

J sin 6 cos <p, 

and substituting these in equation (110), we 
secure 

pyf, — Jj = J cos d; 

6 must be constant and the quantum conditions 

^pedd = 0; ~ ~ ^ ~ 

and thus 

cose = l. (114) 

J 

By substituting these values of J and cos S in equation (113) and then 
these expressions for poy p^i^j and p^ in equation (111), the energy as a 
function of the quantum numbers j and X is 

+ (5 -1)4^' 

X = 0 , 1 , • • • j. 

Wave and matrix mechanics'' give a formula which can be obtained by 
simply replacing p by j{j + 1) in equation (115), except for additive 
constants (Chap. XIX, Sec. 4). Thus the correct energy formula is 

^ ^ ^ ^ X = 0,l,2, • ■ - i. (116) 

Figure 31 illustrates the possible X values when ,' = 4; the broken ellipses 
show the precession of X about j. 

Since and p^ are constant and po is zero, it follows from equations 
(109) that ^ and ^ are constant and $ is zero. This means that the 
1 Dennison, Phys. Rev., 28 , 318 (1926) ; Kronig and Rabi, Phys. Bev., 2Q, 262 (1927). 


(116) 
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motion of the symmetric top is one of uniform rotation about the 2!'-axis 
with frequency oj^ = dE/hd\ together with a uniform precession of z' 
about z witji frequency = dEjhdj, and thus 

ij/ = 2TCjo^t + 5^, = 2T0t)(pt dtp) B = 50. (117) 

If an electric moment P oscillating with frequency has a component 
along z' equal to P/ cos 2 x 0 ?^^, and a component perpendicular to z\ 
say along x', equal to Px' cos 2TrcoJ, the components in the directions 
X, y, and z are 

Px = Pz' cos 27C(j^J^ sin 5 sin i/' + Px' cos 27ra;^if(cos <p cos — 

cos 6 sin <p sin i/^), 

Py = — P/ cos 2TOixt sin 6 cos + Px' cos 27ra)-„^(cos <p sin xp + 

cos d sin <p cos \j/), 

Pz = Pz' cos 2™^^ cos 6 + Px' cos 27rco^^ sin 6 sin <p. (118) 

Substituting \f/ and (p from equation (117), and using trigonometric 
formulas of the type 2 sin A sin P = cos (A + B) — cos (A — B), we 
find that Px and Py contain sine and cosine terms having the frequencies 

COv — ^yp) i (J^tp) i CO^. 

The first two arise from the coeflhcients of Pz' and the last four from 
the coefficients of Px'- Pz contains 

(J^V) (J^v ± ^<p) 

of which the first arises from the coefficient of P/ and the last two 
from that of Px'- If the oscillation is parallel to the figure axis so that 
P x' = 0, only the frequencies and co® + o^^p are present, and the possible 
changes of the quantum numbers are, 

Ai = 0, ±1; AX = 0. (119) 

On the other hand, if the oscillation is perpendicular to this axis, the 
active frequencies are ± and ± co^, so that 

Ay = 0, ±1; AX = +1. (120) 

26. APPLICATION OF THE THEORY TO THE METHANE BANDS 

The selection rules of equation (119) predict a type of spectrum 
similar to that of the diatomic molecule, except that a Q branch should 
be present. The methane band at 3.3jit has very sharp and symmetrical 
absorption peaks and strong absorption slightly to the long wave length 
side of the center. This simple structure seems to indicate that it 
arises from transitions following these selection rules. The selec- 
tion rules of equation (120) would give a more complicated type of 
band; in place of each line of the simple band required by the rule of 
equation (119) there would be a complete band with P and R branches 
corresponding to AX = +1, with the possible values of X limited by the 
condition X g y. The structure of the 7.7/z band does not seem to be as 
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complicated as this, but the peaks are not so sharp and symmetrical 
The appearance would lead one to suspect that they are composed of 
unresolved lines and it may be that the selection rule, equation (120), 
applies to this band. The empirical formulas, equations (104) and (105), 
show that the spacing of one band is nearly double that of the other so 
that the moment of inertia in the first case should be about half that 
in the second. It is difficult to explain this structure on the assumption 
of a tetrahedral model for methane, where any differences in the principal 
moments of inertia must be due to the vibration of the nuclei, and for 
this reason must be small. Most probably the correct explanation 
of the unequal spacings is not contained in the theory of Sec. 24 . It is 
possible that the double spacing of the 7.7jLi band may be similar to 
that encountered in the case of symmetrical diatomic molecules such as 
He 2 (Sec. 22 ). 

Guillemin.^ and others^ have proposed that methane has a pyramidal structure 
with the four hydrogens at the four corners of the base and the carbon at the apex. 

If it is assumed that the selection rule for the 3.3/^ band is 

Aj - ±1, 0, AX = 0 

and for the 7.7ix band is 

Aj = 0, AX - ±1, 

then from equation (115) and the empirical equations (104) and (105) we see that 

" i) - 

From these relations the values of A and C and the dimensions of the molecule may be 
calculated, with tjie result that the distance between the carbon atom and one hydro- 
gen atom is 1.16 X 10““ cm. and that between two hydrogen atoms, 1.05 X 10““ cm. 
The model, however, is not convincing because of the strong evidence for the sym- 
metrical tetrahedral model.’ 

26. THE VIBRATIONAL STATES OF METHANE 

Dennison"* calculated the vibration frequencies for small amplitudes 
of the methane molecule assuming, (1) that in the equilibrium positions, 
the hydrogen nuclei are at the corners of a tetrahedron and the carbon 
nucleus at its center, (2) that the forces are functions of the distances 
between the nuclei alone. This assumption may be questioned because 
the double bond in the unsaturated hydrocarbons can sustain a torque 
about the line joining the two nuclei; this cannot be explained as due to a 
force along the line of nuclei. 

^ Ann. Phz/sik, 81, 173 (1926). 

’ See Hbnei, V., Chem. Rev., 4, 189 (1927) for a review of the arguments for the 
pyramidal model. 

’ See Glockler, G., J. A. C. S., 48, 2021 (1926), for a review of properties indi- 
cating a highly symmetrical structure similar to that of the inert gases. 

‘ Astrophys. J., 62, 84 (1925). Our solution does not follow that of Dennison 
exactly. 
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The potential energy V is a function of the four distances from the 
hydrogen nuclei to the central carbon atom ri, r^y r^, and of the six 
distances between the hydrogen nuclei qi, 

V = Viiqiy • • • ge) + V2(ri, • - - r,), (121) 

Ten coordinates are used to describe a system having only nine degrees 
of freedom and, therefore, there must be a relation between and F 2 , 
which permits the elimination of one of these coordinates. Expanding 
in the neighborhood of the equilibrium position and neglecting terms 


above the second degree, we have^ 



It is necessary to express E as a function of nine independent coordinates 
and also to select normal coordinates, such that the kinetic energy is a 
sum of terms proportional to the squares of the velocities and the potential 
energy a sum of terms proportional to the squares of the coordinates. 
One such coordinate is the radius of a sphere passing through the four 
hydrogen nuclei. For displacements of all the hydrogen nuclei toward 
or away from the carbon nucleus which remains stationary at the center 
of mass of the four hydrogen nuclei, 


and therefore 



or dq = —-8r 
vb 


7 = 7o + 




+ 41 


©.j 


8r + 


dWi 

dq^ 


+ 21 


dW. 




, but the coefficient of the term in dr must vanish for otherwise the position 
will not be one of equilibrium; therefore, 

dr dq 


^)a 


To simplify our symbols, let 

^ \ dr^ Jo’ id^V,/dr^)o’ ~ n (dW./dr^) 

Then the expression for the potential energy is 

V = Vo + k\ - V^Xsqi + X Sn) + • (123) 


1 Crossed terms of the form 


dW 

dqi dqj 


Sqi % 


are not included in this expression because it is assumed that the. force between two 
particles is not changed by the relative positions of the other particles. 
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The energy for the mode of vibration in which all the hydrogens move 
simultaneously toward the carbon atom is 

= Fo -b + (8a + 2)K5r\ 

and the frequency is 

The resultant electric moment is zero since the molecule is always 
symmetrical, and, therefore, the correspondence principle leads us to 
expect that light of frequency toi will not be emitted. 

Another mode of vibration can be described by means of a normal 
coordinate the angular displacement between two perpendicular 
planes formed by taking the hydrogen nuclei in pairs and passing planes 
through each of these pairs and the carbon nucleus. These pairs may be 
chosen in three ways, and the displacements represent torsional displace- 
ments about the three axes, though only two of these are independent 



Fig. 32 . — The methane molecule and coordinates of the hydrogen nuclei. 

since the torsional vibration about the third axis may always be resolved 
into two components, one about each of the other axes. The potential 
energy for such a vibration can be obtained by expressing and in 
terms of (p and (i and substituting in equation (123). It is 

|)s.V, 

where qa is the equilibrium value of q. Then, 

E = |(4ilf - |)9cV^ 


and the frequency is 



(125) 


This mode accounts for two degrees of freedom. It is not active, for 
the molecule is always symmetrical with respect to the central atom. 

There is one mode of vibration in which all four hydrogen atoms move 
simultaneously in the direction of one axis, say the a:-axis, while at the 
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same time the two with positive a:-coordinates (see Fig. 32) move toward 
this axis and the two with negative ^-coordinates move away from it. 
There is another mode of vibration, in which all four hydrogen atoms 
move as before in the direction of increasing x, but the two with positive 
a:-coordinates move outward from the axis and those with negative 
^^coordinates move toward it. The same modes of vibration may also 
occur independently along the y- or 2 -axes and therefore they account 
for six degrees of freedom. 

The displacement of the hydrogen atoms in the positive z direction 
is accompanied by a displacement of the carbon atom, 4:Mii/Mc as great, 
in the direction of decreasing x. This will be expected to cause the 
appearance of an isotope effect in these two frequencies in the case of 
methane-like molecules whose central atom is not a pure element. Also, 
the unsymmetrical character of these vibrations gives rise to an oscillating 
electric moment, so that the molecule may be expected to absorb or emit 
light of these frequencies. 

Let the arithmetic sum of the displacements of the carbon atom 
and the hydrogen atoms along a: be p, and the displacement of the hydro- 
gen atoms perpendicular to a; be g, where g is positive if away from a;, 
and negative if toward it. By calculating the values of 5r and 6q in terms 
of p and g, and substituting in equation (123), the potential energy is 
found to be 

F = Fo -f ap^ -\- 2bpg -|- 

where 


“ - « 3(1 + 4 «, !>■- 




and the kinetic energy is 


A3 


where 


T = + 2MBg^, 

= MhMo 
^ Me Ms 


We form the Lagrangian function L and secure the equations of motion in 
the usual way. These are 




9 + 


SO that 


V cy^/f Q — 0 , 


‘ 2M]^ 

V = A cos 27rco^ and g =. Af cos 27rcoj5, 

where / is a quantity now to be determined. 

Substituting in equation (126) and solving for /, we find' 


( 126 ) 
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these are the two values of the cotangent of the angle between the direc- 
tion of vibration and the cc-axis for the two modes of vibration. The fre- 
quencies of vibration are found to be 




IfJLY 

4:t\^Mh J 


Mh ^ I 
a r c ± 



-b 46 


2^ 


MlH 


(127) 


Substituting ikfH/ju, (which equals fi for the methane molecule) and the 
values of a, b, c in terms of a, /?, and K, this formula becomes 


W3,4 



which is equivalent to the formula derived by Dennison. 

To summarize, the normal coordinates are : 6r ; two <p s measuring 
the torsional displacement about any two axes; three coordinates each 
of which is measured along a line at an angle to one of the x-, y-, or z-axes, 
whose cotangent is / using the positive sign; and three coordinates 
measured along lines making an angle with the axes whose cotangent is/ 
using the negative sign. 

The three principal moments of inertia of the molecule will still be 
equal if the molecule is vibrating with the frequency of equation (124). 
In the case of the torsional modes of vibration with the frequency of 
equation (125) , the mean moment of inertia about the axis about which the 
oscillation takes place will differ slightly from the other two and, similarly, 
the mean moment of inertia about the axis along which the oscillations 
with frequencies given by equation (127) take place will differ slightly 
from the other two, but these variations cannot be large enough to explain 
the very large difference in the spacing of the lines in the two methane 

bands. ^ ^ a a v 

Dennison has found it possible to select the constants a, p, and it 

in such a way that approximate agreement between the observed and 
calculated frequencies is secured. Table 7 gives the calculated and 
observed fundamental wave numbers. 


Table 7 



Observed 

wavenumber 

l 

Calculated 

wavenumber 

Percentage, 

error 


4,217 ' 

3,920 

-7.1 


1,620 

1,532 

+0.8 


3,014 

3,190 

+5.9 


1,304 

1,304 

0.0 
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The frequencies 3,G14^ and 1,304 are taken as those of the two frequencies 
of equation (127) since these bands are much more intense than any of 
the others and therefore may be expected to correspond to the vibrations 
with the largest electric moments obtained in our discussion of Dennison’s 
model. The agreement is not very close. This may be due principally 
to the failure of the assumption that the forces depend only on the 
distance between the atoms. ^ 

27. ELECTRONIC BANDS OF POLYATOMIC MOLECULES 

The detailed analysis of the electronic bands of polyatomic molecules 
has only been begun and progress is slow because of their much greater 
complexity. In general, the ultraviolet bands of formaldehyde which 
have been described by Henri and Schou^ have a structure similar 
to those of diatomic molecules, with modifications due to the greater 
number of vibrational degrees of freedom and to the existence of three 
different moments of inertia. The phenomenon of 'predissociationj as 
it has been named by Henri, is found in these band spectra. This is a 
common feature of these bands, which occurs rather seldom in the spectra 
of diatomic molecules, though it is found in the spectrum of An 
excellent example of this is given by the naphthalene bands investigated 
by Henri and de Laszlb.^ 

These absorption bands may be divided into three parts: the first 
extends from 3,200 to 2,820 A. and consists of narrow bands with a 
rotational fine structure; the second, from 2,820 to 2,500 1., consists of 
narrow continuous bands with no rotational fine structure; and the third 
is a continuous spectrum extending further toward the violet. These 
three parts of the spectrum are due respectively to transitions from the 
low-l}dng vibrational and rotational states of the normal molecule (1) 
to a higher electronic state in which both the vibrational and rotational 
motions are quantized, (2) to a higher state in which vibrational but 
not rotational motions are quantized, and (3) to a higher state in which 
neither vibrational nor rotational motions are quantized, so that to all 

1 The wave number 3,014 is that which is observed in all organic compounds in which 
we have the C-H linkage. (See Ellis, Phys. Rev., 23, 48 (1924); Marton, Z. Phys. 
Chem., 117, 97 (1925), and also Chap. XI, Sec. 5.) Andrews {Chem. Rev., 6, 533 
(1928)) has shown that the observed heat capacities of a large number of organic 
compounds containing hydrogen linked to carbon are consistent with this value of a 
characteristic frequency. 

2 Recently, Dickinson, Dillon and Rasetti (Phys. Rev. 34, 582 (1929)) have studied 
the Raman effect of methane and give reasons for believing that 4217 cm.“*i is not a 
fundamental, but is the sum of 1304 cm.-i and a fundamental of ^2913 cm.~\ It is 
interesting to note that, this agrees very closely with the fundamental generally 
postulated for 'the C — H bond. 

^Z.Physik,4cd,774. (1928). 

^ Proc. Roy. Soc., 106, 662 (1924), 
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intents and purposes the molecule is dissociated. The first and third 
of these conditions have been described in connection with the band 
spectra of diatomic molecules. Henri proposed that the second spectrum 
is due to the absorption of light in a transition to a molecular state, 
where the molecule is unstable and dissociates soon after absorption. 
Kronigi showed that the rotational states of a molecule will not be 
quantized if the molecule has an appreciable probability of dissociating 
in a time of the order of magnitude of one rotation, but that the vibrational 
motion will be quantized if the dissociation does not occur within a 
time sufficient for mahy vibrations. Since the vibration frequencies are 
much larger than the rotational frequencies this condition is fulfilled. 
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CHAPTER XIII 


CRITICAL POTENTIALS OF ATOMS AND MOLECULES 

The simpler facts in regard to critical potentials have been presented 
in Chap HI, and the present chapter will be devoted principally to 
recent developments and important results in this interesting field. The 
existence of a National Research Council Bulletin entitled “Critical 
Potentials,” by Compton and Mohler, and the book by Franck and 
Jordan, called “Anregung von Quantenspriingen durch Stosse,^’ make 
it quite unnecessary to give a detailed systematic account of the earlier 
developments. 

In Chap. Ill, we pointed out the distinction between collisions of the 
first and second kinds. If, in a collision, between an atom (or molecule) 
and an electron, the internal energy of the atom is raised at the expense of 
the relative translational energy of the collision-partners, we are dealing 
with a collision of the first kind, while if the converse is true, we have a 
collision of the second kind. We must also consider encounters between 
excited and unexcited atoms, in which the possibilities are more compli- 
cated. Here the collision is of the second kind if the more highly excited 
atom loses internal energy, whatever the distribution of that energy 
between translational and internal degrees of freedom may be. If both 
atoms are excited, this nomenclature is scarcely worth applying, because 
it does not give an adequate idea of the process. Collisions of the first 
kind and a few miscellaneous topics form the subject matter of this 
chapter, while those of the second kind are treated in the following one. 

1. ELECTRON SOURCES FOR STUDIES OF CRITICAL POTENTIALS AND 

RELATED PHENOMENA 

The first requisite in nearly all experiments on the collisions of 
electrons with atoms and molecules is a copious source of electrons, 
usually of low velocity and having a reasonably narrow range of velocity 
distribution. Only photoelectric and thermionic sources enter into 
practical consideration. The use of the former presents many experi- 
mental diflaculties, for it is necessary to employ noble metals because of the 
difficulties in removing gases from the more common metals; but the 
photoelectric ejection of electrons from noble metals requires the use of 
ultra-violet light since their photoelectric threshold values lie in the 
ultra-violet and in some cases beyond the limits of transmission by glass, 
so that it is necessary to construct at least a part of the apparatus of 
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fused quartz. It is usually more convenient to use the electron emission 
from an incandescent metal strip or filament, and much larger currents 
can be drawn from such a filament than from a photoelectric source. 
Under ^certain conditions, the electrons leaving a hot cathode have 
velocities distributed according to the Maxwell distribution law. The 
experiments of del Rosario^ show that Maxwellian distribution is secured 
in a high vacuum but not in the presence of a gas or vapor. In correcting 
for initial velocities of the electrons, the usual procedure is to determine 
their velocity distribution experimentally. This may be done by varying 
a retarding potential applied between the hot cathode and a collecting 
electrode. The electron current which reaches this anode is plotted 
against the retarding potential. The number of electrons having 
energies lying between Ve and (F + dV)e is proportional to the slope 
of this curve at the point with abscissa F. Often, the voltage corre- 
sponding to the highest ordinate of the slope curve is applied to the 
measured voltage as a correction, provided the velocity distribution 
curve is fairly narrow. There is no theoretical justification for this, but, 
it is usually satisfactory, since great accuracy is not ordinarily sought in 
critical potential rneasui^ements. Another method is to evacuate the 
apparatus and introduce a gas or vapor of known ionization potential. 
Often mercury vapor from the diffusion pumps can be used. If the 
known ionization potential is 7, and the value obtained is 7', then the 
quantity 7 — 7' is added to all measured voltages. This method suffers 
from the objection that the velocity distribution is not the same 
in the presence of the calibrating gas as in the presence of the gas 
which is to be studied. In using either method of correction, the con- 
tact potential between cathode and anode is automatically eliminated 
by subtraction. 

It is instructive to consider the electron current which flows from a 
hot cathode to a metal plate in a thoroughly evacuated bulb. Figure V 
shows the dependence of this current on the potential F applied between 
the two electrodes. For low values of the potential the current i is quite 
accurately proportional to the % power of the potential corrected for 
the initial velocity of the electrons as they leave the hot cathode. As the 
potential is further increased, the current increases more slowly than the 
% power of the potential and finally approaches a constant value called 
the saturation current. The law that i is proportional to (F — Fo)^^ 
for low values of V was derived theoretically by Child® and has been 
especially studied by Langmuir.^ It can be derived theoretically, and 
holds true whatever the geometry of the apparatus may be. At low 

^Phys. Rev., 27,811 (1926). 

2C. G. Found, Phys. Rev. 16, 41 (1920). 

U^hya. Rev., 32, 492 (1911). 

^Phya. Rev.,2,m am). 
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values of the potential the current from the cathode is limited by negative 
space charge which accumulates in its neighborhood until the potential 
gradient at its surface is zero. This condition holds because the 
current flow due to the impressed potential does not remove the electrons 
from the neighborhood of the cathode as fast as they evaporate from the 
hot metal. At higher potentials this is no longer the case, and the 
gradient near the cathode becomes greater and aids the initial emission, 
although space-charge eifects still play a role. Finally, the gradient 
becomes large enough to remove the electrons as fast as they leave the 



Fig. 1.- — The variation of thermionic current with potential. The crosses represent the 
observations in vacuum and the circles observations with mercury vapor present. {After 
Found.) 

metal, and the limiting value of the current is determined by the capacity 
of the hot filament to emit electrons. The saturation current varies with 
the temperature according to the empirical formulas, 

/ = a!rw, (1) 

or . 

- 6 ' 

I = 'a'T'^^ekT. (2) 

Usually, either of these laws can be made to fit the observed points within 
the experimental error by proper choice of the constants, a, 6, a', and 
b'. The second expression can be reasonably well justified by a simple 
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theory. 

equation 


According to Fowler ^ the current should be given by the 


I = 2A(1 — r)T^ exp 



( 3 ) 


where 



inr^khne 


r is the reflection coeSicient for electrons which fall on the metal, and 
Fo is very nearly equal to the thermionic work function, i.e., the average 
work required to move an electron from a position of rest inside the metal 
to a position of rest outside.^ When the current is in amperes per 
square centimeter, the value of a in (1) may be taken as about 60 for 
tungsten, platinum, and molybdenum in a very pure. state. The total 
current from a given material increases with the temperature, and in 
comparing different metals, the lower 7o is, the greater the current at a 
given temperature. Vo varies from 1.34 volts for cesium to 5.2 i 0.3 
volts for platinum, and increases roughly as the electropositive character- 
istics of the metal decrease. 

The choice of a suitable material for a hot cathode is governed by 
several factors— the magnitude of the currents required, the possibility 
of dissociation or catalytic recombination at the filament in studying 
molecular gases, the effect of the gas on the filament itself ifi-fj-i tungsten 
should not be used in oxygen), length of time the filament must retain its 
original properties, etc. The most usual materials are platinum, coated 
with thin layers of alkaline earth oxides, tungsten, thoriated tungsten, and 
molybdenum. In the more exact determination of critical potentials, 
it is important to use electrons which have a narrow velocity distribution. 
This problem has been partially solved by several methods. Foote and 
Mohler* showed that nickel and platinum surfaces coated with cesium 
emit electrons copiously at red heat. Kingdon and Langmuir^ and 
Williamson® then showed that tungsten and platinum surfaces adsorb a 
monomolecular layer of such metals as the alkalies or thorium, and that 
such metal surfaces emit electrons in accordance with formula (3), the 
work function being that of the adsorbed metal. 

The retention of an alkali atom on a metal surface is due to the 
loss of one of its electrons. This will occur if the thermionic work func- 
tion of the underlying metal is sufficient to remove an electron. Thus, 
cesium has an ionization potential of 3.87 volts while the thermionic 


^Proc. Roy. Soc., 117, 549 (1928). iu * j-u ii, • • 

2 Warner {Proc. Nat. Acad. Sd., 13, 56 (1927)) has shown that the thermioiue 

work function of tungsten is very nearly equal to the photoelectric threshold value, 

> Phil. Mag., iO, 80 (1920). 

1 Phys. Rev. 21, 380 (1923). 

^Phip. Rev. 127 (192A), 
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work function of tungsten is 4.7 volts, and, therefore, cesium ions will be 
held tightly on a tungsten surface. Since the work function of tungsten 
is 4.7 volts, and that of cesium 1.34 volts, the temperature of a cesiated 
filament need be only about 1.34/4.7 of the temperature of a bare tungsten 
filament in order to secure approximately the same current per square 
centimeter. This low-temperature source yields electrons with a narrow 
velocity distribution. A mixture of alkaline earth oxides has a similar 
effect on the work function and is very often used to increase the elec- 
tron emission from platinum filaments. 

In addition to the natural energy-distribution of thermionic electrons, 
we must consider the distribution due to the potential drop along the 
filament, which may amount to several volts. Hertz and Kloppers^ 
have used an equipotential source made by fusing a small nickel body 
to the middle of a tungsten filament. Due to its high electrical con- 
ductivity, the potential drop across it is very small. When covered with 
alkaline earth oxides the nickel body emits electrons much more copiously 
than the filament. A third wire attached to the nickel is used to apply 
accelerating potential. This method is a variation of the old scheme of 
covering a small spot on a platinum strip with a mixture of oxides. 

Lawrence^ used the method of magnetic resolution (Chap. II, Sec. 
10 ) to select electrons of a given velocity from an inhomogeneous beam. 
In this way he secured a beam of electrons with velocities having a sharp 
upper limit, and determined the ionization potential of mercury with 
high precision. His value is 10.40 + 0.04 volts, while the spectroscopic 
value is 10.392. 


2. METHODS FOR DETERMINING CRITICAL POTENTIALS 






Fig. 2. — Modified Lenard method. 


The electrode arrangements which have been used in critical potential 
work are very numerous and we must refer to the treatises of Franck 

and Jordan and of Compton and 
Mohler for detailed discussion. Here 
we shall content ourselves with a brief 
statement of the principles underlying 
the more usual methods, and with 
descriptions of a few arrangements 
which possess special interest. 

I. Lenard’s Method and Its Modifications.— This method has been 
described in Chap. Ill, Sec. 10 . In the simple arrangement of Fig. 4 
(Chap. Ill) collisions between electrons and atoms occur throughout 
the space between the filament and first gauze. The energy of the 
electron depends on the potential through which it has fallen and thus 
varies from zero tp the full accelerating potential, depejiding on the point 

1 Z. Physik, 31 , 463 (1925). 

2 pev,, 28 , 947 (1926). 
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at which the collision occurs. It is possible to remedy this defect by 
the use of an additional gauze H, mounted close to the filament as shown 
in Fig. 2. The accelerating potential is applied between the filament 
and this gauze so that the electrons enter the space HO at full potential 
and here collide with atoms in a nearly field-free space. It is usually 
advantageous to maintain a potential of a few tenths of a volt between 
H and G. A negative space charge due to the electrons applies a retarding 
field to the electrons entering this space. A small accelerating potential 
between H and 0 reduces this space charge and removes positive ions 
and slow electrons so that secondary effects such as inelastic collisions 
between ions and fast electrons are decreased. This arrangement was 
used by Franck and Einsporn^ and many subsequent workers in this 
field. 2 

n. The Method of Franck and Hertz and Its Modifications. — This 
is also described in Chap. Ill, Sec. 10, and can be improved by adding a 
gauze in the neighborhood of the filament, just as described in the case 



Fig. 3. — Criticjal potentials of mercury. (After Einsporn.) 

of the Lenard method. In Fig. 6 of Chap. Ill, we gave a curve obtained 
with the three-electrode arrangement in mercury vapor at such a pressure 
that each bombarding electron makes many collisions in traversing the 
apparatus. At the pressures used all but a small fraction of the electrons 
will collide with a mercury atom before acquiring much more than 4.9 
volts energy. If the pressure is decreased this will no longer be true. 
Figure 3 shows a curve secured by Einsporn* under such conditions, 
using mercury. The peaks on this curve occur at spacings which agree 
very well with the hypothesis that they are combinations of two poten- 
tials, 4.9 volts and 6.7 volts. It is possible to interpret some of these 
critical potentials, however, as due to combinations of other resonance 
potentials of the mercury atom. 

Table 2 shows the agreement between the observed peaks and the 
calculated values, using the combinations shown in the second column. 

1 Z. Physik, 2, 18 (1920). 

2 See Foote and Mohlbb, “Origin of Spectra,” p. 137. Chem. Cat. Co., New 

York (1922). ■ 

^Z.Physik, 5,208 (.mi). 
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In the first column, a correction of 1,1 volts has been added to the experi- 
mental values because of the mean energy with which the electrons leave 
the cathode. 

Table. 1 


Observed voltage 
(corrected for initial 
velocities) 

Combination of 
a = 4.9 volts and 

6 = 6.7 volts 

Difference between 
calculated and ob- 
served values 

4.9 

a 

= 4.9 

0 


h 

= 6.7 


9.8 

2a 

= 9.8 

0 

11.2 

a b 

-11.6 

-0.4 

13^5 

2b 

= 13.4 

+0.1 

14.7 

3a 

= 14.7 

0 

16.0 

2a -j- b 

= 16.5 

-0.5 

17.6 

a -}- 26 

= 18.3 

-0.7 

19.3 

4a 

= 19.6 

+0.3 

20.2 

36 

= 20.1 

+0.1 

21.2 

' 3a H- 6 

= 21.4 

-0.2 


ni. The Methods of Davis and Goucher and of Compton. — The 
experimental methods described above do not distinguish between 
ionization and resonance potentials, since both are associated with loss of 





Oa/vcrrroms-fer 


Fig. 4. — The Davis and Goucher apparatus. 


energy. Davis and Goucher^ carried out experiments which distin- 
guished between these two effects, by using an apparatus shown dia- 
grammatically in Fig. 4. Two gauzes were used between the jfilament 
F and the plate P with fields Fi, 72, and V 3 accelerating and decelerating 
the electrons as shown by the arrows. 7i is increased by small steps 
and the current flowing between G2 and P is measured by a galvanometer 
for each value of 7i. When atoms are caused to radiate by inelastic 
impacts of the electrons in the neighborhood of Gi, the light emitted 
falls on P, and photoelectrons are ejected which are returned to P by the 
fleld V 3, contributing nothing to the current through the galvanometer. 
Any light falling on the side of (?2 nearest to P by reflection, or otherwise, 
will cause electrons to be emitted from G2, which will fall to P and register 
on the galvanometer. If now the potential Vi is increased until ions are 
produced near Gi, these will be accelerated toward G2, and passing through 
^ Phys. Rev., 10 , m { 1917 ). 
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the gauze, wUl reach P if Vs is less than Vs. An ion current from (?2 to P 
will deflect the galvanometer in the sense opposed to that in which it is 
caused to move by the electron current. If the supply of ions is sufii- 
ciently great, the original deflection caused by the light emitted at 
resonance collisions will be reversed. In the lower curve of Fig. 5, the 
galvanometer current I obtained under such conditions is plotted against 
the potential Vi. If the direction of Fa is now reversed the photo- 
electrons from P pass to Qs- A negative current flowing from P to Gs is 
equivalent to a positive current flowing from Os to P. The inelastic 
collisions producing light wiU therefore register a current in the same 
direction as those producing ions. The upper curve of Fig. 5 shows 
the plot of the galvanometer current I against 
V for this arrangement of the fields. This 
experiment was carried out with mercury vapor. 

The shape of the curves shows clearly that the 
two critical potentials at 4.9 and 6.7 volts are 
associated with the production of light following 
inelastic collisions in which the atom is raised to 
an excited state. The break at 10.4 volts is 
associated with the formation of positive ions. 

Compton has devised a modification of the 
Lenard method which makes it possible to dis- 
tinguish between radiation and ionization poten- 
tials. The arrangement of potentials is un- 
changed, but the receiving electrode is a hollow 
box, one side of which is covered with metal 
gauze. The gauze side or the solid side can be 
turned toward the other electrodes by a magnetic 
device. On rotating the box, the positive ion 
current to the electrometer will not change, for 



. 6 7 8 9 10 

V o l + s 

Fig. 6. — The resonance 
and ionization potentials of 
Hg. (After Davis and 

fUnurhfir.) 


the gauze is just as efficient in collecting 

ions as a solid plate; but the photoelectric current from the box 
will be smaller when the gauze side is turned toward the other electrodes, 
because a large part of the radiation passes through the meshes and 
strikes the inside of the box, from which few photoelectrons escape. 
Suppose we plot the ratio R of the currents obtained with solid and 
gauze sides toward the other electrodes, against the accelerating voltage. 
If we were dealing entirely with positive ion current this ratio would be 
unity; if with photoelectric current, it would be larger than unity. At a 
radiation potential we expect an increase of R, and at an ionization 


potential we expect a decrease. 

IV. Hertz’ Space Charge Method.— This is adapted to the detection 
of ionization potentials. ^ Electrons are accelerated through a gauze 
. 1 Phil Mag. 40 , 563 ( 1920 ). ‘ 2 . Physik, 18 , 307 ( 1923 ). 



456 CRITICAL POTENTIALS OF ATOMS AND MOLECULES [Chap. XIII 

into a metal cylinder, where collisions take place. In this cylinder there 
is a very small filament which is run so hot that the current from it is 
limited by space charge. A small potential is applied between the 
filament and the cylinder, for reasons already explained. The galvanom- 
eter is connected to one leg of this filament and measures the emission 
current from it. This remains constant as long as the accelerating 
voltage is less than the first ionization potential of the gas, but increases 
greatly as soon as that voltage is passed, because the negative space 
charge is neutralized. The filament is so small that radiation cannot 
cause aix appreciable photoelectric current from it. 

V. Another Method Due to Hertz. — This method is especially adapted 
for the accurate determination of critical potentials, and minimizes 
effects due to inelastic impacts occurring at lower voltages. The experi- 
mental arrangement used by Hertz^ is shown in Fig. 6. Electrons of 
known velocity and having a narrow velocity distribution were shot into a 

field-free space containing a helium- 
neon mixture, where they collided 
with the atoms and diffused through 
the gauze sides to the electrode P. 
Two current measurements were 
made, one with no field between the 
cage and the electrode P, and the 
other with retarding field of 0.2 volts 
between them. The difference between these two currents is a measure 
of the number of electrons which have made inelastic collisions and have 
lost nearly all their energy, so that they cannot move against the small 
retarding field of 0.2 volts. Hertz took the critical potentials of helium 
as known from spectroscopic data and determined the potentials of neon 
relative to these. By way of illustration, Hertz found resonance poten- 
tials at 16.65 and 18.45 volts. The first of these corresponds to two 
resonance lines at 744 and 736 A., which were discovered spectroscopi- 
cally by Hertz. 2 The calculated excitation potentials of these lines 
are 16.58 and 16.77 volts. 

In practice, it is often convenient to use a combination of several 
methods. Thus, we might measure the first resonance potential of 
a metallic vapor by the Franck-Hertz method, locate the ionization 
potential by noting the sudden increase in total current which occurs 
when ionization begins, and study the spectrum of the discharge to 
determine what lines are emitted just above the resonance voltage. 
Often it is possible to gain additional information by observing the 
dependence of line intensities and of breaks in the curve on the current. 
For example, when the voltage slightly exceeds the first ionization 

^ Loc. ciL 

2 Naturwis,, 13, 489 (1925); Z. Physik, 32, 933 (1925). 
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Fig. 6. — The Hertz arrangement. 
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potential, it is poHsihlo for linos of the spark spoctnun to appear, due to 
ionisation l>y one f'loef ron and excitation of the ion by another. The 
intejisity of strmiK lines of th(‘ spark sja'ctrinn produced in this way 
should th(>r(4on* hv pro{K>rtional to the s([uare of the current density. 
'I’hus we s(“e the vahn^ of using low currents wluni it is desired to get 
rid <jf efTects diu’ to sinseessive itnpaets. 

VI. Special Devices Used with Molecular Gases and Vapors.- - 
Special niethods must !>e used forslndying th(! critical potc'ntials of the 
atoms of elements which hih’ in the moleeiilar form at ordinary tcunpera- 
tures ami prt'SHures. In ('hap. V, Sec. 3, we hav(^ descril>ed the work of 
Olmstead ami (’osnpton on the critical potentials of tlm hydrogcui atom, 
in which tlu'y lised a lungstim vacuum furnace, to tlissoeiato the gas. 
Smyth and ('omptoid have used a discliarge tul)e raised to a high tem- 
jx'rature in their studies of the critical potentials of t.h(' iodine atom. 

Vn. Kurth’s Method for Studying Soft X-ray Potentials of Solids. — 
In this method radiation is product'd at a targf't hotnharded with (dectrons 
of controlled energy. This radiation falls on a detecting plate producing 
a photoelectric current. 

An essential feature of Kurth’s® apparatus consists in an elaborate 
set of shields, whicli serve to suppress secondary effects du<» to ions 
produced in tlu^ residual gas. Studies similar to those carricHl out by 
Kurth have been imule by llollefsen," ( ‘ompton ami Thomas^ and others. 
Their exfHTiinents show that many ra<liating isilsmt ials can bo observed 
in such solid hoiiies as iron, nickel, copper, and carlion. For the most 
part, it has la'im found imjMwsihle to arrangf^ th(s<» in any systoinatic 
order and it seems very probalde flint future investigations of these 
soft X-rays will 1 k> math* iirincirially by using gratings ruled on glass. 

8. CONTROLLED EXCITATION OF SPECTRA 

As indicaU'd in Chap III, 8{*c 12 it is often advantageous to supple- 
ment our stmiios of critieal pol.entials by investigations of the light 
emitted wlien a gas or vatmr is liomliarded Ity low-voltage electrons. 

A tutie suitable for exiMTiments of this kind is shown in Fig. 7, 
taken from a paisT liy Iluark'' on the step-liy-step excitation of tho 
magiH'sium siM«ctnun. 'I’he liot filairn'iit is closely surrounded by a spiral, 
which in turn is surrmimied by a concentric cylinder at a relatively great 
ilistance, This is often maintained at tlie same pot<*ntial as tho outer 
cylinder, lait usually a small accelerating voltage say a few tenths of 
a volt may lie apjilied between tluun with advantage. The main 

/?«>.. le, 501 flfl'iOi. 

’/Vij/ii. Ufv; 18, 401 ( HI2!), 

« /*%«. licK., 23, 35 (HW4). 

Aw., 28,001 

• /. D. A. n, 1»2 (HI25). 
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accelerating potential is applied between the filament and the spiral, 
If the spectrum of a metal is to be studied, a piece is placed inside the 
cylinder, and the central part of the tube is heated. The pressure is so 
chosen that relatively few electrons collide with atoms in the space 
between filament and spiral, while a much greater number undergo colli- 
sions in the force-free space between the spiral and the cylinder. In this 
way, nearly all the electrons reach this space with the energy corre- 
sponding to the full potential between filament and spiral. The light 
from the force-free space is focused on the slit of a spectroscope through 
the fused quartz window, which is placed a considerable distance away 
from the discharge, to avoid the deposition of a metal film. The cylinder 
is nearly closed, to keep the metal where it is wanted. The small tube 
at the right keeps the direct light of the filament from reaching the 



Fig. 7,’ — Apparatus for the controlled excitation of spectra. {After Ruark,) 

spectroscope. It also serves to isolate the light coming from regions 
close to the anode cylinder, where the potential must be nearly that 
of the anode. 

Usually, the current is held constant by varying the temperature 
of the filament; further, it should he chosen very low, let us say 1 to 3 
milliamperes, for the purpose of minimizing effects due to successive 
excitation of an atom by two or more electrons. Even if these conditions 
are satisfied, the spectra obtained at different voltages will not be com- 
parable in intensity, for several reasons. First, the percentage of the 
collisions which are inelastic is a function of the electronic velocity. 
Second, an electron having 10 volts energy, for example, can undergo two 
inelastic colhsions in a gas having a resonance potential of 5 volts, while 
an 8-volt electron could excite only one atom. Third, the electronic mean 
free path and, therefore, the total number of colhsions, depends on the 
velocity. Other factors could be enumerated. For these reasons, 
the time of exposure is reduced, at constant current, to keep the product 
of voltage and exposure time constant. With these precautions, spectra 
are obtained at a number of different voltages. Figure 8 shows magne- 
sium spectra obtained by Foote, Meggers, and Mohler,i at voltages 
from 3.2 to 30. At the first resonance potential, an electron should be 
carried from the normal level l^/So to the levels 2^Po,i.2. In magnesium, 

1 pm. Mag., 42, 1002 (1921) ; 43, 639 (1922). 
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thfiHC P levak lie clow* together and the corrcHponding resonance potentials 
cannot be separated eiectrically. While electrons are carried to all 
three levels, they cannot return from 2*Ps and 2*Po with emission of 
ratliation. I'hi'w* states arc* inetastable, and atoms cannot leave them 
except by colliding with the walls, with other atoms, or with electrons. 
As to 2 ’p 5 , it is higher than 2®Pi, but spontaneous transitions between 
th«*se levels will rn>t occur iM^causti of the selection principle for the azi- 
muthal <nmntHm mitnlwir. 'i'hc result is that only the line l'»Su — 2■''/^ 


s/mie uNt sPBcmuM 



3.2Volfs 


TWO UNC SPeCTKUM 




t g I 


&,S Volts 


AfK SPlCrffUM 



to Volts 


ZOVbffs 


SOVh/ts 


fill. B.--I>i»vt>lo{»ini>nt fit Ma HiK<i>trnm. (Aflrr PiHttr, Mfoottr*, and Mahler,) 

&t 4,671 A. should l>e omitted when the bombarding electrons have 
voltages slightly higher than the first resonance potential. The minimum 
voltage r* 3 quired for the excitation of the 4,671 A. line, should be 2.70 
volts, by the relation Ve - hn. It is reconied at 3.2 volts (Fig. 8) 
and no other line is found, even when the plate is very much over- 
exp<>s<‘d. The larger value of i he olswirved voltage is due to the fact that 
the intensity of the light e.xcited at exactly 2.70 volts would be so small 
that it would Im difficult ti> phott)graph. The next line to appear should 
te I Wo - 2‘Pt at 2,863 A., which requires 4.33 volts for its excitation, 
and it appears when the energy is increasctl to 0.6 volts. 
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Other lines due to the neutral atom appear progressively as the 
voltage increases. When the ionization potential of 7.61 volts is exceeded, 
the whole arc spectrum is emitted, as in the 10-volt exposure of Fig. 8. 
The energy required to ionize the Mg^" ion corresponds to 14.97 volts and 
when this is accomplished, the complete' Mg II spectrum should be 
emitted. This spectrum is observed in a low voltage arc run at high 
currents, at potentials slightly in excess of 15 volts, and is due principally 
to doubly charged ions produced by the successive impact of two electrons. 
Now, collisions of singly charged positive ions with the bombarding 
electrons are proportional in number to the square of the current, and 
so all spectrum lines produced in this way will decrease in intensity 
relative to lines produced by single impacts, if the current is made lower. 
At low currents, therefore, we should expect that the Mg II spectrum 


2^P-wX-^ r2^P-2^p' 

vv 



JZVoHs 

Fig. 9. — The spectrum of Mg+ excited by single electron impacts. (A/ier Uuarh.) 

would be quite faint until we pass the voltage 22.58 (== 7.61 + 14.97) at 
which two valence electrons may be removed in a single impact. Ruark^ 
showed that such is the case, using current densities of the order of 0.1 
to 0.2 milliamperes per cm.^ ,As a typical result, we may consider the 
excitation of the first principal pair of ionized magnesium, — 

2,802.7 and 2,795.5 A. If a singly charged ion is present, 
these lines could be excited by 4.4-volt electrons, but 7.61 volts are 
required to produce such ions, and therefore these lines should appear 
first at the first ionization potential when the current is relatively high; 
but, if the current is relatively low, these lines should appear at 12.01 
volts, due to a type of impact in which one electron is removed and the 
second is raised to one of the 2^P levels. The existence of such impacts 
is proved by the 12- and 13-volt exposures in Fig. 9. While there is no 
trace of these lines in question at 12 volts, they are strongly developed at 13. 

The simultaneous excitation of two electrons may also be studied 
by the same method. If it is possible to raise both valence electrons 
of magnesium to 3, 1 orbits by a single impact, leaving the atom in one of 
the 2®P' states, we may expect that the lines 2^P — 2®P' will be emitted 

^ Loc. cit. 
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as a result. The voltage required for this excitation is 7.14, corre- 
sponding to the wave number l^So — 2®P'. Our expectation is verified, 
for at low currents the 2^P — 2^P' lines are absent at 7.5 volts, but present 
at 7.9. The difference between the theoretical excitation voltage and that 
observed is attributable to the fact that the initial velocity correction 
has not been applied. Recently, the hot cathode arc has been used by 
K. T. Compton, Boyce and RusselT in studies of the extreme ultra- 
violet spectra of neon and argon. In this region, classification is often 
made difficult by the decreased accuracy of wave-number measurements, 
and any method of separating successive stages of excitation is very 
useful. 

Very close checks of theoretical potentials have been obtained by 
Hertz^ in work on helium, neon, and mercury, by the use of low currents — 
never greater than 0.1 milliampere. Neon lines which are definitely 
absent at 19.2 volts are quite strong at 19.6. Later, Hertz and Scharp 
de Visser'^ made photometric measurements of line intensities as a function 
of voltage. The curves obtained cut the axis of zero voltage at consider- 
able angles in some cases, and yield quite 


definite values of the critical voltages for the 
appearance of these lines. 

4. THE DETERMINATION OF IONIZATION 
POTENTIALS WITH THE MAGNETIC 
SPECTROGRAPH 

A very powerful method for studying the 
potentials at which various types of ions are 
first produced has been developed by Smyth^ 
and Hogness and Lunn,® by combining a hot 
cathode tube with a magnetic spectrograph 
like that of Dempster (Fig. 10, Chap. II) . The 
arrangement of electrodes used by Hogness 


v> 





Fig. 10. — Magnetic spectro- 
graph arrangement. {After 
Hogness and Lunn.) 


and Lunn is illustrated in Fig. 10. The 

source of electrons is the filament E. The potential Vi is fixed through- 


out the experiments and Fa is varied. The electrons collide with the 
molecules in the space F producing ions if Fi -t- Fu is sufficiently large, 
these are drawn through the gauze 7 by a small potential Fs. F4 is a 
large variable potential which accelerates the ions through the gauze 
J-and slit B, where they enter the magnetic field. Their paths are bent 
into a circle and the ions arrive at the slit M and the electrometer 


iProc. Nat. Acad. 8ci., 14, 280 (1928); J. Frank. Inst, 206, 497 (1928); Phys. 
Rev., 82, 179 (1928). 

* Z. F%8ifc, 22, 18 (1924). 

»Z. 31,470 (1926). 

*Proc. 'Roy. Soc., 102, 283 (1922), and later papers. 

'Free. Nat. Acad. -Set., 10, 398 (1924); Phys. Rev., 26, 786 (1925). 
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electrode. In order to bring ions of different ratios of charge to mass to 
the slit M, it is necessary to vary either F 4 or the magnetic field strength. 
In practice it is convenient to vary F 4 in order to detect the different 
ions produced. By varying the potential 72 , the energy of the exciting 
electrons can be varied. Thus, it is possible to observe the exciting 
potential at which any ion is produced and also the relative numbers of 
ions of different kinds produced by electrons of any particular energy. 

Figures 11a and 116 are plots of electrometer currents against the 
potential 74 , when the apparatus is filled with N 2 , and electrons enter 
the space F with energies of 23 and 84 volts, respectively. ions 



with an accelerating potential of 84 volts. {After Hogness and Lunnf) 

are present in both cases but IST’’" ions only in the latter. The relative 
abundance of the ions can be estimated by the heights of the peaks of 
these curves. It is found that N 2 "^ ions appear first at 17 volts, and in 
greater nufnbers at 23 volts; N+ ions appear above 23 volts, but in small 
numbers relative to the ions. Increasing the pressure of nitrogen or 
the addition of helium gas increases the relative number of ions; 
further, the ratio of N+ to N 2 "‘" ions approaches zero as the nitrogen 
pressure approaches zero. The conclusions that can be drawn are: two 
types of N 2 “^ ions are produced, one at 17 volts and another at 23 volts; 
the second of these is unstable and at collision with other molecules or 
helium atoms dissociates into an atom and an atomic ion. 

Similar studies have been made with H 2 ,^ l 2 ,^ HCl,^ NO,^ O 2 / CH 4 ® and 
* ^ Smtth, Phys. Rev., 26, 452 (1925); Hogness and Litnn, Phys. Rev., 26, 44 (1925) ; 

Kallmann and Bredig, Z. Physik, 34, 736 (1925). 

2 Hogness and Harkness, Phys. Rev,, 32, 784 (1928). 

3 30, 614 (1927). 

4 Hogness and Litnn, Phys. Rev., 30, 26 (1927). 

® Hogness and Litnn, Phys. Rev., 27, 732 (1926). 

® Hogness and Kvalnes, Phys. Rev. 32, 942 (1928). * 
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BiiOA A summary of the principal conclusions of these studies is given 
in Table 2. The method promises to give further valuable information 
on the processes of ionization in molecular gases. 


Table 2 


Molecule 


Primary process 

Excitation 

potential 

volts 

Secondary and tertiary 
processes 

Negative ions 
observed 

H 2 — > H2’^ + e 

16 

Ha"** 4* Ha — ^ Hs^ 4“ H 
- H 2 +- 4 . H+ 4- H 

None 

N2-^N2+(17) 

17 

H+ 4- Ha H 3 +* 


Na N2+(23) + e 

23 

N2+(23) N+ 4- N 

N 2 - 

NO NO+ + e 

9 


NO- N-, 0 - 

NO 0+ + N +' e 
NO-tO + N+ + e 

21 

22 



Oa Oa"*" + e 

13 


O 2 - 0 - 

. Oa-^ 0 + + 0 + c 
HaO -> H 2 O+ -h c 

20 

13 

9.3 

9.3 

<3 

13 

f HaO+ 0H+ 4- Ht 

None 

' l 2 -y I 2 + 4- « 

1 H 2 O+ + HaO -> H 3 O+ 4- OHt 

r 1 + + la Ia+ + I 

I, I 2 -, Is- 

la-t 1 + + 1 + c 

I 2 + 4- l 2 -^Is+ + I 


^ la + I- + I 

I- 4- I 2 la- 4- I 


f HCl HC1+ + e 

1 HCl -> H + Clf 

[ 12 - 4 - 12 -^ 13 - 4 - 1 * 

Cl 4- « C 1 -* 

ci- 

CH4-->CH4+(14.5) 
+ « 

CH.1 CH8+ + H 
-h e 

or 

CHi --^CH4+(15.6) 

. + e 

14.5 

15.5 

15.5 

CH4+ ->CH3+ 4- H 4- e 



Ha. 


Na.. 

NO. 


Oa... 

HaO. 


HCl. 


CH4. 


* Processes are tertiary, 
t Thermal dissociation at the filament. 


Somewhat simila r methods have been used to separate the spectra 
of ions from those of neutral molecules. 

If an electric field is applied transversely to a beam of canal rays 
passing through a high vacuum, ions in the beam can , be deflected 
sufficiently to separate them from the neutral particles. In this 
way Wien® and Kerschbaum® obtained a physical separation of the arc and 
spark spectra of 0 and N and showed that the second positive bands of Na 
are emitted by the neutral molecule while the negative bands are due to 
Na"*". Wien has also studied the spectra of canal ray beams deflected by 
magnetic fields. Brasefield^ has used this method to separate the 
spectrum of H 2 + from that of the neutral mnlecule. In this way he has 

1 Barton and Bartlett, Phys. Rev., 31, 822 (1928). 

2 Ann. Physik, 69, 325 (1922); ibid., 81, 994 (1926). 

8 Ann. PhysilOy 79, 466 (1926). 

< Proc. Nat. Acad, fid,, 14j 686 (1928)% 
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succeeded in finding bands which are characteristic of the ion and has 
found that they follow a Rydberg series with the changes in the quantum 
numbers 8 — > 4, 9—^4, 10 4, and the Rydberg constant character- 

istic of singly ionized atoms, namely, ARh- The method is difficult to 
use because of the low intensity of sources secured in this way, but 
promises to be a powerful method for separating arc and spark spectra. 
Maxwell has made studies, of the* mercury spectrum with electric deflec- 
tion, using a tube with a hot cathode, which enables him to obtain 
much brighter spectra.^ He finds that the intensity of the arc lines is 
independent of the electric field, which indicates that recombination of 
electrons and positive ions contributes very little to these lines. 

6. CORPUSCULAR SPECTRA 

The first investigation in which a magnetic spectrograph, in the usual 
sense of the word, was used to bend the paths of charged particles, was 
that of Danycz-^ who employed this instrument to determine the velocity 
distribution of /3-rays from radioactive substances. Hobinson and 
Rawlinson® used this method to determine the velocities of secondary 

cathode rays produced by X-rays 
and, Rutherford,^ in collaboration 
with these two authors, employed 
it to investigate the velocities of sec- 
ondary /3-rays produced by y-rays. 
De Broglie® and Ellis® have brought 
this method to a high state of per- 
fection. A typical arrangement 

Fig. i2.-Corpu3cular spectrograph. apparatus is shown in Fig. 12. 

Electrons are ejected from the point C in all directions by X-rays or 
gamma rays; a magnetic field bends the path of each electron into a 
circle and those that pass through the slit finally fall on a photographic 
plate PP. The arrangement of slits is such that all electrons of the same 
velocity are focused on the same point of PP, those of lower velocity 
falling nearer to the slit S. The result is a spectrum which is often 
referred to as a magnetic spectrum. 

The energy of the electrons leaving C is determined by the frequency 
of the rays falling on the target, the photoelectric threshold value, 
the energy necessary to remove the electron from one of the shells of an 

1 Phys. Rev., 32, 715 and 721 (1928). 

^ Compt. Rend., 163, 1066 (1911); Le Radium^ 9, 1 (1912). 

^ Phil Mag., 2S, 277 {191A). 

^Phil Mag., 28, 281 (1914). 

® J. de Phys, et Le Rad., 2, 265 (1921). 

« Proc, Roy. Soc,, 99, 261 (1921); 101, 1 (1922). 
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atom and, finally, the Iohh of energy of the electron as it passes through 
tlie Bul>Btanee before it escapes. The photoelectric equation for those 
electrons which lose no energy by this last method is 

Fc M Ar — Fo<^ Ar', (4) 

vvh(*re r is the frcMiuency of the incident radiation, Ve the energy of the 
ej(‘ete<i eU*<‘tron, Fnc the photoelectric threshold value and hv' the energy 
necessary to rvuiow th<‘ <deetron from an atom. The latter energy may 
or may not be ssero, dtqKmding upon whether th(^ (4(^ctron was or was 
IkhuhI in one ()f the <4eetron shcdls. Tht^ (^ff(K5t of any loss of energy 
of the* electron in passing through the metal will be to decrease Ve, 
Using X-rays of known freqtiency and determining Ve from the strength 
of the magnetic field and the radius of curvature of the el(H‘,tron path, 
it is a simpli* matt(*r to deduce the various values of hv' from the 
discontinuities of tlic blackening on the platen This nudiiod has been 


Emrgy - 
VolhxlO'^ 


8 




VO tv.vo 
'OVD 



Flu. Ui, CJureunouluP jiptH^trum of HnD. (U/nr CurtinH,) 


uwmI to (iotomiiijc the K and L oner^y lovola, Hoft X-ray one^rgy levels, 
and, when applied t(» l>eta rays «'jected by gamma rays, the energy levels 
within «!»• nueleuH itwdf. Wlum studying gamma rays the radioactive 
iimierial is sieposited on a wire which occupi(m the position of the 
jKdnt ('. 'I'he electrons, ejected by the gamma rays during the radio- 
active disintegration process, come from the electron shells of the dis- 
inU?grating atom itself. It is found that the process of disintegration 
of radium B ami also radium I) is first the loss of a jtt ray from the nucleus, 
leaving a nucleus of the atomic number 83 which is an isotope of bismuth; 
then a nuclear rearrangement of this newly formtul nucleus takes place 
with the emission of a gamma ray, and, finally, this gamma ray in passing 
through t he (dectronic sludls of tlu? atom may ej<ict an electron from one 
of th<w' shells. The rc'sult will l)e a corpuscular spectrum of electrons 
having the energy hv of th<‘ gamma-ray quantum, or this energy dimin- 
ished hy that nsquired to remove an electron from one of the X-ray 
levels of t he bismuth atom. It is found that th(i electrons have velocities 
cornwfKmding to these energies rather than those to be expected if the 
electron were ejected from one of the shells of an atom of atomic number 
82, which Is an isotope of lead. Studios of this kutd have been made 
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OIL Ra, EaB, RaC, and RaD.’^ Figure 13 is a reproduction of a cor- 
puscular spectrum of RaD taken by Curtiss. 

Jones and Whiddington^ have applied this method of corpuscular 
spectra to electrons which have made elastic and inelastic collisions with 
molecules. Electrons accelerated by 25 to 150 volts are shot through a 
Faraday cage containing hydrogen at a pressure of about 10“^ mm. of 
mercury where they collide with hydrogen molecules. Some of the 
electrons will make elastic collisions and will retain their original energy 
while others may make one or two inelastic collisions and thus lose part 
of their energy. The result will be that the electrons emerging from 
the cage will consist of several groups differing in energy by the amounts 
lost in these inelastic collisions. If these electrons are then accelerated 
by a fairly high field and passed into a corpuscular spectrograph a 
spectrum similar to those described above is secured. The photo- 
graphic plate shows a fairly sharp line corresponding to electrons which 
have made elastic collisions, and others corresponding to those which 
have made one or two inelastic collisions. They have investigated at 
present only those electrons which after the inelastic collision move on in 
nearly the same direction as the original beam. 

The distances between the spectral lines show that the electrons have 
lost 12.6 volts of energy or approximately double this amount; and, in 
addition, there is some evidence for inelastic collisions in which 8 or 9 
volts and 14 or 15 volts are lost. The 12.6-volt loss of energy is in 
agreement with observations on the resonance potential of hydrogen 
made by other methods. The energy changes in the hydrogen molecule 
corresponding to the 8- or 9~volt and the 14- or 15-volt loss of energy 
are doubtful, though there is reason to believe that the latter loss is due 
to the dissociation of the hydrogen molecule. From the relative inten- 
sities of the two lines corresponding to the loss of 12.6 volts in one collision, 
or twice this amount in two collisions, it is possible to calculate the 
probability of excitation by electrons; this has been done for electrons 
which are deflected only slightly from their original paths by collisions. 
The probability that an electron will make one and only one collision in 
traversing the distance d, through the Faraday cage is (d/X) exp ( — d/X), 
where X is the mean free path of the electron in the gas. If p is the 
fraction of these collisions which are inelastic, the number of electrons 
which have made one inelastic collision will be 


h 


const. 



> Ellis and co-workers, Proc. Roy. Soc., 99, 261 (1921); Ellis, C. D., Z. Physih, 
10, 303 (1922); Ellis, C. D., and H. W. B. Skinner, Proc. Roy. Soc., 106, 185 (1924); 
Ellis, C. D. and W. A. Wooster, 114, 276 (1927); Black, Proc, Cambridge Phil. >8oc., 
22, 832 (1926); Curtiss, Phys. Rev,, 27, 257 (1926). 

. a Phil Mag,, 6, 889 (1928X 
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The probability of an inelastic collision while traversing the path from 

‘ ; the probability of one and only one encoun- 


:tox + dx is [p 




ter in the remMning distance, d — x, is 


{d — x) 


exp 


• (d — x) 


and the 


tiplying, and integrating 


probability of this being inelastic is p. Mul 
from zero to d, we have for the number of the electrons which have made 
two and only two inelastic encounters 


T 4. /'A^ 

h = const./^--^ exp I y I, (b) 

and therefore, by equations (5) and (6), 

' - (?)(?-:)■ <'> 

Since each of the quantities on the right of equation (7) can be calculated 
or measured the probabihty p can be determined. It was found that 
1 or 2 per cent of the collisions of 150-volt electrons with hydrogen 
molecules are effective in exciting the molecule to the 12.6-volt level. 
The critical potentials determined in this way are no more precise than 
those obtained by other methods, but the method can be used for finding 
the probabilities of inelastic collisions and can be apphed to the electrons 
which leave the molecule in other directions after collision. 


6. THE PHOTOELECTRIC AND INVERSE PHOTOELECTRIC EFFECTS IN 

GASES AND VAPORS 

The photoelectric effect for gaseous atoms has been placed on a 
secure basis only within the past few years because of the great exper- 
imental difficulties. The phenomena involved, however, are very much 
simpler from the standpoint of theoretical interpretation, than those 
occurring when electrons are ejected from metal surfaces by light. 
Williamson'' secured definite evidence of the photoelectric effect in 
potassium vapor. The chief difficulty in such experiments is the fact 
that photoelectrons from the walls of any apparatus used are greater in 
number than those from the gas or vapor, unless extreme precautions are 
taken. Because of the relatively high vapor pressures of the alkali 
metals and their low energies of ionization, these metals have been used 
almost entirely in experiments of this sort. Williamson, by using a jet 
of potassium vapor which was condensed on a hquid air trap and by 
illuminating this jet by a beam of light, was able to secure evidence of 
true photoionizatioii, and found that ionization fimt began in the neighbor- 
hood of the theoretical wave length of 2,856 A. SamueP used almost 
precisely the same method and secured the same result, while Kunz and 

1 Phys. Rev.j 21, 107 (1923). 

Z. Physik, 29, 209 (1924), 
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Williams^ determined the photoelectric effect in cesium vapor as a 
function of the wave length. They took great care in shielding the metal 
electrodes used for determining the conductivity of the gas from the beam 
of light which produced the photoionization, and found the long wave-length 
photoelectric limit of cesium vapor to be very close to 3, 180 A. which is the 
theoretical limit. Lawrence,^ using a method similar to that of William- 
son, found evidence that no ionization occurred in potassium vapor at 
wave lengths greater than 2,610 A., which is considerably smaller than 
the limit calculated from the known energy of ionization of potassium. 
He suggested that this was due to the photoionization of the molecule 



Fig. 14a.' — The Foote and Mohler tube for detecting the photoelectric effect; h. Recombina- 
tion spectrum of cesium. {After Mohler.) 

K 2 which may be much more sensitive to photoionization than the atom. 
Recently, Williamson has confirmed this work of Lawrence and has 
found that a weaker ionization of potassium vapor occurs at wave 
lengths below about 3,100 A., which also does not agree with the cal- 
culated limit. The effect which begins at about 3,100 A. is probably 
due to ionization of the K 2 molecule without dissociation, while that 
which begins at about 2,600 A. is probably due to dissociation of this 
molecule and ionization of one of its atoms. The 2,600 A. and the 
2,856 A. quanta differ in energy by about 0.4 volt, which agrees fairly well 
with an estimate of the energy of dissociation of the K 2 molecule made 
by Carelli and Pringsheim,^ namely 0.61 volts. 

A very sensitive and useful method for stud 3 dng the effect was 
devised by Foote and Mohler.^ The tube used, shown in Fig. 14a, 
is of the type described by Kingdon^ and is made of quartz for photo- 
electric experiments. The filament is very small and is located on the 
axis of a cylinder which is entirely closed except for a small hole in one 
end through which the filament leads are inserted. The other end is 

1 Phys. Rev., 22, 456 (1923). 

2 PhU. Mag., 60, 345 (1925). 

3 Z. 44, 643 (1927). 

4 Phys, Rev., 26, 185 (1925); 27, 37 (1926). 

6 Pev., 21, 408 (1923). 
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dom'd l>y a Kauzo which pormitH light to ont.<>r. Tho curnoit from tho 
filament m limitt'ti hy the Hpacc charge in itn neighborhood. If a photo- 
el(H‘.tn»n ia produce*! in tlu^ vapor within the cylindcir, the ptmitiv*! ion 
form*'*! ia tlrawn tovvar*! tlie filament by the ('h'ctric fieltl. Howtsver, 
if fh('re wert* no gaa prt'm'iit it would not r<'a*'li the filament, except in 
Uie rare cjise that it hail no angular momentum about the filament axia; 
when it [awm'HHeH angular monu'nfutn rt'lativ*' to the filanu'nt it will 
deHcrila* an orbit ab*»ut the filament and an Kingdon hIiow*'*! it may 
make m'v*'ra! humired tripn aroumi the filamt'iit. befor*'! it fallw into 
it and ia ju'Utrnliz*'*!. Becaum* (»f this long life in tlm neighborhood 
of the fdanu'tit, *'ach poKitiv** ion la'Utralizi'H fh*^ apace diarge *)f many 
electroriH and greatly tieert'ases tin* lu'gativ*! Hpatw charg**. 'riuiH, a 
ndatively Kiiiall nuiidser of ponitive i**nH caum^a a gr*'at inen'ane in the 
electron current from the filam<*nt. 'Ph*! changes in current wlum the 
light fallH into the tube ia ho gr*'at that it can bf* rejwl on an ordinary 
micr*)ainm**ter. At the Hame time, photoelectric emiHHiouH from the wall 
ar«^ of no imjK)rtanoe, wnc** tlu; (dectrona are drivf'u back to the wallH 
by the *'lectric fi**!*!. Tlu* ttd)e Ih BetiHitive enough to pc'rmit. the uhc of 
light from a monochromator, ho that it in poHHiblti to Htudy the photo- 
electric efft'ct as a function of w'ave length. 

The ionization potential of ccHium, which wan UMcd in tlume experi- 
raentH, in 3.H8 voUh, correnponiiing to a wav*' li'iigth of 3,1K3 A. Tho 
Himpleat poHHihle picture of the effect would lead uh to {‘xpect that 
the curn’iit wfudd inereaHe nharply when the incidi'tit. wav** length in juat 
inferior to thia value. Kxp*'riment hIiowh, h*iw*'V('r, that the increaan 
begina at longer wav*' lengtliH; that then' are diHl.inct ma.xitna on the 
long wave-length Hide of 3,183 .A.; and that th*' inti'iinity *tf tlu'He-maxima 
grows rapi<ily aw the presHure an*! I*'mp*'ratur*' *<f th*' vapor incream'. 
More*>ver, tho wave lengths at which tlie maxima *>«!('ur coincide with 
thorn* of the principal wric's lin*'H of cesium. Tlmse factH may be inter- 
pretetl in the following way: Light having th** mini*' wave length aw a 
principal serleH lirw «>xcit<*H a ct'sium atom, and liefor*' the *'nergy store*! 
up can be rc#mltt*'d m light, the atom mak«’8 a (jollision in which tho 
transfer of tranHlational etiergy is Hufh<iient t.«» ioniz** fli*' excited atom. 
The prfdmbility of ionization Ity tluH inechatiiHiii shotdd increase with the 
prewsure and tem{>prature, as it is observed to dm 'Pher** ar*' sufficient 
collisions of this class to accsuint ftir the observ*'*! ionizati*m. 'Ph** 
probability of direct pholitionizution is a maximum a( the wav** length 
3,183 A. and *lecri'as*‘s rapiiily as th*‘ wave length heeouK's shorter. 

The inverse phot*)elect ric I'ffect in gases has been ol werved by Molder, ' 
using a tidte of the typ*' employe*! f(»r si tidying photoionfzation. In 
the inv*'rHe effect tii*' pnmess which occurs is 

('ll"** ^ ^ 

' Phm. to,, 81, 187 (1B2H). 
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that is, an electron falls into a cesium ion, causing the emission of a 
light quantum whose energy is equal to the relative translational energy 
of the cesium ion and the electron, plus the energy required to ionize a 
cesium atom from one of its steady states, which may or may not be the 
normal state. Since the probability of ionization by a light quantum is 
a maximum when its energy just exceeds the ionizing potential so that 
the kinetic energy of the photoelectron is small, it follows from the 
principle of microscopic reversibility that the probability of combination 
is greatest when a slow electron collides with an ion.^ 

Mohler looked for the recombination spectrum of cesium in the 
neighborhood of the small filament of a photoionization tube, the vapor 
pressure being higher than 0,08 mm. of mercury and the current greater 
then .70 milliamperes. Under these conditions there should be a very 
high concentration of ions near the filament. Similar experiments were 
also performed with potassium. By using these metals it was possible to 
secure a very large emission of electrons from the filament at low tem- 
peratures due to the layer of alkali atoms on the filament and, because 
the ionizing potentials of these elements are small, comparatively slow 
electrons could be used to produce the ions. A photograph of the 
spectrum emitted near the filament is reproduced in Fig. 146, and shows 
two distinct continuous bands extending toward the violet from the 
limits of the subordinate series and the fundamental series. These 
bands show that the reactions taking place with the emission of this light 
are, 

Cs+ + e Cs(22P3^3^) + hv 

and 

Cs+ + Cs(3^Dj^3^) + hv. 

Mohler and Boeckner^ have shown that the intensity of these spectra 
depends on the uon concentration, rather than the ion current. They 
find that the intensity distribution can be explained on the basis of 
simple recombination. Further they have studied the relative prob- 
ability of recombination as a function of electron energy, and find it 
to be independent of other conditions in the discharge. 

Under the conditions of these experiments series lines due to transitions 
from the higher levels are relatively more intense than they are when 
excited by other methods, and some higher series lines were observed 
for the first time. These lines are also more diffuse than they are when 
excited in other ways. These effects as well as an afterglow lasting for 
about 10“^ seconds were observed by Miss Hayner^ in mercury vapor, 
and have recently been found by Kenty^ in argon. Miss Hayner 

^ Por further discussion of a case quite similar to this see Chap, XIV, Sec, 1 . 

^ Bureau Standards, /. Research, 2 , 489 (1929). 

3 Z. Physik, 35, 365 (1925). 

^Pkys.Rev.,Z2,m{mS), 
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explained her observations as due to the recombination of ions and elec- 
trons; the afterglow occurs because a finite time elapses before a positive 
ion can pick up an electron; the prominence of the subordinate and 
fundamental series points to the existence of large probabihties for 
recombinations in which the electron goes into orbits of high total 
quantum number; and broadening results from the perturbing effect 
of the high ion concentration. Mohler’s experiments confirmed these 
views entirely. 

Mohler^ has used this method of detecting the photoionization 
of a gas, to determine ionization potentials. His procedure consists in 
bombarding the gas molecules with electrons of known but yariable 
energy; when the accelerating potential is increased to a value at which 
ionization occurs sufficient light will be emitted to ionize the gas in a 
photoionization chamber mounted in one end of the experimental tube. 
Gauzes are placed between the region in which ionization is produced 
and the photoionization cell, to prevent the diffusion of ions and electrons 
to the latter. 

In this way he investigated Cs, Rb, K, A, and Ne, and detected 
ionizing potentials above that corresponding to the removal of the most 
loosely bound electron. The observed potentials for the alkali metals 
and the processes which occur at these potentials are given in Table 
3. (6) and (e) for potassium and the corresponding values for argon agree 

very well with values expected for two M levels of the X-ray energy 
diagram as determined by comparison with the values for neighboring 
atoms in the periodic system. 


Table 3 



Potentials 


Process 

Cs 

Ilb 

K 


a. 3.88 (calculated) 

4.16 (calculated) 

4.32 (calculated) 

Removal of the valence 
electron 

b. 13.0 ± .5 

16.0 ± .5 

19 ±1 

Ionization of rare gas 
shell, 1 = 1 

c. 18.5 ± 1 

21.6 ± .5 

23.8 ± 1 

Ionization and excita- 
tion of the ion 

d. 21.5 ± .5 

25.2 ± .1 

31.8 ±1 

Double ionization 

e. 39.0 ± 1 


48.0 ± 1 

Ionization of the rare 
gas shell, 1 — 0 


7. CRITICAL POTENTIALS OF MOLECULES 
The excitation or ionization of a molecule by electron collision is 
similar in some ways to excitation or ionization by light. Franck has 
suggested that the primary effect Qf excit^ticn is to change the electrori 
28, 40 (1926), 
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configuration without altering the internuclear distance or the kinetic 
energy of vibration; and this applies to excitation either by the absorption 
of Hght or by electron collision.^ The reasoning employed in Chap. 12, 
Sec. 11 applies equally here, and leads to the conclusion that resonance 
and ionizing potentials will measure the electronic energy changes of 
molecules only if that part of the potential energy which is a function 
of the internuclear distance is very closely the same for both the normal 
and excited states. If the equilibrium distance between the nuclei in the 
normal and excited states and the corresponding nuclear vibration 
frequencies are very different, the molecule will experience a considerable 
increase of vibrational energy when it is raised to a higher electronic 
level. One of the best examples of this case is the hydrogen molecule. 

The extreme ultra-violet band systems of hydrogen have been 
analyzed by Witmer,^ Dieke and Hopfield,® Werner,^ and Hori^; and 
Birge® has deduced the complete energy diagram from these bands and 
others in the visible and near ultra-violet. Knowing the equilibrium 
distances between the nuclei, their vibration frequencies, and the energies 
of dissociation in the different electronic states, it is possible to construct a 
curve representing the potential energy as a function of the internuclear 
distance for each electronic state of the molecule.^ 

Potential energy curves for the PS, 2iS, and C states of the hydrogen 
molecule and the normal state of the hydrogen molecule ion are illustrated 
in Fig. 15. Integral vibration quantum numbers are used for reasons of 
simplicity, since we are interested only in the qualitative validity of the 

^ Franck and Jordan, Anregung von Quantensprtingen durch Stosse,’’ p. 252, 
Springer, Berlin (1926). 

^Proc. Nat. Acad. Sci., 12, 238 (1926). 

Physik, 40, 299 (1926). 

^Proc. Roy. Soc., 113, 107 (1926). 

^ Z. Physik, 834 (1927). 

^Proc. Nat. Acad. Sci., 14, 12 (1928). 

7 The shape of such a curve in the neighborhood of the equilibrium distance 
between the nuclei is determined by the vibration frequencies of the nuclei, for this 
frequency is (fc/47rV)^, where /x is the reduced mass. The potential energy for small 
displacements is then V = H ^ k(r - ro)^. The distance between the minimum of 
the curve and the horizontal line representing the value of V for the dissociated mole- 
cule is obviously the energy of dissociation for the state in question. The remainder 
of the curve can be sketched in roughly for we know its general shape. Its correctness 
ca n be tested by applying the quantum condition §prdr = nh, where pr is equal to 
\/2tiE — 2ixV‘ The first term in this radical is the energy of vibration in some steady 
state, say the nth, and the second is given by the curve V (r). We may plot the value 
of this radical for different values of r, and may perform a graphical integration to 
determine Jprdfj the result must then be equal to Tih. Morse (Washington Meeting 
of the American Physical Society, Apr. 20, 1929) has shown that the vibration energy 
levels of a diatomic molecule will be of the form an - bn^ a constant if the potential 
energy function has the form 

— -j- j[)e'”2aCr—ro) 
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Fraiick-C ‘uiition thtniry. The arrows ijahcato the only tranBitions from 
the normal Htnti* o{ the iiu)!eculej nani(‘ly - the lowest vibration level 
of the ekH*troni 0 stiite - to the 2^^ anti C electronic statcB for 
which the {listanee Ik*! ween the nuclei m nearly unchauKed during 
tratiHitiun. TluMigh the tmergii^H re<iuired to bring the molecule to the 
!c>wi*Ht vibraiional hwein of the and (] Btates are only 11.1 and 12.23 



volts, rf^sfM^etivnly, the inicrgy clmrigeB indicated by the arrows are 11.5 
and 12.9 volts, n^HiK^etiveiy. The latter value is as close to the observed 
value of 12,5 volt^^ for the reaonanee potential as can be expected from 
the approximate theory. Direcst axeiiaiion of the 2*S state by electron 
impact does tmi occur, aacortling to Hori {loc* cit,), though according to 
the reiisoning useti here this level should be excittnl by 1 Idl^-volt electrons. 

'fha observed ionimtion pt)tential of 11® is 15.1 volts, while the value 
calculiited from the lls sfKHitrum is alKnit 15.4 volts. The arrow in the 
figures shows that accor<ling to the theory this transition should occur at 
15.9 volts, which is in close agreement with the observed values. There 
is another critical potential of hydrogen at 11.5 volts which seeraa to be 
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fairly well established. Condon and Smyth ^ assign it to the transition 
from the state to the 2^2 state predicted by Heitler and London. ^ 
The potential energy curve shown in the figure has no minimum arid for 
large distances between the two atoms the potential energy approaches 
that of two normal hydrogen atoms. Transitions to this state result 
in dissociation of the molecule into two normal atoms with a large 
relative kinetic energy. Evidence for the existence of this process will 
be presented in Sec. 10. 

There is a marked difference in the vibration frequencies and moments 
of inertia of the I 2 molecule in its normal and excited states (Chap. XII, 
Sec. 11), and therefore it should exhibit effects similar to those observed 
for hydrogen. Hogness atnd Harkness^ observed such effects in their 
studies of the ionization of iodine. They find that the 1+ and ions 
appear at the same critical potential, 9.3 volts, and that they are primary 
products of the inelastic collision. It is probable that the potential 
energy curve for the normal I 2 molecule is similar to that of the VB 
state of hydrogen and that the 12 “'" molecule has one state similar to the 
2^2 state of hydrogen. In this case, the energy of vibration would be 
increased when an electron is removed, and might become so large that the 
molecular ion would split into a neutral atom and an atomic ion. The 
probability of an inelastic collision in which an 12 "*" ion with large amounts 
of vibrational energy is produced appears to be about equal to that of a 
collision which results in an atom and an atomic ion. 

8. THE PROBABILITY OF INELASTIC COLLISIONS 

Consider a collision between an atom and an electron, in which the 
initial values of the energy, momentum and angular momentum are 
all specified, and the orientation of the atom with respect to the original 
direction of motion of the electron is given. On the basis of classical 
mechanics, we expect that every such collision will lead to the same final 
state, determined by definite values of these same quantities. The 
statistical interpretation of the new mechanics, however, introduces 
the possibility that several final states can result from the same initial 
state (Chap. XVIII). Thus we may speak of the probability of an 
elastic or an inelastic collision of a 4.9-volt electron with a mercury 
atom in the VSq level. However, this is not the usual sense in which 
the word probability is used in connection with such problems. So 
far as the experimental data are concerned, the question of the appearance 
of pure probability in determining the results of collisions need not be 
considered, for these data deal with collisions for which the initial and 
the final states are only partly known. The object is to fix the initial 

^Proc. Nat Acad. Scl, 14, 871 (1928). 

2 z. Physik^ 44, 455 (1927). See also SuGnjRA, Y, 484 (1927), 

^Phys, Rev., 32, 784 (1928), 
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and final states as closely as possible and then determine what fraction 
of the collisions is elastic or inelastic, and to determine how this fraction 
depends on various circumstances. The determination of such prob- 
abilities is of interest in studying the details of the collision process 
between electrons and atoms. 

In some ways the probabilities of inelastic collisions may be expected 
to parallel the Einstein probabihties B, for the absorption of light quanta. 
Thus, if an atom can pass from one state to another by the absorption 
of radiation, its behavior with respect to this transition is similar to that 
of an oscillating dipole; but if it can not pass from the one state to the 
other by the absorption of light, it behaves as a quadrupole. Quite 
similarly it is to be expected that an electron will interact more strongly 
with an atom to produce a transition if the atom has a dipole character 
than if it has quadrupole character, and thus the probability of an 
inelastic collision which excites the atom will be greater for transitions 
permitted by selection rules than for those which are forbidden. On 
the other hand, because of its highly inhomogeneous field, the electron 
can interact with a quadruple more strongly than the light quantum, 
and thus transitions forbidden by the selection rules will be relatively 
more probable in electron collisions than in the absorption or emission 
of light. ^ 

In collisions of atoms and electrons, the angular momentum must 
be conserved, as Blackett^ has emphasized, and this brings with it the 
requirement that the probability of excitation must be zero when the 
relative kinetic energy is equal to the energy of excitation. Consider 
for example, transitions from a normal I'So state, such as that of helium 
or mercury, which has zero angular momentum, to the 2^*30 state by 
means of an inelastic collision. If the collision is to take place in such 
a way that the kinetic energy of atom and electron relative to their 
center of mass is equal to zero after the impact, then their angular 
momentum after the impact will also vanish. In order to secure this 
condition the electron and atom must collide head on, so that the angular 
momentum before collision will be zero. Only an infinitesimal fraction 
of the collisions will occur’" in this way and therefore the probability of 
such a transition is zero when the kinetic energy is just- equal to the 
energy of excitation. Similar considerations -hold for the transition- 
to the 2>Pi state, for here the relative angular momentum before collision 
must be exactly hJ2T. In the case of a transition to a triplet state the 
problem is more complicated, for the spin vectors of the electrons within 
the atom must change their relative orientations. This case can not 
be considered simply or precisely by classical mechanics. It appears, 
however, that the probability of excitation by electrons which have 

1 Franck and Jordan, “Anregung von Quantenspriingen dutch Stdsse, ’ p. 170. 

* Proc. Cdwby PhiU iSoc., 22, 66 (1923). 
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exactly the necessary energy to induce a transition will be zero i 
cases. 

It has long been known that in experiments on critical pot t * i 
of the type described in this chapter most of the effective col It 
take place at potentials fairly close to the critical values; in other %% 
the probability of such inelastic collisions is relatively high for pof i * i 
slightly above the critical values and decreases fairly rapidly 
increasing potential. This is shown by the shape of such curves a?* i 
secured by Davis and Goucher (Fig. 5). Above 4.9 volts the citi* 
concave toward the potential axis indicating that the probabi In 
excitation is smaller for electrons of higher energy. The same is 
immediately above the 6.7 volt break in the curve. On the oth(u* I 

curves showing the i<rfi 
potential are convex t * ^ 
voltage axis in the regioti 
above the critical value* ; 
indicates that the probabi 1 1 
ionizing collisions increan*^] 
least until the energy i#< 
siderably in excess of th<^ c*r 
value. This is also ilhi»t i 
by the curve of Fig. 5. 

Dymond^ has determifn^i 
probability for the excitat 
helium to the ^Si stat*< 
electron impact, as a function of the potential of the exciting 
This was done by a method similar to that used by Hertz 
for the measurement of excitation potentials. The method conHiiW 
shooting electrons of known velocity through a gauze into a Tm r 
cage (Fig. 6). The electrons make a number of collisions wit t 
helium gas in the field-free space before they diffuse through a u 
at one side. The number of collisions which they make before b 
the cage in this way can be roughly calculated from a knowledg* * 
dimensions and the mean free path of the electron in helium gan* 
electrons which leave through the gauze consist' of two groups: i 
which have made only elastic collisions with the helium atoui^« 
therefore have the original velocity with which they entered tht^- 
and those which have lost all but a small fraction of their energy t li 
one inelastic collision. By determining the relative numbers of ck * \ 
which leave the cage with velocities corresponding to 0.1, 0.12 ^ 
volts, and also the distribution of velocities of electrons whieli 
made only elastic collisions with the helium atoms, it is posBilt 
calculate what fraction of the electron collisions of any particular 
I Sqc. 107, 291 (1924), 



Fig, 16 . — The excitation 
l^S— »23S transition of He. 


function for the 
(After Dymond,) 
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are inelastic. The results secured by Dymond in this way are illustrated 
in Fig. 10. The probability seems to be zero at the critical potential; 
it rises very rapidly, reaches a maximum two or three tenths of a volt 
above the critical value and then decreases rapidly. Moreover, only 
about of the collisions are inelastic at the maximum. This low 
probability is to be expected, for the transition docs not occur with the 
absorption of light. The curve could only be obscirved to 0.5 volts 
above the critical potential, because the next critical potential lies 
only 0.8 volts above the first one. Recently Glockler' has reinvestigated 
this same transition and observes th«i same gcuu^ral variation of prob- 
ability of inelastic impact with potential, but finds a maximum proba- 
bility of 0.002 at 0.!8 volt above the critical potential. 

The probability of inelastic impact between 150-volt electrons and 
hydrogen molocules, as determined l)y Jones and Whiddington (Sec. 6), 
is considerably larger than that determined by Dymond in the case of 
helium. The transition of the hydrogen moU^cule investigated by the 
former authors may be caused by light absorption. Accordingly we 
expect that the probability for this transition to occur in collisions with 
electrons should be greater than the probability for the transition studied 

by Dymond. * 

The probability of ionizing collisions has been determined by a 
number of investigators, for electrons of energy considerably larger 
than the ionizing potential of th(( gases investigattul.* The experiments 
are in substantial agreement, considering the many experimental difficul- 
ties. With increasing electron energy the probability of ionization rises to 
a maximum value, after which it decreases. The maximum ionization 
probability varies between 15 and 00 per cent, depending upon the 
gas. When 100-volt electrons collide with molecules of the commoner 
permanent gases, several different ionization proocisses are possible, such 
as the removal of different electrons, double ionization, or ionization 
together with excitation of the ion. Because of this the significance 
of the data is not easily seen. 


9. IMPACT POLARIZATION 

When radiation is excited by collisions of a unidirectional beam of 
electrons with gaseous atoms, it may be expected, quite independently 
of any detailed theory of the excitation process, that the radiation emitted 
will be polarized either parallel or perpendicular to the electron beam, 

> Phyn. Rm., 33, 176 (1020). 

sHuohks and Ki.kin, /%«. to. 28, 460 (1924); Maver, Ann. Phya., 46, 1 
(1914); Jesse, Phya. Rev., 26, 208 (1926); Compton and van Voorhcib, Phya. Rev., 
26, 436 (1926); 27, 1724 (1926); An8I.ow, Phya. Rev., 26, 484 (1026); Langmuir and 
Jones, Science, 69 , 880 (1924); Phya. Rev,, 81, 367 (1928). 
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since the excitation is non-isotropic in character. That such polarization 
should exist was suggested by Kossel and Gerthsen/ who investigated 
the polarization of the sodium D-lines excited in this way with negative 
results, and independently by Ellett, Foote, and Mohler,^ who confirmed 
the negative results of the former authors and secured positive results 
with the 2,537 A. resonance line of mercury. On the basis of a simple 
theory, they expected to find the light partially polarized, with the 
maximum electric vector parallel to the electron beam, for the electron 
should be able to increase the angular momentum of the mercury atom 
in a direction perpendicular to the direction of its motion, and, on 
the average, such atoms should emit more light polarized parallel to the 
electron beam than perpendicular to it. They found, however, that the 
2,537 A. line was perpendicularly polarized. Skinner,^ Appleyard,^ and 
Quarder® have investigated many other lines of the mercury spectrum 
and have found marked regularities in their results. 

?The experimental method of all these authors consists in exciting 
the atoms by a stream of electrons from a heated filament, accelerated 
through gauzes into a field-free space. The light is usually observed 
in a line perpendicular to the direction of the electron stream and the 
polarization n^arallel or perpendicular to the stream is determined in the 
usual way. Skinner used a Helmholtz coil to neutralize the earth’s 
field and constructed the filament in such a way as to avoid a magnetic 
field due to the heating current. Other Helmholtz coils were used to 
produce magnetic fields parallel and perpendicular to the direction of the 
electron stream. The percentage of polarization is defined as the 
intensity of the component polarized parallel to the electron stream minus 
that polarized perpendicular to this direction, divided by their sum, and 
multiplied by 100: 

n = iooIi-^'. (8) 

■I 1 “T 

This is positive if the net polarization is parallel to the stream, and 
negative if perpendicular to this direction. For all lines investigated, 
the percentage of polarization is found to approach zero as the energy 
of the exciting electrons approaches the energy of excitation; as the 
energy of the electrons increases, it passes through a maximum or mini- 
mum and then, in the cases of most lines, becomes zero again or even 
changes sign. The general character of these variations in the polariza- 
tion can be seen from Fig. 17, in which we reproduce four of the curves 
of Skinner and Appleyard, each illustrating one type of variation of 

1 Am. 77, 273 (1925). , 

jKev., 27, 31 (1926). 

^ Proc. Roy, Soc,, U2,m (1926), 

^Proc, Roy. Soc., 117,224: (1927), 

« Z, Physih, U, 674 (1927). 
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polarization witii the energy of the impacting electron. These four 
types may be described as follows : 

(a) The polarization of the light excited by electrons of low energy 
is positive, parallel to the beam; (b) the polarization is negative, ^.e., 
perpendicular to the beam; (c) the polarization is positive when excited 
by electrons of low energy and does not change sign as the energy of the 
excited electrons increases ; and (d) the line is not polarized at all. 

A magnetic field parallel to the direction of the electron stream does 
not change the polarization, but a magnetic field of a few gauss per- 
pendicular to this direction produces two effects: first, the light is depo- 
larized, the effect being a maximum for the light viewed in the direction 
of the field, and second, there is a rotation of the plane of polarization 
about the axis of the field. The theory of these effects is practically 
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Fig. 17. — The polarization of impact radiation as a function of the electron energy. {After 

Skinner and Appleyard,) 


the same as that for the similar phenomena observed in the case of 
resonance radiation excited in a magnetic field (Chap. XI, Sec. 4). 
The influence of a magnetic field in changing the orientation of the 
excited atoms before they emit the light should be independent of the 
way. in which they are excited, for its only effect is to cause the atoms 
to process about the direction of the force-lines during the time between 
excitation and emission. The apparent rotation of the plane of polari- 
zation is given by the equation, 

tan24> = (9) 

and the depolarization by the formula. 



where ^ is the angle through which the plane of polarization is rotated. 
A is the probability for spontaneous emission by the excited atom, L the 
frequency of the Larmor precession, g the Land6 factor, and n and Ho 
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the percentages of polarization in the presence and absence of the field, 
respectively. The experimental facts confirm these formulas and permit 
a calculation of A, or its reciprocal r, which is the mean life of the excited 
atom. The mean lives of mercury atoms in the 3 ^ 1)2 and 3'^i)2 states 
are found to be 2.85 and 2.88-10“® seconds, from the observed rotation 
of the plane of polarization and the observed depolarization, respectively; 
these values are of the order pi magnitude found for other atomic states 
and by other methods. The magnetic field parallel to the electron beam 
does not change the polarization because it can only cause a precession 
of the atoms about this line and thus cannot destroy the symmetry 
of the excitation process. 

A theory of this polarization which explains most of the experimental 
results qualitatively was proposed by Skinner. Oppenheimer^ has 
developed the theory of the process using quantum mechanics, accounting 
for many features of the effect not explained by the older theory. Lack 
of space prevents detailed discussion but the following physical features 
of Skinner^s theory may be pointed out. The velocity vector of the 
electron and the nucleus of the atom determine a plane, and the initial 
relative angular momentum of the two is perpendicular to this plane; 
likewise, after the collision the velocity vector of the electron and the 
nucleus of the atom determine a plane and the final relative angular 
momentum is perpendicular to this plane. If the collision is elastic, 
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case of the intercombination resonance line, 2,537 A. These differences, 
as well as the maximum in the curve of polarization against energy of the 
bombarding electrons, cannot be accounted for by the simple theory, 
but are in agreement with the predictions of quantum mechanics. 

Before leaving the subject of impact polarization, we shall call 
attention to a related effect which has not been observed up to the 
time of writing. Dorfmanni suggested that when atoms absorb light 
from a circularly polarized beam they become oriented in such a way that 
the medium as a whole should possess a magnetic moment. He has 
called this phenomenon the “photomagnetic effect.” About the same 
time Kashevsky^ calculated the magnitude of such an effect on the 
basis of classical electron theory. He attributed .the idea to Fitzgerald, 
whose work incited Righi to attempt the detection of the magnetic 
moment produced in NO 2 . The experiment did not succeed in^spite of 
the fact that Righi’s magnetometer could detect a field of 10 ® igauss. 

It appears that the moment produced should be proportional to the 
intensity of the light and that it should be a maximum at an absqrption 
wave length. For cesium vapor under favorable conditions, the pre- 
dicted ratio of the moment to the intensity is 10-“, using CGS units. 
Of course it would be much larger for a liquid or a solid, and it seems 
not improbable that the effect could be detected in a favorably chosen 
case. Ruark and Urey* have discussed the possibility that the light- 
quantum may have an intrinsic impulse moirient. The existence of 
such a moment appears to be easily amenable to test, but so far the 
necessary experiments have not been performed. In case it does exist, 
the theory of the photomagnetic effect would have to be modified. 

10. CHEMICAL ACTIVATION BY ELECTRON IMPACT 

That hydrogen molecules are dissociated by electron impact has 
been proved by the experiments of Hughes and Skellett^'and of Glockler, 
Baxter and Dalton.* The former authors studied the pressure change 
in a tube containing hydrogen, so arranged that the gas was bombarded 
with electrons and the hydrogen atoms produced were condensed on a 
glass wall cooled with liquid air. The pressure first decreases when 
the electrons have an energy of 11.5 volts and the rate of decrease is 
proportional to the pressure of the hydrogen.. The latter authors found 
that hydrogen bombarded in this way reacts with copper oxide, resulting 
in the formation of water, and that this first occurs with 11.4-volt 
electrons This value agrees with the first critical potential in hydrogen 
and might be explained either as due to the formation of an excited 

iZ. P%s*, 17. 98 (1923). 

2 Z. PMjsik, 20 , 191 ( 1923 ). 

^ Proc. Nat. Acad. Sci, 13, 763 (1927). 
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hydrogen molecule which then dissociates into atoms spontaneously, 
or to the formation of atoms as a direct result of electron impact. As 
mentioned in Sec. 7 , it appears probable that the latter pro cess is the correct 
one. Glockler, Baxter, and Dalton also found that the amount of atomic 
hydrogen produced increases with voltage up to the molecular ionizing 
potential. There is evidence that a second process may become impor- 
tant at these higher potentials. Independently, Blackett and Franck^ 
suggested that the continuous hydrogen spectrum, which extends from 
the visible to the far ultra-violet, is due to the emission of light by excited 
molecules when they dissociate either into normal or excited atoms. 
The continuous character of the spectrum is due to the fact that part 
of the energy of the excited molecule appears as kinetic energy of the 
dissociated atoms and the remainder is emitted as light, and since the 
translational energy takes continuous values, the frequency of the light 
quanta must also vary continuously. That hydrogen atoms with high 
velocities are produced is shown to be the case by studying the breadth 
of the Ha line, which can only be accounted for by assuming it is due 
to the Doppler effect of atoms moving with 0.3 to 0.6 volt relative energy. 
Winans and Stueckelberg^ show that the distribution of the intensity 
of this continuous spectrum can be explained by the Franck-Condon 
theory (Sec. 7 ) applied to the transiti 9 n from the higher 2®S state to the 
lower 2^2 state (Fig. 15). Excitation to the 2*2 state will occur at 12 or 
13 volts. Therefore, at these higher potentials it appears probable that the 
primary process of the electron collisions may be to produce an excited 
molecule, which may either dissociate into atoms or emit its energy 
as light. 

Bonhoeffer* and Taylor and Marshall have found that atomic 
hydrogen, produced by collisions of the second kind with excited Hg, 
does not react with nitrogen to form ammonia. ’ Anderson® and Storch 
and Olson® have found that ammonia is not produced below 17 volts 
when a mixture of hydrogen and nitrogen is bombarded with electrons. 
At 17 volts N 2 + ions are first produced. Kwei'^ found that the character- 
istic ammonia bands do not appear below 23 volts where N+ and N first 
appear, but as these bands are now known to be due to NHi this does 
not mean that NH 3 may not be produced below this potential. Lewis® 
has shown that ammonia is not produced in a mixture of active nitrogen 

1 34, 389 (1926). ' , 

'■* Proc. Nat. Acad. Sci., 14, 867 (1928). 

» Z. Electrochemie, 31, 621 (1925). 

* J. Phys. Chem., 23,11 AO (1925). 

» Z. P%s*, 10, 64 (1923). 

“7. A. C. 5., 46, 1606 (1923). 

■> Phya. Rev., 26, 637 (1926). 

* and Nahamoea, Nature, 119, 235 (1927). 

" BEiiNAEi) Lewis J, A, C- S., 60, 27 (1928), 



484 CRITICAL POTENTIALS OF ATOMS AND MOLECULES [Chap, Xlli 

and molecular hydrogen, nor in a mixture of ordinary molecular nitrogen 
and atomic hydrogen made by Wood's^ method; but it is produced 
when active nitrogen and atomic hydrogen are mixed. It appears that 
atomic hydrogen and the 17-volt molecular nitrogen ion can react to 
give ammonia as the final product, and also it reacts with the excited 
nitrogen molecule or the nitrogen atom present in active nitrogen. 

11. ELASTIC COLLISIONS AND THE RAMSAUER EFFECT 
The number of collisions which a beam of fast electrons makes with 
atoms arranged at random in its path is proportional to the number of 
electrons in the beam and to a quantity which we may call the fraction 
of the beam area covered by the atoms in its path. If each collision 
removes an electron from the beam, the number lost per unit area in 
traversing a distance is 

dl = —IN^r^dx; (11) 

in this equation I is the number of electrons passing through unit area 
perpendicular to the beam each second, N is the number of atoms per 
cubic centimeter, and r the “effective” radius, so that NirrHx is the 
fraction of the cross-sectional area covered by the atoms in the range dx. 
Since all the quantities in this equation can be measured, with the excep- 
tion of r, it is possible to determine the value of r or of Trr^ by experiments 
on the scattering of electrons by atoms. By equation (11), 

I = /o exp (—ajA^Trr^). (12) 

Lenard^ first used these equations in studies of the scattering of cathode 
rays by atoms, and showed that r steadily decreases as the velocity of 
the electrons increases. For very high speed electrons, the value of r 
was found to be much less than the value deduced from the kinetic 
theory of gases, while for slow electrons, it was of the same order of 
magnitude as the gas-kinetic value. The experimental method used by 
Lenard has been improved by Mayer. ^ His apparatus consists of a 
suitable arrangement for accelerating electrons from a hot cathode into 
a field-free space. 

In this space the electrons may make collisions with gas molecules. 
Those which do not collide pass through two gauzes, between which 
there is a retarding potential equal to the potential through which 
the electrons fell before entering the field-free space. Those electrons 
which have not been deflected by gas molecules will be able to move 
against this retarding field and register on an electrometer electrode. 
The two gauzes and the detecting electrode can be moved as a unit, 
nearer to or farther from the point at which the electrons enter the 
field-free space, and thus the variable a; of equation (12) can be varied 

1 PH. 42, 729 (1921). 

2 Ann. Physik, 2, 359 (1900); 8, 149 (1902); 12, 449, 714 (1903). 

3 Ann. Physik, 64, 451 (1921). 
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at will. By determining the current to the electrode for different values 
of X, it is possible to calculate the value of r or of irr^ for the gas. This 
method is particularly useful in studying corrosive gases. Nettleton^ 
also studied the ionization in a number of gases, using voltages between 
100 and 1,400. He concluded that in this range the effective radius for 
the ionization processes varies inversely as the velocity in accordance with 
a formula due to Rutherford. 

Ramsauer^ has introduced an especially effective method for deter- 
mining the decreasing intensity of a beam of electrons, and independently 
the number of electrons scattered from the beam while passing through a 



ViQ. 19, — Ramsauer’s apparatus. 


short section of its path. The essential features of his apparatus can be 
seen from Fig. 19. Photoelectrons are ejected from the plate Z and 
accelerated by an electric field to the slit Bi. A magnetic field per- 
pendicular to the plane of the paper bends the beam of electrons into a 
circle passing through the slits Bi to Bs- Only those electrons whose 
velocities are connected with the radius of this circle and the magnetic 
field strength by the relation v = (e/m)Hr will be able to pass through 
this slit system, and then only if the electrons are not deflected from their 
path by collisions; the magnetic field strength and the potential V between 
the plate Z and the slit jBi must be varied together in order to study 
electron beams of different velocities. Ai and A 2 are Faraday cages 
connected to the electrometers Ei and JS? 2 . The whole apparatus is 
filled with gas and by varying the pressure the number of molecules per 

^Proc. Nat, Acad. Sci.^ 10, 140 (1924). 

^ Ann. Phijsik, 64, 513 (1921); 66, 546 (1921); 72, 345 (1923); Jahrb, d. RadioakC 
u. Elehtronih, 19, 345 (192'Z) 
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cm.^ is adjusted to any desired value. The slits Bi to £5 serve to define 
a narrow beam of electrons. The electrons scattered in the path from 

to S7 are measured by the electrometer Ei and those passing beyond 
this region by ^2. In this way 7o of equation (12) is given by the sum 
of the currents measured by Ex and E^^ and I, the intensity after travers- 
ing the path to B^, by the current measured by £^2. Only those 
electrons which have not been deflected and have not had their velocities 
appreciably changed by collisions with gas molecules will be able to 
reach the Faraday cage A^. 

The effective cross-sectional areas of molecules secured by Ramsauer, 
using this method for electrons of high velocity, agree very well with 



Fig. 20. Variation of offoctivo cross-soctional aroa of tliG inort gasos with Gloctron velocity. 

{After Ramsauer and Briiche.) 

those secured by Lenard, but with electrons of lower velocity the effective 
area is found to pass through one or more maxima and for still lower 
velocities it approaches a very small value, even less than that of the 
gas-kinetic area; in fact, it appears to approach zero. Mayer, using the 
modified method of Lenard, has secured similar results. The exper- 
imental data on this subject have been very much extended by Erode*' 
and Briiche.** 

There is considerable variation in the shape of the curves giving 
the effective cross-sectional area as a function of velocity and any general 
classification at present is impossible. The inert gases were investigated 
by Ramsauer. For electrons of very low velocity, the effective cross- 
sectional area of these atoms is small and appears to approach zero with 
the electron velocity; with electrons of higher velocity this area becomes a 
maximum which is several times the value calculated from kinetic 
theory and for still higher velocities decreases slowly without limit. 
Figure 20 shows the curves for these gases as determined by Ramsauer 
1 P%S. Hev., as, 664 (1924); 26, 636 (1925); Froc. Roy. Soc., 109, 397 (1925) 

^Ann, Phynk, 81, 537 (1926); 82, 912 (1927); 83, 1065 (1927); PhysiL Z., 29, 
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and also that for methane, where effective cross-sectional area in cm.^ per 
cubic centimeter of the gas at 0°C. and 1 mm. of mercury pressure is plotted 
against the square root of the voltage, which is proportional to the 
electron velocity. The curve for helium is si milar to that of neon but 
reaches a maximum at 20 cm.Vcm.® and at Vvolts = 1.6. The curves 
for other gases (CO 2 , N 2 O, Na, CO) have two maxima, one of which is 
very sharp, and those for yet other gases (O 2 , NO) are quite irregular. 
Brode has shown that the effective cross-sectional areas of Zn, Cd, and 
Hg increase indefinitely as the velocity of the electrons decreases, but 
that these areas for the alkali metal vapors have one maximum in the 
neighborhood of 2 or 3 volts, and a minimum at less than 1 volt. He 



Pro 21 The effective cross-sectional areas of the inert and pseudo-inert gases. (.After 

■ Briiche.) . 

has further shown that the shapes of his curves agree with those expected 
for hydrogen atoms calculated by means of the new wave mechanics.^ 
Bruche has investigated the effective cross-sectional areas of a number of 
hydrides having inert gas configurations and has found regular modifica- 
tions of the curves due to the presence of the hydrogen nuclei in the 
electron shells. These regularities are easily seen from the curves of Fig. 
21. It is interesting to note that the curve for methane is of the same 
general shape as those for inert gases, and that it agrees almost quanti- 
tatively with that of krypton. The evidence indicates that an electron 
of very low velocity in some cases may penetrate the electron shells of 
atoms and molecules and pass through without exchange of either energy 
or momentum, i.e., the electron is undeflected. Electrons of somewhat 
higher velocities find the collisional areas of these same molecules to be 
higher than those expected from gas kinetic considerations; they are 
deflected even if they pass within a distance from the atom nr molecule 
equal to several times its gas-kinetic radius. For electrons of stiU higher 
1 Washington Meeting of the American Physical Society (1929). 
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velocity the effective collisional area decreases without limit as the 
electronic velocity increases. 

Dempster 1 has investigated the free paths of protons, hydrogen 
molecule ions, and helium ions in helium gas by means of his apparatus 
for separating isotopes, which is described in Chap. II, Sec. 10 and is 
somewhat similar to the Ramsauer apparatus. He has found that 
protons which have fallen through a field of 14 to 900 volts have a mean 
free path seventeen times as great as may be expected from the gas- 
kinetic free path. The 900-volt hydrogen molecule ion has a mean free 
path in helium about nine times the gas-kinetic value, but the mean free 
path of the helium ion is very nearly the same as that calculated from 
kinetic theory. This is equivalent to saying that the effective radius of 
the helium atom is about equal to the kinetic theory value multiplied 
by the factors and 1, for colUsions of protons, hydrogen molecule 

ions, and helium ions, respectively. The velocities of the protons used 
in these experiments vary from 5.3 • 10« to 44 • 10® cm. per second and are 
of the same order of magnitude as those acquired by electrons which 
have fallen through 0.01 to 0.5 volts. Thus, helium atoms are easily 
penetrated by electrons, protons, and hydrogen molecule ions of low 
velocity. Aich^ has found by a different method that hydrogen molecules 
bombarded by 25-volt protons have an effective cross-section very nearly 
equal to the kinetic theory value. 

Ramsauer and Beeck® have investigated the effective cross-sectional 
areas of a number of gases, including He, Ne, A, Hj, Oj, and Na relative 
to the alkali metal ions, as a function of the velocity of the ions. The 
ions were .accelerated by fields from !• to 30 volts. It was found that the 
effective cross-sections for all combinations of ions and gases increased 
as the potential was decreased from 30 volts, slowly at first and then very 
rapidly between 2 and 1 volts. As yet, there is no evidence that these 
cross-sectional areas become zero at low velocities. 

At the present writing, little can be said with certainty with regard 
to the theory of the Ramsauer effect. Classical theories were developed 
by Hund^ and Zwicky.® The latter author lays special emphasis on the 
polarization of an atom by an electron passing near it, and draws many 
interesting results from detailed consideration of its nature. The wave 
mechanics furnishes a perfectly definite mathematical apparatus for 
solving the problem, but the computations are difficult. The methods 
used are explained by Wentzel® in a general article on aperiodic phenom- 
ena in the new mechanics. 

^Proc. Nat. Acad. Sci., 11 , 552 (1925); 12 , 96 (1926) 

2 Z. Physik, 9 , 372 (1922). 

^ Ann. Physik, S7,l (1Q28). 

« Z. Physik, 13 , 241 (1923). 

®P%si/c. Z., 24 , 171 (1923). 

^Physik. Z., 29 , 321 (1928). 
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COLLISIONS OF THE SECOND KIND' 

1. THE RELATION BETWEEN COLLISIONS OF THE FIRST AND SECOND 

KINDS 

Tin* liiWH of iiiwhstiicH hIiow tluit there are w'rtain very genoral 
daHHOH of iateriu'tioii ijroeeHHCH <if ititiividual atuiiiH and inol(H!ul('H, Huch 
that the reverne proeenHeH alwi n'pnwent poHHihle niotioiiH of t he nyHioin. 
What we tiienn !iy t lie nn'erne of a given mot ion may be elmirly uiulerHiood 
from a Himph" illuHtration, If we take a moving pietnre of tiie motion, 
and then run thc^ film liaekwanf through th(> proji'c.t.or, we Hhall son 
the reverae motion on tlte Mcreen, In the kinetie tln-ory of gaHOH and in 
HtatiBfieai meelianieH. it is often very useful to foeiis attention on a 
certain tyjH* of motion ami its reverse. Tims, we may eonsider a tiypo 
of collision in wideh two atoms witli vector veloeities V| and Va emerge 
from the encounter with veloeities v., and Vo together with tlie tyt)ein 
which atoms witii veloeities --v, luid - V 4 emerge with velodties -Vi 
and -Vs. Similar examides can lie given for otlier varialik's, such aa 
<*nc*rgy, and angular momentum. 1 he [irtneiple that* to iwiTy im(,rO“ 
Hcopic process there is a eorrespomhng possihh* reverse pioei'SH is known 
as the *'prineiph* of iidcroscopie. rtwiTsiliiiity. Stated in this sitnple 
form, it cannot }m« correid,. Hriilgman'’ has miggestetl an alternative 
formulation, while 'rolman" has discussed the conditions under which the 
principle may he valid in tlu' form given ahove, lOxcefjtionH arise if the 
Lagrangitui function ftir the motion (t'haji. IV, Hi'c. 3) or the external 
fork's contain odit powers of tlu- velocity. 1 'he ease where a uniform 
magnetic field is present furnishes a good illustrat ion.'* On reversing 
the velocity of a particle, the dinwtion of tin' I, armor preciisslon ia not 
revers'd, and the original path will not he retracetl. 

In statistical problems where the princitde of inieroHCopic reversi- 
bility can f«‘ legitimately applietl, we can use it to find the equilibrium 
state, for at equililirium the nnmi>erH of direct pmc<'ss(‘H and of reverse 
processes taking jdace in unit time* are (uiual. Klein and Rosaeland* 

' Tliis chapter wiis prcjiiiri'il with I lie enllnlionit ion of Dr. Richard Vollrath, to 

whom wo nro miirh f<»r \m aitl. 

^ Phm. itrP:, Si, im ium), ^ 

Mpvhmum mih AppHnilimm to VUymvM mid Chamiatry, D. Van 

Nowtranfi Ck»nt|miiy, Now York 

^ EsNHTum unti iS, JiOl (1 92*1). 

Phtmk, 4, 46 (11121). 
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used this argument to show that if a collision between a fast electron 
and an atom or molecule may result in a slow electron and an excited 
atom, then we must expect that a fast electron and a normal atom may 
be produced when a slow electron collides with an excited atom or mole- 
cule. These two types of inelastic collisions are called, '^collisions 
of the first and second kinds,” respectively. 

Consider a gas at some high temperature, so that not only the normal 
unexcited atoms but also ions, free electrons, and excited atoms are 
present. The numbers of atoms in two quantum states, which may 
be designated by the subscripts 1 and 2, respectively, are : 

^1 = and (1) 


A 

I 

I 


idE'=dE" 


E’--E"-CEz-Ej) 
Jl. 


1 

1 

1 


1 

1 

1 
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e" 
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1 

1 


1 

1 

1 

1 

t 

1 

1 





■Eo 


■E, 


Fig. 1.^ — Illustrating Klein and Rosseland’s argument. 


Pi and P 2 are the a priori probabilities, and Ex and the energies of 
the two states, and c is a constant proportional to the total number 
of atoms present. By the Maxwell-Boltzmann distribution law, the 
number of electrons, dNj with energy between E and E dE is given 

f - 

where N is the total number of electrons under consideration. Writing 
2 

A in place of we define a probability, Si 2 (E'^), such that 

8 i 2 iE")niA exp (2a) 

is the number of atoms going from state 1 to state 2 per second, due to 
collisons with electrons having energy between E" and E" + dE"-, the 
energy of each electron is reduc^ to a value in the range, 

W to E’ + dE', 

where 


E" -E' = Ez- El, 
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as shown, in Fig. 1. Further, we define a probability SmiE'), such that 

S,r(E')n2Aexp(=^yEyHE', (26) 

is the number of atoms going from state 2 to state 1 per second, due 
to collisions with electrons having energy between and E' + dE'j 
the electrons being left with energies in the range jB" to E" + dE" . 
According to the experiments on resonance potentials (Chap. XIII, 
Sec. 8), the probability, is zero unless E'' is at least equal to 

but reaches fairly large values when is only slightly greater 
than this. In the equilibrium state, the number of collisions of the first 
kind given by equation (2a) must be equal to the number of collisions 
of the second kind given by equation (26), so that 

n^S^,(.E") exp = n,SUE') exp (E:^PjiE'y'\ 

or using equation (1), 

PiSn(E") • (E")y^ = p^SniE') ■ {E')y. (3) 

This holds for all values of E' and E" such that their difference is equal 
to Ei - Ei and such that E" is not less than E 2 - Ex or, what is the 
same thing, E' is not less than zero. Since Si 2 {E'') is fairly large when E" 
is only slightly greater than E 2 — Ex it follows from equation (3) that 
a collision of the second kind between an atom in state 2 and a slow 
electron {E' small) must be very probable, for 

S 2 xiE') = (4) 

Since E"»E', and px^Pi, S 2 x(E') >> Sx 2 {E”). This is to be 
expected, for a slow electron will remain in the neighborhood of a molecule 
longer than a fast electron, and the probability of an energy exchange 
will be greater. In fact the probabilities Sx 2 and S 2 X are inversely pro- 
portional to the square root of the energy, that is, to the velocity, and, 
therefore, directly proportional to the time of the collision. So* far, 
there has been no experimental confirmation of this type of collision 
of the second kind. In experiments with iodine vapor Smyth ( found 
evidence which pointed to such increases of energy. However, he 
states that the experiments were not conclusive because of experimental 
difficulties. Later, he found much more definite evidence in favor of 
collisions of a somewhat different type.^ 

In a vessel containing ozone decomposing into oxygen, electrons were 
accelerated by a small potential into a space between a grid and a plate, 
where a retarding potential was applied. If electrons attain high speeds 
by collision with an ozone molecule in a condition to decompose, then 

^Proc. Nol. Acad. Sd., 11, 679 (1926). 

» 2T, 108 (1927), 
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some of them should reach the plate, even though the retarding potential 
is sufficient to stop them in the absence of ozone. The nature of the 
curve of plate current against retarding potential led Smyth to conclude 
that such electrons are present. 

The argument used by Klein and Rosseland can be applied to other 
types of collisions which will now be discussed, to the absorption and 
emission of light, and to the photoelectric effect in gases and its inverse 
(Chap. XIII, Sec. 6). 

Franck^ extended the suggestions of Klein and Rosseland to collisions 
between excited and unexcited atoms. The spectra of atoms and mole- 
cules are excited in flames and furnaces.^ From this fact and other 
evidence of a similar kind, we know that collisions between two atoms in 
which the relative energy is sufficiently great may cause the excitation 
of one of the collision partners. It follows that the reverse process 
is .possible, in which an excited atom colliding with an unexcited one 
may lose its energy of excitation, while the relative kinetic energy of 
the atoms is increased. This suggests the possibility of collisions between 
an excited atom or molecule and another, in which the latter is raised to a 
higher energy state and the former loses energy. Experiment shows that 
such collisions actually occur. All these types of collisions are called 
'(collisions of the second kind.^^ As Franck showed, they are readily 
detected by their effect in quenching resonance radiation, and therefore 
many of the experiments to be described deal with this subject. 


2. THE QUENCHING OF RESONANCE RADIATION 

Wood^ discovered that the resonance radiation of iodine, bromine, 
and mercury is quenched by the addition of foreign gases. According to 
the views of Franck, the mechanism of the quenching is as follows: 
Excited atoms collide with other atoms or molecules before radiating 
their energy of excitation. A certain fraction of these collisions results 
in a conversion of the energy of excitation into relative kinetic energy of 
the atoms, whereas in the absence of a collision the energy of excitation 
would have been lost by the emission of radiation™ The kinetic energy 
is distributed between the collision partners, so that momentum is 
conserved. Since the length of time the atom remains in an excited 
state has been fairly well established in a number of cases (Chap. XI, 
Secs. 4, 7, and Chap. XIII, Sec. 9), the number of collisions of the excited 
atom during its life can be determined from the kinetic theory of gases. 
A comparison of this with the experimentally determined number of 

1 Z. Physik, 9, 259 (1922). 

^ King, A. S., Astrophys. J 27, 353 and 28, 300 (1908); and many more recent 
publications in this journal and elsewhere. 

^VerK d. D. phys, Ges., 13, 72 (1911); Phil Magf., 21, 309 and 22, 469 (1911); 
Physik Z., 12, 1204 (1911) and 13, 353 (1912). 
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collisions necessary to bring about quenching gives us quantitative 
information about the effectiveness of various atoms or molecules in 
producing quenching, and thus the probability that the collisions wiE be 
inelastic. 

Aside from quenching the resonance radiation the added gas may 

have the effect of broadening the absorption line. If all of the radiating 

atoms of a gas are stationary, the spectrum of the radiation would consist 

of very narrow lines having a natural width of about 0.00012 1..^ But if 

the atoms are in motion the radiation from those atoms approaching the 

observer is of shorter wave length, according to Doppler’s principle, 

while that of the atoms leaving the observer is of longer wave length. 

The result of this is to broaden the original narrow spectrum line in both 

directions. The width of the line due to Doppler effect alone, measured 

from the points where the intensity has fallen to one-half the maximum 

intensity at the center of the line, is 

^ UkT, “ 

Av = j ' a /- — An2, 

' \ mc^ 

and' thus the width increases as the square root of the temperature. 

In addition to this, the Stark effect due to intermolecular fields 
broadens a spectrum line and this effect increases with pressure. Also 
many spectrum lines have a complicated structure (Chap. XI, Sec. 4), e.gf., 
the Hg line at 2,536.7 k., with which we shall be mainly concerned, 
consists of a group of five approximately equidistant lines separated by 
about 0.01 

The wave length absorbed by an atom also depends upon the tem- 
perature and pressure, so that low temperature and pressure favor the 
absorption of a narrow band of wave lengths, that is, a sharp line. In 
his study of the quenching of mercury resonance radiation. Wood used a 
hot mercury arc to excite resonance in cold mercury vapor. The arc 
emitted a very broad resonance line while the cold mercury vapor 
absorbed only the center of each of the five components composing the 
2,536.7 k. line. The broadening of the absorption line produced by 
adding more and more foreign gas enables the mercury vapor to absorb 
more and more of the outlying portions of the broad exciting line, and, 
consequently, to emit increasing amounts of resonance radiation. 
Whether quenching or enhancement is observed depends upon the 
relative magnitude of the two effects. This consideration enabled W ood® 

1 On the classical theory the natural width was thought of as due to the emission of 

a damped wave train by an oscillating electron, due to the reaction of its own radia- 
tion. See Planck, “Warmestrahlung,” 5th ed., or Jauncey, Phys. Rev., 19, 641 
(1922). The harmonic analysis of such a damped train yields a spectral line having a 
half width of = 0.00012 A. 

2 Wood, Phil. Mag., 60, 761 (1926). 

« Phil. Was., 44 . U07 (1922). 
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to account for a remarkable four-fold increase of resonance radiatioJi 
resulting from the introduction of helium at a pressure of 330 mm. of 
mercury. In quantitative investigations on quenching it is therefor® 
■necessary to use a source of light emitting a very narrow exciting linO* 
To secure this, the mercury vapor emitting the. light must be maintained 
at a, low temperature and pressure. This is ordinarily accomplished hY 
using a vertical type of arc with its lower end immersed in a vessel of 
running water. The portion of the arc just above the water surface is ^ 
strong emitter of a resonance line having the desired properties. 

Cario'^ excited resonance radiation in mercury vapor by means of 
electron bombardment, keeping the energy of the electrons low enough 
to excite the resonance state exclusively. In this way he obtained 3- 
monochromatic ultra-violet lamp emitting 2,536.7 k. radiation of great 
intensity. The intensity of radiation from the lamp was measured 
first in the absence of any foreign gas and then with varying amounts 
of argon and of a helium-neon mixture added to the mercury vapor- 
The first additions of argon brought about an increase in emission of the 
2,537 A. line. This apparently was due to an increase in the number of 
collisions between mercury atoms and electrons caused by the zig-zag 
path of the electrons through the argon as they fell through the acceler- 
ating field. Quenching took place upon further addition of argon- 
The results of the measurements indicated that practically every collision 
between excited mercury and foreign gas atoms resulted in quenching, 
provided the gas-kinetic radius of the excited mercury atoms is assumed 
to be greater than the radius of the normal atom. 

We must assume that the radius of the excited atom is three times 
greater than the normal radius in order to explain the results for a helium- 
neon mixture, and five and one-half times greater in the case of argon. 
This method does not claim great accuracy because it is difficult to main- 
tain a constant rate of production of excited mercury atoms as the foreign 
gas is added. 

Stuart® employed the very elegant method of secondary resonanco 
due to Wood. Light from a water-cooled mercury arc L is focused by- 
quartz lenses on mercury vapor contained in a large glass bulb Ri, 
fitted with a quartz window (Fig. 2). The resonance radiation emitted 
by the Hg vapor in Ri is in turn focused on mercury vapor, cohtained 
in a similar vessel Rn which could be filled with the gas under investiga- 
tion. Since the bulb Ri contained only pure Hg vapor at a low tempera- 
ture and pressure, the resonance fine emitted from it was extremely 
narrow owing to the absence of the broadening discussed above. The 
secondary resonance from vessel Rn was photographed on a plate P 
together with a part of the primary radiation reflected by a quartz 

1 Z. Physih, 10 , 185 ( 1922 ). ' 

32 , 262 ( 1925 ). ’ 
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plate S. The purpose of the latter was to correct for considerable 
fluctuations in the intensity of the primary radiation: The measure- 
ments consisted in photographing the resonance radiation emitted by 
Rii in the absence of any foreign gas and in presence of various pressures 
of the added gas, each time simultaneously photographing the portion 



reflected by S. Blackening of the photographic plate, as measured by 
a microphotometer was taken as a measure of the intensity of the radia- 
tion. The quenching curves in Fig. 3 show the intensity of the secondary 
radiation as a function of the pressure of the added gas. These curves 
enable us to calculate how many collisions the excited mercury atom 
makes before a collision of the second kind occurs. 



Fig. 3. — Quenching curves of resonance radiation. (After Stuart.) 

Stern and Volmer^ showed that the resonance radiation should 
be reduced to one-half intensity, when the time between two inelastic 
collisions is equal to the mean life of the radiating atom. When the 
steady state is reached, the number of atoms activated per second by 
the incident light is equal to the number deactivated per second by 
^ Physik. Z. 20, 183 (1919). 
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(Spontaneous radiation and collisions of the second kind- The number 
activated is independent of the pressure of foreign gas mixed with the 
mercury vapor, and for constant pressure of mercury vapor will be 
constant. - Let the number of excited atoms be no, if no foreign gas is 
present, and n, if foreign gas is present, and let K be the number of 
excited atoms produced each second. Then, 


K - kiriQ — (ki + fc2)n, 

where ki is the probability of spontaneous emission of light and ^2 is the 
probability of an inelastic collision. Then, since the intensity of light 
emitted is proportional to the number of excited atoms present, 


no kx + h lo 

where I and lo are the intensities of the resonance radiation in the 
presence and absence of a foreign gas, respectively. Now ki is equal to 
the reciprocal of the mean life r and ^2 is proportional to the number 
of collisions. We have, 

A;2 = P • 2Nr^{2kTir)^fji-^; (6) 

in this equation k is Boltzmann^s constant and T the absolute tempera- 
ture; r is the distance of nearest approach of the excited atom and the 
foreign gas molecule, N the number of foreign gas molecules per cubic 
centimeter (always much larger than the number of mercury atoms); 

n is the reduced mass, — - — ’ ^ probability that a collision 

17ll “T 1712 

will be inelastic, which may be called the “quenching efficiency.” The 
reciprocal of k 2 is the mean time t, between^ two inelastic collisions 
and is inversely proportional to the pressure. From equation (5) we get 



and thus if / — 7o/2, t = t. Substituting 1/t = ap in equation 
(7), we get 

/ = 7o = Iq- — ■ — j— j (3) 

1 + arp 1 + ' ' 

p being the pressure. The pressure at which the intensity of resonance 

radiation is reduced by one-half can be, determined experimentally 

and the value of N corresponding to this pressure can be substituted in 

equation (6). Also we know that for this pressure t can be set equal to 

T which is known from other measurements and thus the only unknown 

quantities in equation (6) are P and r. 

In the case of oxygen, the pressure at which the intensity is reduced 
to one-half, and which is conveniently represented by pi 4 , is 0.35 mm. 
Assuming that P = 1, i.e., that every collision is a collision of the second 
kind, and using the gas kinetic values for the radii, the life of the excited 
mercury’ atom is found to be 5.7 • lO'^ seconds. But the mean life 
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of thP 2»Pi state of mercury is known to be 1 • 10“'' seconds.' Since P 
cannot be greater tlxan I, the distance between the atoms at nearest 
approach for an (excited mercury atom and the gas molecule, r, must be 
greater t han the mean distance of approach of the normal mercury atom 
and the gas molecule. Stuart th(*r('fore concludes that the collision radius 
of the excit(?d mercury is 3.4 times that of the normal mercury atom. 
If it is aKsumed that in oxygen t'ach collision quenches, there can be no 
gas with higlK^r (luenching (dficiency than oxygen. The quenching 
(‘fficiencitw calculated by iwsuming tliat the radius of the (vxcited mercury 
atotn is always 3.4 tinu's the radius of the normal atom, in collisions 
with othfT molf'cules, are coilecb'd in Table 1. 
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Gaviola* has recalculated these' (pumching efRciencies obtained 
from Htuart.’s <iata taking sc'condary factors into account. Before a 
quantum of resonance light e8(!apeK from tlm vttssel it may be reabsorbed 
and reomitti'd Kev<!ral times an<l t his (effect is (juite aijpreciablo in Stuart’s 
exp<wimenta. Moreover, in order to avoid the complicating factor that 
collisions of the first kind may raise metastable mercury atoms in the 
2*P(i state to the rosonanoo st.ate, 2*Pi, it is necessary to extrapolate the 
quenching curves to z(!ro pressure and calculate the quenching efficiency 
at this pn'Hsure. When tlu* <lata are recalculated in this way, it is found 
that the effective radius t>f tlm excited atom, Hg', is 1.62 times larger 
than the gas kinetic radius of the normal atom, if the efficiency of quench- 
ing by hycirogen is taken as 1. Using this radius for Hg', the quenching 
efficii'ncy of ( K ) is found to 1 mi 250 per cent. This shows that the effective 
radius of Hg' cannot l>e taken thcs same for all gases. 

As Gaviola points out, the only quantity which can be determined 
from the experiments is the protluct of the number of collisions and the 

’ “ Haiulbucli der Expcrlmuntalphymk,” 14, (1928), Akad VarlagBgesellsohaft, 
Iioipsdg. 

» Phya. Rev., S3, 309 (1929). 
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quenches this radiation most effectively. Calculation of the quenching 
efficiency again requires the use of abnormal radii and Mannkopf finds 
the radius of excited sodium to be 4,3 times the gas-kinetic value. Wood^ 
has found that iodine resonance radiation is quenched by foreign gases 
and by iodine itself. Table 2 gives the values of the half pressures for 
various gases for this case. 


Table 2 


Gas 

A 

He 

Air 

O 

p 

Ether 

CI 2 

I 2 , 

pi./, (mm.) 

7 

6 

2.1 

1.2 

0.3 

0.2 

0.2 


3. SENSITIZED FLUORESCENCE 

Cario and Franck, ^ developing the logical consequences of the principle 
of Klein and Rosseland, pointed out that the excitation energy of an 
atom or molecule should be available for the excitation of a quantum 
transition of lower energy in a colliding atom or molecule. This view 
could be supported by a number of experimental results. For example, 
it had been known since 1873 ^ that a photographic plate insensitive 
to certain wave lengths could be made sensitive to them by impregnating 
the gelatine layer with a suitable dye. According to our present views, 
this dye absorbs the energy of the inactive wave lengths and transfers it 
to the photosensitive silver in the layer by collision. Also, it had been 
observed^ that a dye such as eosine or rhodamine adsorbed on a mass of 
siloxene® emits the fluorescent bands characteristic of the dye, while the 
siloxene is being oxidized. The dye itself emits no light upon oxidation. 
Apparently, the energy of oxidation of siloxene is transferred by collision 
to the dye, which is thereby excited and emits light. 

If an atom A is excited by the absorption of light, and transfers its 
energy to an atom B during a collision, the atom B may then emit light 
which is known as sensitized fluorescence. It will be observed if the 
following conditions are fulfilled: the energy of excitation of the atoms 
absorbing the light m\ist be equal to or greater than the energy of the 
first excited state of those atoms in the mixture which are to exhibit the 
sensitized fluorescence; and the pressures must be such that the mean 
time between two collisions is less than or equal to the order of magnitude 
of the mean life of the excited atom. The latter condition insures that 

1 PM. Ma^., 21, 392 (1911). 

2 Cario, Z. Physik, 10, 185 (1922); Cario and Franck, loc. cit. 

« Vogel, Per., 6, 1305 (1873). 

^ Kautbky and Zocher, Z . Physik, 9, 267 (1922); 31, 60 (1925). 

5 Siloxene is a highly reactive silicon compound of the formula Si eHoOg. 
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COLLISIONS OF THE SECOND KIND 

most of the optically excited atoms will collide with and excite the atoms 
which emit the sensitized fluorescence. In order to secure observable 
intensities of fluorescent light it is necessary that the monochromatic 
light producing the primary excitation be intense and that it be strongly 
absorbed. All spectrum lines of the non-absorbing component of the 
gas mixture should appear, whose energy of excitation is less than the 
energy of the monochromatic exciting or primary radiation. 

Suppose we have a mixture of two gases A and B of atomic weights 
mi and m 2 , and let the gas A have a resonance line of frequency v, while B 
has one of frequency v'. The excitation energies of the atoms A and B 
corresponding to the frequencies v and v' are shown in the energy level 
diagram of Fig. 4. Now if we illuminate the gas A with light of frequency 
V we obtain the reemission of the same frequency or simple resonance. 
If we illuminate gas B with light of the same frequency v, no resonance 
or fluorescence will appear because this frequency is not absorbed by the 

gas B. But if we illuminate the mixture of the 
two gases with light of frequency p, we obtain 
the emission of both v and v\ An atom A, 
excited by absorption of a quantum hv^ collides 
with an atom B and excites it to the quantum 
level with energy hv'. B then radiates light of 
frequency Some of the atoms A emit their 
characteristic frequency before colliding with B, 
and this accounts for the appearance of both 
frequencies in the fluorescence. The difference in energy between hv 
and hv' appears as relative kinetic energy of A and jB. If the temperature 
is low, we can neglect the thermal kinetic energy. The atom B receives 
kinetic energy which we can calculate from the requirement that the 
conservation of energy and momentum must hold for the process. 
Assuming the initial velocities to be very small and letting the final 
velocities be vi and we have, 

and 

from which 


and 


When hv - Zip' is large, the excited atom B secures a high kinetic energy 
and consequently moves with high velocity. When the rapidly moving 
excited atom emits light, the frequency observed will be different from 
v' because of the Doppler effect, except when the atom moves at right 


— hv — hv'^ 
mivi = W2V2, 

= {hv — hv') — ; 

2 'mi + m 2 


(9) 


mi 


> 22 ^ 2 ^ {hv - hv') ^ 

2 'mi + 


^2 


\Jiv 
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angles to the line of vision. The frequency observed, v'', is related to v' 
by the equation, 

v" = cos 

where (p is the angle between the direction of motion and the line of vision. 

These predictions were brilliantly confirmed by Carious experiments.^ 
The arrangement of Fig. 5 was employed. A quartz tube containing a 



globule of thallium metal was heated in an electric oven to a temperature 
of 800®C., at which the vapor pressure of thallium is 2 mm. of Hg. The 
quartz tube was connected through a side tube to a bulb containing 
mercury, which could be heated to about 100°C. in a separate and smaller 
oven. A quartz lens focused the light of a quartz mercury arc at a point 
just inside the tube containing the mixture of thallium and meAury 
vapor. The mercury was thereby excited to the resonance state, 2®Pi. 
The pressure of the mercury vapor was high 
enough to confine the resonance to a narrow 
region near the place of entrance of the exciting 
light, the purpose being to secure a strong 
fluorescence concentrated in a small region. A 
spectrogram of the light scattered from this 
region showed the presence of a number of 
thallium lines in addition to the 2,536.7 k, line 
of mercury. When the 2,536.7 k, line was cut 
off by interposing a sheet of glass, all thallium 
lines disappeared, and when the tube was 
illuminated with the 2,536.7 A. line while the 
mercury vapor was frozen out no thallium 
lines appeared. We can see the energy rela- 
tions involved from Fig. 6. The 2,768 line of Tl, which differs in energy 
from the 2,537 line of Hg by only 0.4 volt, was found to be very weak, 
due to absorption in the excess thallium vapor. On the other hand, the 
3,776 line is excited by 1.6 volts less energy than 2,537, and was found 
to be emitted very strongly. In this case, the emitting thallium atoms 
have a high velocity, due to the large energy excess of 1.6 volts, hence 
1 Z, Pkysik, 10, 186 (1922); 17, 202 (1923). • 



Fia. 6. — Energy level diagrams 
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the Doppler shift is large enough to prevent the relatively cold thallium 
vapor from absorbing the broadened 3,776 line. 

4. COLLISIONS INVOLVING METASTABLE ATOMS 

Donat, ^ and later Loria,^ studied the fluorescence of thallium sensb 
tized by mercury in the presence of certain gases such as nitrogen and 
argon. Since the resonance radiation of mercury is quenched by nitro- 
gen, it is to be expected that the addition of this gas to the thallium- 
mercury mixture should diminish the sensitized fluorescence of thallium. 
On the contrary, it was actually found to be increased. This can be 
explained in the following way. The mercury atoms absorbing the 
wave length 2,537 are raised to the 2^Pi state, and collide with a nitrogen 
molecule to which a part of their energy is transferred, and drop to the 
^Pq state with 0.19 volt less energy. The ^Po state has a life of about 
10“^ seconds as compared to 10“^ seconds for ®Pi. Therefore, the mercury 
atom in the ^Po state is much more likely to collide with a thallium atom 
during its hfe than an atom in the ^Pi state. Of course, the energy of 
the excited mercury atoms can be used to excite thallium more effectively 
in the absence of any foreign gas by increasing the pressure of the thalliutn 
vapor and thereby increasing the number of collisions. This would 
reqmre very high temperatures because of the low vapor pressure of 
thanium. Addition of nitrogen has the same effect as increasing the 
vapor pressure of thallium, for, if the pressure of the nitrogen is suf- 
ficiently high, every excited mercury atom produced by absorption 
of the 2,537 line is brought into the long-lived metastable state which 
persists until a collision with a thallium atom occurs. 

The effect of foreign gases in bringing mercury atoms in the ^Pi 
state into the metastable state by collisions of the second kind was 
clearly demonstrated by Wood.^ The metastable atom can absorb 
two series of lines, namely, the series 2®Po — m^Si, and the series 2^Po — 
m^Di. The lines at 4,047 A. and 2,967 A. corresponding to the first mem- 
ber of each of these two series must be particularly strongly absorbed and 
therefore reversed by mercury vapor containing a considerable concen- 
tration of mercury atoms in the 2^Po state. Absorption of these wave- 
lengths is therefore an indication of the presence of metastable atoms. 
Wood illuminated mercury vapor with the resonance line and studied 
the absorption in the presence of varying amounts of N 2 , He, and CO. 
Nitrogen was found to be particularly effective in causing the absorption 
of subordinate series lines. Absorption of the line at 4,047 A. is already 
noticeable when the partial pressure of nitrogen is 0.1 mm. and at 2 mra. 
it is extraordinarily strong, indicating that a high concentration of 

1 Z. P%si/c, 29, 345 (1924). 

2 Pey., 26, 576 (1925). 

« Proc. Roij, Soc,, 106, 679 (1924); Phil. Mag., 60, 774 (1925). 
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rnetastable atoms has been built up. Wood and Gaviola^ have recently 
Found that water vapor is more effective than nitrogen in bringing mer- 
cury atoms from the resonance state into the metastable state. Only 
0.005 mm. of water vapor is sufficient to cause reversal of the 4,047 A. 
line in excited mercury, while 0.5 mm. of nitrogen is necessary to accom- 
plish the same result. 

Orthmann and Pringsheim^ found that the form^ation of metastable 
mercury atoms was favored in the absence of foreign gases by increasing 
the vapor pressure of mercury. The sensitized fluorescence of thallium 
was studied in mercury vapor at high pressure. The resonance radiation 
in pure mercury vapor at a pressure corresponding to 250°C. is practically 
completely quenched, but the fluorescence of admixed thallium vapor is 
still very strong. Even in mercury vapor at one atmosphere (350°C.) 
the 3,776 A. line of thallium has lost none of its original intensity. Under 
the conditions of the experiment an excited mercury atom collides on the 
average with 10^ other mercury atoms before colliding with a thallium 
atom, indicating that the fluorescence must be due to collisions of the 
second kind between metastable mercury atoms and thallium. 

Meyer'"^ found that the yield of atomic hydtogen by photochemical 
dissociation with the aid of mercury can be increased, when the partial 
yressure of hydrogen is low, by the addition of argon. Argon also makes 
inelastic collisions with mercury in the state, causing a transfer 
to the 2*^F() state, which then persists long enough to collide with a 
hydrogen molecule, though there are reasons to believe that argon also 
causes a transfer of Hg' atoms to the normal state (Sec. 2). 

6. RESONANCE IN COLLISIONS OF THE SECOND KIND 

Merton and Pilley^ found that it was possible to excite the atomic 
nitrogen spectrum, which is difficult to secure by other methods, by 
passing a discharge through a mixture of an inert gas and nitrogen, the 
former being present in excess. 

When a discharge is sent through this mixture there is small prob- 
ability that an electron will gain energy greatly in excess of the first 
resonance potential of the rare gas, provided the pressure is sufficiently 
high. If the concentration of the nitrogen is small, the probability of an 
electron exciting this gas is small. But since the rare gas is present 
in excess, most of the excitation will be due to collisions of the second 
kind between excited rare gas atoms and the nitrogen molecules. In 
this way the spectrum will be excited by a definitely known energy. 
Evidently, nitrogen molecules are first dissociated by collisions of the 

1 PM. 5, 271 (1928). 

2 Z. Physih, 35, 626 (1926). 

« Z. Physih, 37, 639 (1926). 

^Proo. Roy. Soc.j 107, 411 (1925). 
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second kind with excited rare gas atoms, and then the resulting atoms 
are excited by inelastic collisions with electrons or excited rare gas atoms. 
McLennan^ found that a characteristic green line appearing in the 
aurora is excited strongly in a discharge tube containing a mixture of 
helium and oxygen while it is very difficult to obtain in pure oxygen. 

The band spectra of H 2 , N 2 , CO, CN, and other molecules are much 
simplified when excited in presence of an excess of the rare gases. The 
best known example of this is the excitation of the Lyman bands (a 
progression of the Dieke-Hopfield bands) which appear in great intensity 
when a discharge is passed through argon at 2 or 3 mm. pressure con- 
taining a trace of hydrogen. The bands excited in this way arise from 
transitions from the Ba state of Dieke and Hopfield,^ which is the third 
vibrational level of the state of the hydrogen molecule. This 
combines with the different vibration levels of the normal Vh state 
to give an n" progression of bands. Since these bands are not excited 
by direct electron impact,^ the excitation probably occurs by collisions 
of the second kind between excited argon atoms and the hydrogen mole- 
cule in its lowest vibrational state and its lower rotational states,^ and 
after a very careful theoretical investigation Beutler® concluded that this 
view was correct. 

That close ^^resonance’^ between two atoms or molecules is of importance 
for the transfer of energy between the two was first noticed by Beutler 
and Josephy® in the case of the sensitized fluorescence of sodium when 
excited by mercury atoms. When a mixture of the two gases at low 
pressures was illuminated by the 2,537 A., line of mercury the 2P — 7S 
line of sodium appeared with great intensity. The addition of foreign 
gas caused the appearance of the 2P — 5S line of sodium. The excitation 
energies of the 7S and 5S levels of sodium are very nearly the same as 
the excitation energies of the 2^Pi and 2^Po states, respectively. Evi- 
dently, the foreign gas in the second case caused a transfer of mercury 
atoms in the 2^Pi state to the 2®Po state and atoms in each of these 
states transfer their energy to sodium atoms with greatest probability 

^ At the high altitudes where the aurora is excited, probably by electrons from the 
sun, the concentration of helium atoms relative to oxygen molecules will be much 
higher than at the earth’s surface so that the laboratory conditions partly duplicate 
those occurring in nature. 

2 Z, Physik, 40, 299 (1926); Phys. Rev., 28, 1223 (1927). 

2 Horn, Z. Physik^ 44, 834 (1927). 

4 This was first suggested by Franck and Jordan, ^'Anregung der Quanten- 
spriingen durch Stosse,” p. 266. Worthing (Washington Meeting of the American 
Physical Society, Apr. 19, 1929) has found an altered intensity distribution of the 
active nitrogen bands when the nitrogen contains about 1 per cent of argon, and 
suggests that this is probably due to the excitation of the nitrogen molecule by colli- 
sions of the second kind between nitrogen molecules and excited argon atoms. 

^Z. Physik, 60, 581 (1928). 

^ Naturwiss., 16, 540 (1927). . 
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only if Hur vnrrgy of the «odiuro atomn in very nearly equal 

to t hat of t h(‘ exf it eii luercniry atatnH. Thin cai^e has been further studied 
Ijy Webb and wlio inlrodiKMHi scKliuni vapor into a streani of 

niereury vapor whieh had been excited liy an arc. They eoinpared 
tlie rt*lative inttuinitieH of sodiuni lines when excited by an arc and when 
exeitt*d by the* transfer of energy frenn the excited mercury atoms, 
hixfs'ritmmtal conditions were iirrangcHl so that c^xcited atoms were much 
more elbadive in exciting the sotliiim atenns than any ions present. The 
results are shown in Talde «1. 


Tabi.s Ji 


KxpitutiiiH PtH’rgy of ilg 

Hotlcim w*rioH 

Kxidtat ion 
iMtorgy of 
Na, pm, * 

IriUniHity of Nil Hiiph 
cxintod ity: 

(fi) Hg lUoiimj {h) an arc 

1 

1>.S' ~2*P 


0,(13 

2.40 


21/* 


0.03 

1 .70 


27* - VI) 

MJA7 

0 05 

1.3H 


VS 

MMli 

0,04 

0.20 


- 5»/> 

IMAYM 

0.20 

0.41 

m Am 

._5»,S 

jm.uio 

0.07 

0.07 

i 

-iVl) 


0.41 

O.ll 


-WS 

m,mm 

0.(0 

0.00 


-7*t) 

mh*Mm 

0.15 

tmpC 

2*/*, 3fl, tin 

~7'.S 

311,572 

0 15 

0,00 


-H*/; 

311,725 

0 07 

0.(K) 


T)(*d<ii»d iniwimtt in int<mnity oclur in both tho wharp and diffuse 
BorifK will'll uxcifi'd by collwions with ttieroury atoms. The wave-number 
diffcreiiw'M Ix'twiM'n the exaltation enerRy of the 2*Pi> wtate and that of 
the 5*.s', and iPD atatea of sodium are 012, -306, and -737 cm.~', 
resiM-etividy, and the differenoos Ijetween that of 2*Pi and the 7*/>, 7*B, 
and H’/; are 213, ~ 150, and -312 cm."', respectively. Binoe the 0*-S 
state is evidently not excited by the mercury in tho2*Pi state, the prob- 
aldlity of a transfer of energy Ix'tween the two atoms in which these 
particidar states are involved with an energy diifercnce of only 450 cm."' 
(-w 0,05 volt) must ls> ipiite small. The same lines excited in the arc 
are less Intensi' than when exciteii by collisions of the second kind though 
tile reverse is true in the case of the V8 - 2*P lines. This supports 
the view that eollisions of the second kind are responsible for the excita- 
tion of the lines as given In column 4 and that in this particular case dose 

' phm /fre. S3, ;ta» (I92tn. 
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resonance between two atoms is necessary if there is to be a high proba- 
bility of energy transfer.^ 

An interesting method of exciting the spectra of metals which promises 
to be of importance has been employed by Paschen and Frerichs.^ If 
the vapor of a metal is present in a rare gas excited by electrical discharge, 
the spectrum of the metal is excited intensely. It is found that the 
excitation of the metal is due in the main to collisions of the second 
kind with metastable rare gas atoms. All terms whose energy is less 
than that of the metastable atom which excites^them are present in the 
spectrum. Excitation of metal spectra was also found to take place 
in a side arm branching off from the discharge tube, although the dis- 
charge does not penetrate into the side tube. The presence of metastable 
atoms here can be demonstrated by absorption measurements similar 
to those used by Meissner in determining the life of metastable neon 
atoms. 

6. COLLISIONS BETWEEN IONS AND NEUTRAL ATOMS 

If we consider the ionized state of an atom as one of its excited states, 
the possibility immediately suggests itself that an ion can remove an 
electron from an atom of lower ionizing potential as a result of a collision 
of the second kind. Experimental evidence of this was found by Hogness 
and Lunn^ and by Harnwell.^ They produced ionization in a mixture 
of gases by bombarding them with electrons of energy well above their 
ionizing potentials and determined the .relative numbers of ions as a 
function of the total pressure by means of the magnetic spectrograph 
(Chap. XIII, Sec. 4). Harnwell observed the number of ions produced 
in a pure inert gas as a function of the pressure and found that the curves 
were of exactly the same shape for all the gases investigated, so that one 
could be superimposed on the other by changing the scale on which the 
number of ions produced was plotifed. This means that, in a mixture of 
these gases, the ratio of the numbers of ions produced should be inde- 
pendent of the pressure, if no collisions of the^second kind occur. Experi- 
mentally, it is found that the ratios of the numbers of ions, He^VNe^, 
NeVA.+, and He+/A+ decreased with increasing pressure, and that this 
decrease was most rapid for the first and slowest for the last of these 
combinations. The following inelastic collisions must occur in the 
ionizing space : . . 

He+ + Ne He + Ne+, Ne^ +. A -» Ne + A+, He+ + A He + A+. 

^The high quenching efficiency of O 2 gas in the case of Hg' in the 2^Pi state is 
probably due to close resonance. However, close resonance is not necessary for 
collisions of the second kind to occur (see Sec. 2). 

2 Paschen, Sitz. her, d. Preuss. Ahad. TV^ss., Oct. 20, 1927; Feekichs, Ann. 

86, 257 (1928). 

3 P%s. Eev., 28, 849 (1926); 30, 26 (1927), 

^Phys. Rev., 29, 683, 830 (1927). 
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All these processes will result in an increased number of ions of the atom 
of lower ionizing potential at the expense of the atomic ions of higher 
ionizing potential The rate of change of the ratios indicates that the 
first reaction occurs most readily and the last least readily. 

Experiments of this kind have been made using quite a number 
of pairs of gases. ^ The results show that the following generalizations 
can be made: (1) this type of collision will not occur unless the ionizing 
potential of the primary ion is greater than that of the ion to be produced, 
so that part of the energy of ionization of the first atom is converted 
into relative kinetic energy of the two collision partners; (2) the nearer 
the two ionizing potentials are to each other the more probable is the 
inelastic collision. An excellent example of this is given by the exper- 
iments on the inert gases described above. Table 4 gives the reactions 
in the order of decreasing probability and the differences in ionizing 
potentials of the atoms. 

Table 4 



Reaction 

Fi 

1 

1 ! 

He+ 

-1- No He + Ne+ • 

• • 24.5 

- 21.5 = 3.0 

No+ 

-|- A — > No + A + • 

• • 21.5 

- 15.7 = 5.8 

He+ 

-t- A He A-" • 

• • 24.5 

- 15.7 = 8.8 


An excellent example of this is the ionization of N 2 by He+. Nitrogen 
has an ionizing potential at 23 to 25 volts, while that of He is 24.5 volts 
and the experiments show that the ionization of N 2 by He+ by a collision 
of the second kind is very probable. 

7. PHOTOSENSITIZED REACTIONS 

Franck further suggested that the energy of an excited atom could 
be utilized in producing a chemical reaction. He proposed as a very 
simple case of such a reaction the photochemical dissociation of the 
hydrogen molecule, which is particularly suitable because it can dis- 
sociate in only one way, while a more complicated molecule might 
dissociate in several ways. Hydrogen does not absorb light of a wave 
length corresponding to its heat of dissociation. Its heat of dissociation 
has been determined most exactly from its band spectrum* and is 4.34 
volts. (Burrau’s® theoretical value is 4.42 ± .03 volts.) 

The energy of a quantum of light of wave length 2,537 A. is 4.86 
volts. Consequently, excited mercury atoms produced by absorption 

1 Hogness and Lunn, loc. cit.; Haenwelu, loc. cit.; Smxth and Stubckblbbrg, 
Phys. Rev., 32, 779 (1928). 

2 Wither, Proc. Nat. Acad. Sd.,, 12, 238 (1926); Dibkb and Hopfibld, Phys. 
Rev., 30, 400 (1927). See also Langmuir, J. A. C. S., 36, 1708 (1914); 37, 417 (1915); 
Herzfeu), Ann. Phydk, 69, 635 (1919); Bichowsky and Copeland, J.A.C. A, 60, 

1315 (1928). „ 

3 Natundss., 16, 16 (1927); Kong. Damke Vid. Selsk. Maihr-fys. Medd., 14, 7, 

(1927). , 
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of this wave length should be capable of dissociating H 2 molecules. 
The occurrence of such dissociation was established by a very simple 
experiment due to Cario and Franck.^ A small boat filled with copper 
oxide, which is reducible by atomic hydrogen, was placed in a quartz 
tube containing hydrogen and some liquid mercury. The tube was 
connected to a liquid air trap followed by a Macleod gage. When the 
radiation of a quartz mercury arc was focused on the tube, the copper oxide 
was reduced as evidenced by the appearance of the characteristic reddish 
color of metallic copper on the surface of the mass of copper oxide. At 
the same time, the Macleod gage showed a decrease of pressure owing 
to the fact that water formed in the reduction of the copper oxide con- 
densed in the trap. No reduction took place when mercury vapor was 
not present. Mercury vapor alone in absence of hydrogen caused no 
reduction. Furthermore, it was shown that the effect occurred only 
when the mercury arc was kept cool so that the 2,537 line was not self- 
leversed; this is due to the fact that the cold mercury vapor could absorb 
only the center of the line. The process taking place in the quartz tube is 

Hg + Az/— » Hg', 

Hg' + H2-^Hg + 2H. 

It is now clear why hydrogen is so very effective in quenching the 
resonance radiation of mercury. Practically every collision between an 
excited mercury atom and a hydrogen molecule leads to a transfer of 
energy from the excited mercury atom to the hydrogen molecule and 
causes its dissociation. 

^his extremely convenient method of producing monatomic hydrogen 
has some very interesting applications. When a mixture of hydrogen, 
oxygen, and mercury vapor is illuminated with the 2,537 line, water is 
formed at a measurable rate.^ Hydrogen atoms produced by the same 
method in a mixture of ethylene, hydrogen, and mercury vapor react 
with the ethylene and form ethane. It was noted that this reaction 
occurred to a much greater extent than could be accounted for by the 
number of quanta absorbed. This is due to reaction chains initiated by 
the primary hydrogen atoms, which behave as follows : 


C2H4 -h H — 1- CjHg, 

CsHs + Ha-^CaHe + H. 


The hydrogen atom produced by the secoixd reaction may then reac 
again m accordance with the first equation, and the chain continues unti 
ermmated by combination of two hydrogen atoms. A similar reactioi 
chain was discovered in the photosensitized formation of hydrogei 


^Z. Physik, 11, 161 (1922). 

2 Dickinson, Proc. Nat. Acad. Sci., 10, 409 (1924). 
Mitchell, Proc. Nat. Acad. Sd.j 11, 458 (1925). 



Skc. 81 


('HhJMILUMlNEHaENCE AEl) (VLUtflONE 


509 


peroxide' from hydrogen and oxygen, mercury being the sensitizer. The 
mixture passed in a rapid stn^am through the illuminated reaction vessel 
giving almost 100 per txmt yields of hydrogen peroxide, and each quantum 
absorbed gave 4 moh'cules of HaOj. Taylor suggested the mechanism, 

Hg + hu-> Hg', 

Hg' + Ha 2H + Hg, 

H “b Ha — * HOa, 

HOa + Ha -> HaOa + H (d,e. 

Dickinson and SherrilF illuminated a mixt.ure of oxygen and mercury 
vapor with the 2,5:10.7 A. line and found that ozone was formed. Since 
the energy of dissociation of tln^ oxygen molecule is considerably greater 
than that of the f^xcit-ed mc^rcury atoms, excitcul oxygen molecules must- 
be formed liy collisions of the sc'coiul kind betwe(m excit(!d mercury atoms 
and oxygen molecules. It was also found that considerable oxidation 
of the mercury vap{)r took placcn 'I'his partially accounts for the effective- 
ness of oxygen in quenching mercury resonanci^ (Sec. 2). 

An interesting varied y of photosemsitized decompositions were 
discovered by Bates and Taylor." The vapors of IT/), NHa, and of 
organic compounds saturated wit h mercuiry vapor wen^ passed through a 
quartz tula^ strongly illuminated by tlu^ radiation of a cooled mercury 
arc. In most cases (h^composition into gas(!Ous products occurred even 
in the absence of mercury vapor, but in general t.lu! products formed 
when the reaction was photosensitized were enormoiisly greater in amount 
than thos(> obtain'd from the unsensitizcul reaction. 

In such reactions we are by no means limited to the use of mercury 
vapor, l)ut since a further discussion of this int(!resting field is beyond 
the scope of this book, the reader is referred to an excellent summary by 
Kistiakowsky,* 


8. CHEMILUMINESCENCE AND COLLISIONS OF THE SECOND KIND IN 

FLAMES 

It has been known for a long time that many chemical reactions 
are accompanied by the emission of light although the temperature of the 
reacting mixturt' is far below that necessary for the appearance of visible 
temperatuft! radiation. For example, flames, such as those appearing 
during the combustion of sulfur vapor and carbon bisulfide, are known 
to have a temperatun' less than 2()()°(1. but nevertheless emit a com- 
plicated spectrum in th(^ blue. The mean translational energy of gas 
molecules at 2(K)‘’C;. is somewhat loss than 0.0(5 volt while the energy 

' Maiwhaw., J. Pht/H. Chm., 80, 34 (1926); Bonhokh'Fiiir and Lobb, Z. physik. 
Ckem., 119, 474 ( U»2tt) ; 'rAvnoR, Tram. Ear. Hoc. 21, 560 (1926). 

*Proc. Nat. Acmi. Hci., 12, 175 (192B). 

» J. A. H., 49 , 243K (1927). 

* " Photochemical l‘roc<WH«s," p. 126, Chemical Catalogue Co., New York (1928). 
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corresponding to a quantum of blue light, say of wave length 4,000 1.., 
is about 3 volts. As an extreme case we might mention the luminescence 
of certain living organisms due to reactions involving complicated organic 
molecules. Obviously, the light cannot be due to temperature radiation. 
In general, the emission of light during chemical reactions is due to quan- 
tum processes taking place before the reacting system has reached 
equilibrium. 

Spectral analysis of the light emitted during a reaction should enable 
us to gain insight into the details of the process. However, the spectrum 
emitted in most cases of chemiluminescence is so complicated that it is 
impossible at present to determine the primary processes taking place. 
Also, the quantity of light emitted is far less than that expected from 
Einstein^s photochemical equivalence law on the assumption that each 
newly formed molecule emits a quantum. This indicates that secondary 
processes are probably responsible for the emission of light. 

A notable advance in this field was made in the study of ''cold'' 
flames emitting a line spectrum of known origin. Haber and Zisch^ 
allowed sodium vapor highly diluted with nitrogen to stream into Ch, 
Br 2 , I 2 , or Oxygen gas where reaction took place between the sodium and 
the gas. The purpose of the nitrogen is to keep the temperature of the 
reacting mixture below that at which the eye perceives the black-body 
radiation corresponding to the temperature of the gas. In spite of the 
fact that no thermal emission of light could occur, the Z)-lines of sodium 
were emitted strongly, and it was found that the number of quanta 
emitted was very much less than the number of NaCl molecules formed. 
Consequently, the light emission is due to some secondary process, 
such as a collision of the second kind between a newly formed excited 
NaCl molecule and a sodium atom, resulting in an excited sodium atom 
and a normal sodium chloride molecule. This reaction and similar 
ones have been investigated by Polanyi^ and his coworkers who have 
proved that the reaction consists of the primary process, 

W Na + CI 2 = NaCl + Cl + 35 Cal, 

and the secondary processes, 

(5) Na + Cl = NaCl + 93.4 Cal. 

(^) Nas + Cl = NaCl + Na -f 75 Cal. ^ 

W Cl + Cl = CI 2 + 58.5 Cal. 

The reaction (a) takes place in the gaseous phase but the energy liberated 
is insufficient to excite the sodium D-lines, namely 48.3 Cal. The 
reactions (6) and (d) take place on the walls and the energy is dissipated 
as heat. The reaction (e) takes place in the gas space and is responsible 
for the excitation of the sodium lines. One might expect that the sodium 

1 Z. Physik, d, 302 (1922). 

^ Z^it. Phys. Chem., B, lyS-73 ( 1 Q 2 S). 
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atom liberated in this reaction would be excited directly, but this is 
proved not to be the case by the quenching effect of nitrogen gas. The 
nitrogen pressure required to quench the sodium resonance to one-half its 
original intensity (the so-called half-pressure) is about 20 mm., bxit here at 
a pressure of a few millimeters of nitrogen the Z)-lines are reduced to a 
fraction of their intensity. The quenching of the excited NaCl molecules 
by nitrogen must be greater than the quenching of the sodium resonance 
radiation by this gas. Therefore, the NaCl molecule produced in this 
reaction (c) probably retains the energy of the reaction as energy of 
excitation, which it then transfers to a Na atom by a collision of the 
second kind. Experiments on the yields of these reactions showed that 
every collision between a Na atom and a CI 2 molecule as well as between a 
Cl atom and a Na 2 molecule resulted in reaction. Only about one 
collision out of 10^ between Na and Cl atoms in the gas phase results 
in reaction according to (c) accompanied by emission of light. This 
low efficiency is to be expected, for the probability of a quantum transi- 
tion may be estimated at 10^ in accordance with the observed values 
for other atoms and molecules; but the time of a collision is about 
seconds, so that the probability that the emission will occur during any 
one collision is only 10“*^.^ Heating the reaction zone decreases the 
intensity of the light emitted and assuming that this is due to dissociation 
of the Na 2 molecule, the heat of dissociation is calculated to be 18 ± 2 
Cal. Under suitable conditions between 70 per cent and 100 per cent 
of all reactions of the type (c) result in the excitation of a sodium atom. 
The reactions of Na vapor with the other halogens and with HgCU 
have been investigated in a similar way. From, these studies and 
numerous others^ of a similar character, it is evident that collisions of 
the second kind play an important part in the excitation of light in flames 
and very probably an important part in the ^^dark^’ reactions taking 
place in flames, though of course this is not so easily investigated. 

A comparatively simple chemiluminescence accompanies the recom- 
bination of atomic hydrogen in the presence of metallic vapors.® These 
spectra are probably excited by the recombination of two hydrogen atoms 
in a three-body collision, in which the third body is the metallic atom 
excited, so that the energy of recombination of the hydrogen supplies the 
energy for excitation. Moreover, Kaplan showed that those atomic 
lines are most readily excited for which the energy of recombination 
of two hydrogen atoms to form a molecule in one of its vibrational steady 

1 Bee Uhey and Bates, Phys. Rev., 33 , 279 (1929); Dec. (1929). 

2 For example, Feanz and Kallman, Z. Physik, 34 , 924 (1925); Bonhoeffbe and 
Habee, ibid., 137 , 263 (1928). 

n^ONHOEFFEE, Chem., 113 , 199 (1924); 116 , 391 (1925); 119 , 385 (1920); 

Mohler, Phys. Rev., 29 , 419 (1927). 

^Phys. Rev., 31 , 997 (1928). 
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states agrees closely with the energy required for excitation of the atom 
to one of its steady states. Table 5 gives a list of the atoms and of those 
spectral lines which we may expect to be excited in this way. The 
energy required for excitation and the energy which can be supplied 
when two hydrogen atoms combine to give a molecule in one of its vibra- 
tion states are also listed. These energies of recombination are designated 
as Rn, where n is the vibration quantum number of the molecule formed. 
The data indicate that unless the energy of excitation and energy of 
recombination agree within a few hundredths of a volt, excitation of the 
atom does not occur. The 2,537 line of Hg is excited though its exci- 
tation potential is greater than Eo; this is probably due to the formation 
of an excited^HgH molecule, whose bands are also emitted, followed by a 
collision of this excited molecule with a hydrogen atom. If this collision 
results in the formation of a hydrogen molecule and a mercury atom, the 
energy liberated should be ample, to excite the atom to the 2^Pi state. 


Table 5 


Element 

X 

Transition 

Excita- 

tion 

potential 

Intensity 

Nearest R 

Differ- 

ence 



' 5,890 

- 22p 

2.09 

Strong 

R, = 2.06 

0.03 

Na 


6,183 

22P - 32JO 

3.6 

Absent 

Pi = 3.83 

0.23 



3,302 

vs ~ 32P 

3.7 

Absent 

Ri =3.83 

0.13 

K 


1 7,665 


1.61 

Weak 

Po = 1.68 

0.07 



1 4,044 

- 32P 

3.0 

Absent 

P 3 = 2.87 

0.13 

Cs. 

j 

I 8,943 

VS - 

1.38 

Absent (?) 

P 7 = 1.35 

0.03 



i 

VS 

3.87 

Absent 

Pi - 3.83 

0.04 

Mg 


4,571 

VS - 2Vi 

2.70 

Absent 

P 3 = 2.87 

0.17 

Cd... 


3,261 

VS - 2Vi 

3.78 

Strong 

Pi =3.83 

0.05 

Zn 


3,076 

VS - 2Vi 

4.01 

Absent 

Pi = 3.83 

0.18 

T1 


.5,350 

2V^ - 2‘S 

3.26 

Absent 

Pa = 3.34 

0.08 


Active nitrogen has also been used to excite spectra by collisions 
of the second kind. This modification of nitrogen was discovered by 
E. P. Lewis ^ and has been studied by a number of investigators. The 
early work of Strutt^ and of Strutt and Fowler^ was especially extensive. 
When nitrogen is passed through a discharge tube, the gas flowing out 
shows a bright yellow afterglow which may persist from a few seconds to 
several minutes, depending on conditions. The spectrum consists of a 
selection of the bands of the neutral nitrogen molecule, lying in the red, 
yellow, and green. The initial states for the emission of these bands are 
the tenth, eleventh, and twelfth vibrational levels of the B electronic 

1 Astrophys. J., 12, 8 (1900). 

2 Proc. Roy. Soc.j 86, 219 (1911) and many subsequent papers. 

^Proc. Roy. Soc.^ 86, 377 and 86, 105 (1911). 


Sec. 8] CHEMILUMINESCENCE AND COLLISIONS 513 

state of the molecule. If other gases or vapors are introduced into the 
stream of active nitrogen coming from the discharge tube, they are also 
caused to emit light. Saha and Sur^ suggested that these spectra were 
due to collisions with metastable nitrogen molecules. Birge^ showed 
that the eleventh state has an energy of about 11.4 volts, which is in 
agreement with the later estimate of Sponer.^ It now appears most 
probable that active nitrogen is a mixture of atomic nitrogen, both 
unexcited and metastable, and of nitrogen molecules in metastable 
states with of course a large admixture of ordinary nitrogen. ^ 

Some investigators are of the opinion that the excited molecules responsible for 
the emission of the yellow afterglow are produced in a “three-body collision of two 
atoms with a normal molecule. On the other hand, Knauss^ has put forward the view 
that the nitrogen atoms recombine to form an excited molecule without the aid of a 
three-body collision. It seems very likely that both processes occur and possibly others 
are involved. On the hypothesis of triple collisions, the energy of the excited mole- 
cule would be equal to the heat of association of two atoms. It was formerly 
believed that the heat of association of two unexcited atoms is about 11.4 volts, in good 
agreement with the energy of the molecule emitting the yellow bands. Recently, 
Gaviola*^ and Birge and Hopfield® have given good reasons for believing that the heat 
, of association is 9.5 volts and this appears at first sight to render the triple-colhsion 
hypothesis untenable. It must be remembered, however, that the nitrogen atom has 
a inetastable state at 2.4 volts, and it may prove to be necessary to consider triple colli- 
sions of an unexcited atom, a metastable atom, and an N 2 molecule. In such a collision, 
the energy made available by the association of the atoms is about 11.5 volts, which 
agrees very well with that required to excite the yellow bands. 

Another possibility, suggested by Kaplan and Carlo, ^ is that of a triple collision 
between a metastable molecule in the A level and a metastable atom having 3.56 
volts energy. Let us now consider the hypothesis that two unexcited atoms or one 
metastable and one unexcited atom, may combine without a three-body colhsion. In 
order for this to occur, the energy of|association, plus the relative kinetic energy of the 
two atoms, must be very nearly equal to the energy of the molecule in one of its excit- 
ed states. The recombination would be slow because these conditions will be fulfilled 
only in a small fraction of the collisions. At the time of writing it appears difficult to 
distinguish between these views on the basis of existing experiments. » Bonhoeffer 
and Kaminsky^ performed experiments which they interpreted as being in contra- 
diction with the triple-collision hypothesis. Keeping the partial pressure of active 

1 Phil Mag., 48 , 421 (1924). 

^ Nature, 114 , 642 (1924). 

^ Z. Physik, (1926). 

^Phys. Rev., Z2,4A7 (192S). 

^Nature, 122, ZlZ(mS). 

® Astrophys. J., 68, 257 (1928). 

^ Nature, 121 , 906 (1928). 

8 Akgkrer, Physik. Z. 22 , 97 (1921), and Rudy, Phys. Rev., 27 , 110 (1926), have 
measured the rate of decay of the afterglow. Both found a brightness-time curve 
which could be explained on the assumption that two activated entities are involved 
in each elementary process of light emission. Since two excited entities are involved 
in all the above processes these experiments do not bear on the question. 

® Zeits. f. Elektrochemie, 32 , 536 (1926). 
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tion of resonance radiation of the salt carried by the flame. Under these 
circumstances, the resonance line will have the same brightness as the 
background of continuous radiation if the emissive power of the flame at 
this wave length is equal to the emissive power of the lamp multiplied by 
the absorption coefflcient of the flame. In symbols, we must satisfy 
the condition 

Blp ~ jEIrA-p, 

If this condition is not satisfied, the spectral line from the flame will 
either be brighter than the background, or will be reversed against it. 
In practice, conditions are adjusted so that the line is just reversed, 
and then the brightness temperature of the tungsten lamp is read with an 
optical pyrometer. Knowing the emissive power of tungsten, the 
true temperature is then determined by calculation, and is taken as the 
flame temperature. This method may be applied to the study of the proc- 
esses occurring in internal combustion engines. Semenoff' has developed 
a theory of detonation in which collisions of the second kind play an 
important r 61 e. 

1 Z. Phydh, 46, 109 (1927) and 48, 571 (1928); Z. phys. Chem. B. 2, 161 and 169 
(1929). 
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WAVE MECHANICS 

1. DE BROGLIE’S THEORY OF MATTER WAVES 

' The methods of quantizing atomic systems due to Bohr and Sommer- 
feld are of great service because they yield approximate numerical 
results by the use of fairly simple models, but they seem destined to be 
superseded by other avenues of attack which are in better agreement 
with experiment. For some years, prior to 1925, evidence to this effect 
was accumulating, for example, the older theory failed to yield correctly 
the energy levels of neutral helium. There were many attempts to 
construct a theory in better accord with experiment. This might be 
done by altering the quantum conditions, the expression for the force 
between moving charges, the equations of motion, or by many other 
devices. In the face of possibilities so numerous, little progress could 
be made until some guiding principles were obtained. 

Two theories of quantum dynamics were initiated by de Broglie 
in 1923 and Heisenberg in 1926, respectively. The theory of de Broglie 
has been greatly improved and extended by Schrodinger. The theories 
of Heisenberg and Schrodinger won instant favor, because their funda- 
mental postulates are reasonable and because they are remarkably 
fruitful. They were developed independently, and seem at first sight 
to have little in common, but Schrodinger has proved them to be equiva- 
lent; they are different mathematical formulations of the same physical 
relations. 

Because it is easier to understand, we first describe the Schrodinger 
theory, known as “wave mechanics.” It arose from the ever-increasing 
evidence that in^many cases the behavior of a light quantum can be 
predicted by treating it as a particle. The conviction grew that the 
similarity of material particles and of atomic packets of radiant energy 
was something more than a coincidence. The question is, if a particle 
moves with a velocity nearly equal to c, will it have properties such that 
it is convenient and natural to associate with it a characteristic frequency? 
Long before the spinning electron was introduced into the theory of 
spectra, there were sporadic suggestions that the electron might have an 
internal motional frequency given by the equation 
, moC® _ hvo 

- (1 _ - (1 _ 
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where p = vfc and v is the velocity of the electron. This was mere 
speculation; but L. de Broglie’- showed that great advantages are gained 
by postulating that a wave of frequency v as given by equation (1) 
accompanies the electron in its motion. We shall call such waves 
‘^de Broglie waves^^ (To the term, “matter-wave^^ we give a different 
significance, Sec. 2). In de Broglie's theory it is found convenient to 
make the phase velocity 


This relation is really a dispersion equation, because /3 can be expressed as a 
function of v. Let us study the properties of a group of superposed 
wave trains, having frequencies very close to v. Since the component 
trains have slightly different phase velocities they continually slide 
over each other, and the point of maximum disturbance will generally • 
travel with a velocity different from that of any of the component waves. 
This velocity is called the “group velocity," and in many cases it 
is the velocity with which energy is transmitted. In Appendix III 


we prove that the group velocity is 


dv 


Substituting from equations 


(2) and (1), we find that the velocity of the group accompanying the 
electron is /3c, which certainly should be the velocity of transmission of 
its energy. In the case of a light quantum, the phase velocity c is 
identical with the group velocity. Electromagnetic waves are considered 
in this theory as a special case of the de Broglie waves. These ideas 
opened up the possibility of a unification of quantum dynamics and of 
opticSj which gives a natural, plausible interpretation of the existence of 
stationary states. 

While de Broglie's’^ original treatment of these matters is in some ways 
superseded, his reasoning is of great interest. It is as follows: While 
the frequency of the wave accompanying an electron is given by equation 
(1), an observer will assign to the internal periodic motion a different 
frequency, 

vi - >o(i - m 


due to the relativity change of time-scale. That is, some quantity con- 
nected with the motion varies as sin 2x^x1. At time zero, let the electron be 
at the origin, and let the phase of its internal motion coincide with the phase 
of the wave at ‘that point. Then we can prove the theorem, that the 
phase of the internal motion will always be in agreement with the phase 
of the wave at the position of the electron. For at time t the electron 


1 Thesis presented to the faculty of the University of Paris (1924). Ann. de 
Phys. ( 10 ) 3, 22 (1925). The whole subject is summarized in his book ‘‘Ondes et 
Mou Yemen ts, ” Gauthier- Villars, Paris (1926). 

^ Phil Mag,, 4.7, (im). ^ 



518 


WAVE MECHANICS 


[Chap. XV 


has moved to the point x = and is characterized by sin 2Trv, 


13c 


The 


wave is given by sin 27 rp^i — sin which agrees with 

the previous expression provided vi = p(l — p^). This is actually the 
uase, by virtue of the definitions of v and vi. To apply this resonance 
relation in the interpretation of the quantum conditions, we must show 
that the 'possible paths of the electron are rays of the phase waves. Since 
the new theory is to contain optics as a special case, the laws governing 
the phase waves are chosen as nearly as possible like those of optics. The 
assumption is made that the rays are determined by Fermat’s principle, 


p2yA 


ds = 0 


(3) 


and this is identical with the principle of least action, ds being an element 
of path. While this is proved here only for the case of a particle moving 
with uniform velocity, de Broglie ascribes general validity to the principle. 
Consider an electron on a circular orbit of the hydrogen atom; it is 
supposed to be accompanied by a wave system such that the amplitude 
of the wave varies sinusoidally along the electron orbit. In order that 
the wave system may be permanent, an integral number of wave lengths 
must occur in the length of the orbit. In de Broglie’s words, ^^The 
motion can only be stable if the phase wave is tuned with the length of 
the path.” If T be the period, and we integrate over one revolution, 
the number of wave lengths contained in the path must be 


n, = 1, 2 


(4) 


Cds _ _ r moPVdt 

J ~ J “ Jo ^(1 - 

This is obtained by putting ds = Pcdt in equation (3), and is identical 
with the quantum condition 'E,§pkdqk = nh, since the sum of the phase 
integrals is 

mov^t 


r 


;o (1 - 

Even prior to the papers of de Broglie it was realized that the quantum 
conditions probably have their origin in some resonance property of 
the atomic motions, but the difficulty was to find a suitable formulation 
of the facts. An example will show that in ordinary physical problems 
dealing with stationary waves, we are often confronted with a series of 
integers which play a r61e similar to that of quantum numbers. If we 
write the differential equation for the transverse vibrations of a string, 

dx^ dt^ 

there is a general solution^ 

y + + (6) 


(5) 


= /(f _ ?) + + 0. 

• See Webster’s Dynamics,” p. 170. 
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Nothing nior© ceiii b© said, until boundary conditions and initial conditions 

have been imposed. For example, let us fix the string at the points a: = 0 

and X = d. That is, we impose the boundary conditions, y = 0 at a: = 0 

and X = d, for all values of t. Then the motion must be of the form, 

S . . irna; / irrivt \ 

sm • cos ( cxn). (7) 

n . ^ 

The constants An and are determined by specifying the values of 
y and dy/dt as functions of x at a given time to. The motion of the 
string is made up of stationary sinusoidal vibrations having one, two, 
three, etc. loops in the length d, but never a fractional number of loops, 
simply because of the boundary conditions. This point deserves 
emphasis, for it is closely analogous to the appearance of quantum 
numbers in Schrodinger’s mechanics. 

This is only a single instance of the “explanatory” power of de 
Broglie’s theory. In generalizing the above interpretation of the 
quantum conditions to a system with n degrees of freedom, Schrodinger 
is led to an equation which is most naturally visualized as an equation of 
wave propagation in n-dimensional space. Thus the waves which are 
used in Schrodinger’s scheme of atomic dynamics are not three dimensional 
except in the case of a system having three degrees of freedom. We shall 
refer to these n-dimensional oscillations as matter waves, or Schrodinger 
waves. 

The essence of Schrodinger’s discovery is this: He has found a 
partial differential equation to govern the changes of a new and important 
quantity xf, ordinarily called the amplitude of the matter waves, together 
with boundary conditions which, in the case of conservative atomic 
systems, limit the allowed solutions to a definite set, each one being 
characteristic of an energy level of the atom. (When the energy levels 
are continuously distributed, so also are the wave functions.) Schro- 
dinger noted the important fact that the product of lA and its complex 
conjugate if 'A is real) obeys an equation identical with the 

equation of continuity. Accordingly, he interpreted xhfA as proportional 
to electric charge density. On the other hand, Born^ advanced cogent 
reasons for believing that the function .A is not a definite property of the 
individual atom, but that it determines the average behavior of the 
atom. The prevailing view is that 

'I'iqi, ■ ■ ■ 2n)’A*(gt, • • • qn)dv 

measures the probability that the coordinates describing the structure of 
the atom shall . lie between gi and qi dqi, qi and q% dq 2 , etc. In this 
expression, dv is a differential volume element and may be written in the 
form p(qi . . . qn)dqi . . . dq^. For example, in the case of plane 
polar coordinates., , = rdrdd and p is simply r. This interpretation 

1 38, 803 (1926) and 40, 167 (1927). 
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has led to a generalization of the Schrodinger theory, commonly referred 
to as the operator theory or transformation theory of quantum dynamics. 
Discussion of this theory is postponed to Chap. XVIII.. 


2. THE ANALOGY BETWEEN DYNAMICS AND OPTICS 
We shall now ampUfy the suggestion made in Sec. 1, that Fermat’s 
principle and the principle of least action have a common basis. About a 
century ago Hamilton showed that there is a close similarity between the 
laws of geometrical optics and those governing a particle in a conservative 
field of force. Let T, V, and E be the kinetic, potential, and total 
energies of the particle. Then, if we agree to consider only those motions, 
actual or imaginary, for which E is the same, the actual motion will be 
that for which 


RE - V)y^ds (8) 

is a maximum or minimum. (More accurately, the integral is station- 
ary.) This form of the general principle governing the motion of a 
particle is exactly similar to Fermat's principle of least time in geo- 
metrical optics, namely, the actual ray between two fixed points is such 
that the time of passage of the light is an extreme. If ds is an element 
of the path of a light ray and Rx, y, z) is the refractive index of the medium, 
the velocity at x, y, z is c/ju and an element ds is traversed in the time 

total time is obtained by integration and Fermat^s principle 
is stated by the equation 


^Cpds 

5j~ = 0. (9) 

From equation (9) we can easily arrive at differential equations in the 
Hamiltonian form, to determine the path of a ray, just as Hamilton’s 
equations in dynamics determine the path of a particle. In Hamilton’s 
day it was customary to consider Fermat’s principle as an expression 
for the equations of motion of light corpuscles and to think of this prin- 
ciple as a mechanical explanation of geometrical optics. 

The ray method of geometrical optics breaks down when we deal with 
distances comparable with the wave length. Schrodinger introduced 
the idea that the failure of ordinary mechanics when applied to atomic 
systems is due to a similar cause; namely, our habit of thinking about the 
paths of electrons and nuclei, when perhaps we should focus our attention 
on wave fronts associated with those paths. As long as the path pre- 
dicted by mechanics has a radius of curvature large in comparison with 
the size of an atom we can rely on the results, but when this is not the case 
a new law must govern the phenomena. Such deviations from mechanics 
are analogous to diffraction in optics. 

Now the Hamiltonian equations for a system having n degrees of 
freedom differ from those for a single particle only through the fact 


3 ) 


DETHUMlXATKm OF THM PHASE VKWVITY 


521 


that thrre art> more' tHumtions. t wo for onoh ooordiisato, and the optical 
analoKue wonld be tin* prcn)aj«fvtion of a wavt; in npae(^ of n dimensions. 
Suppew' we are dealinR with a system of purtieles, n/d in number, 
haviiiK masses )«,, m-x . . . ami Cartesian coordinate's x\, x-i, Xn for the 
first particle; .r,. Xt., Xt. for tlie second; and so on. It is convenient to 
adopt new coordinaieM .Vi, .Va, . . . , sucli that 

»)(*’/ 1 «« A ' l , • • ■ ( 10 ) 


We shall refer to tlie spae<« in whicli tbe .Vs ane ( ^artesian coordinates 
*is the rtmriiiuuir Hjmt'r or tlse .SedinidiuKer space. I'hie spuare of tho 
tdenieiit of length in tliis space is 


fis* 




/dx.v iixx , 


(ji'i ^ 


« 27’d<*. (11) 


'I'hc dynandcal anaksgue of a light ray in this space is tho path of a 
fictitious point having coordinates X A'„, the so-called “repre- 

sentative {)oint ’’ of a giv<>n tiynninical system. The n-dimensional 
velocity vector of this point has th(' components 

A'l • ■ • A'„. (12) 

and its eepiations of motion arc 

fix, tVJ d!\ a/f 

fit &l\ <U dAi 

when* /*» A*i. As wt* showcil in ( -haj). IV, Ht*c. iO, 

,, iiW ,, dlf 

f>.v, m 


(13) 


where is lliiinilton's jirincipal fimetion, ih'hntai hy tho e<|uatiDn 

IF « -/?/ +. .S(A', «), (14) 


A* iwing the action function. By e(pmtioiis (12) and (14), wo see that 
the velocity is parallel to the normal to th(' surface, W *» constant, for 
the direction ctjsines of tlie normal to tliis surface are proportional to 
dW'/d.Y,, dW' «lA'i, etc. It is natural, therefore, to suppose that surfaces 
over which W is constant can im utiliKod as wave surfaces for the matter 
waves. Hinec* di'|H*nds on /, t luisi^ surfaces are in motion, and their 
velocity in the coordinate space is taken as the phase velocity of tho 
matter waves. We prove in Hksc. 3 that this velocity la 


“ “ [2(f; ~ lor^' 

The proof is rntlier complicated ami at this stage 
to pass at once to See. 4. 


(15) 

the reader will do well 


S. DETERMINATION OR THE PHASE VELOCITY 

It is iicfcsssrv* to I'otisiilor in iiuiC! ilctsil liic naluri' of the action function »S in 
eouttliiin (I'tl. It tlt’iK'iids on the wHirdlimtits and on n i-onstants of integration, 
for Imwify, wis indicate this by writing H(X, a), wlicm X stands for the 
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whole group of variables and a represents all the constants of integration. When we 
choose a set of a's, we restrict ourselves to the consideration of a certain set of related 
paths in the X space, and of the surfaces normal to them. To*, make the situation 
clear, we consider the free motion of a single particle in ordinary space. The matter 
waves belonging* to the particle are assumed to extend through the whole of a three- 
dimensional coordinate-space, in which each state of the particle corresponds to a 
certain position of the representative point. In this illustration, the position of the 
representative point is the same as that of the actual particle, so we may, as well talk 
of the representative point as a fictitious particle of unit mass. We take as rays the 
paths of a number of such particles, all moving parallel to each other with the same 
velocity. The wave-front surfaces for these paths are planes perpendicular to them. 
The '' energy” of one of the fictitious particles is 


for there is no potential energy. The action is obtained by solving the Hamilton- 
Jacobi equation 

/ '\Ct\ 2 / *%cr\ 2 ’ /'sci\^ 

(16) 


Writing 
we find, 




2E = -f- ocz^, 


S - axX -f ctyF + a^Z “h const., 
W = -Et -h SiXy Y, Zy a). 


(17) 

For a fictitious particle which has coordinates Xo, Fo, Fo at time Uy the W value will be 


lF(Xo, Fo, Zq, oiyj ay, to) = TFo. ( 18 ) 

We now agree to consider a class of fictitious particles which have identical values 
of the a’s, for example, those for which a^ — a, ay — h, ay ~ c; and further, we 
restrict ourselves to those particles which have a common value of W, say TFo. The 
locus of all such particles at time io is 

WiXy Yy Z, ay by Cy U) = W Q. (19) 

Varying Wo, we obtain a family of planes, over each of which W is constant, and all 
of them are perpendicular to a bundle of paths characterized by common values of the 
as. As time goes on, these surfaces of constant TF move; at any time t the surface 
for which TF = TFo is given by 

TF(Z, Yy Z, a, by e, t) = TFo, (20) 

and it is still normal to all the paths considered, for the relations of equation (13) 
are always true. The surfaces thus selected are entirely satisfactory to serve as 
wave fronts of the matter waves. 

The argument given above applies almost verbatim to the general case. Given 
the function TF(X, a, t), we assign particular values to the a’s, say cxio, a^o, . , . etc. 
Then the equation, 

WiXyaoyt) = TFo, 

where TFo is a constant, represents a moving locus of n — 1 dimensions. At any 
instant it is ‘‘perpendicular” to the paths of all representative points whose momenta 
are given by the relations, 

P _ ^TF(X, gp, t) 
dXi 

The generalization to non-Cartesian coordinates is easily made by writing qi in place 
of X,:. In this case, however, it is important to note that the p’s may not denote 
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veloc'ity cornpoiKHitH, tnit ttmy angular momenta, for example. While the 

Hurfacc^H of eoUMtant W remain ahvayn perpendienlar to tlio trajecdories of the repre- 
Heiitativ<^ fMjintH, tlnyv do \wi alvvayn contain the name fuditiouH partieloH; for the 
particlcM tlumiwdvcH ari^ moving at velociticH dilh^reat from thoHO of the Hurfaces. 
Tin* V(*ItH’ity of inovenu’ot of the HiirfacrcH W(A% an, t) ih ehtained an follows. The 
equation, 



Con«uif*r the state nf ittTairH wlien t =*« h*, fixing attention on th(^ Kurfaee W *« Wo- 
Htarting frtun a given |H»int ttiis surfaei^ and passing a distaiu'c d/i along thes normal 
in the direction of imTCiiHing \V wi* arrive* at a point charatdtjri/ssd by the value 


IV - fu ~b dWu 

where 

dllhj » igrad ir| • dn « ["liE — V)Y'diti^ (22) 

and th«* Iocuh fif such points ia t in* Murfae(i IKo T dfFu » W, liut from equation ( 17 ), 
aftt<r a time dt^ given by 

Ediu dITo 


the value of W at every pt>int of the Hurfaee will hav<s d(a*nuised to Uh». In other 
words, the Murfaci* H' - Ibu has juoved periaunlieular to itH(‘ir with a v(hocity at any 
taiiiii given by 

(in E 


dU mE -- V}V^ 


( 23 ) 


It is im|K>riiuit to nnnember that the potential emu'gy of the Hystem is stipposed to 
hi* a fiiuetion tudy <»f the ciH»nlinati*H. Wluui W(^ pass to the conHithu-alion of tho 
ciwjrtiinate npace, V may hti eoriHi<i<*ri*d as tlie “poUnitial (m(*rgy” of a ‘‘ repiosenta- 
tive aHlimenHituial fjnrtieli*.'* Now thin is tin? Ham<^ for rdl rtq>r(^H(mtative partitdeg 
of a givi'ii liiial «*m*rgv E^ rt*gar<lh*sH of tlie direction from whhhi they e.onuu lhtu*e« 
fon% n is tne Haim* for all wave frontn asMoeiateil with HystemH of given energy Ej 
at a given |Munt, ri*gardh*HH of their orientation. 


4. THE eolation of PROPAGATION OF MATTER WAVES 
In Bid ting up th<‘ cniuation to dotenninn tlu^ ani|)litU(lo of the matter 
wav(w, Wf natiimlly utilize the familiar prepaRat, ion equationw of classical 
physics. For elect rotnannetic waves in free space, for sound waves 
when energy losses are tu'glect ed, or in a host of other cases, we meet with 
an e»puifion of the type 


flV 

a.r’ 


0, 


(24) 


I dV ___ 1 
' Bz'^ ll'■‘ di'^ 

u lieinK the eonstant phase velocity of the waves. I'kiuation (24) has 
hroml possibilities. It may happen that ^ l.ears little resemblance to the 
usual i<h'a of a “wave"; for exampk*, it may be zero at a given point 
until lime I, and unity thereafter. But in general, equation (24) describes 
&pm!iag(UwH of the quantity Thus it has tlm solutiona 
ifi » /(ax 4- fiy + 7* i '^0 
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where + 7^ = 1 and the function / may be chosen ad libitum. 

This represents a disturbance moving along the line whose direction 
cosines are a, /3, y. Still more important, the equation has solutions 
which may be described as standing waves, formed by superposing two or 
more solutions which represent propagation in opposite directions. (Exam- 
ple, (p — sin {x — ut) + sin {x ut) — 2 sin x cos ut.) 

Suppose that is a function of the coordinates and possibly of time. 
If u does not change too rapidly when the coordinates or the time vary, 
it will be appropriate to speak of the state of affairs described by equation 
(24) as a propagation in an isotropic but inhomogeneous medium, that is, 
one in which the wave velocity varies from point to point but is the same 
for all directions at a given point. Generalizing to represent matter 
waves in the n-dimensional space of X^s, we shall assume the following 
wave equation:^ ^ 


Assumption I: 

f 1 ^2^ 

dXi^ ‘ ^ 

Substit^uting the value of u into equation (25) we have 

^ 2{E - V) 

^ dXi^ dt^ ~ 


(25) 

(25') 


6. ELEMENTARY SOLUTIONS OF THE WAVE EQUATION 

The question is, what is the relation between the amplitude ^ and 
the phase Tf ? There are solutions of equation (25') of the form 

W W 

^ = cos 2Tr-Y- or 4^ = sin 27r“,™, 
h 

and more complicated solutions may be constructed by forming a 
trigonometric series composed of such terms. Then W/h is analogous to 
the phase of monochromatic light and ^ resembles an amplitude. (Here h 
is simply a constant having the same dimensions as TF, namely those of 
action, introduced to make the argument of the cosine a pure number.) 
However, it is usually more convenient to use the solution, 

Assumption II: 

'J' = exp (2«^^ = 4/{x) exp ( —2Tn^'^, (26) 

In this equation we may write 



so that W = —Et + S, but it must be understood that /S is determined by- 
solving the differential equation, and is not usually 'identical with the 
1 More general -wave equations -win be introduced in Secs. 12, 19, and 20. 
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action function of classical mechanics. Many authors use instead the 
relations 



^ = exp 



The real part of both solutions is the same, but we shall consistently 
use the former. 


6. schrOdinger’s amplitude equation 


Substituting equation (26) in equation (25') and removing the factor 


exp ^ — 27 rf^^, we obtain 

av , dV 

ax? aXs* 


+ • - • + 


8x* 


(E - V)i = 0. 


(27) 


This is often referred to as the Schrodinger wave equation. It is funda- 
mental for all that follows. In the coordinates xi, , equation (27) 
becomes 


1 /av , , 1 (d^ , , av\ , 

'm\dx? + + aziV + mXdx? dy^ dz^?) ‘ ’ 

-b ^'(^? -V)i. = 0. (28) 


In probleruB dealing with only one electron, we write thin in the form 

-I- _ 7)^ = 0, (29) 

where means and is read “Laplacian f.” 

Assumption HI. — Since f is supposed to represent a physical 
quariiity which, in principle at least, can be measured, it must he finite, 
continuous, and single valued for all values of its variable which can actually 
occur in nature.'- 

It seems very reasonable, and indeed almost naive, to say a physical 
quantity cannot become infinite and must not experience discontinuous 
jumps in value. The requirement of single valuedness or uniformity 
means that cannot be a function like with two values for each value 
of X, or 8in“* x, with an infinite number of values. Of course, the positive 
value of a:W is single valued and could be used as a possible form for 
This requirement seems obvious too. However, Assumption III is of 
the utmost importance, for we shall find that 4^ can be finite, continuous, 
and single valued when, and only when, the energy E has the quantized values 
actually occurring in nature. When these conditions are satisfied we shall 
speak of 4/ as an acceptable function. 

* Strictly speaking, it is which can be measured. See Sec. 16. 
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Assumption III replaces the Wilson-Sommerfeld quantum conditions. 
While these older quantum conditions were arbitrary, assumption III 
appears in a natural way, we might even say a necessary way, being 
analogous to the boundary conditions in the problem of the vibrating 
string. It is surprising but true that the mere requirements of finiteness, 
continuity, and uniformity for yp determine uniquely the distribution ot p, 
corresponding to each allowed value of E. The actual numerical values 
of \p are not specified, for if S is an acceptable solution of the wave equa- 
tion, cS is also a solution, c being a constant. size of i/' will be 

determined by an arbitrary convention in Sec. 13. In the problem of 
hydrogen we shall find that \p will be acceptable if E takes the negative 
values —Rhcln^, or any positive value whatsoever. The negative 
values of E correspond to the elliptic orbits of the older theory; positive 
values, to the hyperbolic orbits. This illustration shows that the values 
of E which give rise to acceptable \p functions may be distributed either 
discretely or continuously. Such an aggregate of E values is often 
referred to as a ''spectrum of characteristic values, or "proper values,” 
its parts being called the "discrete” (or "discontinuous”) and the 
"coStinuous spectrum.” Either part may be missing, depending on 
the nature of the problem.^ 

We must note an important special case of assumption III. If 
the system is periodic, the requirement of uniformity means that when it 
returns to its original configuration, \p must return to its original value. 
This suggests a way of avoiding a certain inconsistency. It may be 
objected against assumption III that an angular coordinate can assume 
infinite values, although the corresponding configuration remains finite 
and therefore measurable. In such a case, we simply require that ^ is 
repeated when the configuration is repeated. Again, the Cartesian 
coordinate x may have infinite values; why should ^ be restricted to 
finite size? The reason is that represents a measurable physical" 
property; while x does not when values approaching infinity are 
considered.^ 

7. THE RIGID ROTATOR WITH ONE DEGREE OF FREEDOM 

If <p is the azimuthal angle of a body rotating about a fixed axis, the 
moment of inertia being I, then 

T = 

The German word for characteristic value is Eigenwert; the characteristic 
function lAn belonging to the Eigenwert En is called an "Eigenfunktion.'V We shall 
often use these words in English sentences without apologetic quotation marks. 

2 is interesting *to note that Korn (R6sum6 and bibliography in Z. Physih,^^, 
745 (1927)) was led to consider equations of the same general type as those used by 
Schrodinger, in connection with his hydrodynamical theories of gravitation and elec- 
tromagnetic phenomena, many years before the application of such equations to 
atomic structure was undertaken. 
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and the element of length in the q space is 


= 2Tdt^ = Id<p\ 


(30) 


Let be a new variable of dimensions My^j, with respect to which 
the differentiations are carried out in forming At/'. Since there is no 
potential energy, the wave equation is 


The solution is 
where 


« Stt^EI 


0 . 


(31) 

(32) 


If E were negative, the solution would become + C 2 e^^, where b is 

real. If this is to be finite when <^ = + oo , we must have Ci == 0 and C 2 
= 0. Therefore E must not be negative if we are to avoid a trivial solu- 


tion, and equation (32) can be recast in the form \p = A sin 


'87rm\ 




or better, 


yp — A exp 


[A--W-) -J- 


(33) 


The requirement of single valuedness for yj/ means that when the system 
passes through a cycle and regains its original configuration, 4' iiaust 
return to its original value. The rotator repeats its configuration when 
<p increases by 2t; if f is to repeat its value the coefficient of <p must be 
an integer m; so 

Err. = 1^2^-, with m = 1, 2, • • • . (34) 


In the singular case E = 0, the solution of equation (31) is Ci<p + Cs. 
Since yp must be finite, even when <p is infinite, we must have Ci = 0, 
yp = Ci. Therefore, the value m = 0 should be added. 

In discussing band spectra we have seen that formula (34) for the 
quantized energy levels of a rotating diatomic molecule is not applicable 
when m takes integral values; but half-integral quantum numbers are in 
good agreement with the empirical results. The difficulty arises from 
treating the problem in only one dimension. It is as though we were to 
study a problem in the three-dimensional motion of a fluid, on the false 
assumption -yiat conditions do not vary in a direction parallel to one of 
the coordinate axes. 


8. THE RIGID ROTATOR WITH TWO DEGREES OF FREEDOM 

Supposing the rotator to be a “dumbbell” molecule, let d, <f> be polar 
coordinates of the line joining the two nuclei. If the molecule were not 
rigid, we should have a problem involving six coordinates rp fli, 
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7 ^ 2 , 02 , ^ 2 , belonging, respectively, to the nuclei of masses mi, m%. But 

02 == TT — Qlj <p^ ^ TT <PU Tl = Tl = Qj 

and from the definition of the center of mass, mifi = it is easy to 
bring the kinetic energy to the form 

lisin^ ei(pi^ + 6i^) 


where I is the moment of inertia, miVi^ + The coordinates used 

in calculating the Laplacian are and /^0i. Dropping subscripts, 

the wave equation is 

1 d / . ^d\p\ 1 dV , 8t^EI\I/ ^ 

sin 0 d0\ dd J d d(p^ 

We try the solution \l/ = 0$, where 0 is a function of 0 alone, 
and <l>, of <p alone, and introduce a quantity j, such that j(j + 1) = 
Sir^EI/h^A Substituting this in equation (35), and dividing by 0<l>/8in^ 0, 


---( sin 0" 


sin 0 d 

e ' al* 


1 

+ i(i + 1) sin^ 0 + ^ = 0. 


The first two terms are a function of 0 and the last term depends upon ^ 
alone. The only non-trivial way in which a function of one independent 
variable can always be equal to a function of another is that each shall 
be a constant. Suppose that we set the last term equal to — m^. Then, 

- ^ = 0, 

d<p- 

The amplitude constant is omitted, being unimportant for the present. 
^ is finite and continuous as it stands. To make it a single-valued 
function of position we must make m an integer, or zero. Further, the 
first two terms of equation (35) must be equal to m^, and the equation 
for 0 reduces to 


Solutions which are single-valued as a function of the position of the molec- 
ular axis are denoted by 

■F 3,m(M) 

where u “ cos 0. Solutions having this property are obtained if we place 
7 = 0, 1, 2 • • • , and if m is less than or equal to 

The functions, 

Phmifl) eos m<p and sin nup 

are called ‘‘tesseral harmonics.^’ The functions, Pj,rn{fi) are of the form 

1 The method used here is explained in Jeans' ^^Electricity and Magnetism/' 4th 
ed,, p. 237, Cambridge Univ, Press, Cambridge (1920). 
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PtM m ill*' jtli |H>iyn*Hiiiid of Lo^^nitiro (mh* IV), w a poly- 

iHjniial it! f«>H 0 , iiiimt^ly 


(2i)! 

■ ■■■■■ . . *• 0 

2!0 

ij 

2 


(j .. '>‘iU - 


+ 


1) 

1)0 - w 


2)0 


i2j ~ 1) {2j - :$) 


(‘OH-' 


( 28 ) 


It torfoiniitoH whoii tlio ox|KirHMJt of coh B in tho iant tc*tin bofomt^H mv or &5(tro. 


Thi* Hohition J>f etjualion (Iif>) in, thc'rafcjn% 

^ « 0^ « (39) 

and 18 acH?c*|)tah!p if J an<} m ar<^ integral nninberH and m ^ j. In thin 
aolutinni m playn a r6le Hiiniliir to t hat of the e(|uaiorial quantum number 
in the H|iam* <|Uiintir4i.ti(m of the II atom. TJu^ pimdy niatlieinatical 
retjuirenitmt that it wha!! be Iobh than or (Kiual to j m analogouH to the 
conet'pt of th(‘ older thc*ory that mh/2w in uromponeni of the total angular 
momentum Jh 2?r. Flirt her, from the di^finition of j, 

p i(i + 

8,V ' 


(39a) 


a formula in g<K>d agrocment with oxperiuicnt; for wo havo 

j(j ^ \) mi (j ^ — t,,'. 

This Hhow« that t h(' onargy IovoIh ohtainocl in t lw* analyaia of a rotational 
hand BfM?c5tnun aw all ahiftod i)y a Btnall cotwtant amount from the 
poHition« pn*di<?t»Hl Ijy the older theory on the laiHiH of half-(iuantum 
numlxirH. The conatant Hhift dtxiH not affect t,ht3 frequencies of the 
linen emitted (wo however, (’hap. XII, Hoc. 4). 

'riiiH t'xample illuHtrates a beliavior frequently encountered in prob- 
lems of wave meehanUjs. It often happens that when we m'glect to 
UM3 the full numlx’r of tiegw^es of frtwdotn appropriate to a prohU^m, the 
quantum numlM>r« change' from inte'gral to a{)parently half-integral 
values, or vica wmi. It further illustratoH a feature ommnon to systems 
of rotating particles. If we were to take for 'k the values P/,»(^t) 
cos (mv>)c or P/.«(m) sin (mip) which also satisfy equation (36), 

the changt' of ❖ as times g(«‘H on would he a vibration rather than a 
rotation. Physical intuit ion leads us to uses the solution of equation (39), 
for its rc*al part, 

(wiv* ~ 27rvt), 

reprt'sents a rotating distribution of the ^ functi(m, except wIkui nt «« 0. 
In many «>lher problems the wave etjuation is such that i/ der3e-ids on the 
angular emmlinates through the factor /'/,*(m)<'‘'"’'. We wish to study 
the values which ^ assumes on the surface of a sphere of arbitrary radius 
as a fum't ion of the polar coordinates 9 and p. In the first place, we note 
that it will te sstiro at certain points or along certain curves, known as 
“nodal points” or ‘iinas." This will occur whenever either or 

008 wv» la aero. Now cos mf is aero when mp •» ir/2, 3ir/2, • * • 4 q4 
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these nodes will lie on great circles of the sphere. There will be 0, 1, 
2 • ■ • such circles for m = 0, 1, 2 • • • , respectively. Pi.min) will be 



m-0 J=3 m=±l Jz3 m=±2 m=-±3 

Pig. 1. — Traces of nodal cones of the functions (cos 0). 

zero when sin d = 0, i.e.^ for 0 = 0 and tt and this will occur at the 
poles of the sphere. It will a|so be zero at intermediate values of 0 


N 






Fig. 2. — Polar graphs of [cos m(p\. 


dependent on both j and m, as determined by setting the expression 
in equation (38) equal to zero. We show these nodes for all possible 
steady states up to j = 3 in Fig, 1. The nodal Unes are located similarly 
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on the surface of any sphere with center at the origin so that Y' actually 
vanishes on the nodal planes, mcp = Tr/2, etc., and On the nodal cones 
occurring at values of 6 which make = 0, To see how the 

function yp varies between the nodes we show polar graphs of |cos m<p\ for 
different values of m at an arbitrary value of Q (Fig. 2) and polar graphs 
of |Pj,m(M)l foi* different values of j and m, for an arbitrary value of <p 
(Fig. 3). These represent the variation of the absolute value of xp along 
a circle of longitude and a meridian, respectively. In Fig. 2, the radius 
vector making angle (p with the horizontal intersects the curve at a 
distance from the origin proportional to cos mcp. Similarly, in Fig. 3, 
the radius vector making an angle d with the vertical axis is proportional 
to Pj-,,n(COS 0). 



J-Z^m=±7 j^2, 

\^C3cQ3^0-‘f)\ \2sJn6cosd\ , \sin^6\ 

Fig, 3. — Folar graphs of the absolute value of Pj.m (cos 6). 


9. THE LINEAR HARMONIC OSCILLATOR 

Let the oscillator have mass m and let the restoring force be pro- 
portional to its distance from the origin, so that its motion is simple 
harmonic. If the frequency is vo, the potential energy is 

V = 2TrWiJx‘‘- 

The wave equation is 

fA + = 0 - 

It is convenient to use a new variable 
The equation (40) becomes 



( 41 ) 




tl'.4r« MKfU ASH'S 




m 2 

'I'lif i*h!Uwlt>riHlit! vhIui'h of K im' by wnUiiK 

^ i}2) 

and iiHsumiiiK (ho M>lu*uni 


// 


«i 


Ci:i} 


N«‘giitiv<» [lowiTH Ilf fi iiri» titil in fi,* 

fiiiit<% eoiitinii«nii 4 » tun! wiigin viiIiiihI r 11 iIih 

wTinn in thn ilifinrntitiiil wi* nhtiiiii flir rrr’iirr«'iir<* iHttyiik, 

/1ft I a 2ii ‘f- 1 “ « 2K 

An "(«+ 1K« + 2)* /u.; 

(u clofontiini' tlio ocwflidotitH. Wo onu «h<m ihiil llw wrjo*. with 

oithor .<111 nr Aiv. Hapinwo thfil (Ito wiluJinii dnof* malum it tiniif jminiti r 
of nogativt' poworn nf o. Tlio roourrottoo fnrmnlit u» iini obnii^m! bul ifti' 
snlutinii iH no lonRor fiiiito at i> m p. I 4.1 um h for ti piiriioiilitr vaiwi* j 
of th(‘ numiiig Huhaoript « wudt that , 1 ,, 1 w «»'»• *orM, bill nil ibi* proooillnn 
flooffldoiiln, ytjii, .-I,, , . . aro wrn. Tbo rootirrouoo fnrmuia 

HhtiWH that 

O’ f !)0 i ’-f) - <»• 

'PhuH tht> Mubacript j must Is* oifhor — 1 nr -- 2, mid I ho first iif»i*vnnisiiii}|; 
oot'llunont' .4;, a is oilhor .’In nr .t|, VVtioti il is Ai, Ihon Crum oipiation 
(44), i4s »■ 0, /li (1, • • • . Wlioii II is .1,1, !hi*ti stius* A 1 is jn'iti by 
suppcwitinn, otpmtinn (14) shows that .1, «. P. vl, - 0 , ■ ■ ■ . Ttmt is, 
tlio Horii's for // is oitht‘r ovon nr mitl. 

Now tho rolation, estuatinn (441, is suoh flinl r »’ *// will mil wmvorno 
whon I'-t so, if If ramtaiiiMtui infinllo nuuils'r of lorms tiinriiortnk«*op 
4> fuiito, w«' must ohiKiHO h in suoli a way llmt tlio sorios Cur // oomos In »ii 
ond. This win Is* dnuo by ohisisiiig 

2K 


'rims, if s 1 , wi' havo 


A So 


« 1 , :i, fi, 



and (ho ovon Holutinn tormiiiiaos am! loads In a finito viduo nf 4 Quito 
Konornlly, if n is nno of (ho iiitogors 1, ft, 11, , . . wo got miov. i. Mtlutimt 
vvhioh satisfios all tho rocpiiromonts, and if s is :i, 7, 11, . , , wr got im 
ndd snliit ion. Thus tho Pnorgy lovols of t!io nsoiJlainr mo 

Kn (n 4- J-’itAsa, (411) 

I Ids formula <k‘Viatos from that ohtiiinod liy lltr old ipimituiu nioohmiios, 
and shows (hal (hoosoillatnr pmstossosonorgy whon in Ps luwo .t ({imntiml 
stato. ((orrosponding to oach valiio ft',, fhoro i« nn apftntpriato 
funotiou, iA». If wo think of as a witvo itmphtttdo, an nm'illainr in tho 
nth (piatdum stato, is repnsKmtod by a slationmy wavo oitomhng along 
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the «-axis from — to + • The graph of its amplitude at any time is 

obtained by multiplying every ordinate of the curve yj/n{v) by cos 2Trf, 
where v = (n + The formula for the characteristic functions is, 

'Pniv) = • Hn{v) = . Hr,(2w\/iJ.vo/h • x). (46) 

The polynomial Hn(v) is called the “nth Hermitian polynomial,” after 
its inventor, Ch. Hermite. The values of the first few polynomials are 
Ho = 1, Hi = 2v, Fs = - 2, H, = 8v^ - 12y, 

Hi = 16v* - + 12, Hs = Z2v^ - + 120v. 

In general, 

HM = i2vy - + 

n(n - l)(n - 2)(n - ^ . 

The graphs of the functions i/^o, . . . , 1^4 are shown in Fig. 4, after 
Schrodinger.^ Beyond the range shown, they approach the i^-ai^^is. 



As plotted, they have been multiplied by the normalizing factor, 
7 r"‘^2”’^/2(n!)‘”^. (See however, Chap. XVII, Sec. 21.) 

The result can be extended to two or more coordinates, if the classical 
frequencies of the separate coordinates are not the same. In place of 
equation (40) we have 


Letting 
we get 




2Tr^V9^fxX^ — 2Tr^v = 0 . 


\p(Xj y) = X(x)Y(y) and E = + Ey, 

Stt^ju 


Z" + 




{E, - 2ir^v,^iix^)X = 0 , 


and a similar equation for F, containing Ey, Vy, y, in place of E^j Vx, x. 
Then the allowed values of E are 

En, = (n + y 2 )hv, + (p + y 2 )hvy, (47) 

where n and p equal 0, 1 , 2 ,... If 

y = 27r^^y a; and = 27r^“^ y, (48) 

^iV'aiwnms., 14, 664 (1926). 
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then corresponding to each 'pair of values of the integers n, p we have 
a possible state of oscillation with the amplitude, 


i'npix, y) = Hn{v)Hj,{w) exp 


and 


(49) 


= ^np exp 


/ —2TiEnpt\ 

V J 


As we should expect, there is a double infinity of allowed states, corre- 
sponding to the presence of two adjustable parameters and Ey in the 
equations for X and Y. Difficulties arise if Vx = Vy. In this degenerate 
case we can obtain a set of values of which differ from equation (49), 
for the wave equation can be separated in polar coordinates. It is. 


d^p 


1 d 

rdr\^ dr) ^dd\ 

Letting \p = R(r)Q{6), it is found that 




4- 




= 0 . 


(50) 


0 = exp ikd, A = 0, 1, 
The equation for ff is 

*" + ? + 




(E — 


Jf 

r 


R = 0. 


(51) 


Without solving this we can see that the xp functions derived from it 
are not identical with equation (49). The loci on which xpnpi^y) is zero 
are the lines parallel to the y-axis on which Hnit^) vanishes, and those 
parallel to the :c-axis on which Hp(w) vanishes. On the other hand, the 
real part of 0 vanishes where cos kd — 0, i.e., on certain radii through 
the origin, and = 0 on circles having their centers at the origin. It is 
interesting to note that each function, \pnp{xy)j can be constructed 
from an infinite number of the solutions RQ, and vice versa. 


10. AN EASY RULE FOR OBTAINING THE WAVE EQUATION 

In curvilinear coordinates, the expression for A\p may become quite 
complicated (Appendix VII), so it is very convenient to have a rule by 
which the wave equation can be written down at once when we have the 
Hamilton- Jacobi equation. An examination of this equation (Chap. IV, 
Sec. 10) and of A\p shows that the following rule holds true : 

In the Hamilton^ Jacobi equation, expressed in rectangular coordinates, 
Xi, X 2 , etc,, transpose all terms to the left and remove parentheses or irra- 
tionalities by performing all indicated operations, so that each term stands 
by itself. Replace 

dlT, h d 

The resulting expression is a differentia,! operator. A.pply this operator 
to f and set the result equal to zero. This is the wave equation. 

The restriction to rectangular coordinates is essential. There has 
been some confusion in regard to this matter in the literature. Podolsky 
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(Appendix VII) has discussed and clarified the points at issue and has 
stated the appropriate procedures for writing out the wave equation in 
coordinates of any kind whatever. 


To illustrate equation (52) we shall apply it to the linear oscillator, for which 

{^y+2mir-E)=0. 


We remove parentheses, writing 

dW dW 
dx dx 


-h 2m(y - ^;) = 0. 


We replace dW/dx by {}i/2'iri){d/dx). Of course they are not equal. The replace- 
ment is simply an arbitrary method for getting a desired result. Then, applying the 
operator thus formed to we get 


This means, 


(Jl ^\(Jl 

\2Tn dx) \27ri dxj 


\p — 2m{E — V)\p — 0. 


47r2 dx^ 


-b 2m{E — V)^ = 0, 


which is the wave equation. 


11. ENERGY LEVELS OF HYDROGEN 
Ruark/ and Vrkljan,® independently, have given an easy method 
for finding the energy levels of hydrogen and the former author has 
also obtained its Zeeman and Stark effect levels.^ The virial theorem 
tells us that in a hydrogenic atom, 

T = = -E, (53) 


where bars denote time averages. Now for the circular orbits of the 
atom, the actual kinetic and potential energies are the same as their 


average values, so 



(54) 


a being the radius of the orbit, 
from the equation 

pA. 

2mo^ 


We use equation (54) 
= -E, 


to eliminate a 
(55) 


obtaining 


Z^e'hn 

Vv- + 



(56) 


1 J.O. S. A., 16, 40 (1928); Phys. Rev., 31, 533 (1928). 

* Z. Phyvik, 62, 735 (1928). _ . 

^ The method used can be applied only when we know from other considerations 
that contains a factor of the type exp iriip, where <p is an angle variable, and 
when the problem can be reduced to a single degree of freedom, so that the equation 
for the part of depending on ip, has the same form as the wave equation of the one- 
dimensional rotator. For this reason, the procedure does not give the complete 
expression for i/, h\it only the factor which depends qn the dngle independent variable 
appearing in the wave equation. 
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This is an equation of Hamilton-Jacobi type, and the wave equation is 


dV 7 2 

+ 


0 , 


2Tr^me*Z^ 


(57) 


We exclude the value k = Oy for if k = 0, the energy becomes infinite. 
The number k is to be regarded as the total quantum number, which 
happens to be identical with the azimuthal number k of Chap. V when we 
consider circular orbits. The use of only one degree of freedom leads to the 
right energy values, but the wave functions are not quite correct. When 
k is real, but not zero, the solution is F exp ikcp, F being the part of xp which 
does not depend on <p. In order that xp may return to its original value 
when (p increases by 2t, k must be a positive or negative integer. If 
positive values of the azimuthal number correspond to an atom rotat- 
ing clockwise about the .Z-axis, negative values correspond to counter- 
clockwise rotation, so we see intuitively that a negative /c- value must 
give the same E as the corresponding positive fc- value. Therefore, we 
consider only the positive values of k. These give the Balmer formula, 
when we solve equation (54) for E. The correction due to motion of 
the nucleus is easily obtained; equation (56) is replaced by 




2E 


= 0 , 


(58) 


where is the reduced mass, and a the distance between 

electron and nucleus. The proof is the same as above, and we obtain the 
Balmer formula with {x in place of ?n, in agreement with the results of 
Chap. 5. Similarly, the energy levels corresponding to elliptic orbits 
can be obtained by starting with E = —Rhh/J^j in place of equation 
(56), where J is a momentum variable conjugate to an angle variable w. 
Then J = dS/dWy and the wave equation is gotten by replacing J with 

^ d rrii 

2rz energy levels corresponding to the circular orbits of an 


electron with variable mass can be obtained by similar methods, 
can show that 


where 



We 

(59) 

( 60 ) 


Proceeding as 
(57), where 


before, the wave equation takes the form of equation 


/^V(l - AY 


(61) 
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h must be an integer, and on solving for A we find an energy formula 
which agrees with equation (34) of Chap. V. 

To obtain the energy levels in a magnetic field we consider the equation 


AE 
“ 2wL’ 


(62) 


■which is derived in Chap. V, Sec. 11. AJ5J is the alteration of energy due 
to the field and L the frequency of the Larmor precession, while is the 
component of angular momentum parallel to the lines of force, as seen 
from a system of axes rotating with the angular velocity 27rL. In the old 
quantum theory we would quantize at this point to obtain the allowed 

values of AE. In the new theory, we replace p^ by ~ , and form the 


wave equation 


^ 

2xf d<p 2 tL 


(63) 


The solution is F exp im<p, where mh = AE/L. To make this solution 
have the same period as the corresponding classical motion of the electron, 
m must be an integer. If m = 0, does not depend on <p, and AE = 0. 
Thus we arrive at energy values identical with those of the classical 
theory. 


12. A GENEItALIZATION OF THE WAVE EQUATION 


In our illustrations of quantization by wave mechanics, we have used 
equation (28) which is derived from the more general equation (25') by 
aasnmirig that its solution is of the form of equation (26). With this 
restriction, we can obtain an acceptable solution of equation (25'), 
if we make E = Ei; axi acceptable solution when E = Ei, and so on. 
But of course will not be an acceptable solution if E takes any value 
except El, is not an acceptable solution if E is not E^, and so on. 
We now attempt to find a linear equation which will be satisfied by all 
the functions regardless of the value of E. An equation of this kind 
can be constructed in a variety of ways but we shall discuss only one of 
these, devised by Schrodinger. His procedure consists in eliminating E 
from his wave equation (28), by the use of the equation, 


which holds when we 
From equation (64), 


'ir = xp exp 


c 


-2TiEt\ 

-h-} 


(64) 


deal with solutions of the type of equation (26). 


54^ 

di 


2TriE<f' 


Substituting E from this relation into equation (28), we have 




87r^ 


+ 




(65) 
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Similarly, the complex conjugate of ^ obeys the equation, 




h sr 


= 0 . 


[Chap. XV 

( 66 ) 


where the independent variables of are those used in equation (27). 
Since equation (65) is independent of E, it holds true whenever equation 
(28) is satisfied. Of course, if is any acceptable solution of equation 
(28), it retains this characteristic when considered as a solution of 
equation (65). Further, since equation (65) is linear, a sum of 
eigenfunktions such as 

^ = %Cn4'n(En, x) exp (67) 

will also satisfy it, where Cn may be a constant or a function of any par- 
ameters, but not a function of the g^s, or of t. Because of these broader 
possibilities, we take equation (65) as fundamental, replacing equations 
(25') and (28), and shall consider all of its acceptable solutions as possible 
value of The physical significance of equation (67) is discussed in 
Secs. 14 and 16 . 


13. THE NORMALIZATION OF ^ 

Before proceeding further, we find it convenient to adopt a definite 
convention in regard to the magnitude of for if we multiply any 
solution of Schrodinger's equation by a constant, the result is also a 
solution. First we take the case of a single characteristic function, 

The convention used is a familiar one in the study of differential equations, 
namely, 

J4^m^m^dv = J \'^m\^dv ~ 1 , ( 68 ) 

the integral being extended over the whole of the coordinate space speci- 

fied by equation (11); dv is the element of volume in this space. When 
this condition is satisfied we say that is normalized. It will dojust as 
well to write 

= 1, (68') 

for exp ■ ^hat 

is, when, tpm is normalized, enjoys the same property, for the absolute 
value of the time factor is unity. A simple illustration is the normaliza- 
tion of exp im<p, the wave function of the one-dimensional rotator. Let 

im = Cm exp im<p (69) 

where the constant Cm is to be so chosen that equation (68) is true. Then, 
remembering from equation (30) that 

dv = 

we have 

exp inup exp {-im<p)d<p = 2irc„c„*7H = 
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so we must have jc^l^ = 1/2x7!^. Any value of c™ satisfying this will be 
satisfactory so we take 

Cm = {AirH)-y\ fm. = (4x27)-!'4 exp im(p. (70) 

The function (46) must be multiplied by in order that 

it be normalized with respect to v as an independent variable. (However, 
see Chap. XVII, Sec. 21.) Thus the functions plotted in Fig. 4 are 

We now prove that in non-degenerate systems, the i/'-functions 
belonging to the discrete energy values are orthogonal to each other; 
that is, whenever m is not equal to n, 

i4'm4'n*dv = 0. (71) 

Thus, in the example above, 

exp [i(m — n)(p]dcp = 0, 

5,4 Multiplying the wave equation for by we have 

+ ^iE,n - = 0 

and multiplying the equation for i/'„* by \pm, 

\pmA4'n* + ~ y)4' m'Pn* = 0. 

Subtracting, and integrating over the whole coordinate space, 

J' (^n*A4'm — '/'mAt/'n* -f -^(Em ~ E m'l'n'^dv = 0. (72) 

We now transform the first two terms into- a surface integral by the 
aid of Green’s theorem.'- This surface integral vanishes, as we can see 
from the wave equation. For example, consider a case in which the 
coordinate space extends to infinity, and in which 7 = 0 at infinity. 
The nature of the wave function at infinity is ascertained by lea-ving V 
out of the wave equation. It behaves like exp ( - ar) , where a is real and 
positive because we have restricted the discussion to the discrete energy 
spectrum. On carrying out the integration, we find that the surface 
integral vanishes. In all cases in which this occurs, we have 

J(J5m - En)^,.'Pn*dv = 0, 

and since we are dealing with a non-degenerate system Em ^ En, so that 
equation (71) must be true. The same proof will apply to a degenerate 
system as long as we deal with energy levels which do not coincide; but 
when Em = En, we proceed as follows: Suppose there are r distinct 
functions ^mi . ■ • 'Pmr which are acceptable solutions of equation (28) 

1 Jeans, “Electricity and Magnetism.” 4th ed., p. 156, Cambridge XJmv. Press, 
Cambxidse (1920). 
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when E = Ejn. We introduce r new functions Fmj defined by the 
relations 


F ml — + * * * + kxr’^mr 

F mi == kjixl/ml + + ' * * + kjr^mr 

and seek to determine the ^^s in such a way that ® 


IFmpFm,^dv - 0 (73) 

wherever p is not q. The equations (73) are fewer in number than the 

so they can be satisfied in an infinite number of ways. We shall always 
suppose this has been done, so that in all problems the are normal 
and orthogonal.^ Sets of normal orthogonal functions which are impor- 
tant in atomic physics are described in Appendix IV. 

It is also convenient to normalize the sum of characteristic functions 
occurring in equation (67) . That is, having arranged that equations (68) , 
and (71) hold true for the individual functions S/n, we require that 
1 = 

= (74) 

np 

Since the last integral is zero unless n = p, in which case it is 1, we get 

= 1 . ( 75 ) 

n 

We can easily show that if equation (74) is satisfied at a given instant, 
it is true at all other times. Multiplying equation (65) by and 
equation (66) by and subtracting, we have 

~ ~ ^ ( 76 ) 

Integrating, 

“ (is)/ (77) 

Transforming the first integral into an integral over the boundaries of the 
space by Greenes theorem, we find it is zero, for the reasons mentioned in 
connection with equation (72). Nowj4^4'*(i?; is a function of t alone, 
for the coordinates disappear in the integration; so its partial time deriv- 
ative is identical with its total time derivative, and it is constant with 
respect to time. 

In writing down the solution, equation (67), of the wave equation 
(65), we have not included characteristic functions corresponding to 
energy values which are distributed continuously, for reasons of con- 
venience. We shall say that such characteristic functions lie in the 
continuous spectrum, meaning by this the ''spectrum’^ of energy values. 

1 A method of finding the functions F^i is given in Courant-Hilbert’s Methoden 
der mathematischen Physik,” Vol 1, p, 35, Springer, Berlin (1924), 
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If we write x) for such a function, then \p{E, z)dE is a solution of the 
wave equation, where dE is infinitesimal, and the sum of any number of 
such solutions, each multiplied by an arbitrary function of the energy, 

' C{E), let us say, will also be a solution. Therefore, we must add 

^C{E)yp(E, x)dE (67a) 

to the right side of equation (67) in order to get a more general wave 
function. Ordinarily, we shall use only the solution of equation (67) 
in the remainder of this chapter, to shorten our equations. In Chap. 
XVIII, on the other hand, where we are concerned mostly with problems 
of aperiodic motion, such as that of a free electron, nearly aU the formulas 
will be written without including discrete wave functions. 

We must now set up a more comprehensive normalization and 
. orthogonality equation. If xf/n is a wave function of the discrete spectrum 
and xf/E is one belonging to the continuous spectrum, then we can prove 
that 

fE+AE \ 

- - (71a) 


f ^r.{J^^^^xf.E*dE)dv = 0, 


and that 


yj/sdE 


E' + AE' \ 

xl/juf'^dE'pv = 1 or 0, 

'E' / 


(68a) 


AJS?~»0 

according as AE and AE' do or do not overlap. This rule may be replaced 
by the equation 

'l'*^{fr^fBdE)dv = d(,E', AE), (686) 


where 8{E', AE) equals one if E' lies in A£, and equals zero otherwise. 

The application of equation (68a) often leads to rather complicated calculations 
and we shall confine ourselves to one simple example. The wave function for a light 

^ 2TnEx\ 

r 


); the 


quantum moving parallel to the a:;-axis ^may be taken as C exp ^ 

element of volume in the g-space reduces to dx, as we can show by considering the 
definition of ds implied by equation (25). We have, 
f*E-{-AE 


The integral 






E+AE 


E he r f2TnAEx\ ^ 1 

^EdE = C^i^'-Lexp y—j^) - IJ- 

^pE*dE is ijae conjugate of this expression, and their product is 
9^ I _ cos — Y We now integrate this with respect to x, from 

2Tr^x^ y he J 

minus infinity to plus infinity. The result is CC*hcA.E. Dividing this by AJS7, we 
must set the result, equal to unity, by equation (68a), so that we have 




he 


The phase of C is unknown, and may be set equal to zero. 


Finally, 


exp 


V / 


I WBTL,.Mo(ft. .Arm., 68, 220 (1910); Ftjbs, Ann. Phydk, 81, 281 (1926), 
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14. SCHRODIKGER’S INTERPRETATION OF CHARGE AND CURRENT 
DENSITY IN TERMS OF '1^ 


In Sec. 1 we mentioned the theories of Schrodinger and of Born 
as to the physical interpretation of Ar. For reasons soon to be explained, 
we shall refer to these two theories as the hydrodynamical and the sta- 
tistical interpretations of quantum dynamics. Schrodinger’s idea that 
represents charge density, leads easily and directly to methods for 
computing the polarization and relative intensity of spectral lines, and 
for this reason we shall use it in some of the illustrations which follow. 
To avoid complexity, we begin with the problem of one electron, and shall 
use Cartesian coordinates. Schrodinger’s first attempt at a physical inter- 
pretation of ■^'bwas to the effect that ArdAr^/dt is proportional to the 
electric charge density, and was soon rejected by him. He then found^ 
four functions of Ar and ’S'* which possess a property characteristic 
of charge density and the three components of current density. If we 
call these four functions .p, Sx, Sy, and Sz, then 


dp , dSx , as„ , 5s* 
dt “*■ dx dy “*■ dz 


(78) 


which is the familiar equation of continuity, expressing the fact that 
electric charge is neither created nor destroyed but simply flows from 
place to place like a perfect fluid. It is for this reason that Schrodinger’s 
theory is referred to as the hydrodynamical interpretation of wave 
mechanics. The four functions occurring in equation (78) are 


and 


p = 


(79) 




fh 


\Airim 


x 






dx 


- 




dx 


(80) 


with similar equations for s„ and s*; e is the total charge of the particle. 


To prove that p, s*, etc. can have the forms of equations (79) and (80), 


we note that equation (76) can be written 


dt 


(^qr*) = 


— h 


Arim 




~( 

5a:\. dx 


- 




dx 


+ ■ 








dy \ dy 


dy ) 


+ 


(81) 


which is identical in form with equation (78). The introduction of « 
can be justified as follows: because the attracting center (the nucleus, 
for example) is assumed to be at rest, its contribution to the ’IF function 
is suppressed, and ^pdv must be equal to the charge of the particle; 
that is, 

€ = e['^'^*dv, 

which is verified because ^ is normalized. It is easily seen that 
Ann. Physik, 79, 734 (1926). 
a Awn. PAi/sifc, 81, 109 (1926). 
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4^* 




dx 


jg a pure imaginary, for, if we write the first term 
dx 


in the form a + ih, the second is a — ih. 
current density are real, and p is also real. 


Thus, the components of 


16. SCHRODINGER’S THEORY OF RADIATION FROM AN ATOM 

Schrodinger assumed that the radiation from a system with three 
degrees of freedom is to be obtained by computing the classical field which 
would be emitted by the charge and current distribution specified in equations 
(79) and (80), in accordance with Chap. VI, Sec. 1. If is of the form of 
equation (67), the expression for the electric moment will contain sine or 
cosine terms which give rise to the emission of frequencies corresponding 
to quantum jumps between all the states whose eigenfunktions occur in 
equation (67). Thus, if 

= ciTi + C 2 T 2 , ' 

then 

n 

t 


+ exp 


+ C 20 i*iA 2 ’Ai* exp 


—2iTri{Ei — E<f) 
— 27r'f(^2 -^i) 


Now the coordinates of the electrical center of gravity of the p distribution 
Q-re . , 

i - etc. ( 82 ) 

By equation (74), the denominator is unity, and so we shall write 

X = ^x'^^*dv, etc. (83) 

Substituting the above expression for in equation (83), we see that 
the electric moment will contain constant terms, which contribute 
nothing to the radiation, and periodic terms with the frequency ^(12). 
More generally we have ^ 

1 t 


SS CjCk* exp 

3 k 


—%ri{Ej — Eic) 


h 


(84) 


where j and k both vary from 1 to «> . The frequencies occurring in the 
electric moment are therefore given by Ej - Ek = hv{jk) so that the 
emission frequencies are diff erences of the motional frequencies of the matter 
loaves, analogous to beat notes in the case of sound. If ^ reduces to a 
single term, let us say 

'I' = Ca^n, 

which means that only one “overtone” of the matter waves is excited, 

then we have *, , * rR’i) 

D = eCnCnVn'i'n*. too.) 


p = tCnCnVn^n*. 
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In equation (84), determines the amplitude of the emission 
frequency v(jk), and c,* and Ck may be thought of as measuring the strength 
of excitation of components in the xj/ waves having frequencies Ej/h 
and Ek/h, respectively. On this interpretation, however, each atom may 
radiate several frequencies simultaneously, and the relative intensities 
of its spectral lines would depend on the values of the c’s. Further, 
the relative intensities of the spectral lines emitted by an aggregate of 
atoms will depend on averages of the c^s, and of products and powers 
of the c’s, for all the atoms, as well as on the phases of the contributions 
from the individual atoms. If the consequences of this view are con- 
sistently followed out, one arrives at results which do not agree with 
experiment (Chap. XX, Sec. 1), so that we have good reasons for inter- 
preting the c’s in another manner introduced by Born. This interpreta- 
tion forms the basis for the statistical theory of quantum mechanics, 
and will now be explained. 

16. BORN’S INTERPRETATION OF 

In Chap. Ill, Sec. 13, we explained that the theory of light quanta 
and Maxwell’s theory of light can be synthesized into a consistent body of 
truth if we assume that the electromagnetic field serves as a ghost field” 
or guiding field,” which determines the probability that a quantum 
shall take a certain path. In fact, at any point x, y, z, E'^(x, z)dxdydz 
is a measure of the number of quanta which are located in the volume 
element dxdydz. The idea suggests itself that when we are dealing 
with an assembly of electrons far enough apart so that the inter- 
action is negligible, the function F4^*(a;, y^ z)dv is equal to the fraction 
of the electrons which have coordinates lying in the volume element, 
dv, of the Schrodinger space. As in Sec. 2, dv equals m^^dxdydz. More 
generally, if we are dealing with an aggregate of independent systems 
described by coordinates g,., it is assumed that 4^4^* (gi . , . qn)pdqi . . . 
dqn is the fraction of the systems having their coordinates in the ranges qi 
to qi + dqi, qn to qn + dqn, where pdqi • • • dqn is the volume 
element of the Schrddinger space. This expression is said to be the 
probability that a given system shall have its coordinates in the range 
specified. For brevity, we shall often denote it by P{q)dv where q stands 
for the group of coordinates gi . . . qn, and shall also use the notation, 

Pnm = (86) 

If ^ is of the form of equation (67), then in accordance with equation (74) 
it is so normalized that jPdv is unity, as it should be. Further, if N 
is the number of atoms in the aggregate, 

NjPdv = N:ECnCn*f^n^n*dv = iVECnC,^*, 

I Z. Phydk, 37, 863; 38, 803; and 40, X67 (1926), 
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by equation (75), which we interpret as meaning that the number of 
atoms in the nth quantum state is 

Ncnc.^; (87) 

and further the number in the quantum state having coordinates 
in the element cl^qi , , , dqn will be 

( 88 ) 

This interpretation of the c’b and of ^ leads easily to a host of interesting 
results. The function \p is no longer characteristic of a single atom, but 
describes the statistical behavior of an assemblage. For example, the 
electron of the H atom can be anywhere with respect to the nucleus, 
and from equation (88) the probability that it be in a given element 
dXj dyj dz when the atom is in the nth quantum state is 

^n'^n'^dv = Pnndv. (89) 

It is satisfactory to find that Pnn is very small outside the region which 
we should expect the atom to occupy on Bohr’s theory, when it is in 
the nth state. 

17. SELECTION PRINCIPLES, POLARIZATION RULES, AND SPECTRAL 

INTENSITIES 

Whether we speak in the language of Schrodinger or of Born, the 
analytical apparatus for computing the intensity of a spectral line is 
assumed to be as follows in- the one-electron problem: 

We calculate a quantity which is analogous to the rr-component of 
the electric moment of an oscillator on the classical theory, namely, 

= e^x^pn^i^mdv exp 27riv{nm)t 
+ ex'p{ — 27riv{nm)t)y (90) 

and similar expressions for My{nm) and Mz{nm), Mxinm) is real 
because the second term is the conjugate of the first. If it happens that 

^Xypn'^^mdv = 0, , (91) 

then there is no term in the a;-component of the electric moment with 
frequency v(nm), and we should expect no radiation of that frequency 
polarized parallel to the a;-axis; thus we can arrive at a selection principle 
by determining under what conditions equation (91) will vanish. Also 
the polarization of the line v{nm) is determined from the values and 
relative phases of M^inm), Myiitvm), and M.(nm). According to Schrod- 
inger^ and Eckart,^ the intensity nf the line v{nm) is determined as 
follows in close analogy to the corresponding computation in classical 
theory (Chap. VI, Sec. 1 ). The instantaneous rate of emission of energy 
with the electric vector parallel to the x-axis is proportional to 

h = '^Q[2Trv(nm)Y\Mx{nm)\^, 

1 Ann. Physik, 79, 734 (1926). 

711 (1926). 


(92) 
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Similar equations hold for the energy radiated with electric vector 
parallel to the y- and 25-axes. We are now prepared to illustrate these 
equations by applying them to the one-dimensional rotator, which is 
chosen because it is the simplest example available, although it is not 
strictly correct to use it in computing radiation intensities in three- 
dimensional space. 


18. SELECTION PRINCIPLE, POLARIZATION RULE, AND INTENSITY 
COMPUTATIONS FOR THE ROTATOR 

For the one-dimensional rotator, by equation (70), 

\l/m = (47r^/)“'^ exp im(p, 

I being the moment of inertia. We assume that ip is measured positively 
in the a;2/ plane, so that the 25 -component of electric moment is ziero. 
Neglecting time factors, the rr-component of the center of gravity of the 
charge consists of terms of the type 


x{nm) 


^ ^ ^xp i(m — n)(pd<p, 


since dv = Now let the rotator consist of a charge € moving on a 

circle of radius r. We have 

T 

X = r GOS<p = 2 [exp i<p + exp (— 


y = rsincp = ^^.[expzV - exp 


exp (m — n + l)i<pd(p + ^ exp (m — n — ’\)iipd(p 


so 

x{nm) = £[ 

The integrals extend from 0 to 27r. In equation (93), the first integral 


exp (m — n + l)iipd<p — J exp (m — n — l)iipd<p 


(93) 

(94) 


vanishes unless 

m — n + 1 — Oj 

when it equals 2t; and the second vanishes unless 

m — n — 1 = 0, 

when it equals 2t; so we find that 


x{nm) = 2 when n — m ± 1. 


m) 


Similarly, 

and 


y{nm) = when n = m + 1 


T 

= — ^-when n = m — 1. (96) 

Further, letting x{mn) = Jx\l/m*^ndv, we see that x{nm) and y(nm) are, 
respectively, the complex conjugates of x{mn) and y(mn). Thus we see 
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that Mx{nm) and Myinm) are zero except when Am = ±l;the selection 
principle for the rotator. 

Let us now study the polarization of its radiation. To do this, 
we need the values of Mx{nm) and My{nm). Referring to equation (90), 
and using the values given in equation (95), we have 


(m - 1, m) = 4- = (97) 

♦ er cos 27rv{m — 1, m)t, 

Mxi'rn + 1, m) = er cos 27rr (m + 1, m)t. 

Also remembering that ^ we find with the aid of equation (96) that 

My{m — 1, m) = — er sin 2Tv{m — 1, m)i, 

My(m + 1, m) = er sin 27rv(m + 1, m)t. • (98) 

These equations show that the light emitted and absorbed is circularly 
polarized, for the x- and ^/-components of the electric moment are equal 
for each transition. The electric moment components for the transition 
from m + 1 to m show that the light emitted has its electric vector 
revolving in the same sense as the rotator itself, while the first equations of 
(97) and (98) represent the absorption of circularly polarized light 
rotating in the same sense. As to intensities, putting e equal to the 
electronic charge we have, from equation (92), 

+ l,m) = -^3 - v(m ± cos^2Tv{m ± 1, m)i, (99) 

and there is a similar expression for Iy(m df 1, m). The subject of 
spectral intensities is developed in detail in Ghap. XX. We now turn 
our attention to generalizations of the wave equation and to perturbation 
methods. 


19. THE RELATIVISTIC WAVE EQUATION 
The wave equation is easily modified to take account of the variation 
of mass with velocity. Just as in Sec. 2, the principle of least action 
for the dynamical system is interpreted as a principle of least time, 
like that of Fermat, to determine the rays of the matter waves. We 
proceed to study the motion of the W surfaces, the wave fronts, using the 
Harnilton-Jacobi equation in the form appropriate to relativity mechan- 
ics. Confining our remarks to the case where no magnetic forces act 
on the particle, this is (Appendix VIII, Sec. 2), 

where & = + E = mc^ + 1'' + V,T and V being the kinetic and 

potential energies, respectively. Now the velocity of the W surfaces 
is obtained exactly as it was in Sec. 3, the result being 

^ _ Energy__ _ c& ,^2) 

- Momentum [(8 - VY - 
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and the wave equation is 


Writing 
we get 


- (S - - mV ^ ^ « 

dt^ 


^ — ^exp 


4:r\ 


(^) 


^ + ^2[(S ~ TO^ - rn^c^]4' = 0. 


[Chap. XV 
(103) 


(104) 


This reduces to the non-relativistic wave equation (28), as it should 
when E/mc^ is small, for we have 

(S — 7)^ — mV = (mc^ -f. — y)2 _ ^ 2^4 ^ 2mc^{E — 7). 

Substituting this in equation (104), we get the old form of the wave 
equation. 

If we take the energy of the nucleus Mc^ into account, the total 
energy of the atom is E + (m M)c^, and the frequency of the waves 
is seen to be equal to this energy divided by h. Except in the case of the 
free electron, the frequency of the waves lies beyond the gamma-ray 
region. For the hydrogen atom, the frequency McVA corresponds to a 
wave length of 1.3 10““® 1 . This must not be confused with the wave 
length h/ Mv of the matter waves associated with an atom having velocity 

V. 


20. THE GENERAL WAVE EQUATION FOR A SINGLE PARTICLE 
In obtaining this equation we introduce a method which makes 
use of a variational principle. The result is very convenient in practice 
for it enables us to establish the following generalization of the rule 
given in Sec. 10. 

In the Hamilton- Jacobi equation, written out in full, using Cartesian 
coordinates, replace 


dW . 

dx ^ %ri dx 


etc., and —E, or by 
dt 


h d 
^iri dt 


(105) 


Apply the operator thus formed to and the result is the wave equation. 

We use a method, due to Fock,^ starting with a simple example. 
In the Hamilton- Jacobi equation for a single particle in a conservative 
force field, 



we introduce a new dependent variable, 4>, such that 

TF=/(’F). 

Then if qi denotes any one of the variables, and /' = df/d^V, 

= f ^ _ _ r- 

Sqi ^ Sqi’ dt ^ dt ~ 

1 38, 242 (1926), and 39, 226 (1926). 


( 107 ) 
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We use the last of these relations to eliminate/' from the others, and then 

dW _ _^d<ir/dqi 

dq, - 

1 ( d'^\' 

After multiplication by ^ 2 ! ^' ) > equation (106) becomes 

A' 

-^^)=0. (109) 


2m{V - 

dq'J 


Let us call the left side of this relation F. The equation F = 0 is 
practically^ equivalent to equation (106). 

Now, instead of requiring that F — 0, which leads to the results 
of the old mechanics, we introduce a new assumption as a basis for wave 
mechanics, namely, 

hfFdxdydzdt = 0. (110) 

The integral is to be taken over the whole range of the space and time 
variables. The method for determining F by the calculus of variations 
is given in Appendix VI. It is assumed in solving the problem that for 
infinite values of the variables, ^ and its derivatives behave in such 
a way that the ‘^surface” integral arising in the variation problem is 
zero. The differential equation which F must obey in order to satisfy 
equation (110) is, 

3L \ + . . . + ^ 0. 

5a:l^5(5\^/ax) ^ dt\d{d>P/dt) ) 

Writing this out in full, we obtain equation (25'). 

The generalization for a particle with charge e moving in any type 
of electromagnetic field, using relativity mechanics, is evident. From 
Appendix VIII Sec. 2, the Hamilton- Jacobi equation takes the form 


■S'/ p, - 'A,)’ - (-? - f )' + mV - 0. (Ill) 


, {d^V/dt)^ 


Using equation (108) and multiplying by , the form F correspond- 

ing to equation (109) in the problem just solved is 

2 / S'k e A,' a'lA® _ _ if. ^ 1 

,\dx] C 8 di ) \c dt c & dt / \ dt/ 

The variation problem for this form is solved in detail in Appendix VI, 
and yields the wave equation, 

_|_4’ 

dt\ 


, , 1 3^’®^ , 26 

A’k -2 Qii + gg 


( 2 > 


+♦ 

^dXjdt C 


0 


+ 


-Lf'*' 

s* a? 


mx 




= 0 . ( 112 ) 


Wo use tliis expression because it may occur that/(^) is a many-valued function; 
or, it may be indetenninate when '4' takes certain forms. 
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Assuming that 




we eliminate 8 from equation (112) to get an equation 
values of 8, possessing all the advantages of equation (65). 


■j ^ I T'** « 


A’i" — 


c2 dt^ 


Airie / $ d'i'X _ 
he 


^ mV + ^'(SA,-2 - $ 2 )j :■ “ 

This is the general wave equation proposed independently by ^ * 
physicists.^ 

The complex conjugate of ^ will satisfy an equation whiol* * ^ 

with equation (114) except that i is changed to —i in t1%^* 
4:7ru/hc, The simple rule for passing from the Hamilton-Jao« ^ 
to the wave equation, given at the beginning of this section * * 
directly by applying it to equation (111). 

21. EXPANSION OF A FUNCTION IN A SERIES OF ^ FUNC^^^' 
When it is difficult to obtain an exact solution of the •* 

we are forced to treat it by perturbation methods. As W«* ^ 

in the following sections, the solution is usually obtained O.H 
acceptable functions. Thus, in a problem involving a single c5< 
the series representing a function f{x) will be 


n 

The constants /n are called ^'development coefficients.^’ 

considered as a simple generalization of a Fourier series, for 1 1 

functions 

sin 2Tvt, sin iirvt, • • • cos 27rvtj cos 4 i' 7 rvt, • • • 
form a normal orthogonal system, just as the if/ functioiif# 
property of the functions ^pn makes it possible to determine 
fn by the method used for Fourier series. To obtain /m, ftti** « 
we multiply equation (115) by and integrate over the coti^ * | * 1 # 
of x; or, if a; is a cyclic variable, over a complete cycle of iff 
Thus, 

n 

Because the \p^s are orthogonal, all integrals on the right, wtl 
except the one for which n = m, which equals unity, by equa^t t# tii 

fm = Jf^m^dx. 

(tiU'i d5 In the Ga-e -f Fouher series, the properties of the % 

of the must be restricted somrwmit in order that equatio 1 1 | 

(116) may be correct. Suppose the function/ and its first deri vtij 

A For detailed references see BimXiOniN, /, de F/it/s. €15 Le Eadmm., * 
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only a finite number of discontinuities, and do not become infinite. Then 
we may be sure that equations (115) and (116) are valid if the series 
converges for all values of x in the interval of integration and if it repre- 
sents a function having the properties we have just attributed to fA 
When the energy spectrum has both discrete and continuous ranges, the 
characteristic functions ypn and taken together form a complete 
orthogonal system, in terms of which an arbitrary function can be 
expanded. That is, we have 

/ = S/n'/'n + fE^'KdE. (115a) 


We find that /„ = Jf\pn*dx, just as in the case where all the characteristic 
functions are discrete. To get fs, we multiply equation (115a) by 



dx and integrate, 
fs '■ 


with the result that 
= jffE*dx. 


(116a) 


22. SCHRODINGER'S PERTURBATION THEORY FOR THE WAVE EQUATION 


Especially useful perturbation theories have been devised by Schrod- 
inger. Born, and Brillouin. We begin with Schrodinger’s method,^ and 
shall "deal first with a non-degenerate system of one degree of freedom 
which has potential energy V (x) when unperturbed. Let it be perturbed 
by forces which add a term XF(a:) to V, X being a small constant, so that 
the wave equation is 

Ayp + CiE - V - \F)xP = 0. (117) 


C is an abbreviation for Sir'^/h\ and x a coordinate in the Schrodinger 
space. Suppose the unperturbed problem is solved, and that Em, and 
1^04 are a typical energy value and its corresponding eigenfunktion, respec- 
tively, satisfying the equation 

Afm + C{Em - = 0. (118) 

We seek for the energy constant and acceptable solution of equation 
(117) which reduce to Eoi„ and when X is placed equal to zero. Let 

them be ^ + Xe^ + • ■ • , '/'it = + Xu, + • • • . (119) 

Neglecting powers of X higher than the first in equation (119), and sub- 
stituting in equation (117), we have 

-h XAu, -t- CiEok -H Xe, - 7 - X7)(^o, + Xu,) = 

Taking account of equation (118), dropping terms in X , and dividing 

by X, we get + c{E,, - V)v, = C{F - (120) 

From this inhomogeneous linear equation containing the energy constant 
Em belonging to the equation (118), we wish to determine an acceptable 

iFor a detailed discussion see Courant-Hiubert’s “Methoden der Mathema- 

tischen Physik,” Vol. 1 , Chap. 2. „ co 

80,437 (1927), and “Abhandlongen, p. 88. 



552 


WAVE MECHANICS 


[Chap. XV 


value for Vk in order that may also be acceptable. An acceptable 
value of Vk can be found only if the condition 

- ek)\poki^ok'*dx = 0 , . . ( 121 ) 

is satisfied. 


Proof. Multiply both sides of equation (120) by multiply the conjugate of 
equation (118) by Vk, and subtract one equation from the other. We obtain 

^ok*AVk - VkA^ok* = C(F - ek)4'ok4'ok*. 

Integrating both sides over the entire range of the coordinate x, we have on the left 
the integral 

/ ('4'ok*AVk — VkAipQk*)dx. ( 122 ) 

On integrating by parts, we obtain two terms which vanish at the boundaries, pro- 
vided Vk is acceptable, so that if these conditions are met, equation (121) is true. 
Usually , if equation (121) is true, Vk must be acceptable in order that equation 
(122) may vanish. (Trivial special cases can be constructed in which this is not 
^ue.) For a proof based on the theory of linear integral equations, see Courant- 
Hilbert, Methoden der Mathematischen Physik, I,” p. 277. Springer, Berlin 


From equation (121), we can immediately obtain the value of e*. 
Since 

^kji'ok'^oh'^dx = €*, 

\(yok being normalized, we have 

\€k = J}J^4'Qk^Qk*dx, ( 122 ) 

Referring to the consideration in Sec 16, we see the meaning of equation 
(122). The change of the energy is equal to the average of the perturbing 
term in the potential energy, taken over the undisturbed motion, just as in 
classical theory. To determine we assume that it is expressible as 
a series of the unperturbed eigenfunktions : 


Vk = 




(123) 


where the Vki are constants to be determined from equation (120) We 

also expand the known function {F - by the method of Sec 21. 
obtaining 

{P — ^k)^ok = (124) 

where ■ * 


By equation (121), 
and 


Cki — f{F — ek)\f/ok'f'oi*dx. 


Cjci = 0 when i = k. 


(125) 


<^ki = JF\l/ok4'oi*dz vfhea. i ^ k, 

since the ^o’s are orthogonal functions. Putting these expressions into 
equation (120), we obtain 


^VkiA,Poi + ^VuCiEok - 7)t/'oi = CXckiff^oi. 


(126) 
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Now for every value of i, 

Ai/'oi + C^Eoi — V’)^oi = 0 

and so 

'Zvki[A\l/Q{ - 1 “ C(JE^i — = 0 . 

The result of subtracting this from equation (126) is 

^VkiP{E,k - EoiHoi = CXcH^Poi. (127) 

The coefficients of 1 /^ 0 ^ must be the same on both sides, so the equations 
to determine the coefficients in the expansion of Vk are 


(128) 

The right side becomes indeterminate when k — i, so Vkk must be found 
in another way. This is done by so choosing Vkk that the perturbed 
eigenfunktion \l/k is normalized. This process leads to the result 

Vkk = 0. (128a) 

'Finally, we have, 


a 


^k — ’Aofc + 

i 




(129) 


where the prime denotes the omission of the term i = k from the 
summation. 

For the extension of this method to systems with several degrees of 
freedom we refer the reader to Schrodinger^s original paper or to hia 
Abhandlungen.’’ The method is nearly the same as above for non- 
degenerate systems, except that multiple summations replace the single- 
fold summations. When degenerate systems are studied, however, new 
phenomena are encountered. If the r distinct functions 

belong to the energy value then in the perturbed system we encounter 
r new energy values and r new \p functions corresponding to them. In 
Chap. XIX this perturbation method is applied to the problem of finding 
the energy levels of the diatomic molecule. The reader desirous of other 
illustrations may examine Schrodinger's treatment of the Stark effect of 
hydrogen, and of dispersion.^ 


23. BORN’S PERTURBATION METHOD 

The procedure discussed above is not suitable for the study of per- 
turbations which depend on the time. We shall describe a method 
devised by Born^ which avoids this difficulty. The wave equation for 
the perturbed system is taken in the form of equation (65) : 

«-c(r + xF)<i> + (^5).f-o, 

i Ann. Physik, 80 , 437 (1026) and 81 , 109 (1926). 

“Zr. Physik 40 . 167 (1926). 


( 130 ) 
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Suppose the solution is 

, 0 = l^Ck^ok(x,t), (131) 

where 

'iiQkix.t) = xPok(x)exp(^-^^^^^ (132) 

when the perturbing force is absent. To obtain the solution for the 
perturbed system, we need only consider the change in one of the accept- 
able functions, let us say t); for, if this function is altered to 

"^kixj t)j then the solution of equation (131), as a whole, takes the form 

'^(x,t) = i:cA(x,t), (133) 

because the wave equation is linear. Accordingly, we take up this 
simplified problem, and begin by expanding the perturbed acceptable 
function '^kixj t) in a series proceeding by ascending powers of X: 

'^k = Arok + XT^u + X^^sfc + • • • (134) 

Now the expression obtained by substituting this in the wave equation 
must be zero for all values of X, so the coefficient of each powe^ of X 
must vanish. Setting these coefficients equal to zero gives us the follow- 
ing approximation equations: 

+ (^') • ^ = CF-^ok, (135) 

+ {t) • 

The solution of the first equation is equation (132). To obtain we 
expand it in the form 

exp ^ - (136) 

and also expand the function ^(x, t)^oik{x), by a slightly different method, 
as follows: 

Fix, t)^okix) = '^Fk,it)i/oi(x). 

Then we have 

F'^ok = ^^Fkiit)4'ojix)]^ exp^--Fl^y (137) 

Substituting equations (136) and (137) in the differential equation for 

^ik) we have 

^ {A^oi - moi + cE,^oA 

+ (- exp (- ?=^). 


(0 exp 
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Each term in the first line of this equation vanishes, because eacfi^f unction 
i//Qj is a solution of the wave equation (28), so that the term incurved 
brackets is zero for each value of j; and in the second line, the coeflicient 
of on the left side must be the same as its coefficient on the right side. 
Therefore, we can write an equation of the following type for each value 
of j: 

(J^^^ + F,,it)exp[-2^ivikj)t] = 0. (138) 

Let us now assume that the system is initially unperturbed, and let us 
choose the time origin at the instant when the disturbance begins. This 
means that we should seek the solution of equation (138) which vanishes 
when t = 0, so that will be zero when t = 0. This solution is 

^ 2 Fhqip) exp \ — 2 'Kiv(J^ 2 )d\da == 0, (139) 

a being simply a variable of integration introduced to avoid confusion 
with t. This gives us all the material needed to find from equation 
(136). The procedure for getting higher approximations is similar. 
We expand obtaining 

exp (140) 

and also expand F^Yp-i,k according to the plan used above for 
The result, analogous to equation (139), is 

(^.)/ 3 ,w + j^'^/(j.-i).)t.(a)^’.j(a) exp [-2Tnv{sj)a]da = 0, (141) 
from which we can construct ^pk- 


24. THE RELATION OF WAVE MECHANICS AND ORDINARY MECHANICS 

By a change of the dependent variable, the wave equation can be 
brought to a form which we recognize as a generalization of the Hamilton- 
Jacobi equation. ,T(J show this, let us consider the Hamilton- Jacobi 
equation in the form of equation (109). The wave equation corre- 
sponding to it is (25'), and assuming that we are dealing with solutions 
of the form (26), we may replace equation (25') by equation. (28). 

It must be understood that the value of ^ found from the wave 
equation (28) is not the same as that which would be found by solving the 
transformed Hamilton- Jacobi equation (109). To avoid confusion, 
it will be convenient to call the classical Hamiltonian function TTo. 
Then the variable which occurs in equation (109) is defined by ITo — 
/(St^o) ; on the other hand, '4" is determined from the wave equation, and a 
generalized Hamiltonian function W can then be defined by the relation 

W = /(4'). (142) 
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We must now demonstrate that reduces to ^o, and W to Wo^ when 
we deal with systems so large or quantum numbers so great that terms 
containing h can be neglected. This means that the results of wave 
mechanics approach those of ordinary mechanics if we allow h to approach 
zero. This proof can be carried out by changing the dependent variable 
in the wave equation (28) from \[/ to W/hy the aid of equation (142). 
For simplicity, we shall take the wave equation in Cartesian coordinates 
and shall deal with only a special case of equation (142), namely 

which is by far the most usual transformation considered. * The result is, 
/dW\^ , . /dW\^ . _ ... h. 


j + (s) + - »■ ('«) 

Obviously, when h approaches zero, this reduces to the ordinary 
Hamilton- Jacobi equation, and the solution W must reduce to Wo. 
This brings out clearly the fact that wave mechanics is a rational gener- 
alization of ordinary mechanics.^ 

Considerable light can be thrown on the nature of the wave equation, 
by using a series solution for W. Let us assume that 


W = Wo + ^Wo + 


Wo + 


The result of substituting this into equation (143) is 


3TP(I dWj aWo dlTi 
dx dx dy dy 


+ 2m(F - . 

, aWo a Wr 
bz bz 


, aWj aW x 
ax bx bx bx 


+ AW, 


-f ATFi -I- etc. 


4. ^ i aw„. 


AWn^l + etc. = 0. 


This equation holds true for all values of h, so that the coefficient 
of every power of h must vanish. Setting the coefficient of the zero 

* This treatment is modelled on that of Brillouin, C. R., 183, 24 11926') and 
Dbbyb, P%sifc. Z'., 28, 170 ( 1927 ). v v^, am 

^ Beamley (J. Franklin Institute, 206, 605 (1928)) has obtained the exact solution 
of the wave equation (143) in several problems involving a single electron. He has 
pointed out in some detail the properties of the function, p = dW/Ox, which reduces 
to the a?-Qomponent of momentum, whep h approaches zero* 
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power of h equal to zero gives the Hamilton- Jacobi equation for the 
corresponding classical system. Having solved it for Wo, we get Wi 
from 

dx dx dy dy 

Wo is real; imaginaries do not enter in the perturbation equations, 
so all the other Tfn's may be taken as real. To a first approximation, the 
wave function takes the form 

^ (147) 

so that Wo determines the phase of the waves and Wi their amphtude. 
As an illustration, let us construct the function ^ for a particle having one 
degree of freedom. By equation (146), 

-dWo 
dWi ^ dx^ 
dx ndWo ’ 

^ dx 


dWo 

dz dz , 


AW 0=0. 


(146) 


and 

but 

and therefore. 


Wi = Const, log 


dx 


dWj\-^ 
dx) ’ 

“ = [2m(E — V)]^, from equation (145), 


gWi = . 


const. 


(2m(E - VW 


(148) 


This tells us, in an approximate way, how the amplitude of the 
waves changes from point to point in space. Now [2m(E - V)]y* is 
equal to where p is the momentum which the particle would have 
in the corresponding classical motion, and so 


(149) 

P 

The probability. Pdx that the particle is in the range x to x + dx is 
proportional to '9'^*dx, so we have 



(150) 


This relation states that in an assembly of particles the number which are 
found in the range dx is proportional to the time which one of the particles 
would spend in that element according to the classical theory. This 
result is modified, of course, when we use higher approximations in 
determining It is worth noting that the next two approximations 
to '3? introduce the factors eWiA/ 2 jrt and on right of equation 
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(147). The first of these does not alter the validity of equation (150). 
The importance of the second is determined by the magnitude of 
WtW’/A.’K'^'Wi. This term is often so small that equation (150) is an 
excellent approximation. 
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CHAPTER XVI 


HYDROGENIC ATOMS IN WAVE MECHANICS 

The study of the hydrogenic atom in wave mechanics is important 
because it furnishes us with a series of exact solutions of the wave equation 
which are suitable as starting points for investigating other atoms by 
perturbation methods, and because it enables us to test accurately the 
agreement of wave mechanics and the results of experiment. In this 
chapter we shall be concerned solely with the energy values and accept- 
able functions, except that selection principles are discussed. Intensity 
questions are postponed to Chap. XX. 


1. ENERGY VALUES, NEGLECTING RELATIVITY 

The solution of the problem of the hydrogenic atom in wave mechanics 
is as follows: The wave equation is separable in polar coordinates, 
and also in parabolic coordinates. In polar coordinates, it is 


1 d ( 1 r„.i_ jL 

r® dry (9r y sin d dO J sin^ <p 


The solution will be of the form 


+ 


STT^m- 


E + 



= 0 . 


( 1 ) 


\p = R(r)S{dj <p). 


Substituting in equation (1) and dividing by the equation falls into 
two parts, one of which contains only r while the other contains only 
6 and <p. These two parts are set equal to l{l •+• 1) and — /(? + 1), 
respectively. Then, 


1 ^ d ( . dp\ l_ 
sin d de\^ M sin^ (p bip^ 
_L STT^ mZe^ 

'dr^ + r fir \ 


-f I{1 4“ 1)>S = 0; 

_ m+iy)R = 0 


( 2 ) 

( 3 ) 


The reason for using the constant 1{1 + 1) is that it must be of this form 
with 

I = 0, 1, 2, 3, . • . 

if S is to be an acceptable function. Equation (2) was solved in Chap. 
XV, Sec. 8 with the result that 

5 = d)j 

559 
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where I ^ m. The instantaneous distribution of the function over the 
surface of any sphere r — constant, is illustrated by Figs. 1 to 3 in the 
preceding chapter. The numbers, Z + 1 and m + 1, correspond to 
the azimuthal and equatorial quantum numbers k and ki of the treatment 
in terms of the old mechanics. To obtain finite, single-valued con- 
tinuous solutions of equation (3), we transform to new variables x and 
L(a*), such that 

a; = ,R=r^ exp ^ L(:r). (4) 


(The variable x is dimensionless and is introduced to simplify the coeffi- 
cients of the equation for L; when E assumes the values given by the 
Balmer formula, we get x = 2Zr/na, n being the total quantum number 
and a the radius of the first orbit in hydrogen.) The transformed 
equation is 


xU' + [2{l + 1) - x]V + 


/2ir^me^ZyA 

\ - ¥W) 



or 


xL'' -j- (A — x^L' -f- EL == 0, (5) 

where A — x and B are abbreviations for the coefficients of U and L, 
respectively. The advantage of using equation (5) instead of equation 
(3) is that when equation (5) is solved by using a power series the recur- 
rence formula for the coefficients is extremely simple. If we let 


00 

L = 

— oo 

equation (5) becomes 

00 00 00 

'^Cppip - l)xP-^ + (^ - x)^appx’’-'^ + B'^apXP = 0 . ( 6 ) 

— 00 — 00 _ oo ' 

To satisfy this equation for all values of x, the coefficient of each power 
of X must vanish. Applying this requirement to the coefficient of 
where p is any integer or zero, we obtain 

ap+i(p + l)(p + A) - a,(p - B) = 0. (7) 

Now we can find the properties which the coefficients must possess 
if R is to be finite for all positive values of r from zero to infinity. Two 
cases are considered, corresponding, respectively, to elliptic and hyper- 
bolic orbits of the older theory: 

(1) E negative, i,e., x real; (2) E positive, i.e.j x pure imaginary. 
(1) E Negative, x Real and Positive. — Consider the behavior of the 
series for L when x equals zero. It will not converge if negative powers 
of x are present, and R will take an infinite value. For this reason we 
wish to avoid a solution in which negative powers appear. The question 
is, can the equation for L be satisfied if this is done? Let us assume that 
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the series does not extend to p = — oo , so that there is a first term, say 
Then, by equation (7), 

+ l)(i + 22 + 2) - a,0‘ - B) = 0. (8) 

But by hypothesis a,* = 0, and to keep ay+i finite, j must be either 
— 1, or — 22 — 2. By taking j = — 1, then, it is possible to obtain a value 
of L beginning with the coefficient ao, so that 


L = 

0 

In equation (9), the absolute ratio of two neighboring terms is 


_ {p B)x 

a. " Xv + l){p + 2l~+^' 


(9) 

( 10 ) 


So long as x remains finite, then no matter what finite values A and 22 + 2 
may take, we can make this ratio less than 1 (or indeed as small as we 
please) by choosing p sufficiently large. Therefore, the series for L 
converges for any finite value of x; indeed, the series formed of the 
absolute values of its terms converges. However, if R is to be finite 
when r = oo +he series for L must contain only a finite number of terms. 
Let Un' be the last non-zero coefficient. Then an'+i must be zero and 
equation (7) tells us that 

n' — jB = 0, 

or, by equation (5), 


n' + 2 + 1 - 


V ) 


= 0 . 


( 11 ) 


Putting n' + 2 + 1 = n, we get the Balmer formula, 




-2ir^me^Z^ 


( 12 ) 


It is easily seen that is continuous and single valued, so it will be an 
acceptable function if E takes the values specified by equation (12); n' 
is analogous to the radial quantum number of the earlier theory. It 
takes the values 

n' = 0, 1, 2, • • ‘ . 

(2) E Positive, x Pure Imaginary. — As long as x is finite, the remarks 
made in (1) for the case of finite x hold true for case (2) without alteration, 
but when x approaches infinity, we must study the behavior of L(x) 
in more detail. To do this, we note that in equation (3), the last two 
terms of the coefficient of R can be neglected, when r is very large. The 
equation obtained by dropping them is a Bessel equation and has the 
solutions R == sin (ar)/r and R = cos (oLr)/rj where = ^Tr'^mE/h\ 
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These, and linear combinations of them, are obviously finite for all 
positive valves of JJ, a fact which corresponds to the existence of a con- 
tinuous set of hyperbolic orbits in the older theory. 


2. ACCEPTABLE FUNCTIONS FOR THE HYDROGEN ATOM 
Corresponding to each value of ?^, there are n characteristic functions 
i2(n, Z) corresponding to the values Z = 0, • • * To calculate 

these functions we put B = n' and A = 2(1 + 1) in equation (7). Giving 
an arbitrary value to uo, we compute the coefficients and find, aside 
from an arbitrary constant factor, the formula 

R{n, 1) = x^e-^^^[-(n + 0 !] " X (-1)^ 5 Gl-i-i-v, (13! 

2)*0 

where x == 2r( — ST^mE jh^y^ and 7^, Z, n' are, respectively, the tota 
quantum number, the azimuthal number minus one, and the radia 


number. The symbol Cb® stands for 

coefficient in the expansion of a binomial raised to the ath power 
therefore. 


pn+l (n + l )\ 

2 _ 1 _ p)\(2l +1 + p)! 


The series in equation (13) is related to a set of functions known a 
'^Laguerre polynomials.’^ The more important properties of thes< 
polynomials are collected in Appendix IV. Here we need only thi 
definition 


L,ix) = ^ ^ = X/ (-l)’’C'p®s(s - 1) • • ■ (p + l)a:^ (15 

2 ^ = 0 

Thus, 

Lq{x) = 1, Li(x) = —x + lj etc. 

Now, aside from a constant factor, c, the summation in equation (13 
is identical with 

[-(n + Z)l] & 2 Z +1 

Denoting this derivative by L^^^^(x), we rewrite equation (13) in th 
form 

R{n, 0 = +/(a;). (16 

To obtain an idea of the \l/ functions and the charge distribution for thi 
simplest of all atoms, we begin by writing out in Table 1 the values c 
Ln-^i for small values of Z and n, remembering that Z is less than n. 
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Table 1 


n 

1 

t2Z + 1 

1 

0 

ill = -1 

2 

0 

= 2a: — 4 


1 

Lz^ = -3! 

3 

0 

L 3 I = + 18a; - 18 


1 

L 43 = 24a; - 96 


2 

LfiS - ~5! 

4 

0 

= 4x^ - 48a;2 + 144a; - 96 


1 

L 53 mx^ -h 600a; - 1,200 


2 

Le^ - 720a; - 5,760 


3 

L 77 = -7! 


btention must be paid to the fact that x has a different significance 
each row of the table, for x — 2Zr/na, as mentioned in connection 
Lth equation (4). It can be shown that the normalized functions 
'tz, I, m), are as follows: 

e) . 

(n-l- 1)! /2Y 

(n + Z)!^2n^ya J 

here n = 1, 2, 3 • • • , Z = 0, • • • (n — 1), and m takes all values 
3 tween —Z and +1, including zero. The \l/ functions belonging to a 
ven value of n are 7%^ in number. That is, the statistical weight of the 
}h quantum state is just as in the older theory. 

3. THE DISTRIBUTION OF THE FUNCTIONS ^p AND 
It is useful to study the way in which \p depends on r* in a few simple 
ises. Whenever n — I + I (circular orbits), the function becomes 
and is a constant. For all such orbits, the part of depending bn 
is essentially 

(18) 

) is interesting to note that the maximum of X occurs at re == 2n, so that 
xe corresponding value of r is 

nH 

hich is the radius of an n-quantum circle on Bohr^s theory; but this 
a chance agreement, for there seems to be no simple relation between 
rbital shape and the properties of the function for elliptic orbits, 
'he rapid decrease of equation (18) for values of x greater than that 
orresponding to the maximum shows that the region, in which (or 




0iin<p 




(21 + 1)(Z - m)! 
2(1 + m ) ! 
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has an appreciable value, has a radius comparable with that of the 
corresponding circular orbit. Since L^nti ^ polynomial, the valiK 
of i2(n, /) for an elliptic orbit is a superposition of the for severa 
circular orbits, with relative weights determined by the coefficients o 
Ln+ 2 ^. Writing C for the nomalization factor immediately precedinj 
R{n, l)j in equation (17), let us examine a few of the curves R(n, I 
for the case Z = 1. If we write p == r/a, or :r = 2Zp/n, which amount 
to choosing the radius of the first Bohr orbit as the unit of length, wi 
have the following table: , 


n 

1 

R(n,l) 

R(n, 1) 

(O’*- 

1 

0 

-exp(:^) 

- exp (-p) 

1 

2 

0 

{2x - 4) • exp (-^) 

(2p - 4) • exp 

1 

16 

2 

1 


(-6p) exp 

1 

24.12^ 

3 

0 

3(~a;2 + 6a; — 6) exp 

3(-|p^ + 4p-6)exp(^) 

1 

9 • 6^^ 

3 

1 

24:x(x ~ 4) exp 

(^) 

1 

9 . 2^4 . 24^i 

3 

2 

— 120a;2 exp 

-12o(|p0 -P (x) 

1 

9-2^ -120^ 



Fig. 1. — Radial wave functions of the hydrogen atom. 


If Z is not unity, the values of 72 (n, 1) in terms of x are not alterec 
but we must put Zp in place of p throughout the table. A few of th 
curves J2(n, 1) are shown in Fig. 1. 





Hydrogen l^S 


Helium l^S 



Hydrogen 2^8 
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The spatial distribution of the normalized functions is beautifully- 
shown in Figs. 2, which were kindly supplied by Dr. R. M. Danger and 
Miss Geraldine Walker. All of them are for energy levels in which 
the quantum numbers I and m are zero so that the distribution of 
is spherically symmetrical. At any point in the diagram, the brightness 
is proportional to the value of In the original photograph for 

the state IaS, that is, the normal state, for which n = 1, I — m = 0, 
distances are proportional to r/ao, the radius of the first hydrogen orbit 
being represented as 3 cm. The scales for the states 200 and 300 are 
five times and ten times smaller, respectively. The intensity in the 
photograph of 2S is multiplied by 50 in comparison with 1>S; the intensity 
scale in the brighter diagram for 3 aS is 500 times that of IS, while the 
other diagram for 3S is a much lighter print which gives a better idea 
of the srnallness of in comparison with the values for IS. The 2/S 
distribution serves also as an approximate representation of for the 
lowest term of lithium, taking only the valence electron into account. 
Similarly, the 3/S distribution is similar to the normal state of sodium. 
The diagram for the normal state of neutral helium, which also possesses 
spherical symmetry, is included for the sake of comparison with IS of 
hydrogen. The length scale is about the same in these two diagrams, but 
the intensity at the center of the helium distribution should be nearly 100 
times as great as in the diagram for IS. At r = 1.5ao, the two are about 
equal, which shows that the radial rate of decrease of is very rapid for 
helium, corresponding to its small external field and inert chemical nature. 


4. THE RELATIVISTIC HYDROGEN ATOM 
The energy levels of the relativistic H atom have been found by 
Schrodinger,^ Fock,^ and Epstein.^ The formula obtained is similar 
to that of Sommerfeld except that the azimuthal quantum number takes 
half-integer values, due to the neglect of electron spin. We shall give a 
treatment similar to the derivation given by Epstein. From Ghap. 
XV, equation (104), the amplitude equation is 




47r^ 

cW 




2^4 _ 




^ = 0 , 


(19) 


with S = mc^ + E. The solution is exactly like that for the non- 
relativistic case, except that the coefficients are altered in the equation 
for the factor in which depends on r, namely, 


dm 2 dR 

dr^ T dr 


m c j + + 


+ 


“Abhandlungen,” 12 and 87. 

2 Z. P/jj/siA;, 38, 411 (1926). 

® Proa. Nat. Acad. Sci., 13, 94 (1927). 


R = 0 . ( 20 ) 
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Is Sommerfeld's fine-structure constant (Chap. V, equation (30)). 
We treat equation (20) in the same way as equation (3), using the 
substitutions 


X = 2r 


and 


i!L' 

'av 


(£* — mV 


, 


( 21 ) 


R = a:V~*/^A’(x), 

where the exponent X is -K + [(I + M)' - The equation to 

determine F is of the same form as equation (5) if we write A = 2(\ + 1), 
and' 


47r^Ze^S 

~1t^ 


47r® 


(£2 - 



1 

2 




As before, n' must be an integer or zero, and, finally, the energy values 
are given by 


1 + 


E 

mc^ 


1 + a^Z^(n' + ^ + 




( 22 ) 


This agrees in form with Sommerfeld^s empirically verified equation, but 
the combinations n' + and I + appear in place of his n-'and k. 
The denominator of the first term in E corresponding to the Balmer 
formula, is n' + Z + 1 = n which takes the values 1, 2, • • • , just as it 
should, but the first-order relativity correction of a spectral term is 


RZ'^a^/ n 3\ 

\r+Ji “ ij 


(23) 


The correction for the effect of electron spin was carried out by Heisenberg 
and Jordan and also by Richter. Their result for the first-order correc- 
tion was given in Chap. V, Sec. 17 . 

Richter solved the problem by perturbation methods, using wave 
mechanics. The unperturbed motion corresponds to a spherical electron 
moving about the nucleus and simultaneously rotating, the two motions 
not affecting each other. Thus, an acceptable function can be obtained 
for this unperturbed problem by taking the product of a function for 
the simple H atom (Sec. 2) and a \p function for a rotating rigid body. 
The first-order perturbation of the energy can be obtained by the method 
of Chap. XV, Sec. 22. 

Darwin and Gordon^ have obtained the general formula for the 
hydrogen energy levels on the basis of Dirac's theory of the electron. ^ 
The result is identical with Sommerfeld's formula, given in equation (34) 
of Chap. V. The radial number can assume the values 0, 1, 2, . . . 
The azimuthal number k of Sommerfeld's theory is replaced by Z + 1, 
where Z == 0, 1, 2, • • * n — 1, n being the total quantum number. 

1 Proc. Roy. Soc,, 118 , 654 (1928); Z, Physik, 48 , 11 (1928). , 

^Proc. Roy. Boc., 113 , 621 (1927). 
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A quantum number corresponding to the electron spin does not appear 
explicitly in this formula, so that it does not predict the complete scheme 
of X-ray energy levels. 


6. THE ZEEMAN EFFECT OF HYDROGEN 

We have already found the energy levels of the normal Zeeman 
effect in Chap. XV, by a very simple method. That method is unsuited 
for the study of the acceptable functions and for obtaining higher approxi- 
mations, so we shall attack the problem here ab initio. It is one which 
has received much attention. Heisenberg and Jordan^ obtained the (j 
formula by means of matrices. Epstein^ treated the problem of the 
normal effect by obtaining the energy of a system composed of the atom 
and the apparatus which produces the field. This procedure is advanta- 
geous, for it is capable of showing the nature of the interaction between 
the atom and the magnetic fiield. For example, it is well known that 
when a quantum jump occurs there may be an exchange of angular 
momentum between the atom and the field producing mechanism, 
as well as a contribution of angular momentum to the radiation field. 
This indicates that we might expect a difference between the energy of a 
quantum and the decrease of .energy of the emitting atom, because of a 
possible interchange of energy between the atom and the magnet. The 
calculation of Epstein shows that the correct result is the same as that 
obtained by neglecting the reaction Of the atom on the field — that is, by 
treating the field strength H as quite independent of the behavior of the 
emitting atom. Brillouin^ has also treated the problem in wave mechan- 
ics, and we shall give a derivation not very different from his. » Although 
we speak of the hydrogen atom, the method can be applied to any atom 
if we neglect electron spin. In the wave equation (114) of Chap. XV, we 
substitute the values of the vector potential components for the case of a 
uniform magnetic field parallel to the z-Sixis, as derived in Appendix 
VIII, Sec. 1. They are 

. Hy j. Hx . ‘ 

Aa: Ay = Az = 0, 

2 2 


and we easily, find that equation (114) reduces to 


i ^ -L ^ 4- ? 

dt^ hcy2d(p c dt J 


47r^i 


MuV — 



4 / = 0 . 


(24) 


(We have neglected XAj^ in the last term because we only wish a result 
correct to the first power of H. This corresponds to the assumption 
used in the classical theory of the Zeeman effect, that the force due to the 


1 Z. Physik, 37 , 263 ( 1926 ). 

^ Proc. Nat. Acad. Sci., 12 , 634 ( 1926 ). 

3 Brii.iLOTJIN, j. de Physique^ 8 , 74 ( 1927 ). 
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magnetic field is small compared with the Coulomb attraction between 
electron and nucleus.) We now assume that 

and use these relations to remove the time from equation (24). Further, 
we drop all terms which arise from the variable mass of the electron, 
arriving at the equation 

+ ■ ( 25 ) 

This can be satisfied by a wave function which depends on <p through a 
factor exp im<pj just as in the absence of the field, so d4/ld<p = im\p. 
Also, by Larmor^s theorem the only change in the ^ distribution when 
the fidld is applied consists in a uniform precession L which makes it go 
faster or slower, according to its sense of rotation. Only the time factor 
in ^ is altered, so must remain unaltered. Let Eq be the energy in the 
absence of the field, and let Then equation (25) reduces 

to 

-I- - 7)^ - = 0. (25a) 

The first two terms vanish because xp is the wave function for the unper- 
turbed atom, so the remaining two terms must also vanish, which will 
occur if 

TJh 

AE = me^ = mLh (26) 

47rmoC 

in exact agreement with the result of the older theory. Finally, we have 
for the wave function in the presence of the field 

^ ('27) 

If relativity modifications are taken into account,^ equation (27) is 
replaced by 

(26a) 

which agrees with a result of Pauli^ obtained by the use of ordinary 
mechanics. Terms in have been calculated by Hill and Van Vleck.® 


AE = mLh( 1 + -L. 

y moc^ 


6. SELECTION PRINCIPLES 

Consider two states of the hydrogen atom, having the quantum 
numbers n^j hj m 2 , and ni, h, mi, respectively. Let the frequency which 
is emitted in a transition between these terms be V 21 . In order that 
the intensity of the line vzi shall vanish, the terms in the components of 
the electric moment having this frequency must be zero. We neglect the 
motion of the nucleus and treat the problem by equation (90) of Chap. 

1 Ruaek, Phys. Rev., 31, 533 (1928). 

2 Z. 31, 373 (1925). 

^ Phys. Rev., 31, 715 (1928). 
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XV, together with two similar equations for the y- and si-components 
•of the electric moment. Writing My, and for the terms which 
concern us, and neglecting the exponential time factors, we have 

— eJ:ri/'.(niZimi)\^*(n2Z2m2)dz;. (28) 

Remembering that a? = r sin 0 cos <p, we find that is proportional 
to the real part of • 

JJJ-® 2 (r)Pz^,,n^(cos 0 )e^^ 2 ^i 2 i(r)Pz^,mj^(cos Q)e~^^^i<p{r sin B cos (p) 

sin 6drd6d(p, (28a) 

where the limits are such that the integral extends over the whole q space. 
We write down similar expressions for My and Mz, and proceed to consider 
the integration with respect to <p. The three integrals for the x,y, and z 
coordinates are, respectively, 

n 2 T f cos I 

I exp [i(m 2 — nil) if] • | sin dcp. (29) 

Jo I 1 J 

The first two were treated in Chap. XV, Sec. 18, and give rise to a finite 
result only if Am = ±1. The third vanishes except when Am = 0. 
Now if Am = +1, on carrying out the integrations over B and r in 
equation (28a) we arrive at values similar to those of Chap. XV except 
that er is replaced by another expression dependent on the quantum 
numbers, and Mz = 0. Therefore, the radiation emitted will be circu- 
larly polarized with the axis of polarization along OZ, On the other 
hand, when Am = 0, only Mz has a finite value and the radiation is 
linearly polarized with electric vector parallel to OZ. Thua, we have 
derived the selection rule for m and the polarization rule, in agreement 
with the results of Chap. V. 

Now we consider the integration with respect to B, restricting our- 
selves to the cases in which Am = ±1 or 0. There are two integrals 
to be considered, corresponding to the x- or y- and to the 2 ;-component 
of the electric moment, respectively. They are, 

e)Ph,,, (cos e) I Q } dd. (30) 

Eckart^ has shown that these integrals lead to the selection principle 
AZ = +1. 

7. THE FIRST-ORDER STARK EFFECT 

The problem of the first-order Stark effect, neglecting relativity, 
has been solved independently by several physicists. ^ Schrodinger 
has given two proofs, one by a separation-of-variables method, and the 

IPAJ/S. J?ev, 28, 927 (1926). 

2 Epstein, Phys. Rev., 28, 695 (1926); Pock, Phy^h, 38, 242 (1926); Scheod- 
iNGBE, Ann. Physik, 80, 437 (1926); Wbntzbl, Z. Physik, 38, 518 (1926); Epstein and 
Wentzel obtain also the second order terms. 
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other by a method similar to that of Bohr. We shall follow the former 
procedure. The wave equation is 


^4' + 






Ze^ 


eFz )4/ = 0, 


(31) 


if the field is directed along the positive z-axis. We transform to para- 
bolic coordinates’- Xi, X 2 , <p, such that 

(Xi — X 2 ) 


X = ■v^XiX 2 cos <p, y = -v/XiXa sin <p, z 
After multiplication by (Xi + X2)/4, equation (31) takes the form 


(32) 


ax 




+ - Xa^) ^ = 0. 

Assuming the solution, 

\p = X(Xi)F(X2)^’('p), 

we find that 

$ = exp (iniip), m = 0, 1, 2, • • • , 
and that the equations for X and Y are 

eFXi” 


(33) 

(34) 

(35) 


d 

d\i 


AaX\,/2x^mo\ / 


-j- jBXi 4" Ze^ — jS • 




) 


+ 


V j- 


eF\2 


■ E\2 4“ Ze^ -4" j3 — 


Sx^mi 


Qz = 0, (36) 

^)f = 0. (37) 
0^2/ 


STT^moXi 


~( X 

aXaV ^^^2 

iS is a constant introduced by the process of separating variables, and our 
problem is to determine pairs of values of E and /3 which will make X 
and Y acceptable functions. The last two equations both have the 
form 

di 


where 




Dy^ + Ay 4- 2B +, - / = 0, 


y/ 


(38) 




„ _'ir^moeF j 2v^maE ^ _ T^m(Ze* 4- 0)^ /r 

D = A = B = ) c 

The upper signs refer to the equation for X, and the lower to the equation 
for Y. We commence our study of equation (38) by solving the wave 
equation for the unperturbed atom, obtained by letting D = 0. We 
transform to new variables L, x, such that 


= 2y(^- = e--/2y-/2L(^), 


(39) 


1 These definitions are adopted in agreement with Schrodinger, instead of those 
used in Chap. V, Sec. 12, because the computation of the energy perturbation is 
simpler in terms of Xi and Xa; Xi = Xj = 17 “. 
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and find that L obeys the equation 


+ [(m + 1) — x]U + 


B 


(m + 1) 




L = 0, (40) 


which is identical in form with the equation (5) for the unperturbed 
H atom, although the meaning of the variables and the coefficients is 
quite different. Just as before, we seek for the values of the coefficient 
of L which make / an acceptable function. If we write 

B __ (m + 1) 


= fc, 


(41) 


then we must make A = 0,1,2, • • • in order that /may be an acceptable 
function. When fi takes one of these values, then L is the mth derivative 
of the (m + A)th Laguerre polynomial (Appendix IV, Sec. 7), which is 
represented by the symbol To see the significance of k 

we give B the value appropriate to equation (36), and put k = kiy 
obtaining, 


TT^moiZe^ — p) 




(42) 


Again, we give B the value which it has in equation (37), and put k = ki, 
with the result 


7r%n(2'e^ + ^) 

A2(-A)W 


= ^2 + 


(m + 1) 

2“— 


(43) 


Adding, and solving for the energy constant which appears in A, we have 
^ ^ ~ (fci + *2 + 

It is found that ki and k^ take the same range of values as the parabolic 
quantum numbers introduced in equation (65), Chap. V, while the m + 1 
of this computation plays a r61e similar to that of the equatorial quantum 
number of equation (65). According to equation (35), the zero value 
of m + 1, which is analogous to the equatorial number in the older 
quantum theory, is automatically excluded in wave mechanics, although 
a special consideration was required in order to obtain this result hy the 
old mechanics. 

We now determine the change of E when the field F is applied, which 
results in changing equation (40) to the form, 

.L” + [(.. + .) - .IL' + 

= 0. (45) 

The first step is to determine the change in the value of B/(-A)>'^ which 
results from the addition of the term containing F. Since we know 
experimentally that the contribution of this term to £? will be small 
compared with E itself, we use the approximate value of — A obtained 
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from equations (42) and (43) in evaluating the perturbation term, -with 
the result, 

Dx^ { \ 

8 (^ 1 )% = ^ +^^^'5 ( 46 ) 

n is the total quantum number and c is an abbreviation for the quantity 
in parentheses. The ambiguity of sign arises from equation (38). The 
addition of this term changes the allowed values of and the 

magnitude of the change may be determined by applying the perturba- 
tion theory of Chap. XV, Sec. 22 to equation (45) . Before doing so, it is 
convenient to multiply equation (45) by £/{—Ay'^ then corre- 

sponds to the energy £ of Chap. XV, Sec. 22, while the term, acFx^, 
replaces the perturbation of the potential energy, which was denoted by 
XF in equation (117) of that section. If Sk is the perturbation of 
corresponding to Xe* in Chap. XV, then in place of equation 
(41) we have 

i^A)^ ~ — 2 1~ * + 'Sa. (41a) 

Then by equation (122) of Chap, XV, we have 


Sk = ±cF' 


^ oo 

J." 


^x’^+\L‘^^k{x)Ydz 


I 


^[Z/ ^ m+k ip^ ] ^dx 


(47) 


E = 


Schrodinger shows that the result of integration is 

Sk == ±cF{m^ + 6mfc + +• 6fc + 3m + 2). (48) 

Just as before, we write down equation (41a) two times, putting k = ki 
and ^ 2 , and B = T^rrioiZe^ T i3). Solving these two equations for JE, 
the result is 

{ 3hW \ , 

-»# (iSSz)"'*' - 

in exact agreement with the Epstein-Schwarzschild formula. 

The above calculations give us a second form for the acceptable 
functions of the unperturbed hydrogen atom, which is not identical with 
equation (17), This ambiguity arises from our neglect of the relativity 
correction, which makes the unperturbed atom degenerate. Using the 
Balmer formula for E in equation (39) we have 


(49) 


X = 


Xi X2 
or 

na na 


as the case may be, where a is the radius of the first Bohr orbit. With 
this notation, we find from equation (34) that the acceptable functions 
(not normalized) are, 

exp (imcp ) . (50) 


^Piki.hjm) = (XiX 2 )’^/^ exp 


2na 
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1. THE VIEWPOINT OF MATRIX MECHANICS 

In the search for the true laws of atomic dynamics, Heisenberg^ 
introduced a new method of attack. Instead of attempting to find 
models operating in accord with Newtonian dynamics which would 
yield the correct energy levels, he abandoned all idea of atomic models, 
and sought to obtain general postulates which would lead to known 
relationships between quantities which can be observed. It seems 
useless to speak of the amplitude or the phase of the motion of an 
electron within the atom. Essentially, the amplitude, phase, state 
of polarization, and frequency of the emitted light are representative 
of the type of quantities which should be the subject matter of a reasoned 
atomic theory, for predictions about them can be tested directly. The 
reader will understand that the adoption of such a viewpoint does not 
deny the usefulness of models as an aid in research. In the last analysis, 
the atom must be described in terms of space and time, if it is described 
at all. The new theory indicates that we need not trouble to describe 
it, and furnishes rules for calculating the observable quantities character- 
istic of the atom without bothering about the coordinates and velocities 
of its particles as functions of the time. In principle, such a program 
can be carried through. In practice, the mathematical difficulties are 
often great, for the calculations are not carried out with ordinary algebra. 
The equations of the theory consist of relations between sets of numbers 
called matrices’^ instead of single ntimbers. We have said that the 
results of Schrodinger’s theory are identical with those of Heisenberg^s — a 
fortunate circumstance, because it means that the numbers forming 
the matrices for an atomic system can be obtained by simple integratioil, 
if we have quantized the atom by means of wave mechanics. 

2. TWO-DIMENSIONAL MATRICES 

In beginning our study of Heisenberg's theory, we shall consider 
systems with one degree of freedom. We saw in Chap. VI, using the 
old dynamics, that the intensities of spectral lines yield us relative 
values of the amplitudes of the various harmonics in the electric moment 
of the atom. Often it is convenient to deal with these amplitudes gi, 

' Z. 33, 879 (1925). 
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g 2 , ... as though they were the amplitudes of ideal virtual oscillators 
associated with the atom. Now, consider the classical problem of the 
radiation from an oscillator having one frequency and a single coordinate 
q expressed by a Fourier series, 

q = ( 1 ) 

where the A’s are supposed to be complex quantities of such a character 
that the whole series is a real quantity. Such will be the case if 

A^k = d-k = — 8k, ( 2 ) 

for then the sum of the two terms, 


and (3) 

is real. 

Similarly, if we study the radiation from an aggregate of quantized 
systems, we may consider each monochromatic spectrum line as coming 
from oscillators each of which is characterized by an amplitude, a phase, 
and a factor containing the frequency. Let the energies of the stationary 
states, as yet unknown, be Ei, E 2 , etc., and let v(nm) denote the fre- 
quency emitted in the transition from the y^th to the mth state, calculated 
from the relation En — E^ = hv(nm). Let A(nm) be the corresponding 
airiplitude, which is assumed to be constant, and d(nm) the phase. 
Then, wherever we would deal with the quantities of equation (2) in 
the corresponding classical problem, we shall need the quantities 

in Heisenberg’s theory. We leave the question open whether the sum 
of these quantities is useful in studying the atom, for the theory deals 
only with the set of quantities (4), and not with their sum. It will be 
convenient to write 

q(nm) ^ A(nm)e'^^^^^'^ 

whence, 

q{mn) ^ A{mn)e^^^'^^\ (5) 

In analogy to equation (2) we asHume that 

A{;mn) = A*(nm), 

5(mn) = —binm). 


Then, 
Further, 
so that 


qimni) 

hp(nm) 

v{7im) 


— g*(nm). 

~ E,ri) 

= —v{mn). 


(6) 

(7) 

( 8 ) 
(9) 


The absolute value of q{nm) is equal to the absolute value of q{mn), 
and therefore, 

\q{nm)\^ = q{mn)q'^{mri) — q{nm)q'^{nm). 

Now, it is convenient to order, the quantities 
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in a square array, having an infinite number of rows and columns, which 
is called the matrix q. This is expressed by writing 




= 9 - 


( 10 ) 


A matrix is not a single quantity, like a determinant, but simply a set 
of quantities. The array is often referred to as the coordinate q, because 
it may be considered as a generalization of the set listed in (3), which 
gives us the means of calculating the classical coordinate q. As we 
have said, however, matrix theory does not deal with the sum of the 
matrix elements of equation (5), so the application of the name “coordi- 
nate” to the matrix must be regarded as a convention. Corresponding 
to any other variable encountered in classical theory, such as a momentum 
'j we shall need to introduce a matrix p, which is an array of the type 

p(21)e2’’“'’(^»‘ p(22)e^”''t22)i ... 


For brevity, it is customary to omit the exponential factors in these 
matrices, and to refer to the quantities qinm) or p(nm) as the elements 
of the matrices. The matrix q is usuaUy written as the square array 
of the quantities q{nm), and it must be understood that this is always an 
abbreviation. The same is true for other matrices. 

A matrix is called “Hermitian, ” after the French mathematician, 
Hermite, if the element in the nth row and mth column is the complex 
conjugate of the element in the mth row and nth column. The matrices 
coMidered in atomic theory have this property, by virtue of equations 
(5) to (9) The requirement that a matrix shall be Hermitian is some- 
what ana ogous to the requirement that a physical quantity shall be 
real m ordinary mechanics. 


3. MATRIX EQUATIONS 

Heisenberg’s guiding thought was that the separate elements of these 
prices are to play a rdle atomic dynamics analogous to that played by 
tU separate terms of the corresponding Fourier series in ordinary mechanics 

^n wScnl u r by which these elements 

^n be calculated? Before answering this, we must examine the nature 

of the equations occurring in ordinary physical theory. These equations 
onsist of relations between numbers expressing the magnitudes of 
physical quantities. When we write q = /(«), we mean that on putting 
a particular value of t in fit) we obtain a number which is the value 

hi a ® ^ are just as well off if we proceed 

m a more general way, as follows: To every physical quantity we 
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assign an auxiliary quantity, or parameter, or, more generally, a group 
of parameters. The parameters belonging to t will be Ti, T^, etc., and 
those belonging to q will be Qi, Q^, etc. These parameters need not’have 
the slightest resemblance to the values of t or q, but there is to be a 
set of equations 

fi(Qii ■ • • Ti, • . • ) = 0 , j ^ 

sufficient in number to give us the values of all the Q’s when all the 
T’s are specified, and such that on using the T’s appropriate to a given 
value of t, the Q’s we calculate will be those we have correlated with 
the value of q at that time. The equations of atomic dynamics are 
of this kind. The concept of an electronic coordinate is replaced by 
the set of elementary oscillations of equation (10), but we do not write 
down equations which contain explicitly the elements of the coordinate 
matrix of equation (10) and of other matrices. The equations are connec- 
tions between matrices, between sets of numbers considered as entities. 
Of course, they imply relations between the individual elements, but the 
passage to these relations is analogous to the arbitrary way in which 
we pass from the Q’s to the value of q in the illustration above. Often 
it is said that a matrix is a generalized coordinate; that somehow we 
have been wrong in our microscopic theories when we suppose that the 
state of a physical variable can be specified by assigning a single number 
to it. It is more general to consider a matrix simply as a symbol belong- 
ing to a physical variable. Then it is not surprising when we find that 
the discussion of relations between matrices requires the use of a gener- 
alized algebra. The reason for this will become fully comprehensible 
to the reader only after he has had a little practice in dealing with this 
algebra, and has studied the connection between wave mechanics and 
the mechanics of matrices. Then it will be seen that every matrix 
equation at first sight so artificial — is really an expression of a definite, 
easily understandable physical law. 

4. THE LAWS OF MATRIX ALGEBRA* 

1. Equality of Matrices.— By equality of two matrices we mean 
that each element of one is equal to the corresponding element of the 
other. 

a = b implies that a(ll) = 6(11), a{nm) = h(nm), etc. (12) 

2. Addition. The sum of two matrices a and 6 is a matrix whose 
elements are the sum of the corresponding elements of a and b. 

a + b.= c implies that a(ll) -f- 6(11) = c(ll), a{nm) -t- 6(nm) = 

c(nm). (13) 

* The word “matrix” is used by mathematicians in a broader sense than that in 
which it is used here. The elements do not necessarily contain an exponential factor, 
and the arrays considered are generally taken to be rectangular instead of square. 
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The reason for this convention is plain. Given two Fourier series, 
a — b = 

the typical term in their sum has the coefl&cient ak + hk, so the same rule 
is assumed for matrices. The law of subtraction is similar. 

3. Multiplication. — In setting up the law of multiplication we are 
guided by the fact that the product of two Fourier series having the 
same fundamental frequency is also a Fourier series. 

For example, the product of the series a and h above is 

c = 

where we easily verify that 


Cr = Xkakhr-kj /b =- OO 00, 

for each product term such as reduces to akbr-ke^'^^^^K 

It is essential in atomic theory to retain this property for the products 
of matrices. We can arrange to do so by making the rule for multiplying 
two matrices the same as that for multipljdng two determinants, rows by 
columns. The symbol for the product of a and b is ab and the typical 
element of such a matrix is ab(nm). The equation, 

k= 00 

ab = c, implies thatu 6 (nm) = c(nm) = ^ a{nk)b{km) = 

k==l 

a(nl)b(ln) + a(n2)b(2m) + • . . ( 14 ) 

The time factor multiplying c(nm) is for if the right side of 

equation (14) were written out with time factors included, the typical 
term would be 

a (n/b) % (Am) 

This reduces to 


a {')ik) h (km) e ^ 


by virtue of the combination principle, which is assumed in this theory 

For the sake of thorough understanding let us illustrate further. The matrix a is: 

a(ll) a(12) • • • ailk) • • • 

a(21) a(22) • • - a{2k) • • • 

a{nl) a(n2) ♦ - • a(nk) • • • 

The matrix b is 

6(11) 6(12) • . • 6(lm) • • • 

6(21) 6(22) • • • 6(2m) • • • 

6(icl) h(k2) • • • b(km) • • • , 

The element of c standing in the nth row and the mth column is obtained by pick- 
ing out the nth row of c and the mth column of 6. Write their elements in two lines 
as follows: 

a(nl) a(n2) . . . a(nk) ‘ . . 

6(lm) h(2m) . . . h(km) . . . 
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Then the nth, mth. element of c is obtained by multiplying each pair in these lines, 
and forming the sum of the products as shown in equation (14). In summations of 
the type indicated in equation (14) we shall not indicate the range of values assumed 
by /c, whenever it extends from 1 to oo . 

By equation (14), the typical element of the matrix ha is 

2b(nk)a(km) 

and this is not identical with the typical element of ab, so that in general 
ab 7 =^ ba. This is expressed by saying that the commutative law of 
multiplication does not hold for matrices. If it happens that ab — ba, 
than a and b are said to be interchangeable or commutable (German, 
vertauschhar). 

4. Associative Law of Multiplication. — In forming the product 
abc it makes no difference whether we first obtain be and then abc, 
or ab and then abc. Expressed in symbols, 

[ab]c = a[bc]. (15) 


The truth of this is seen at once if we write out the product abc. Its typical element is 

^'^a(nk)h(kj)c(jm) 
h j 


which can be written in either one of two ways: 

'^a(nk)bc(km) , where bc(km) = '^b(kj)c(jm) 

k 3 

or 

'^ab(nj)c(jm) where ab{nj) = '^a(nk)h(kj). 


The reader should practice writing out such products until he can recognize at a 
glance the type of summation involved in any product. The principle used in the 
proof of the associative law is quite generally useful. It is simply the application of 
the fact that when we carry out a multiple summation, the final result is inde- 
pendent of the order of summation. 


6. Distributive Law of Multiplication. — Obviously, 

a(b + c) = ab + ac. (16) 

6 . The Reciprocal of a Matrix; Matrix Division.— Division by a 
matrix is defined as multiplication by its reciprocal. To define the 
reciprocal we shall need a very important matrix called the ^^unit matrix,^' 
and denoted by the symbol, i. It is composed entirely of zeros, except 
for the elements of the principal diagonal, which are all unity. It is 
convenient to call the typical element 5nm, where 8^^ is Kronecker’s 
symbol, which has the value zero if n 7 ^ m, and the value 1 if n = m. 
The unit matrix is such that 

a 1— a, and la = a; 


(17) 
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for, al(nm) = 'Za{nk)l{km) = l^a(nk)dkm. The only term which survives 

in this sum is that for which k = m, namely a{nm ) . The proof of the 
second equation is similar. The reciprocal of the matrix a is a matrix 
a~^ such that 


a~^a == i. 

If this equation is fulfilled then also 

(18) 

[{ 

(19) 


In other words, the matrices a and can be commuted. This follows 
if we multiply both sides of equation (18) by obtaining 


= la~^. 

By equation (17) the right member is so that the product of the last 
two factors on the left must be the unit matrix. 

7. The Time Derivative of a Matrix. — q is the matrix whose elements 
are the time derivatives of the elements of g. A similar statement 
holds for differentiation with respect to any parameter. By definition, 
the matrix q has the typical element 


d 

In accord with our usual convention we leave out the time factor. The 
remainder of the expression is denoted by q(nm) which is purely con- 
ventional and does not imply that the constant q(nm) has a time deriva- 
tive. We have then 


q{nm) = 27riv{rim)q{nm), (20) 

It must be noted that this is a property only of the type of matrices 
specified in equation (10), which contain the time only through the 
factor Further, 


d{ab) 

dt 


ab + ab. 


( 21 ) 


Integration with respect to a parameter is the pperation inverse to 
differentiation. Since the matrices discussed in quantum theory contain 
the time in an exponential factor, it is not possible to frame a definition 
for a definite integral with respect to time without destroying this charac- 
teristic of the matrix elements. There is no reason, however, why we 
should not consider arrays of indefinite integrals such as 

if it serves a useful purpose. 

8. Derivative of a Matrix with Respect to a Matrix.— The derivative 
of a matrix i^--where p is a function of an independent variable which 
IS also a matrix, x— is defined in exact analogy to the derivative of an 
ordinary function: 


— = hm + «) - y(x) 
dx 


Ck — »-0 


( 22 ) 
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where a is the matrix obtained by multiplying each element of the unit 
matrix by a constant a. That is, a{nm) = abnm- In forming the quotient 
in equation (22), it is immaterial whether the factor stands before 
or after the numerator in multiplication; for the typical element of this 
matrix is 

a-i(nm) = — (23) 

OL 

and this can be commuted with any matrix. To illustrate equation 
(22), let y = X, Then the typical element of dxjdx is 

lim ^-[x{nm) + ab^m ~ x{nm)] — (24) 

OL 


that is, all the elements of this matrix are zero except those on the 
principal diagonal. Likewise, 


1 

-Im- 


'^[x(nk) + a5„J[a;(Am) + «5tml — ^ix(nk)x(km) 

k k 

= lim~| ^x(nk)abkm + ^x{km)abnk + oiP-^^nkh^n 

OJ 7.' 7. 1. 


In the first summation, each term is zero except the one in which k = m, 
namely, x{nm)bjnnij or x(nm); and in the second summation each term 
is zero except that in which k = riy namely, x(nm)bnn- Therefore, the 
result is 2x{nm)j and the corresponding matrix equation is 


The rule for the differentiation of a product is identical with that 
of ordinary calculus. To prove this we take y — fg in equation (22) 
and note that the numerator 


f(x + oc)g{x + a) - f(x)gix) 
can be rewritten in the form 


f(x + ci)g(x + a) - f(x + 0 !)g(x) + fix + a)gix) - fix)gix). 


In passing to the limit the first two terms give rise to 



and the last 


two to 


-j g so that 
dx^ 


difg) .dg^ 

dx ^dx'^ d^' 


(25) 


Since any power of x can be considered as a continued product, we can 
use this relation to prove the formula 


dx^ 

dx 




(26) 


Applying this rule to the matrix power series representing any function, 
we see that all the usual derivative formulas hold true for functions 
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which can be represented by such series. The idea of partial differenti- 
ation is also formally identical with that of ordinary calculus. 

9. Diagonal matrices are those in which all the elements are zero 
except those along the principal diagonal, such as, 

Ml 0 0 . . . 

0 Ms 0 . . . 

0 0 Ms . . . 

: : : (27) 

The general element may be written M„5„„. A matrix of this kind is 
analogous to a constant in ordinary dynamics, for it has the property 

dM/dt = 0 . 

If a matrix q is such that dq/dt = 0, this implies that 

2Tiv(nm)q(nm) = 0 

for. every pair of values of n and m. If all the energy values Ek are 
distinct then v{nm) cannot be zero unless n = m. In this case, 

q(nm) = 0, n m, 

so that the matrix q is diagonal. If the energy values are not distinct 
this may be true, but is not necessarily so. We have proved, therC' 
fore, that if the tme derivative of a' matrix q is zero in a non-^degenerate 
problem, q is a diagonal matrix. 

Diagonal matrices enjoy many remarkable properties not possessed 
by matrices in general. The product of two diagonal matrices is also 
diagonal and the order of multiplication is immaterial, that is, ab - ba = 
0 if both a and b are diagonal. Further, if ah - ha = 0, and a is diagonal 
and is not degenerate, then h is also diagonal, for we have 

a{nn)b{nm) — b(nm)a(mm) = 0. 

Since a is not degenerate, a(nn) is not equal to a{mm) when n is not 
equal to m; and so h(nm) must be zero, which proves that b is diagonal. 

10. An Alternative Expression of the Time Derivative. — Consider 
the diago]^l matrix formed of the energy values En, and let q be any other 
matrix. Then, forming the function 

Eq^qE, 

we have for its ?^th, mth element, the sum of terms, 

'^Endnkqfkm) — ^^q{nk)Ekbkm- 

A 

In the first sum, the only surviving term is that for which k = n and, in 
the second, the only survivor occurs when k = m, so we obtain 

(En ~ E^)q(nm) = {Eq -■qE)(nm), 
or, by Ritz’s principle, 

hv{nm)q{nm) = (Eq-qE)(nm). 
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SO that by equation (20), 


h 

2x2 


q = (Eq - qE). 


(28) 


Obviously, q can be any matrix' whatever, for the proof does not require 
it to be a coordinate. 

11. Alternative Form for Matrix Derivatives. — We now prove that 
if f is a matrix function of two other matrices p and q, then, 

h df 


and 


fq - qf = 


Pf-fP = 


2x2 dp* 
h df 


(29) 


(30) 


27ri dq^ 

provided that p and q satisfy the relation 

First, we note that equations (29) and (30) are satisfied when /is set equal 
to either pov q. Now we show that if they are true for any two functions 
F and G they are true for F + G and FG. The first statement is obvious. 
As to the second, we write 

FGq - qFG = F(Gq - qG) + {Fq - qF)G. (32) 

But by hypothesis 


(31) 


dG 


etc. 


Gq-qG- 

so that the right side of equation (32) reduces to 


^^2 )\ dp ^ dp ) V2x2 J dp 

The extension to a product containing any number of factors is accom- 
phshed in the same way. Now the only type of matrix functions with 
which we shall deal is that which can be expanded in series containing 
terms of the type . . . , and since we have shown that equation 

(29) is true when / is a product of this kind, it also holds for a series 
composed of such products. This completes the proof of equation (29), 
and that of equation (30) is similar. 

12. Some Convenient Rules of Computation.— Assuming equatj^on 
(31), we obtain by induction the following results: 


p”q = qp^ + 




q’P = pq*^ - ( 2 «- 


h 


\nq' 


rn-1 


(33) 


13. The Permutation Theorem. — A matrix is said to be permuted 
when its rows are interchanged according to any plan we care to specify, 
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and when the columns are also interchanged in the same way. The 
permutation theorem is as follows : 

Every matrix equation F{xi, Xz, • • • ) = 0 remains true if all the 
matrices Xi, . . . are subjected to the same permutation. 

To prove this, we need only show that if a and b go into a' and b' 
as a result of this permutation, then the results of applying it to a + b 
and ab will be a' + b' and a'b', respectively. The proof depends on 
the fact that a permutation can be replaced by a suitable matrix multi- 
plication. Let us agree to replace 

1, 2, 3, . . . n, . . . 

by the numbers 

h, ki, kj, ... kn, .. . 

and let us form a permutation matrix, p, such that 

p(nm} = 1 if m = and 0 otherwise. 

The matrix p obtained by interchanging rows and columns is such that 
p(nm) = 1 ii n = km, and 0 otherwise, 
and so the typical element of pp\s 

%p(nj)p(jm). 

3 

This will be zero unless j — kn ^ km, that is, unless n = m, in which 
case it is unity, and therefore = 1, so that p = 


Illustration.— Consider the permutation of the numbers 1. 2, 3, defined bv 



0 0 1 

1 

0 10 

II 

1 0 0 
0 10 

II 

0 0 1 

1 0 0 


Returning to our theorem, we have 

pa(nm) = Sp(rif)a(jm) 
which reduces to the single term 

pink„)a(knm) = a{knm). 

That is, the element of pa standing in the nth row and with column 
IS the same as the element of a standing in the A„th row and mth column, 
softhe multiphcation has simply carried the fc„th row into the nth row 
Similarly, 

ap~^{nm) = a{nkm) 

which means that this multiplication results in carrying the fc^th column 

into the position of the mth column. Applying both multiplications in 
succession, 

a' = pap~~^, 

a' + b' = p(a + b)p^^. 


so that 
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Further, 


a'b' = pap~^pbp~^. 


In the center p~^p == 1, so the right side is pabp'~^, 
proof of our theorem. 


This completes the 


5. THE QUANTUM CONDITION FOR SYSTEMS OF ONE DEGREE OF 

FREEDOM 

We must now study the laws of atomic mechanics discovered by 
Heisenberg^ and extended by Born, Heisenberg, and Jordan,^ which 
enable us to calculate the values of the quantities g(nm), p{nm), and 
v{nm). 

These amplitudes and frequencies are not variables; they are constant 
quantities, depending only on pure numbers and universal physical 
constants. They are infinite in number and we may expect that the true 
laws of atomic mechanics will yield an infinite number of equations for 
determining them. We may also expect that these laws will reduce to 
the ordinary dynamical laws in the region of high quantum numbers and 
small changes of the quantum numbers. 

In the old mechanics the amplitudes and phases of an atom are not 
completely determined by the equations of motion. They appear as 
constants of integration, and are assigned definite values by applying 
the quantum conditions. Similarly, in* matrix mechanics, we have a 
set of equations involving the p^s, q^s, and z^^s, together with h, which 
form a natural generalization of the quantum conditions. Heisenberg's 
assumption as to the matrix quantuni conditions was based on a form 
of the ordinary quantum conditions used by Thomas^ and W. Kuhn.^ 
If we write 

p = q = 

with the summations running from — oo to + oo , the integral I = §pdq 
takes the form 

/ = j 

Jo 

The only terms different from zero are those in which j = —J, so that 

I = 27ri%lpiqh (34) 

Differentiating, 

= 1 - ( 35 ) 

1 Pfe?/sifc, 33, 879 (1925). 

2 Born and Jordan, Z. Physik, 34, 868 (1925); Born, Heisenberg, and Jordan, 
Z. Physik, 36, 567 (1925). 

»)VatoOTs., 13, 627 (1925). 

^ Z. PAysi/c, 33, 408 (1926). 
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For the case where p = mq, Thomas and Kuhn succeeded in generalizing 
equation (35) so that it held for all values of the quantum numbers. 
Their procedure was based on the correspondence principle and consisted 
in replacing each derivative by a suitable finite difference. Further, 
Heisenberg was able to construct a matrix function which may be con- 
sidered as a generalization of the result obtained by ThomaKS and Kuhn, 
without any restriction on the form of p. It must be understood that 
this procedure is purely an assumption, justified by the striking character 
of its results. The equation adopted by Heisenberg was 

h 

^ + Z, n)p(n, n + 1) -- q(n, n - l)p(n ™ /, n)], (36) 

n being a quantum number. Terms which contain a negative index are 
to be set equal to zero, for they correspond to transitions involving non- 
existent terms. Writing n + Z = A; in the first product and n — I =z h 
in the second, equation (36) becomes 

X[p(nk)q{kn) - q(nk)p(kn)] = -N / 37 ) 

There is an equation of this form for each value of n, and the left members 
are evidently the diagonal elements of the matrix - qp. This sug- 
gests that we write 

= ( 38 ) 

as the quantum condition of matmx mechanics. This is the commutation 
relation tells us how much the product pq exceeds qp. It serves 
as an additional law of computation in matrix algebra, which enables us 
to obtain definite numerical results. 


t). ENERGY MATRIX 

^®®™ed that the frequencies occurring in the elements 
otaU the matrices of atomic physics obey the Ritz combination law, from 

biro Mmler^' iveqnency can be expressed as the difference of 

En — Em = hv(nm). 

tie to the elements of 

the matrix representing the energy. In ordinary mechanics the energv 

LX7tem'°^hf representing it reduces to a 

constant term. This constancy is expressed by the vanishing of the 

time^derivative, so by analogy we require in matrix mechanlf thaS 

lo ^ 'll “eans that £ is a diagonal matrix, if the energy 

noXX L thTI’ shall assume to be the case until further 

notice. With this clue, we form a diagonal matrix .B with the constants 
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En for its non-vanishing elements, and ask, how can we justify our 
action if we call this the energy matrix? This identification will be 
satisfactory if we succeed in finding analogues of the canonical equations 
of motion, involving a matrix function H{p^ q) called the ''Hamiltonian 
function,” such that when the coordinates are suitably chosen the 
relations 


and 



(40) 




(41) 


are satisfied. The first of these will be referred to as the law of con- 
servation of energy. The second, when proved, yields the Bohr fre- 
quency condition, 

Hn — //m = hv(nm). (42) 


7. THE MATRIX LAWS OF MOTION; THE THEOREM OF ENERGY 

CONSERVATION 


We are now in a position to discuss the laws of motion. As we 
shall see, there is a close relation among (1) the quantum conditions; 
(2) the law dH/dt == 0; (3) equation (42); and (4) the laws of motion. 
Assuming (1) and (3) we can prove (2) and (4); assuming (1) and (4) 
we can prove (2) and (3), and other combinations are probably possible. 
Here we shall proceed according to the second plan, and shall begin 
by stating the equations of motion proposed by Born and Jordan. 
They are 





dH 

dq^ 


(43) 


These equations are not differential equations; on the contrary, they 
stand for an infinite number of algebraic equations, each one of which 
has an infinite number of terms. H is a function of p and g, constructed 
by matrix multiplication and addition, and is taken as nearly similar 
to the energy function of classical theory as possible. For example, 

if the classical energy function is + pq, we take H = + ^ + 

The last term is split into two terms symmetrical in p and q^ 

because in classical mechanics the product qp stands on an equal footing 
with pq. This is not true in matrix mechanics and in a certain sense 
the syrnmetri nation of the term pq serves to restore p and q to an equal 
footing. General rules for writing the matrix energy function from a 
knowledge of the classical energy function are given by Born and Jordan. 
They are rather complicated and since they are often equivalent to the 
requirement that H be symmetrical in p and g, we shall not pursue 
the subject further. 



(44) 
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equations (40) and (42). By equations (28), 

(43), and (29), we have 

= Eq-qE = ^ Hq - qH, 

and similarly, 

Ep-pE = Hp-pH. 

whence, 

{E-IT)q=qiE-H),{E-H)p=.p{E~H). 

That is, the matrix E~H commutes with q and p, and therefore with 
any function of q and p, so that 

and = 

EH- HE = Q, 

but by equation (28), this means that 

dH 


dt 


= 0 , 


and H is diagonal. A typical element of equation (44) may be written 
q{nm){E„. - E^) =.q{nm){Hn - H„,). 

From this equation (42) follows at once, unless q(nm) = 0. 

exceptional ease occurs, we proceed as in the following examnle- Let 
?(34) be the vanishing element. If j(35) and ^(45) are not zero, we7et 

and by subtraction. 


Ha - Hi = y(35). Hi - Ha = y(45), 
Ha - Hi = y(34). 


system obviously splits into two (or more) parts which do not combine ’ 

8. THE HARMONIC OSCILLATOR 
The Hamiltoiiiaii for the oscillator is 

if = |- + 2irWnqK (45) 

It 2 assumed that we are deahng with a non-degenerate system— that 
IS, En IS not equal to E„, unless n = m. We have 


’p = — ^v^va^ixq, 


(46) 


nmfouVdlJ’^d'ff'’^^ mechamcs, although the meaning of the equations is 
profoundly different. Let us differentiate the first of equations (46), 
obtaining q = and eliminate obtaining, 

q + {2TrVQYq = 0 . 
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This represents a double infinity of equations in square array. The 
equation in the nth row and mth column involves only the element 
q(nm) of the coordinate-matrix q. It is 

'q(nm) + {27rv^yq{nm) = 0 , 
or, 

—4:rh^(nm)q(nm) + (27rvo)^q(nm) = 0 , 

or, 

{v^{nm) — PQ^}q(nm) = 0 . ( 47 ) 

From this we conclude that v(nm) = ±pq^ provided that q{nm) is not 
zero. In other words, the frequency in the time factor of all non- 
vanishing elements of q is ±vo- (This information is available only 
because of the simple character of the problem. At the corresponding 
stage in the solution of almost all dynamical problems we shall study, 
no similar conclusions can be drawn.) This is all that can be said about 
v(nm) and q{nm) by use of the equations of motion. The problem comes 
to a halt in similar fashion if we eliminate q from equation (46) and solve 
for p. This brings out clearly the r61e of the commutation equation 
(38) which plays the same r61e as the quantum condition in Wentzel’s 
treatment of Schrodinger’s theory (App. V, Sec. 3). It enables 
us to determine the size of the and ^^s, the result being in exact 
agreement with the amplitudes obtained by the methods of wave mechan- 
ics, introduced in Chap. XV, Sec, 17. The use of the matrix 1 on the 
right side of the commutation equation, rather than any other value, 
is responsible for results equivalent to those which arise from the nor- 
malization of 

In order to utilize equation (38), we substitute the value qix for 
obtaining 

The typical element of this relation is 

^[2Tiv{nk)q(nk)q{km) — q{nk) ' 2'rriv(km)q{km)] = 2 “^* 

That is, 

v(nk) — v(km)]q(rik)q{km) = or 0, (48) 

according as n is or is not equal to m. The diagonal elements of equation 
(48) may be rewritten 

^v{nk)\q(nky\ = ( 4 : 91 ) 

for —v (fen) -vink). This can be simplified at once. By equation 
(47), all elements in the n.th row of the q matrix vanish except two at 
most, having the frequencies 

v(nn') = Vo, y(nn") = —vo = —v{nn'). 


St 


( 50 > 
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The level n' is below n and n" above n, because pq is positive. Now 
equation (49) reduces to the form 

v{nn')\q{nn'yC' + v{nn")\q(nn'')\^ = v{nn"){\q{nn")\^ - 

\q{nn')'{^} = — (51) 

We are now in possession of all the material needed for determining 
the elements of H. Remembering that p = jxq, H may be written 


and by the use of equation (20), we obtain 

H(nm) = 2T^p.'^q(nk)q{km)[vo^ — v(nk)v(km)]. (52) 

k 


The bracket in equation (52) reduces to 2 vd^ so that 


H(nn) = = 47rVV[lf/(rara')P \q{nn'')Y]. (53) 

In the nth row of q, one of the two non-vanishing elements lies to the 
left, and the other to the right of the principal diagonal (if both exist), 
the first corresponding to emission and the second to absorption. Like- 
wise, each column contains at most two non-zero elements, one above and 
one below the diagonal. Our knowledge of the Planck oscillator makes us 
suspect that the non-vanishing elements correspond to transitions in which 
the quantum number changes by unity, so that for any n, these elements 
are q{n, ra -|- 1) and q{n, n — 1). If this is so, the matrix q has the 
appearance 


0 

9(10) 

0 

0 


9(01) 0 0 

0 g(12) 0 

9(21) 0 g(23) 

0 3(32) 0 


Let us assume for the moment that such is the case, and that the 
energy level numbered zero is the lowest level. Then from equation (51) 


p(01){|3(01)|2 - |g(0, -1)|2} = - h 

OTT^/i 

Now, 3 ( 0 , -1) must be put equal to zero, because there is no level 
numbered minus 1, and p(01) = — Po so this equation becomes 


P„l3(01)l^ = ^. 

Substituting this value of | 3 ( 01)|2 in equation (53), we see that 


hvn 
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Now it is easy to obtain the other levels. Remembering that |g(01)p = 
|g(10)|“, it follows from equation (51) that 

b(12)|. = 1,(01)|> + 

Similarly, 

\q(n, n + 1)|2 = \q(n + 1, n)\^ = (n + 1) (54) 

By using these values in equation (53) we find that 

= (n + H) ^^^ 0 , (55) 

in exact agreement with the result obtained by wave mechanics. 

To complete our study of the harmonic oscillator, we discuss the 
values of the amplitudes. From equation (54), we may write 


q{nj n + 


1) == (n + 1) 


Stt^jjlvq 


H 




(56) 


but nothing can be said as to the values of the phase constants. This 
is not to be considered a defect of the theory, for just as in the classical 
theory, the unobservable phase of the oscillator has no influence on its 
energy or the intensity of its radiation, both of which are to be considered 
as observable. The energy depends on the square of the absolute value 
of g, which does not involve the phase. 

It is interesting to compare the elements of the j)-matrix with the 
classical p’s. By equation (46), 

|p(nm)|2 = 47^V^v(?^m)2|g(?^m)p. (57) 


This is zero except when m = n ± 1, when we have 


|p(n, n + 1)|2 + |p(n, n - 1)\^ = 


This may be compared with the classical relation 2p2 == ixE, while after 
multiplication by the implied factor exp 2Triv4i ^equation (56) is similar 
to the classical equation 



J being equal to nh. 


J 


H 


SttVj^o 


exp (2TrivQt +id). 


In our treatment of the oscillator, we assumed that the numbers n', n, and 
have consecutive values, that is, transitions occur only between adjoining levels. 
How can we prove that such is the case? First of all, each energy level can be entered 
in at least one direction, that is, for every level En there is at least one level such 
that q{nm) is not zero; tliere is at least one non-vanishing element in every column 
and every row of the q matrix. For if this were not true in the case of the nth row 
or column, the (nn) element of — g/?, namely, S[p(nic)g(/cn) — g(nfc)p(/cn)], would 
vanish, contradicting the equation (38). 

Suppose the situation portrayed in the diagram of the matrix, g, is not correct, so 
that VO may correspond to a change of the quantum number greater Jbhan I, Begia^ 
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ning with the lowest level, for there must be a lowest level, we coastriKjt a sequence of 
levels at intervals i^o- The numbers belonging to the higher levels in this sequence 
are unknown for the moment, but we suppose at least one pair of them has numbers 
which are not consecutive. Similarly, there may be another level, iE 2 for example), 
which is not entered from below, on which we build up another sequence of levels, 
at intervals vo, and so on. Now consider the lowest term in one of these sequences. 
The proof given above shows that its energy is hvQ/2. But this reasoning applies to 
the lowest level of any of these sequences, so all of them must lie in the same position 
on the energy diagram. However, this violates the assumption that no two levels 
have the same energy, and so only one sequence of levels exists after all. Therefore, 
vq is the spacing between adjacent levels, which is what we set out to prove. 

Further, we assumed that the levels are numbered in the order of increasing energy. 
If this were not true, we could make it so by permuting rows and columns of all 
matrices in the same way, until the lowest energy value occurs in the leading position 
in the matrix, and so on. By Sec. 4, Part (13), this does not destroy the meaning 
of any matrix equations. In the remainder of our work with matrices, we shall 
suppose this detail attended to. 

9. QUANTIZATION OF THE ROTATOR 

There is no place in Heisenberg^s matrix scheme for the treatment 
of problems in which the independent variables continually increase; 
each element of a matrix must be considered as a generalization of a 
term in a Fourier series, and such a series is naturally fitted to represent 
an oscillation. Halpern^ quantized the rotator in matrix theory by 
the use of a transformation which changes the energy function of the 
rotator into that of the oscillator. He recognized that the success of this 
expedient was a lucky chance, and it cannot be employed to reduce 
the general conditionally periodic system to a system of independent 
oscillators. In spite of the drawbacks of Halpern^s method, it will 
be of interest to outline his treatment of the rotator. 

The Poincar4 transformation, 

Q = cos <pj p — (2p^)^ sin <p, 

will carry the function p^^/2I over into 

rr _ + q^Y 

SI ■ 

In classical theory this represents the product of the energy function 
for an oscillator with energy and for a system which might be 

referred to as an ^'imaginary oscillator,” with energy {-2HIY^. For 
use in matrix theory, we symmetrize this function, writing it as 

{p* + p2q2 + q2p2 + q4^ 

8l 

The solution of this matrix problem is very simple, and yields the energy 
values 0* + >^)W/87r2J. 

Physikj 33, 8 (1923). Sea also Tamm, ihid, 37, 685 (1926). 
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10. SPECTRAL INTENSITIES IN THE MATRIX THEORY 
1 ho calculation of tho rolativt* intojiHifioH of HfMJctral lines in the 
matrix theory is very Hiniilar to tho corrosponding procoHs of classical 
theory. Tho matrix cmnpoiMmt li(nm) may he* considonal as the ampli- 
tude of a virtual harmonic OHcillator of frociuoncy Multiplying 

by the electronic charg*-, we obtain tho electric moment, and suhstituto 
it into the olassieni fonmda for th«> average rat(! of radiation by such an 
oscillator, ((’hap. VI, Sec. 1.) The Kinsteln probability coefficient for 
the transition n to m is defined by the relation 

A„^hi){ntn) * /, 

where / is the average rale of emission. This relation gives us a means 
of comparing the nwilts of the matrix theory directly with experiment. 

11. MATRIX MECHANICS FOR SEVERAL DEGREES OF FREEDOM 

The extension of matrix mechanics to conw'rvativo systems having 
/ degrees of frettdom is i*asily imtierstood, for the underlying physical 
i(i(!aH ar<‘ nearly identical with tlu>He outlined for the case of one degree. 
Dirac' and Horn, Heiw'iilMTg, and Jordan,® indejxmdently, discovered 
the appropriate g<meralimtion. A coonlinate is expressed in classical 
mechanics by an/.fciid Fourier series, having a typical term 

?*ii if exp -f . . - A:/w/)t}. 

Then* is an /-fold infinity «»f stieh terms. On the other han<i, the emission 
frecpieneies of a sysf(>m with / degrees depr-nd on the values of 2/ quanti- 
ties, namely, t he «iimntum munlsTs of the initial state and those of the 
final state, and therefore may be written 

s(wi, . . . . . . nil). 

Insteufi of the /-fold Fourier s<'rie8, in matrix theory wo consider an 
iUtgregate of terms, 

f/ffnii ■ < ■ n/i m,, , . . m^} i*xp 2)ris(ni, . . . n/j mi, . . , m/)t, 

which form altogether a matrix of 2/ dimensions. All the laws of Sec. 4 
hold without change if we n‘|>lace the multiplication rule by tho following 
rule involving /-fold summations; 

(o6)(rj|, ■ ■ ■ H/: m,, ■ ■ ■ mf)^* 

^iiiiiu • • ■ ti/iki, • ■ • k/)h{ki, • • • k/‘,mi, • • • m/). ( 69 ) 

The multiplicity of summations makes tho attainment of numerical 
results imire comphealed, hut general theorems are usually no mom 
complicated than ls»fon>. This is partly due to the fact that a 
’ ftroc. Ro|r, kae., 100, M'i f 1031). 

iim&h 
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dimensional matrix can be rewritten as a two-dimensional one. Pc 
example, the terms of a four-dimensional matrix are drawn up as followi 


a(ll; 

11) 

a(ll; 12) • • 

• a(ll; 21) 

a(ll; 22) 

a(12; 

11) 

a(12; 12) . . 

• a(12; 21) 

a(12; 22) 

a(21; 

11) 

a(21; 12) • ■ 

• a(21; 21) 

a(21 ; 22) 

a(22; 

11) 

a(22; 12) • • 

• a(22; 21) 

a(22; 22) 


We are dealing with an infinite checkerboard, each square being also a 
infinite checkerboard. If we have another such board, h, and apply tl 
multiplication rule of equation (14) we see that the single summatio 
involved takes in all the terms of the /-fold summation of equation (59 
The Hamilton equations are identical in form with the classic; 
ones, and the commutation rules are as folllows: 

prps - pspr 0, ( 6 ( 

qrQs - qsQr = 0, (61 

prqs — Psqr = 0, r not equal to s, (6' 

Mr - qrPr = (6c 

The reader is strongly advised to write out a few terms of the produc' 
involved in these quantum conditions, to aid in understanding whj 
they imply. 

It is worth noting that the equations of motion and the commutatic 
relations do not suflS.ce to prove the Bohr frequency condition whc 
the system is degenerate. As Born, Heisenberg, and Jordan have provec 
the law of energy conservation dH/dt = 0 can still be obtained fro] 
these equations, but this does not show that H is a diagonal matr 
because the system may be degenerate. For example, if we are dealir 
with a system of two degrees of freedom it may occur that 

H(3, 10; 3, 10) = /r(3, 12; 3, 12), say. Then K3, 10; 3, 12) = 0, 
and there may be a term H(3, 10; 3, 12), for which the exponential tin 
factor reduces to a constant. The time derivative of this term is zer< 
as it should be, but it does not lie on the principal diagonal of the matri: 
This prevents us from proving the frequency condition as we did fc 
systems having one degree of freedom. For this reason, we take as oi 
fundamental equations the quantum conditions (equations (60) to (63) 
and the relation 

H = E = diagonal matrix. 

This assures the validity of the frequency condition in all cases. 

12. THE MATRIX ANALOGUE OF THE HAMILTON- JACOBI EQUATIO; 

Our matrix calculation of the energy and the coordinates of th 
harmonic oscillator was made as simple as possible, but it will couvinc 
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the reader that the study of more complex systems would be very difficult, 
if attacked by direct methods. In general, we are confronted with an 
infinite number of algebraic equations having an infinite number of 
unknowns. It is very important therefore, to introduce methods for 
simplifying matrix problems by transformation of coordinates. This 
term must be carefully explained, for the matrices q and p are not really 
variables, but simply aggregates of algebraic quantities. A transforma- 
tion is simply a set of matrix equations expressing the q’s and/>’s in terms 
of an equal number of new coordinates and momenta Qi . . . Pf. 

For the present we restrict our study to problems of one degree of 
freedom. We saw in Cihap. IV how the action function 8 serves to define 
a canonical transformation to new variables P, Q, such that the energy 
is a function only of the P’s, which are constant, while the Q’s are angle 
variables. Wo now introduce a matrix transformation which enjoys 
analogous properties, namely, 

P = SpS-\ Q = SqS-\ (64) 

where S is any matrix whatever. This transformation has the property 
that 

f(PQ) = SKpq)S-^ (65) 

where /(PQ) is obtained from f{pq) by replacing p and q with P and Q 
without altering the form of the function,. Thus, if 

then 


H{PQ) = 


pz 

2m' 


To prove equation (65) wo simply note that if it is true for two 
functions / and g it is true iox f g and fg. Thus, 

KPQ)g(,PQ) “ Sf(pq)S-^-Sg(J,q)S-^ = SKpq)g(pq)S'^, 
since S~iS in the middle is equal to 1. The relation is true for p and 
g, by hypothesis and so it holds for any function. In particular, it shows 
that 



by virtue of equation (38). Any transformation in which equation (38) 
holds true for both the old and the new variables is called a “canonical 
transformation.” Similarly, in the case of problems of several degrees 
of freedom, a transformation is said to be canonical if both the old and the 
new variables obey the commutation rules of equations (60) to (63). 
Jordan' has proved that the most general canonical transformation can 
be expressed in the form 

Pk = SPkS'^ ,Qk = Sq^Sr^. 


' Z. Phygik, 87, 383 (1926). 
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We use equation (64) to solve mechanical problems by a perturbation 
method. Suppose we have an “unperturbed” problem for which the 
energy function is Ho(poqo), a diagonal matrix, and that we have found 
the elements of the matrices po and go which satisfy equation (38). 
Let the energy function for the perturbed problem be 

H(J>oqo) = Ho(poqo) + qo) + '\^H2{po, qo) + • • • , (67) 

where H{poqo) is not a diagonal matrix. We seek for a transformation 
P = SpoS-^, q = SqoS~^ (68) 

such that the new Hamilton function H(pq) will be a diagonal matrix E, 
It will be understood that although H(pq) is the same function of py q 
that H{poqo) is of poy qo, the values of the elements of py q are different 
from those in poy qoy and so H(pq) can be diagonal although H{poqo) is not. 
Our problem is to find S. We begin by assuming that 
S = 1 + XSi + X^S2 + • • • , 



E = Eo “h 'kEi + \^E2 

(69) 

where all the £^s 

are diagonal. Multiplying the equation 


by S, we have 

SH{po, qo)S-^ = E 


SH(Po, qo) = ES, 

(70) 


or, 

(2 ”1- XSj H“ • • • H” XjETi + . . . ) = {Eq \Ex + * • • ) 

(1 + \Si +■•••)• 

Multiplying out, and equating the coefficients of the various powers of 
X on both sides, we have 

Ho = Eo (71) 

SiHo - HoSi + Hi ^ El, (72) 

S 2 H 0 -H 0 S 2 + HoSi^ - SiHoSi + SiHi - HiSi + H 2 ^ Ez, (73) 
and, in general, 

SrHo — HoSr + Fr(Ho • • • Hr, So, • • • Sr-l) = (74) 

The equations for several degrees of freedom are similar, except that 
multiple summations replace the simple summations implied in the 
relations given. 

13. PERTURBATION THEORY FOR A NON -DEGENERATE SYSTEM^ 

Ho of equation (71) is a known diagonal matrix. Nominally, it is a 
function of the old coordinates, while we should like to express the final 
solution of our problem in terms of the new ones. Actually, however, 
its elements depend only on pure numbers and on universal constants, 
and Ho is not changed by a transformation. Thus, the elements of 
Eo are not only equal to those of Hoy but are identical with them. We now 

1 We discuss non-degenerate and degenerate systems separately because certain 
equations are altered when several energy levels coincide. 
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proceed to equation (72). Although Ei is unknown, we have made the 
hypothesis that it is diagonal, and so the left member of equation (72) 
is also diagonal. This means that the diagonal elements of the left 
member are equal to the quantities ii'i(nn), whatever they may be, 
while the non-diagonal elements vanish. To find the first-order per- 
turbation terms in the energy we simply write down the equations, 

2Si(,nk)Ho(kn) — IiHa(nk)Si(kn) -|- Hi{nn) = Ei{nn). (75) 

Ho(nk) is zero except when k = n, since Ho is diagonal, and the only 
terms which survive in the summations are 

Si(nn) H o(nn) — Ho{nn)S\{nn), 
which cancel, leaving us with the relation, 

Hi{nn) = Ei{nn). (76) 

The matrix Hi is known from the statement of the problem, and so we 
have complete knowledge of the elements of Ei. The first-order per- 
turbations of the energy are the diagonal elements of \Hi. This is 
strikingly similar to the classical theorem that the first-order perturbation 
is equal to the average value of the perturbing potential taken over the 
undisturbed orbit (Chap. VI, Sec. 10). 

We now obtain Si, in order to use it in equation (73) for determining 
£ 2 . To do this, we write down the general element of equation (72): 
l^Si(nk)Ho(kin) — 'ZHo{nk)Si(km) -j- Hi{nni) = Ei(nm). (77) 

Because Ho is diagonal, all terms in the summations vanish except those 
containing Si(nm). Thus, we have one linear equation, to determine 
each element of Si. Now our previous treatment of the diagonal terms 
of equation (72) shows that the equation containing an element Si(nn) 
fails to determine it, so we may take the elements Si(nn) equal to zero. 
When n is not m, equation (77) reduces to 

Si(nm)lHo(mm) — Ho(nn)] -f Hi{nm) = 0, 

whence, 

S,(rm) (78) 

The inethod of deriving higher approximations is similar. We write 
the diagonal terms of equation (74), namely, 

2Sr{nk)Ho(lm) - moink)8r(kn) + Fr{n?i) - Er(nn), 
and note that the two summations vanish for the same reasons as in the 
analogous case above; and so 

Fr(nn) = Efinn). (79) 

But the matrix Fr is completely known, from the calculations by which 
preceding approximations were obtained, and so Er is known, since it is 
assumed to be diagonal. This result may be expressed in the form 

Fr^Er, (80) 
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where Fr is formed from Fr by setting all its non-diagonal elements 
equal to zero. Fr is called the time mean of Ft for it is analogous to 
the constant term of a Fourier series, which is the time mean of the 
series. The equation for Srinm) is obtained in the same manner as that 
for Si{nm), and leads to the result 

Fr(7l7yi){X 5nm) 


Srinm) = 


hvQ ^ nm ) 


(81) 


where 8nm is one if n = m and zero if n is not m. 

Now we are able to find p and q by using the values of S and S~'^ 
in equation (68). We easily find that 


= i -XSi + XW- S 2 ) . . . , /(82) 

and so, writing ^ as a series in ascending powers of X, we get 

q = qo + \qi + * • • = (1 + \Si 4 - • • • )qo 

[1 - XSi + X2(S/ ^ s^) + . . . I 

Then qx^ qz^ etc., are equal to the coefficients of X, X^, etc. on the right. 
We get 

qi = Siqo — qoSi, 

q 2 = Sxqo - qoSz + qo^i^ - SiqoSi. (83) 

The formulas for and for any function of and q, are similar, by virtue 
of equation (68), 


14. SUMMARY OF PERTURBATION FORMULAS 
It will be useful to assemble the explicit formulas for the first- and 


second-order perturbation terms in q^ and p. By equation (76), 
By equation (78), 


Si{nm) = 

By equation (83), 

qi{nm) = 


El = Hi, Eiinn) = Hi{nn), 
Hi(j im){\ — ^nrn) 


hvo(nm) 

' H i{nk)q!i{km) s^'qo(nk)Hi(km) 


(84) 

(85) 

( 86 ) 

('o(nA) hvo{km) ’ 

The prime indicates the omission of the term k = nin the first summa- 
tion, and A: = m in the second, arising from the fact that Siinn) = 0. 
By equation (80), 




hvQ { nk ) 
^'Hi(nk)po(km) 


2" hvoikmy ’ 
_ '^'pQ(nk)Hi(km) 


E2 = HoSi^ - SiHoSi + SiHi - HiSi + H 2 , 

Eiinn) = S j£fo(nn)/Si(nA:)>8i(A:n) - Si(nk)Eo{kk)Si(kn) 

" + St(nk)Hiikn) - Hi{nk)Si(kn) [ + Hiinn) 
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The first, second, and fourth terms eanccd, and, thc'rc'fore, 
Etinn) 


hp\\{nk) 


( 88 ) 


liy equation (81), reductions practically identical with those used 
in fiiuling 


St(nm) 


/h{nm) _j_ //i(»A-)/i'i(A:m) _ //i(«.w)iSi(rm) 


(89) 


fiv„(nm} * huninm)hvnikTn) /;eii(Mm) 

By metluxls whi<*h will !><• understood after nniding the n('xt section, 
J. L. Duni arn foumJ that 


.S’a (nn) 2 ^ (*^‘0 

Them* <*(iuationH fjermit the? evaluation of from (88), and forinidas 
for p 2 t obtained on replacing qo by po, etc. 


18. A CONDITION WHICH S MUST FULFILL; SS* - 1 

W'e wiw in Bee. 2 that it is iniiwrtant for all the matrices of atomic 
phy.sicH to Ik* Hermitian, a condition which corresponds to the classical 
requi'-oment that any physical quantity must b(' real. Therefore, wo 
must ask whether the transformation of ooordinates determined by 
e(iuation (68) is sucii that the new coordinates will enjoy this property. 
VVe have the following theorem: 

// a Ihrmitian tmtrix x is nubjected to the tmmjortnation 

X - SxS (91) 

then in order that X ehall almt be HrrmUian, S must obey the reUdion 

SS* ~ i, (92) 

where S is called the transposed matrix of S aiul is tho matrix obtained 
by inti'rchanging the H)ws ami columns of S, so that 

Binm) •> E(mn). 


ProoL In proving tliis thcorcin, wn iiood the fact that if X - yx, then 3E " 2p, 
which may he shown m followei 

Hnm) «* f(mii) «■ Xu(tnk)x(kn) “ ^i(nk)y(km) — kylnm). (93) 

Now, since x is siipiKmed Herniitian, 

X Jt*; 

tiint is, if tmiiHiKmitifin is followed hy change of sign of » wherever it occurs, the matrix 
is rcHtoreii to itx original form. Hiinilnriy, if X is Hermitian, wo mu«t have X “• X*. 
iiy trnnsjKisitkKi of ciiuntiim flU) with dut» resiM^ct to ecpmtion (93), wo see that 

X - § -‘xS, 

and taking the complex conjugate of this we have 

X* m » S-’*xS\ 
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(S ^ means the transposed of not the reciprocal of §.) If this is to be identical 
with X, as we wish it to be, so that X will be Hermitian, we must have 

= SxS-^, 

by equation (91). This will be the case if 

S* = S-^y 

as the reader will verify ; but SS~^ = i, and so we must have 

ss* = i, 

which agrees with equation (92). 


As to our perturbation problem of Sec. 13, the proof that equation 
(92) is satisfied when S = I + XSj is given by Born.^ It shows that we 
must make Si{nn) equal to zero in order to fulfill this condition. 

16. ANHARMONIC OSCILLATOR 

The oscillator furnishes an excellent illustration of matrix perturbation 
methods. The theory of the oscillator with a small term added to its 
energy function was considered in detail in Heisenberg^ s original paper on 
the new mechanics, and also by Born and Jordan. We write in equation 
(67) 

HiPoqo) = Hoipoqo) + Xqo^, (67a) 

and recollect from equation (56) that 

. \q{n, n - 1)|2 = Cn ( 94 ) 

where 

C = ^ 

SttV^^O 

Then, dropping the subscript zeroes, 

= q^{nm) = ^'Bq(nj)q(jk)q(km). ( 95 ) 

Following Birtwistle/ we use the diagram below to show the only com- 
binations of values of j, k, m which contribute finite terms to equation 
( 95 ): 


n: n 

J- n — 1 n 1 

, ^ ^ \ 

n — 2 n n 2 

^ \ y \ / \ 

m: n — 3 n — 1 n -\- 1 n-\-Z 

Since the diagonal terms oi Hi vanish, Ej — 0, and we proceed to compute 
the second-order perturbation of E from equation (88). By way of 
illustration, the only non-zero term in Hi(n, n + Z) is the one for which 
j = n + 1, k = n + 2, namely, 

q(n, n + 1) q(n + l,n + 2)q{n + 2, n +. 3). 

1 “Problems of Atomic Dynamics,’' p. 87. 

2 “The New Quantum Mechanics,” p. 97. 
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The term, Hi{n, n + B)Hi(n + 3, n) in equation (88) is equal to 

\qin, n + 1)|2|5(?^ + 1, n + 2)\^\q{n + 2, n + 3)12, 
or 

C\n + l)(?i + 2){n + 3). 

Similarly, we obtain Hi{n, n + 1), comprising the terms of equation 
(95) in which 

3 = n — 1, h = n, 
or 

3 = n + I, h = n, 
or 

3 = n+l, h — n + 2. 

Continuing in this way and substituting in equation (88), we get 

E.(„„) . 30. + 11) 

nVQ 

and the energy perturbation is 

^ X2/i2(30n2 + 30n + 11) 

\^E2{nn) = ~7 o r • (96) 

bAvoi2Tr^mvo)^ ^ ^ 

The result obtained by Bohr^s theory does not contain the terms 30n + 

11. The divergence between equation (96) and results of Chap. XIX, 

Sec. 4, is due to the use of different potential energy functions in these 

two cases. Experiment agrees with a formula in which the additional 

energy is proportional to (n + 


17. CONSERVATION OF ANGULAR MOMENTUM 

Consider a single electron with coordinates and momenta jc, y\ z, 
px} py, pz- The matrices representing its components of angular momen- 
tum are 

Mx *= (lypz PyQzf etc. (97) 

while the total angular momentum ilf is a matrix such that 

= Mx^ + My^ + MzK (98) 

Under what conditions will Mx say, obey the condition Mx = 0, 
so we can state that the a:-component of angular momentum is conserved? 
Suppose H is of the form, 

H - T{p) + Viq). (99) 

Then by the Hamilton equations dqkidt is a function of the f s alone, 
and dpk/dt is a function of the g's alone. But 

~ ^yPz “h ^yPz Pi/9z “ Pvkz (100) 

and each term in this reduces to a function of the ^^s alone, or of the 
^'s alone. By equations (60) to (63), all />'s commute among themselves 
and all q^s commute among themselves. Now, whenever the torque 
around the a:-axis is such a function of the q^s, and ^^s that the right side 
1 Mulliken, Phys, Rev,, 26, 259 (1926). 
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of equation (100) vanishes when considered as a classical equation, it 
will also vanish, considered as a matrix quantity, for its algebraic behavior 
is the same as in our ordinary calculations. What we have proved is 
this: If H is of the form (99), the conservation of angular momentum holds 
true under exactly the same conditions as in ordinary mechanics. The 
extension of this theorem to a system containing several particles is 
immediate if we simply write 

Mx = ^^(MkyPkz '~'Pky Qkz)f ( 101 ) 

k 

where the summation runs over all the electrons. 

18. SELECTION PRINCIPLE FOR THE AXIAL QUANTUM NUMBER 
Consider a non-degenerate system for which one of the components 
of angular momentum is constant, say dMz/dt = 0. Then Mz is diago- 
nal, and we can prove that for each electron, say the Ath, the following 
relations hold true: 

QkxMz I^zQkx = 

h 

Qkyi^z d^zQky ~ 

Qkzi^z I^z^lkz ~ 0 . ( 102 ) 

Example. — To prove the first of these equations write out the left side in full: 

^kx^lxPly + ^kx^2x^2y * * * “ ^kx^lx^ly ^kx^Zx^Zy ~ ’ 

'-^IxPly^kx - ^ZxPzy^kx + * ’ * Plx^ly^kx + P2x^2y^kx + * * • 

Any py commutes with any q^, and the g^^'s commute among themselves. Thus, the 

first term in the second line can just as well be written '-^kx^ixPiyf which cancels the 

first term in the first line, and so on, until we reach the pair of terms, 

^kxPhx^ky Pkx^kx^ky* 

which reduces to 

^kx^kx “■ ^kxPkx^^kyy 

or, by equation (63), 

A. 

^ky2'jri 

The proof of the other equations is similar. 

Let US examine the meaning of typical elements of the relations of 
equations (102). We may single out for attention the particle for which 
= 1, and shall denote its coordinates by Xi, yi, and Zi, Then, since 
Mz is diagonal we have, 

TL 

xi{nm)[Mz{mm) — Mz{nn)] — yi{nm) • 

27^^ 

T 

yi{nm)[Mzi'inm) — Mz{nn)\ = 

2t^ 

Zi{nm)\Mi{rnm) — Mf{nn)\ = 0 , 


(103) 
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It will be understood that Mz(mm) is an abbreviation, for the matrix 
Mz has 6/ indices, ni, . . . n^/; mi, , . . ms/, if the system has / 
particles. The general element is 

Mz{nij ^2, ‘ ; mi, m2, . . . ), 

and by Mzijnm) we mean Mz(mi, m 2 , . . - ; mi, m 2 , . . . ). Just as 
we assume that the elements of the diagonal energy matrix represent the 
possible energy values of the system, so we assume that Mz(mij m 2 , 

. . . ;mi, m 2 , . . . ) is equal to the ^-component of angular momentum 

of the atom when the quantum numbers take the values mi, m 2 , ... 

The third equation tells us that in any quantum jump in which the 
angular momentum component Mz changes, Zi{nm) = 0. This means 
that the 2 J-component of electric force in the emitted radiation is zero. 
Further, multiplying the first two equations, we obtain 

[Mz(mm) — Me(nn)Y = -^^ 2 ’ 

so that in every allowed quantum jump of the kind under consideration 
Mz changes by h/2T, Interchanging the members of the second equation 
and multiplying it by the first, we find that xi ^ ±f2/i* This means that 
the radiation is circularly polarized in transitions in which Mz changes 
its value. Now consider transitions in which Mz is unaltered. The first 
and second equations show immediately that a;i(nm) = yi{nm) = 0 in 
these transitions. However, Ziinm) may be finite, and if so, the radiation 
is linearly polarized with electric vector parallel to the Zi axis. The 
conclusion is that the possible values of the ; 2 -component of angular 
momentum are of the form 

Mz(nn) = {N + ( 104 ) 

where C is a constant and N is an integer. 

It can be shown that 

'^M,{nn) = + 0=0 ( 105 ) 

and that the number of values of N is finite when the values of all 
quantum numbers (except the axial quantum number) are specified. 
Now equation ( 105 ) means that the possible values of fV" + C form a 
series symmetrical with respect to zero. This can be the case only if 

AT + C takes the values 

... - 2 , - 1 , 0 , 1 , 2 , • • ■ 

or 

• • • — Hi • 

so that N + C XB identical with the axial quantum number. The proof 
is complicated and we shall omit it. This investigation is due to Heisen- 
berg, Born, and Jordan^ who also derived the selection principle for the 

1 hoc. dU 
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inner quantum number and showed that it is either an integer or a half- 
integer. 

Heisenberg and Jordan^ investigated the anomalous Zeeman effect 
by matrix methods, with the result that the Land6 g formula and the 
usual sum rules are obtained. 


19. THE HYDROGEN ATOM IN MATRIX MECHANICS 


The theory of the hydrogen atom was worked out independently by 
Pauli^ and by Dirac.® In both ‘investigations the energy levels were 
found to follow the Balmer formula, furnishing strong support to the 
underlying theory. The computation of Dirac was based on an extension 
of matrix mechanics known as the ^Hheory of q numbers.'^ (Secs. 26 
and 26.) The treatment by Pauli, even when simplified by restricting 
the problem to two dimensions, is too lengthy for inclusion here, but we 
shall give an outline of his reasoning, which illustrates an important 
general method of attack on matrix problems. 

First, it is assumed that in Cartesian coordinates the energy function 
is 

The equations of motion are 



Ze^x ■ _ px . 


(107) 


and the variables x, y, px^ and py must satisfy the quantum conditions. 
It is convenient to introduce the matrix r defined by 

+ y^, (108) 

and to prove that r and mor satisfy the relation 

Prr-rPr = lA, (109) 

Further, we define the angular momentum by the equation 

M = xpy - p^y. (ilO) 

It is apparent that matrix computations will be relatively simple 
as long as the matrices are diagonal, but when this is not the case, we 
become involved in a maze of infinite sums. We seek, therefore, to find 
as many diagonal matrices as possible. In this search we are guided 
by the fact that such matrices are analogous to constants in ordinary 
algebra. Therefore, we may expect that any dynamical quantity 

which is conserved, such as momentiun or energy, will be represented 

1 Z. Physih, 37, 263 (1926). 

» Z. PAj/sii!, 36 , 336 (1926). 

• Proc. Roy. Soc., 110 , 561 (1926). 
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by a diagonal matrix. Now in the case of the hydrogen atom as treated 
by ordinary mechanics we know that the angular momentum is constant, 
and that its components parallel to the three axes are constant, so that 
we expect the matrix of equation (110) to be diagonal. Further, Leniz^ 
discovered a second vector which is constant in magnitude and direction 
in this problem. This is called the axial vector, 

A - (J,,)(Mvl + J. 


That is, the components of A are 

A. = - M.y) + ^ etc. (Ill) 

By direct computation we can verify the fact that the major axis, a, 
of the Keplerian orbit and the energy can be expressed in the form 


a = 


1 

ZeV I- 


TP — — A 2) 


( 112 ) 


and A^ denote the squares of the magnitudes of the vectors M and A. 
Now, we attempt to carry over this computation into matrix mechanics, 
remembering that z = Oj pz = 0, and that Mz = Af, since the motioh is 
restricted to the xy plane. By straightforward processes of non- 
commutative algebra, we obtain the following relations; 


A.M - MA. - (A)a.. 

AyM -MAy = -(2^)^:^' 

■ Axim, n; m ± I, n) ± i Ay{m, w; m ± 1, n) = 0, 

zlv 

and 

In these relations, the elements of M are known from the conclusions 
of Sec. 18 ; the elements of i* and Ay can've eliminated, and thus we 
determine the elements of the energy matrix. There is little point in 
going through the calculations, for the elements of any matrix can be 
computed by integration when the corresponding problem in wave 
mechanics has been solved, as explained in Secs. 20 to 24. 

In his paper on the H atom, Pauli also determined the effect of 
magnetic and electric fields, applied both singly and in combination. It 
is noteworthy that the selection principles are furnished automatically 

1 Phyftik^ 24 , 197 ( 1924 ). 
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by the theory through the vanishing of all components of the q matrix 
except those corresponding to transitions allowed by the classical selection 
rules. 

Wentzeb has used an alternative method to obtain the energy levels of hydrogenic 
atoms. It consists in searching for matrix variables which are analogous to the 
angle variables of classical theory. The angle variables and their conjugate 
momenta must obey the commutation relations and in addition they must be such 
that the equations of motion take the form 

= 0>^ (114) 

Further, the matrices x, y, z corresponding to Cartesian coordinates must be repre- 
sentable as multiple Fourier series in the with all the periods equal to unity, just 
as in equation (63) of Chap. IV. A typical term, exp in such a matrix 

series is defined by using the series expansion of the exponential function. The 
method outlined for finding the angle variables is analogous to the solution of the 
Hamilton-Jacobi equation (Chap. IV). If the matrix action function is S, it can 
be shown that when passes around a cycle, the other coordinates being unaltered, 
the change in S is Now the change in S can also be expressed in terms of the 

energy and other constants of integration, just as in ordinary mechanics. Following 
this plan, Wentzel obtains equations connecting these dynamical quantities with the 
matrices Thus, when the J^s are determined by straightforward methods the 
values of the energy, angular momentum, etc. can be determined at once. 

20. THE CONNECTION BETWEEN WAVE AND MATRIX MECHANICS 

The discovery that wave mechanics is mathematically equivalent 
to the dynamics of Heisenberg, Born, and Jordan must be considered 
a great advance in the development of quantum dynamics. We owe 
this advance to Schrodinger^ and to Eckart,^ working independently. 
It clarified the situation by showing that the two rival theories were 
only different mathematical formulations of the same physical facts; 
but still more important, it furnished a method of calculating the elements 
of matrices by simple integration. The complete statement of the 
connection between the two theories will be much more intelligible if we 
approach the matter by studying a few simple illustrations. We shall 
suppose that a system of one degree of freedom — its constitution does 
not matter — has been quahtized by the aid of wave mechanics, and that 
we know the eigenfunctions of the problem, which are properly normalized 
in accordance with equation (68) of Chap. XV. 

Suppose we wish to construct the elements of the matrix corresponding 
to any classical function u, which depends only on the coordinate q. 
We shall find that the elements of the mth column in the matrix correspondiiig 
to u are the coefficients u{nm) which appear in the expansion of w^n: 

^ Z, Physik, 37, 80 (1926). 

2 Am. PAysiA;, 79, 734 (1926). 

^Phys. Rev.,2B,7n iim). 
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in terms of the normal orthogonal functions In Chap. XV, Sec. 21 
we gave a method for expanding any function in a series of this kind. 
Briefly, the result was that if we write 

u^n = '^u{kn)^kj (115) 

k 

the coefficients ii{kn) can be found by a process like that used to evaluate 
the coefficients of a Fourier series; that is, for any values of n and m 
we have^ 

u(nm) = (116) 

If a; is a Cartesian coordinate, then for the case of a particle of mass 
mo, q = in agreement with the convention of Chap. XV, Sec. 2. 

In this integration, and in all others in this chapter for which limits 
are not given, the summation extends over all physically possible values 
of q. We see that u(mn) = u'^{nm) provided u is real, so that the array 
of these elements is Hermitian. 

To show that the quantities u(nm) are the elements of the Heisenberg 
matrix belonging to the function u, we proceed in the following way: 
For any other function v, we have 

v^n = 2v{kn)^k; n = 1, 2, • • • , (117) 

which implies that 

v(nm) = (118) 

If it is true that u{nm) and v(nm) are matrix elements, then the laws^ 
of matrix addition and multiplication must be verified. That is, the 
nmth element of the matrix u + v must be u(nm) + v{nm), and also 

uvinm) must be equal to '^u{nk)v{km). It is obvious that the first 

h 

condition is satisfied. As to the second, we may obtain uvinm) from 
the equation which defines it, namely, 

iiv{nm) = fuv'^n^'^mdq. (119) 

In order to evaluate this integral we use the value of obtained from 
equation (117). As to we see from equation (115) that 

Substituting in equation (119), we get 

22“ {nk)v{jm)^'^k*'^jdq. (119a) 

k i 

But the last integral is equal to one when k = j, and is zero otherwise; 
therefore, the double summation reduces to a summation over a single 

‘ This definition of u{nm) agrees with that used by Dirac and is dictated by our 
convention that St. = exp (-2riEnt/h). If we had adopted the positive sign for 
the exponent in the time factor, equation ( 116 ) would have taken the form u(nm) =■ 
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running index, let us say fc, and we have uv{nm) = ^u{nk)v{hm) , which 

k 

shows that the elements under consideration obey the law of matrix 
multiplication. 

If we can discover a similar method of constructing the matrix corre- 
sponding to the classical function p, we shall then be able to find the 
matrix for any function of q and p, by straightforward addition and 
multiplication. To do this, we specify that the characteristic functions 
used will be those obtained by solving Schrodinger^ s equation for the dynamical 
system under consideration. This restriction is essential to our purpose. 
For simplicity, we limit the discussion to the problem of a single electron 
in Cartesian coordinates. It will be proved that the matrix 

Px(nm) = ej dq (120) 

satisfies all the conditions of the problem. 

Proof. — It is known that 

because this integral is the difference of the values of at the upper and lower 

limits of integration. Each of these is zero by hypothesis, for no part of the system is 
located at infinity. Therefore, we may write equation (120) in the form 

K««) - <“> 

This may be simplified by using the wave equations 

- mn* = 0; 

A'I'to -\r G(Em — = 0. 

Multiply the first by and the second by subtract, and integrate, obtaining 

- x'^n*A^m)dq = -G(En - Em) mdq. (123) 

By partial integration it is found that the difference between the integrands in equa- 
tions (122) and (123) consists of terms which yield a vanishing contribution on 
integration. Therefore, 

p{nm) = mQ€~^{En — Em)fx'irn*'^mdq — 27rtV(nm)moaj(nm), (124) 

in complete agreement with Heisenberg’s theory. 

The usefulness of Schrbdinger^s matrices q and p depends on the 
fact that they obey Heisenberg's quantum condition and satisfy the 
matrix law of motion (Sec. 23), so that they are actually identical with 
the Heisenberg matrices. 

21. CALCULATION OF THE MATRICES p AND q FOR THE OSCILLATOR 

To obtain the components of the matrix x for the oscillator, we apply 
equation (116) in the form 

x{nm) = Ix^n^^mdq. 


( 126 ) 
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T^he characteristic functions of the oscillator are derived in Chap. XV, 
Sec. 9, and when normalized may be written^ 


= 


/ 4t^vo' 




e-f^n(v) 






The calculation of equation (125) can be attacked directly with the aid 
of the expressions for the Hermitian polynomials given in Appendix 
IV, but it is much easier to use a short cut due to Eckart. As we have 
seen, aside from the exponential time factor, x{mn) is the coefficient of 
in the expansion of x\pn- Fortunately, the recursion formula for the 
functions \l/ is 


X’h = 


^ h 
. SttVoVo J 




[n^^\pn-l + (^ + 1 )^^ ^n+l], 




(126) 


which gives us the expansion we desire. Only the coefficients \x(nj n — 1)1 
and \x(nj n + 1)| are different from zero, and neglecting the time factor 
they take the forms 

ix(„, , - 1)1 _ lx(». n + 1) - (127) 

in precise agreement with the results obtained by the calculus of matrices. 
Since the energy levels of the oscillator are also given by the wave theory, 
we have all the material needed for computing p{nm) from equation 
(124). The result agrees with equation (57). 


22. SCHRODINGER’S METHOD FOR CONSTRUCTING MATRICES 


We must now formulate rules for obtaining the matrix of any function 
q)^ First, we rearrange the function, replacing it by what Schro- 
dinger aptly calls a well-ordered function. ” Usually, the rearrangement 
merely consists in making the function symmetric, just as in our treat- 
ment of the proper form for the energy in matrix mechanics.^ For 
example, the product is rewritten in the form 


From now on, we assume that the function has been so ordered. We 
expand the well-ordered function F as a series, according to powers 
of the p^s. We need consider only a single term of such a series, for 
example 

F = fVrVsgVthy (128) 


^This differs from the normalized function given in Coueant-Hilbbet, ‘-Me- 
thoden der mathematischen Physik,^’ p. 77,- and in Chap. XV, Secs. 9 and 13, because 

our variable of integration is instead of v. 

2 More general rules for syrnmetrization have been given by HsiSEiqBBRG, Born and 
Jordan, Z, Physik, 36, 557 (1926); and by Humbert, von Neumann, and Nordhbim, 
Mtxth AnnahUj 98, 1 (1927). 
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where /, g and h are functions only of the q’s. It will be remembered 
(Sec. 20) that in forming the matrix component y>a;(nm) we take the 

integral of 'k 7 t*t This form for the integrand of equation 

d 

(124) was . suggested by the fact that we replace px by e -- in the energy 

function in order to obtain the wave equation. Similarly, in securing 
the matrix F, it is natural to construct the well-ordered operator 



(129) 

Just as in equation (120), we form the integral 


F{nm) = 

(130) 


where means the result of applying the operator F to The 

Heisenberg matrix corresponding to the function F has the typical element 
F{nm)j given by equation (130). The proof is given in the following 
section. 


La practice, little difficulty arises from using the symbol F to indicate both the 
function F and the operator formed from it; but the reader is advised to be on his 
guard. In forming the function each differentiation is applied to all berms lying 

. \ ^ 1 A-. ^ 

to its right, so that we first take ' 


dqt 


0 

' then ( g — — )» 
dq, \ dqt J 


and so on. 


It must be understood that in any problem of several degrees of freedom, the 
integral in equation (130) is multiple and that the real meaning of the equation is 


F(ni • • • mi • • • nir) = / * * • . . . nrF'^mi . . . mrdv. (130a) 

The differential dv is the element of volume in the q space used by Schrddinger and 
may be written in the form 

dv — pdqidq^ • • • . 


Thus, in Cartesian coordinates, for the 1-electron problem, 

dv = m dxdydZ, 

so that p = 

As an illustration of equation (130), we may calculate the elements of the energy 
matrix for a problem of one degree of freedom. In such a problem, the energy func- 
tion can always be brought to the form 

+ Viq) = iJ, (131) 


by suitable choice of coordinates. This function is already well ordered and the 
corresponding operator H formed according to equation (129) is 


so that 


8x2 


+ T, 


Sjt- Cg} 


+ T'I'w. 


= 
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Then by equation (130), the elements of the energy matrix are 

H{nm) + V^„yq. (132) 

Now is a function of Bm, and while is a function of Bn and q. Substituting 
their values from the wave equation, and integrating, we obtain H{nm) expressed as 
a function of Bn and Bm^ Fortunately, in this case we can avoid such labor, for by the 
•wave equation, the quantity in parentheses is simply Bm^m, and we have 

II(nm) = jBm^l'n.^'^mdq. (133) 

The are normal and orthogonal, so on the right side we have Bn if n = m, and 
zero, if n is not equal to m. That is, H{nm) is a diagonal matrix with the energy values 
for its non-vanishing elements. A similar proof can be carried out for any conserva- 
tive system. 

23. THE IDENTITY OF SCHRODINGER AND HEISENBERG MATRICES 

We wish to show that the expressions defined by equation (130) 
obey the matrix multiplication law. That is, if the matrices of F and G 
are constructed with the aid of equation (130) and if we also write out the 
matrix of FG by using equation (130), we wish to verify the equation 

FG(nm) = ^ink)Oikm). (134) 

k 

Written out in terms of integrals, this relation becomes 

(135) 

h 

where it is understood that in the first integral FG<^,„ is the function 
which results from applying the operator G to and then operating on 
the result with F. To prove equation (135) we write 

= '^G{km)-i% (136) 

k 

where O stands for the operator, not the function, on the left side. We 
now apply the operator F to both sides, obtaining 

= '^G(km)<i!k. 

k 

But since the operator F does not affect the constant quantities G{km) ^ 
this is the same as Yp{km)F'^k. Now we expand P-^k, arriving at 

FG-^m = '^G{km)^F{jk)%, 

k 3 

and finally, 

= '^Q{km)'^F{jk)S<irr,*<i!,d'o = 2^(?(il:m)f?’(n/c), 

k i * 

for all terms of the second sum on the right are zero, except the one for 
which j — n, because the 4"’s are orthogonal. This result is identical 
with equations (134) and (135). 
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It remains to be shown that Schrodinger’s matrices obey the matrix 
quantum conditions and the laws of motion (Secs. 6 and 7) before we can 
assert their identity with the Heisenberg ihatrices. Let us consider 
the quantum condition for a system with a single variable, pq — qp == €. 


The operator corresponding to pq — qp is 


But 


a . _ . d'^rr, T 

so equation (130) reduces to 


( pq— qp)(nm) = €f^n*^7ndv, 

which equals h/ 27 ri if n = m, and 0 if is not m. The proof of the 
quantum conditions for a system having several degrees of freedom is 
similar. 

As to the matrix equations of motion, they can be written in the 
form 

^q ^ Hq- qH, ep ^ Hp - pH. (137) 

It will suffice if we prove that Schrodinger^s matrices satisfy the first 
of these relations, for the proof of the second is similar. Remembering 
that 

eqinm) = {En — En^qinm)^ 

we see that a typical element of the first equation in equations (137) is 


{Er. - Em)q(nm) = (Hq ~ qH){nm), (138) 

From the standpoint of Heisenberg^s theory this is obvious, but we 
wish to prove the corresponding equation for Schrodinger’s matrices 
that is, 

{En — Em)q{nm) = qH)'^mdv. (139) 

We have, 

Hq'^rn = HXq{km)'^h = '^q{km)H^k^ (140) 

The operator JT may be placed after the quantities q{km) because they 
are constant and the operator does not affect them. Now the wave 
equation states that 

H^k == Ek'^k^ 


In other words, the expansion of the function H^k in terms of the wave 
functions reduces to a single term. Substituting this in equation (140), 
we have 


Similarly, 


Hq^m = Xq{km)Ek^kr 

qH^ m ~ qE rn “ E mj 


SO that the integral in equation (139) takes the form 
j'^n^'^q{km)Ek^kdv - Ernl^'^q^ndv. 



Sec. 24] 


THE WAVE MECHANICAL ANALOGUES 


613 


In the first integral, the only surviving term is that for which k — n. 
It yields a contributioh Enq{nm) to the result, and the second integral 
is Emq{nm)j so the result is (Bn ~ E„,)q(nm). 

24. THE WAVE MECHANICAL ANALOGUES OF CLASSICAL QUANTITIES 

In conclusion, we may note a few applications of equation (130). 
It furnishes the connecting link between the matrix and wave methods 
of calculating spectral intensities (Chap. XV, Sec. 17, and Sec. 10 of this 
chapter). We see now that in terms of Schrodinger^s charge-density 
interpretation, eq{nm) is the electric moment of a part of the charge- 
density which oscillates with frequency v(nm). Much of Chap. XX will 
deal with laws governing intensities, obtained with the aid of equation 
(130), Further, equation (130) enables us to set up expressions which 
take the place of quantities occurring in classical mechanics. For 
example, we may write down at once the components of the kinetic 
energy matrix T, Taking the case of a single particle in rectangular 
coordinates, the classical value of T is 

and the operator T is 
so that 


T{nm) = (140) 

8t‘W 

By the wave equation, M/n, may be replaced by — - 
whence 


T{nm) «= 
or 

T{nm) + y (nm) = Em ii n m, 

— 0 if n m. (141) 

This is the analogue of the law of conservation of energy. 

More generally, if ^ is of the form we define the kinetic 

energy in wave mechanics by the relation 

n =■ (142) 

and the potential energy by 

F, = (143) 

The subscript q serves to remind us that we are dealing with a quantity 
calculated by means of quantum dynamics. It is interesting to consider 
the value of T* + Fg. Using the wave equation (65) of Chap. XV, 
we find that 
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and substituting the values of the quantities under the integral, 

The only non-zero terms in this integral are those for which j = k, 
and so 


T, + V, = j 



T + V = 

k 

On the charge-density interpretation is a measure of the strength 
of excitation of in a single atom, and the right side would be the 
total energy associated with the system of waves. However, on the 
statistical interpretation, CkCk"^ is the fraction of the atoms which reside 
in the fcth quantum state, so that either side of equation (32) represents 
the average energy of an atom.^ 


26. DIRAC’S FORMULATION OF QUANTUM DYNAMICS 


Dirac^ has shown that the quantum mechanics of Heisenberg can 
be thrown into an especially convenient notation by using generalizations 
of certain quantities called Poisson brackets.^'® These brackets make 
their appearance when we consider a transformation from the variables 
g, p to the variables Q, P. To simplify the notation, let us consider a 
single particle with Cartesian coordinates x, y, z. These coordinates 
are taken as the Q’s. Then the Poisson bracket of x and y is defined as 


k^Z 

( Sx by 

bx by\ 

(144) 


\bg}f bfk 

dpk Sqk) 

k<=n 

Tl 

IbFr bF, _ 

bF, bF\ 

(145) 

k<=l 

\bqic b-pk 

dqk bpk) 


More generally. 


is the Poisson bracket of Fr, Fs and is written [FrFs]. This notation is 
incomplete, since it does not indicate the variables with respect to which 
Fr and Fa are differentiated, and so we shall speak of the Poisson bracket 
of Fr and Fs with respect to p and g, or with respect to other variables. 
Now the Poisson brackets of any set of p^s and g^s with respect to them- 
selves have the following simple properties; 


[prP.] = 0, [g,-!?,] = 0, (146) 

[ffrPs] = 1, when r = S-, but 0 when r 9 ^ s. (147) 

These relations are easily verified by the use of equation (145), using 
the variables p and g in the numerator. They are strikingly similar 


^ For other illustrations of the calculation of physical quantities as averages 
over the distribution, the reader should refer to Sommerfeld's “Erganzungsband'’ 
pages 283-299, 

2 Ptoc, Boy. Soc., 109, 643 (1925), 

3 See Whittakdr, Analytical Dynamw/' or Van Vleck, ‘‘Quantum Principles 
and Line Spectra/’ 
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to the matrix quantum conditions and lead to the suspicion that the 
quantum conditions must reduce to them in the region of large quantum 
numbers. Dirac showed that this is actually the case.^ We shall 
content ourselves with indicating the method. Consider the n, m element 
of the matrix qrpr — PrQr, namely, 

^[pr(nk)qr(Jcm) — qr{nk)pr(km)]. 
k 

q{km) is a measure of the amplitude of the radiation emitted in jumps 
from the fcth state to the mth state. By the correspondence principle 
it must reduce to the amplitude of the harmonic of order k — m in the 
classical Fourier series for g, when we pass to the region of high quantum 
numbers. Similarly, a classical equivalent for p{nk) may be found. 
The Fourier series referred to are taken in the form 

2)Cti , , . Tn exp 2x^ {tiWx + • • • )> 

where the ly’s are angle variables, and the C^s are functions of the con- 
jugate momenta Ji, . . . Jn- Finally, the sum of all the matrix elements 
is found to reduce to the form 


2Ti k dJk dWk/ 


Now it is a fact that a Poisson bracket taken with respect to any set of 
variables is equal to the Poisson bracket of the same quantities taken 
with respect to any other set of variables, so if we like we may write 
this bracket as 

& \d< 7 fc dp* dpk dqk/ 


and by equation (147), this is equal to h/2Tri, as we should expect from 
inspection of the matrix quantum conditions. Accordingly, Dirac 

writes - . 

pq - qp e[qp] 


(148) 


and assumes that in the quantum theory pq - qp must be calculated by 
using this equation. Further, it is assumed that for any two quantum 


magnitudes A and B, 

BA - AB = e[AB]. 


(149) 


The Poisson bracket is supposed to be a function of the quan^m p s 
and q’s which is formally identical with the corresponding Poisson 
bracket in the classical theory. Accordingly, in order to find the quan- 
tum analogue of any classical equation, we try to get it into a form which 
contains Poisson brackets, and then use equation (149). 

JHLs proof is reproduced in Birtwistle’s “New Quantum Mechanics,” p. 70. 
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For example^ if F is any function of the and 
i? V/ ' _L \ 

and by Hamilton’s equations, this is the same as 

p = ^ ^ ^I£\ = w■H^ 

^\^dqh dpk dpjc dgjfc ) 


(150) 


This is in a form such that it can be taken over directly into the new 
mechanics, with the understanding that [FH] will then have the meaning 
explained in equation (148). For example, 

ep = ^[pH] = Hp — pH, 


in agreement with equation (28). We therefore write 

eP ^ HF - FH, (151) 

This important relation is often called the ^Taw of motion of F,” 


26. DIRAC^S THEORY OF q NUMBERS 

In Dirac’s theory of q numbers, it is assumed that we must work 
with quantities called q numbers, instead of our usual numbers, which are 
called c numbers. The essential distinction is that the variables used for 
the study of a dynamical system do not satisfy the commutative law of 
multiplication, but obey the matrix quantum conditions. Dirac^ 
states that at present no one can form a picture of what a q number is 
like. We operate with them until we arrive at the value of any dynamical 
quantity which is desired. A special assumption is then introduced, 
by which results in terms of c numbers can be derived from results 
involving both q and c numbers. Only in the case of oscillating systems 
do the q numbers take the form of matrices. The importance of Dirac’s 
viewpoint is due to the fact that the matrix quantum conditions and laws 
of motion can he satisfied by entities of a much more general type than 
matrices. In fact, the equations themselves define the properties of the q 
numbers, and if we were confronted with them we should have no idea 
that matrices enjoy the properties which they express. In the case 
of non-periodic motions, the use of g numbers may enable us to solve our 
problem while the attempt to use calculations in which matrix elements 
appear would end in failure. We shall not give illustrations at this 
point, for much of the following chapter is devoted to development 
of the method of q numbers. 

iProc. Roy. Soc., 110, 561 (1926). 
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GENERAL THEORY OF QUANTUM DYNAMICS 

1. HEISENBERG’S PRINCIPLE OF INDETERMINATION 

In this chapter we shall be concerned with the so-called transformation 
theory of quantum dynamics, which was developed independently by 
Dirac^ and by Jordan.^ It represents the most general formulation 
of the problem which we possess, and includes the previous forms of 
quantum mechanics as special cases. In order to appreciate the trans- 
formation theory and the statistical interpretation (Chap. XV, Sec. 16) 
which completes it and gives it power to deal with physical problems, 
we must consider the nature of the questions which we try to answer 
in a dynamical problem. In classical mechanics, the problem is very 
definite: given the initial positions and velocities, what will be the state 
of the system at any later time? Quantum mechanics, on the other 
hand, proceeds by setting up an equation for a quantity called 'S’, which 
governs the distribution of 'F over all space and at all times. The 
very fact that this equation is usually differential shows that causal 
law is involved in the determination of \f. That is, the conditions 
at a given instant completely determine the conditions at the next 
instant. There are no extraneous factors, and there appears to be 
no room for probabilities or uncertainties. It seems strange, when 
the work is done, to say that f is not a quantity characteristic of an 
individual system; that on the contrary serves to describe the 

average behavior of a groat number of systems. This situation applies 
to electrodynamics as well as to mechanical problems, for we customarily 
apply Schrbdinger’s equation to systems which contain light quanta. 

Much light is thrown on this situation by a discussion of the nature 
of physical measurements which we owe to Heisenberg^ and Bohr.^ 
They consider the question of what meaning can be attached to the 
position or the velocity of an atom, or of an elementary charged particle; 
let us say an electron. Now, the x-coordinate of an electron is really 
defined by describing an experiment which we may perform in order to 

iProc. Roy. Soc., 113, 621 ( 1927 ), and later papers mentioned in the bibliography 
at the end of this chapter. 

® Z. Physik, 40, 809 and 44, 1 (1927). 

>Z'. P%,n/c, 43, 172 (1927). 

* Nature, 121, 580 (1928); Naturwissmschaften, 16, 245 (1928). 
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measure For example, we may allow light to fall on the electron, 
and observe the scattered light with a suitable optical apparatus (Fig. 
1). The smallest length interval which can be distinguished is of the 
order of the wave length of the scattered light. If we wish to make 
our measurement of x highly precise, we must use light of very small 
wave length; in fact, to illustrate his point, Heisenberg speaks of using a 
gamma-ray microscope'^ for detecting the scattered quanta. The use- 
of short wave lengths brings with it a limitation of the accuracy with 
which we can know the x-component of the momentum at the instant 
when X is measured. This is due to the recoil of the electron, which 
becomes greater as the wave length of the light becomes shorter. Simple 
y formulas derived by considering the 

Compton effect (Chap. Ill, Sec. 16), 
show that the change in momentum of 
the electron is of the order /i/Xo, aside 
from a factor which is of the order of 
unity, and which depends on the angle of 
scattering; Xo is the wave length of the 
incident quantum. This statement must 
be modified when hv^lmc^ becomes com- 
parable with unity. If we write C(pa:) 
for the change of p* caused by the meas- 
urement of x^ we have, 

A 

Xo‘ 

This quantity is also a measure of the uncertainty Ap^ in our knowledge 
of the momentum at an instant so that 



C(p.) 


( 1 ) 


( 2 ) 

Ao 

Therefore the product of the uncertainty in our measurement of position, 
namely X, and this uncertainty in the momentum is A. 

It may be worth noting that in this example we have neglected 
the uncertainty of our knowledge of the direction from which the scattered 
quantum came to the microscope. If a is the angle subtended at the 
electron by the diameter of the microscope objective, then the smallest 
resolvable object is of the order X/sin a, rather thanX. The momentum 
of the scattered quantum is h/X and its direction is uncertain by the 
amount a, so that the possible error of its momentum is of the order h 
sin a/X. The product of the two uncertainties is /i, as before. 

1 This operational point of view has been emphasized by J. S. AMEs'for many years 
in his lectures on dynamics, and has been charmingly presented by Bridgman in his 
book, “The Logjic of Modern Physic'^ 
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Perhaps the reader will feel that if the dynamics of the collision 
were investigated in more detail we should be able to follow the value 
of Px as a function of the time. The point is that the consequences 
of such a calculation cannot be checked by any experiment which has been 
devised up to the present time. We can study the final state of the 
system, but not the course of the scattering process. Assuming that the 
collision process occurs over a finite range of the coordinate x and over a 

finite time, ti to t 2 , we do not know what point of the range is obtained 

by our calculation for the value of Xj nor do we know at what instant 
in the interval U — h the electron will be at a given point. ^ Further, 
in connection with equation (2), there is an error involved in speaking 
of Apa; as the uncertainty of the momentum at a definite instant, because 
of the errors inherent in our time measurements. 

To sum up, when we measure the rc-coordinate of the electron with 
an error of the order of Ax, the value of px is changed by a quantity 
C(px), such that 

Ax • G{vx) ^ A, (3) 

and further. 

Ax • = A. (^) 

It was recognized by Heisenberg that relations similar to equations (3) 
and (4) must hold true for every measurement which we make, a truth 
which is referred to as the ^‘uncertainty or indetermination principle,” 
and which may be stated as follows: 

If a coordinate q is measured with an error of the order A^/, the uncertainty^ 
Ap, of the conjugate momentum introduced bij our measurement is such that 

Aq ‘ Ap = h; (5) 

and conversely j if p is measured with an error of the order Ap, as a con- 
sequence q is altered hy an amount Aq, such that equation (5) is satisfied. 

To illustrate the latter statement, let us consider how to measure the momentum 
mv of an electron moving parallel to the x-axis. This may be done by allowing a light 
quantum to fall on the electron from the direction of the positive x-axis.^ Let the 
quantum be scattered through 180° so that it returns along the positive x-axis. If it is 
received in a spectrograph, the momentum may be determined by measuring the 
change in wave length due to the Doppler shift. From the usual equation for the 
Doppler shift, 

^ “ (6) 
X c* 

^ Indeed, many physicists will go so far as to say that we cannot attach any phys- 
ical meaning to the instantaneous value of p®, t, or x during the scattering process. 
This is justifiable, providing we say that a quantity must be measured in order to 
have physical significance. The point is, we have no physical method for checking up 
on Qur ideas about the details of the collision^ 
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On the theory of light quanta, we may think of the Doppler shift as caused by a 
change in the energy and momentiim of the quantum, due to the recoil of the scatter- 
ing electron.^ In the present case, let the electron be at the origin when it encounters 
the quantum, say at the time t = 0, and let their interaction persist for a time t. If 
the electron had not suffered collision, it would have been at the position vt when t = 
r, but due to its recoil it moves with a smaller average velocity, say v — Au, where 
mAv is of the order of 2hv/c, the vectorial change of momentum of the quantum. 
Therefore, the change of x, or uncertainty of x, due to the collision is 


Ax ^ 


hpT 

me 


( 7 ) 


We now consider the error Av involved in measuring the velocity, which depends on 
the excellence of our wave-length measurements with the spectrograph. In equation 
(6), the percentage error of 5X will be large compared with that of X, so that Av/c ~ 
A(fiX)/X. Assuming that the spectrograph has extremely great resolving power, the 
value of A(5X) will be determined by the natural width of the spectrum line. Return- 
ing for a moment to the terminology of classical theory, A(6X)/X will be equal to the 
wave length divided by the length of the wave train, that is, to X/cr. Therefore, 


C Ct 

and 

( 8 ) 

r 

Combining equations (7) , and (8), we have Ao: • A(mv) ^ h, in agreement with the 
uncertainty principle. 

Other illustrations of the uncertainty principle have been given by Darwin, 
Ruark,® and Kennard.'^ Further, Ruark® proved that in certain types of measure- 
ment, at least, there is an upper limit to the accuracy with which an individual 
coordinate or momentum can be measured. Independently, Flint and Richardson® 
assumed that such an upper limit exists on the basis of certain relativistic considera- 
tions. They consider several applications connected with Heisenberg’s uncertainty 
principle, and further, they arrive at the value 98 as an upper limit to the number 
of the chemical elements. 

Ruark’s argument depends on the fact that the measuring device is affected by its 
encounter with the measured object, as Bohr'^ has emphasized, and can be understood 
from a simple illustration. Let us measure the a;-coordinate of an electron by allowing 
it to scatter a light quantum, at about, 90®, the quantum passing to a suitable receiving 
device. If we wish to have high precision, the wave length of the scattered quantum 
must be small. To make it small, we decrease the wave length of the incident quan- 
tum, but beyond a certain point this procedure will not be effective, for the scattered 
wave length cannot he made smaller than the increase in wave length due to the Compton 
effect, which is h/mc for the scattering angle 90®. Similarly, if the detecting device 
is a particle which is allowed to collide with the electron, its de Broglie wave length, 
h/mv, cannot be made as small as we like after the collision. A detailed examination 

1 SCHRODINGER, Pliysik, Z., 23, 301 (1922); Dirac, Proc, Camh. Phil Soc., 22, 
432 (1924); Rtjark, P/i-iZ. Mag., 3, 1051 (1927). 

^Proc. Roy. Soc., 117, 258 (1927). 

^Phys. Rev., 31, 311, 709 (1928); Proc. Nat Acad. Sci., 14, 322 (1928). 

^P%s. Pev., 31, 344 (1928). 

® Loc. cit., Proc. Nat. Acad. Sd, 

^ Proc. Roy. Soc., Ill, m (im). 

^ Tram, of Volta Centenary Congress at Como ( 1927 ); Nature, 121 , 580 , ( 1928 )* 
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of the problem, using relativistic dynamics, shows that the momentum of the scattered 
particle cannot be made as large as we please, for reasons similar to those encountered 
in the case of the light quantum. Electron diffraction effects (Chap. XXI) limit the 
accuracy of measurement to a quantity of the order hjmv. 

On the basis of Newtonian mechanics these effects are not encountered. Doubling 
the velocity of* the incident particle will always double that of the scattered particle, 
and the wave length of the de Broglie waves can be decreased without limit. Thus, the 
existence of a limit of accuracy in length measurements is connected with the physical 
impossibility of velocities greater than that of light, and, therefore, is a consequence 
of relativistic dynamics, together with the fact that the de Broglie wave length is 
hjmv. 

The smallest interval of time which can be distinguished in experiments on an 
electron is found to be The smallest possible uncertainty of a derived . 

quantity such as energy or angular momenum is easily found by using the relations 

- ^ A. - ^ 

“ me’ mc2' 

Heisenberg has pointed out the connection of the indetermination 
principle with the matrix quantum condition. He states that the 
inexactness of our measurements expressed by equation (5) makes it 
possible that pq should be different from gp, so that the quantum con- 
ditions may be valid; further, that if it were possible in any way to carry 
out more accurate simultaneous determinations of p and q than those 
allowed by equation (5), quantum mechanics would become impossible. 
His trend of thought is that p and q are to be considered as rational 
generalizations of the coordinates and momenta, used in classical mechan- 
ics, so that we must modify our ideas of the significance of a coordinate, 
even in the case of large-scale dynamics. According to his view, a 
coordinate is always a matrix. In large-scale experiments, this fact is 
concealed from us by the imperfections of our instruments and by the 
overlapping of energy levels in large systems, due to their natural width. 
For these reasons we are contented with expressing a coordinate by a 
Fourier series, rather than a matrix, and the matrix quantum condition 
goes unnoticed. 

These views of the physical meaning of matrices are quite different 
from those developed in Chap. XVII, Sec. 3. To many investigators, 
a matrix is merely a mathematical auxiliary, useful in helping us to get 
the possible values of a physical quantity, but itself devoid of physical 
meaning and incapable of appealing directly to our senses. This view 
has been discussed by Hilbert, von Neumann, and Nordheim. ^ However, 
the matter need not detain us here. The important point for our 
present purpose is the aid which Heisenberg's principle gives us in 
understanding the statistical interpretation of quantum mechanics, 
already outlined in Chap. XV, Sec. 16. His treatment of this matter is 
so helpful that we shall give a rough translation of his remarks. He 
says, 

1 AnnaUn^ 98 , 1 (1927). Especially pp. 1-3. 
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We do not assume that the quantum theory is an essentially statistical theory, 
as opposed to the classical, in the sense that only statistical conclusions can be 
drawn from data which are given exactly. The well-known experiments of 
Geiger and Bothe speak against such an assumption (Chap. Ill, Sec. 17). On 
the contrary, in all cases in which relations exist in the classical theory between 
quantities which are exactly measurable, we have correspondingly exact relations 
in the quantum theory (for example, the laws of conservation of energy and 
momentum). But in the formulation of the causal law, namely, '^If we know 
the present exactly, we can predict the future,'^ not the conclusion, but the 
premise, is false. We cannot determine present conditions with the completeness 
postulated by the classical theory. Therefore, all our observations represent 
only a selection out of a much broader range of possible observations, which 
cannot all be carried out simultaneously, and with any desirable accuracy, 
because of the limitations imposed by the principle of uncertainty. 

2. THE FUNDAMENTAL PROBLEMS OF QUANTUM MECHANICS 

Consider the motion of a free electron along the a;-axis. If we 
determine its position at time ^ == 0, its velocity is altered by the inter- 
action with the device for measuring position. Since the velocity is 
indeterminate, the position after the passage of a certain time interval r 
is also indeterminate. Let us suppose now that the experiment is 
repeated with a number of electrons. Due to the uncertainty of our 
measurements of position, we cannot specify the original position of 
each electron. However, we can draw a distribution curve, Do{x) 
such that DQ(x)dx is the fraction of the electrons for which the measured 
a;-coordinate lies between x and x + dx. At time r, we have another 
distribution curve D{x). The width of the peak of this curve is due to 
two causes: (1) the dispersion of the original positions, and (2) the 
dispersion of velocities. The problem confronting us is this: Given 
the initial distribution of positions, what will be the final distribution? 
More generally, we may ask the following question in the case of a 
system with several degrees of freedom: 

When the distribution curve for each of the coordinates is specified 
at time jJq? what is the probability that the coordinates will lie in the 
ranges to gi + dqij q<i to q<i + dg 2 , etc., at a later time 

The reader who feels disappointed that the information sought 
in solving a dynamical problem on the quantum theory is statistical, 
and that the course of the individual system is not followed by our 
equations, should console himself with the thought that we seldom 
need any information other than that which is given by the quantum 
theory. It will not do, however, to close our eyes to the fact that this 
situation may be altered by the advance of our experimental knowledge. 

By comparison with Chap. XV, Sec. 16, we see that if Born's statistical 
interpretation is to be upheld, the function D must be identical with 
The problem outlined above reduces to the question of solving the wave 
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equation (65) of Chap. XV, and choosing the constants Cn and Ce in the 
general solution, 

A' = 'ECnAfn + fcE'^mdE, ( 9 ) 

in such a way that at time the solution reduces to the prescribed 
initial distribution curve I)q{xq). However, this does not give all the 
information which we may desire. Often, we wish to know the distribu- 
tion curves for quantities other than the coordinates — the momenta, for 
example — and it may happen that we wish to comparff these curves, 
not at different times, but for different values of some other variable or 
parameter. This leads us to generalizations of the function Ar and of 
Schrodinger's equation, which enable us to solve all these problems. 

3. PROBABILITY AMPLITUDE FUNCTIONS 
Before introducing these more general probability functions it will 
be well to make a systematic statement as to the statistical interpretation 
of the function, equation (9). In Chap. XV, See. 16, we spoke of 
this function as belonging to an aggregate of independent atoms, or 
electrons, as the case may be. For example, it was stated that for 
electrons moving along the x-axis, is a measure of the fraction 

which lies between x and x + dx. However, it is better to tjiink of 
performing the same experiment a number of times on individual electrons 
cfr atoms, just as in the illustration of Sec. 2. Strictly, '^'^^dx is the 
fraction of such a group of experiments in which the coordinate lies between 
z and X + dx. The use of the ^ function to describe the properties of an 
aggregate of atoms or electrons is justified only when they do not interact. 
In the case of quantized atoms, having the wave function 
we may classify the individual systems not according to position but 
according to energy, if we like. Following Born, the fraction of the 
atoms in an aggregate which are in the nth quantum state is proportional 
to CnCn*. As Darwin^ says, the distinction between the two types of 
classification is best appreciated by considering the analogy to light. 
The intensity of light can be regarded in two different ways, either by 
measuring the density of electromagnetic energy at a point and so giving 
the intensity at that point, or else by making a spectral analysis, not 
now at a point but in a region of space, and determining the distribution 
of energy in the spectrum. 

After Pauli, q) is called a probability amplitude,'' partly 

because it may be thought of as analogous to the amplitude of the 
electric vector in an optical problem. Now suppose that any dynamical 
variable F%{p, q) is given a fixed value y; what is the probability Pixy, 
FiPt) that another variable Flip, Q) shall lie between rco and + dxo"! 
In giving the answer to this question, Jordan^ assumed that there is 

I Proc. Roy, Soc,, 117, 258 (1927). 
a Phmik, 40. 809, and 44, 1 (1927). 
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always a Junction (pixy, FiF^, called the probability amplitude^^ such 
thcd 

<p{xy, Fi F 2 )<p%xy, Fi F 2 ) = P{xy, Fi F 2 ). (10) 

Preparatory to finding the function <pj we shall write down some very 
reasonable conditions which it is assumed to obey: 

I. The first assumption is expressed by equation (10). 

II. The probability that for a given value of Fi — let us say x — the 
function F^ shfill have a value between y and y + dy, is given by the 
same expression, P{xy, Fi F 2 ), which was used in equation (10). That is 

P{xy,F^F 2 ) =^P{yx,F 2 F^). (11) 

III. If Fi is identical with F 2 , and F^ is given the specified value y, 
the probability that x shall equal y must reduce to certainty. That is, 

P{xy, Fi J^i) == 1 if a; = y, 

^ Q ii x 9 ^ y. (12) 

IV. We now consider the rule for the composition of probabilities, 
which is essential to all that follows: Suppose Fi is given the value x. 
In addition to the above definitions let us agree that <p{yz, FJ) is the 
probability amplitude for a value of Fz between z and s + cfo, when 
F 2 “ 2/-^ -A-t first sight we should expect that 

P{xz, Fi Fz)dz = UP{xy, Fi F 2 )dyP{yz, F 2 Fz)dz. (13) 

The basis for such an equation would be as follows: When Fi = x, then 
the probability for F 2 to lie in the range ytoy + dyis the first factor in 
the integrand multiplied by dy; but when y has a value in this infinitesi- 
mal range, the probability for Fz to lie in the range between z and z + dz 
is the second factor times dz. The probability for both of these condi- 
tions to be satisfied should be the product of the two factors if the separate 
probabilities are independent; and integrating over all possible values of 
y we should obtain equation (13). However, the assumption is made in 
quantum mechanics that the probabilities considered above are not usually 
independent. {They may be independent in special cases.) Just as we 
have interference phenomena in optics which make it proper to add the 
amplitudes rather than the intensities of the individual wave trains making 
up a natural beam of light , so in quantum theory we must compound the 
probability amplitudes. Therefore, we replace equation (13) by the relation 

<p{xz, FiFz) = S<p(xy, Fi F^(p{yz, F 2 Fz)dy. (14) 

V. It is assumed that the probabilities depend only on the functional 
nature of the quantities Fi{p q) and F 2 {p q), that is, on their kinematic 

1 The notation used here is that of Hilbert, von Neumann and Nordhbim. 
Math. Annalen, 98, 1 (1927). 

2 It must be understood that ^ does not denote the same function which it did in 
equation (10). A change of the mechanical variables F inside the parentheses means 
that we are dealing with a new function. 
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connection, and not on special properties of the mechanical system 
under investigation, such as its charge or the form of its energy function. 

At this point it is advantageous to simplify the notation somewhat. 
We write 

S(F,, F,) 


in place of <p{xyj FiF^), leaving out the particular values of Fi and F 2 
which are considered. Thus the Schrodinger function ^n(Enf q) gives the 
probability distribution of q when E has the value En, and is written 
SiEn, q ) ; if we wish to indicate the value of at go, we write 

S(En, go). 


4. THE PROBABILITY AMPLITUDE S(py q) 

We shall illustrate these remarks by considering the probability 
amplitude S(p, g), where g is a coordinate and p is the conjugate momen- 
tum. Let us suppose that p is given a definite value. It was assumed 
by Jordan that all values of g are equally probable. That is, for any 
value of p, 

S{v, q)S^(p,q)dq = C^dg, (15) 

where C is a constant. This equation is to hold for each and every value 
of g. The value of C is determined by writing an equation which states 
that some value of g is certainly occupied, that is, 

JS(p,q)S^(V, q)dq^ C^Jdq = 1. (16) 

This shows that is the reciprocal of the range of values of g. If 
the range is infinite, C = 0, which means that the probability for g 
to lie in any finite range is zero. In such a case, this method of nor- 
malization must be abandoned.^ We now write S in the form A exp 
iBj where A and B are real. We can determine ’ the form of B by con- 
sidering the special case of a particle moving freely along the a;-axis. 
If the momentum is held constant, the energy is also constant, and 
S(pj q) must be the same as S{Ej g).^ But S(E, g) is simply the appropriate 
solution of Schrodinger’s equation, exp 2wipaiX/h. Now, by Assumption 
V in Sec. 3, the functional form of S{pxj x) will be the same in any problem, 

1 The difficulty is one of our own making. Strictly speaking, quantities which can 
take infinite values should not be used in physics. See Ruaek, Bull. Ainer. Phys. 
Soc., 4, 1, 15 (1929). 

2 [q physically obvious, but can be proved mathematically by considering a 
special case of equation (14), namely, 

S(p\q) =^mp\p')dv'S(p%q). 

S(p^, p') is zerp except when the variable of integration p' is equal to p because when p 
is sharply determined so also is p^. Thus the quantity on the right is simply S{p, g), 
multiplied by some constant. 
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as long as we do not alter the geometrical significance of px or x. 


fore, we write 


S(pxj x) = exp 


2iripxX 


There- 

<17) 


without any restrictions. More generally, it follows from the develop- 
ments in Sec. 16, that for any conjugate pair of variables, 


S(p,q) = exp 


2Tipq 

~ir‘ 


(18) 


In accord with Assumption II, Sec. 3, Sip, q) can be interpreted in an 
alternative way, namely, S(po, ^)dpois the probability that p shall 

lie between po and po + dpo, when q is sharply determined. 


6. THE UNCERTAINTY THEOREM 

We are now in a position to prove a remarkable theorem due to 
Heisenberg,^ which expresses a portion of the content of his principle 
of indetermination. This theorem is not as broad as the principle. 



for the former deals only with a special type of distribution curve. 
Suppose we have measured a coordinate q a number of times, and 
have obtained the value q by taking the mean of the observed values. 
Let us assume that the probability of the coordinate lying between q 
and g + dQ' is 

(s - 


Pdq = exp 


qi" 


dq. 


(19) 


The error curve P is shown in Fig. 2, If gi is the value of g — ^ at 
which the curve has fallen to 1/e times its maximum height, and m is the 
mean error then 2^^ = qp. Following a widespread custom, we shall 
speak of qi as the precision of a measurement, although gi is reaUy a 
measure of the lack of precision. 

Now, it is convenient to consider a probability amplitude g), 
such that SS"^ — P, v being some parameter which is held constant. 
It will not be necessary to specify the nature of 77. S can take the form 

^ Z.Physik,AZ, 172 (192S). 
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where P is a real function, and guided by our study of matter 
waves, we choose a value of R which depends on q through a sine (or 
cosine) factor: 


S(v, ff) = c exp 


(g - g)^ _ 2Tipiq - q) 
2qi^ h 


( 20 ) 


where c is a constant and p is a value of p measured with the precision 
Pi at the same time as q. Then the general assumption (14) shows that 

s{v, v) = /»S(ij, q)S(q, p)dq. (21) 

The uncertainty theorem now to be proved states that 


Pigi = 


( 22 ) 


By equations (18) and (20), 


V) .= 




exp 


(g - qY _ 27rfp(g 
2gi^ h 


j) 2Tripq 

h 


dq. 


The factor, exp {2Tr%pq/K)j is constant and can be included in c. This 
leaves us with 

■2-n(p - p)q (q 


Siv, P) = cj 


exp 


-g)' ^ 
dq. 

n 


h 2qi 

To bring this to an easily integrable form we multiply by a suitable 
factor in front of the integral sign, and divide by it inside, obtaining 

'2Ti(p — 'f))q 2giV(p — p)“' 


S(v,p) = c exp 




f r { V2qnr(p - p)i _ (gJ"_g)Y 

J®xP[-\^ - V2gi/J 


dq. 


The limits of the integral are ~~ oo and + , so its value does not depend 

on 7;, p, g, or g. Introducing the quantity pi, defined by equation (22), 


p) = const, exp 


Therefore, 


{p -_v)l _j_ 2Trz'(p -p)q 


2pi^ 


h 




8(v, p)S 


*U, p) = const, exp (^- 


(23) 


(24) 


This shows the significance of pi; it is the precision of p, which proves 
our theorem. 


6. INTRODUCTION TO THE TRANSFORMATION THEORY 
As an approach to the transformation theory of Jordan and Dirac, 
we take up afresh the problem outlined at the beginning of Sec. 2. At 
any time ta, lot the coordinate q and the momentum p of a number of 
typical systems be measured. We shall write qa and po for typical values 
of q and p measured at this time. As a result of the uncertainty involved 
in determining qa, S{ri, q^) will be appreciable over a certain range of 
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values of Qj and, similarly, S{r), po) will be appreciable over a certain 
range of p values. Of course, these systems are spoiled for further 
study by the process of measurement, but we are at liberty to suppose that 
W'e have a similar aggregate of systems which are not subjected to 
measurement, but which would give the same values of S{rjj Qq) and 
S(v, Po) if they were measured. At a later time t, systems in this group 
which may be supposed to have had their representative points in a 
range Qq to Qq -|- dqo will have moved to another range, (Z to ^ -h 
In general, the latter range will be larger than the former, for the uncer- 
tainties of the momenta will cause the representative points of the various 
systems to scatter. 

Assuming that S(rjj qq) is given, our problem is to calculate the value 
of Siv, q) at time L In the case of systems with several degrees of 
freedom, we begin with the values of a distribution function 

; qij ^ 2 , . . . ) at time U, and desire to find >8 at a later time L 
In general, the region over which the values of S are appreciable will 
spread out, just as in the one-dimensional problem.^ 

In the following discussion, our equations and terminology will 
refer to the one-dimensional case, for the extension to a number of 
degrees of freedom is obvious. We have the equation, 

q) = mv. qo)dqoS{qo, q), (25) 

and everything hinges on our ability to obtain q)j which is often 
called a transformation function for reasons now to be explained. It 
is often convenient to speak of the relation between the initial and final 
values of a variable or a group of variables as a transformation equation. 
Thus, if we are dealing with a particle in uniform motion, the relation 

X — Xq v[t — to) 

sets up a correspondence between the initial and final positions. Again, 
we may transform n variables Xi, , . . Xnj to new values Xi, . • . Xn^ 
by the equations 

x/ = anXi + ai 2 X 2 + • • • o^in^nj i — 1 ••• n, (26) 

The aggregate of the quantities a^j drawn up in square array, is called 
a ^transformation matrix.” It is a simple and natural step to introduce 
the idea of transforming a continuous range or field of values, instead 
of a finite number of variables. The equation (25) is an illustration. 
If we write it in the form, 

Sirjj q) = S{q, qoi)S{vy qoddqoi + S{q, qo!i)S{T}, qo 2 )dqo 2 + • • v, 
its similarity with equation (26) is quite evident. One such equation 
can be written for each value of g, so that the scale of values of g replaces 
the discontinuous scale of values of the subscript i. We may imagine 
a square field with a vertical scale of q values, and a horizontal scale 

1 However, Flamm, Physikj Z.j 29, 927 (1928), has considered solutions of the wave 
equation which are propagated without change of form. 
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of go values. There is a value of S(g, go) for each point of the field. 
The aggregate of these values is quite analogous to that of an, and is 
also called a ^transformation matrix.^’ The function S(g, go) is a 
transformation function, for it furnishes the connection between the old 
and new values of Sirjj g). There are two essentially different ways to 
obtain this function. One depends on a generalization of the theory 
of matrices invented by Dirac/ and the other, due to Jordan,^ is based 
on the theory of operators. 

On both theories, the derivation of the equations for determining 
transformation functions is rather complex, though not inherently 
difficult. Considerations of space prevent a detailed treatment by both 
methods. We shall follow the method of Dirac. The subject matter 
of the next few sections has many interrelated aspects, and the reader 
must not be disappointed if he finds that he does not fully appreciate 
it at a single reading. 

7. DEFINITION OF CONTINUOUS MATRICES^ 

Dirac^s theory is based on the extension of the idea of a matrix 
explained in Sec. 6, which makes it possible to write down a matrix 
corresponding to a non-periodic coordinate or any other dynamical 
variable. In general, only periodic (or conditionally periodic) systems 
have discrete quantized energy values, while non-periodic systems, such 
as the hydrogen atom with its electron on a hyperbolic orbit, have 
continuous ranges of energy values. In Chap. XVII matrices were 
defined only for systems with discrete states, for each row or column of a 
matrix is associated with a particular value of the quantum integral 
Jj or of the energy, if the system is not degenerate. We may say that 
the rows and columns are numbered according to the values of /. The 
rows or columns of such matrices may be said to form a denumerable 
infinity, for they can be brought into one-to-one correspondence with the 
integers. It is a natural and easy extension to think of matrices which 
have a non-denumerable infinity of rows and columns. We suppose 
there is a row or column for every number in the real continuum or in a 
portion of that continuum; that is, the rows or columns can be put 
into one-to-one correspondence with the points of a straight line, or 
a segment thereof. As before, we may number the rows according to 
the values of which is now a continuous variable. It is also convenient* 

1 Proc, Boy. Soc., 113, 621 (1926). 

s Following earlier work of Bokx and Wusnssr, Z. Phyaik, 36, 174 (1926), of 
Eckart, Phys, Rev,, 28, 711 (1926), and of ScHEdoiNGKR, Ann, Phyaik, 79, 734 (1926), 
the operator theory was developed in full generality by Jordan, Z. Phyaik, 40, 809 
(1927) and 44, 1 (1927). 

® In addition to Dirac’s papers, the reader should consult an excellent r<§sum6 by 
Kidnnard, Z, Phyaik, 44, 326 (1927). 



630 


GENERAL THEORY OF QUANTUM DYNAMICS [Chap. XVIII 


to consider matrices, in which a portion of the rows and columns are 
discrete and the remainder continuous, for, in general, we are confronted 
with a spectrum of energy values which has both discrete and continuous 
parts. For example, the q matrix for the hydrogen atom is divided into 
the domains indicated in Fig. 3. We number the rows and columns 
according to energy values, rather than values of /, simply for con- 
venience. In A, both rows and columns are discrete. The first row 
and column belong to the lowest quantum state, the second to the 
two-quantum state, and so on. The typical element q{nm) exp 2Tiv{nm)t 
represents the radiation amplitude due to transitions between the nth and 
mth orbits. In region B, the initial state lies in the region of hyperbolic 

orbits, the final, in the quantized 
orbits; in C, the reverse is the 
case. In both these regions an 
element is related to the inten- 
sity of the continuous spectrum 
at the corresponding wave 
length. Eegion D belongs to 
transitions between hyperbolic 
orbits. ^ 

8. GENERALIZED MATRIX 
ALGEBRA 

We must now study the alge- 
braic laws to which generalized 
matrices are subject, restricting 
the discussion to one degree of 
freedom. The definition of the 
sum of two matrices requires no change. The typical element of + J? 
is the sum of the typical elements of A and B. As to multiplication, in 
place of the law 

AB{nm) = '^A{nk)B{kni) 

k 

we may write 

(27) 

• k 

Here Jn stands for the quantum integral having the value nh, and it is 
assumed that the quantities Jn are the diagonal elements of a diagonal 
matrix /. This notation makes it clear that each row or column is 
associated with a particular value of J. In close analogy with equation 

1 The reader may be disturbed by the impracticability of writing down all the 
elements in the. continuous or semicontinuous regions of such a matrix, due to the 
fact that they are infinite in number. We must content ourselves with being able to 
write a typical element. In some cases even this is impossible, except by the use of 
special symbols, as we shall see in Secs. 9 and 10, 
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Fig. 3. — Gontinuous and discrete matrices of the 
hydrogen atom. 
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(27), the typical element of the product of two continuous matrices is 
defined as 

AB{rr) = SA(j'jydJB(jj"). (28) 


In the more general case where there is both a discrete and a continuous spectrum, 
equation (28) must be replaced by such expressions as 

AB(J'J") = + {A(J’J)dJB{JJ"). (29) 

ft 

Jk assumes all values in the discrete range and J all values in the continuous range* 
Ordinarily, we shall write only the integral, with the understanding that every formula 
can be generalized to include the discrete range as well. Strictly, equation (29) is 
not dimensionally correct, because of the additional factor dJ in the integral, having 
the dimensions, of action. We get around this by assuming that the integral is 
always divided by a number having the value unity and possessing the dimensions of 
action. 

9. DIRAC’S d FUNCTION 


In the Heisenberg matrix theory, we often have use for the Kronecker 
symbol d(nm), which is equal to 1 when n = m, and otherwise is equal to 
zero. For example, a typical element of the energy matrix is 

E{nm) — En5(nm). (30) 

The advantage of such a notation 
is that it combines in a single 
equation information which 
otherwise would have to be writ- 
ten out in two separate equa- 
tions, as follows: 

E{nm) == jE/ti if n = m, and 0 

if n is not m. 

Dirac's b function is a gen- 
eralization of the Kronecker 
symbol It has the properties 
b{:c) = 0 if X is not 0, (31) 
and 

b{x)dx — 1. (32) 


J- 



Fig. 4. — Illustrating Dirac’s 5 function. 


For many purposes it is better to consider b{x) as the limit of a sequence 
of even functions ^h(x), like those shown in Fig. 4, as we allow the symmet- 
rical peak to approach infinite height and narrowness, and all ordinates 
outside the peak to approach zero, while y^{x)dx is always equal to 1. 
Further, we suppose that b{x) obeys all relations with other symbols 
which hold true for ^^(a:) in the limit. The advantage of considering 
the sequence of functions d^^); is that by their aid we can set up defini- 
tions of various functions of $(a;), and can deduce the properties of these 
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functions. For example, 5'(x) is defined as the limit of the first derivative 
of ^{x), and so we have the properties 

K-x) = 5ix) (33) 

S'{-x) = (34) 

If f{x) is any regular function of x, we have 

J* f(x)8(a - x)dx = f(a); (35) 

for the only finite contribution to the integral comes from the terms 
in the neighborhood of x = a, the integrand being zero elsewhere. 
Therefore, the integral may be replaced by 

/(a)/S(a - x)dx = /(a)/ S(x - a)d(x - a) = /(a)T 

as we see from equations (32) and (33). Using integration by parts 
it is also easy to show that 

!f(x)S’^(a - x)dx = f’^(a). (36) 

Further, putting /(a;) = S(x - 6) in equation (35), we have 

J8(a — x)S(x — h)dx = 8(a — b). (37) 


10. THE UNIT MATRIX 

Dirac’s 5 function is indispensable in discussing the properties of 
continuous matrices. We require it, for example, in setting up the unit 
matrix. By definition, this matrix must be such that its product (either 
before or behind) with any matrix A is equal to A. Writing out a 
typical element of the relation lA = Aj we require that 

If we put = Il(J'J)dJAiJJ'') = AiJ'J'r (38) 

!(/'/) = SiJ'J) (39) 

tills integral becomes 

S5(J'J)dJA{JJ") 

and by equation (35), this Is simply A(,J'J"), so that equation (38) is 
satisfied. U we are dealing with a problem of several dimensions, the 
argument is similar and we define the unit matrix by the equation 
HJl , Ji, • • • Jn', Jl, J2, • • • Jn) = S(Ji' — Ji) 

sw - /a) • • . 5(J/ - J„). (39a) 


11. INTERPRETATION OF THE ENERGY MATRIX 

_ Let us recall the way in which the quantized energy values were 
obtained m Heisenberg’s matrix theory. The details of the mathematica 
method are sufficiently explained in Secs. 5 to 7 of Chap. XVII. Briefly 
the problem consists in finding Hermitian matrices which satisfy the 
following conditions : 

1. The quantum conditions (Chap. XVII, Sec. 11). 
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2. The matrix equations of motion. * 

3. The Hamiltonian function must be represented by a diagonal 
matrix. 

When such matrices are found, an assumption must be made in 
order to interpret the results. It is natural to consider a matrix element 
standing in the nth row and nth column as belonging to the nth quantum 
state. Accordingly, it is assumed that the diagonal elements of the energy 
matrix represent the possible values of the energy. 

This idea is carried over almost without change into the theory 
of continuous matrices. We seek to find a transformation Uo new vari- 
ables, such that the conditions above will be satisfied. When such a 
transformation has been found, the possible energy values are assumed 
to be the non- vanishing elements of the diagonal energy matrix, which 
now may be either discrete, or continuous, or a combination of the two. 
A word of explanation as to condition (3) is necessary. When we say 
the energy matrix is diagonal we mean that 

= E'8(J'J"), (40) 

where E' = E(J'). A similar equation is used in defining any diagonal 
matrix. This is all very satisfactory, but we wish also to obtain the 
possible values of other physical quantities, and this requires us to 
consider transformations which are more general than those used in 
Chap. XVII. 

12. TRANSFORMATIONS OF CONTINUOUS MATRICES 

It will be recalled (Chap. XVII, Sec. 12) that when a set of discrete 
matrices p, q, obey all the conditions mentioned in the preceding section, 
we may apply the transformation 

P = Q = SqS-^, 

where S is an arbitrary matrix not containing the time, and then the 
matrices P, Q, will also obey these conditions. Further, if / is any 
function of p and we have from equation (65), Chap. XVII, 

F^SfS-^, ^ (41) 

where F is obtained from f{pq) by replacing p and q with P and 
leaving the form of the function unaltered. All these theorems hold 
true for continuous matrices, and we wish to examine the form assumed 
by a typical element of equation (41). Let us agree that matrices 
expressed in the old system of variables will be numbered according to 
the values of an index j. Then we have 

PUT) = (42) 

1 In Chap. XVII, the equation of motion for a typical variable x was taken to be 

€x = Hx — xHy 
Hx - xHf 


but if X involves the time, this must be replaced by e[ x 


_ dx\ 
dtj 
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The integration variables ji and 32 run over all possible values of j. It 
would be more elegant to number the matrix F according to the values 
of the quantity J, defined by the relation 

J = SjS-K 

Now j is a diagonal matrix, by hypothesis, and on working out a typical 
element of this relation, we find that J = j. This means that /' = j', 
J// ^ j/r^ gQ Therefore equation (42) may be rewritten in the 
more satisfactory form 

t 

(43) 


Now as Dirac remarks, this transformation does not go far enough. 
We can make any permutation of the rows of the new matrices and 



Fig. 5. 


the same permutation of their 
columns, without violating 
any of the conditions in the 
^ preceding section. This the- 
I orem was proved in Chap. 
i XVII, Sec. 4, Part (13). As 
./ a consequence, there is no 
one-to-one correspondence 
between the rows or columns 
of the old and new matrices. 
It is essential to grasp the 
broad possibilities of such 
permutations in the case of 
continuous matricCwS— possi- 
bilities which are not encoun- 
tered with discrete matrices. 


To make this clear, let us consider any discrete matrix, A, If we 
carry out one and the same permutation on the rows and columns 


of A, the number of elements in a given area of the matrix is 
unchanged. The situation is not so restricted when .we come to con- 


tinuous matrices. Let one of these be represented by the scheme in 
Fig. 5, with all positive energy values, as shown by the continuous 
scales of J values. So long as we avoid duplication, we can shift or 
distort the system of rows according to any prearranged plan, the 
columns being treated in exactly the same way, of course. Or, if we 
prefer, we may shift or distort the 'scheme of numbering, and arrive 
at the same result. For example, suppose that we write J = x^. 
We can write opposite each value of J the corresponding value of x, 
and then the matrix is said to be numbered according to the variable ;r. 
In general, the connection between the two systems of numbering w^ill 
be much more complicated, for we usually wish to number the matrices 
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according to the values of some quantity X, which is represented by a 
diagonal matrix when expressed in terms of the new variables P, Q. 

Because of this situation, Dirac rewrites the equation (43), so as 
to make it apparent that the quantity on the left simply denotes the 
matrix F, numbered in terms of such a variable X. Further, since 
F is the same function of the new variables which f was of p, q, there 
is no reason why we should not denote it by /. The result of these 
changes is that equation (43) takes the form 

fiX'X") = nSiX'j,)djJ(jd,)dj2S-KhX"), (44) 

= jjS(X'Ji)dJxfiJ,J2)dJ2S-KJ2X'')- (45) 

This brings out the fact that the functions S(X, J) and X) are 

numbered partly according to the values of X and partly according to the 
values of J. The rows of S(X, J) are numbered on the X scheme, and 
the columns on the J scheme, for example. We shall speak of such 
matrices as mixed matrices. 

In discussing such transformations, there is no reason why we should 
restrict ourselves to consideration of the functions S{X, J). When we 
have passed to the X scheme of numbering, we can repeat the process, 
obtaining matrices which are numbered according to the variable Y, 
and so on. The general problem is to pass from a scheme where the 
variable .4 is a diagonal matrix, whose values are used in numbering both 
the rows and columns, to another scheme where the matrix X is diagonal, 
and serves the same purpose. Therefore, we consider equation (45) 
in the still more general form 

fiX'X") = ffS{X'ai)daJiatcc2)da2S-Kc^2X''). (46) 

From this point onward, a variable of integration running over all values 
of A will be denoted by a, and one which covers all values of X by 
The principle is that we indicate a variable of integration by a Greek 
letter analogous to the English letter under consideration. 

If we are dealing with a problem having n degrees of freedom, instead 
of X we have a set of functions Xi, X 2 , . . . X„, all of which are diagonal. 
The very fact that they are diagonal tells us that they do not involve f, 
and that they commute with one another. These are the only conditions 
which need be fulfilled in order that we may consider the X’s as canonical 
coordinates. The momenta belonging to them will be called Yi . . ¥„■ 

13. MATRIX METHOD FOR OBTAIHING THE POSSIBLE VALUES OF ANY 

PHYSICAL QUANTITY 

We now have most of the mathematical apparatus necessary for 
finding the possible values of any dynamical quantity, F(,X, Y). We seek 
a transformation which will make F(X, Y) a diagonal matrix, and assume, 
just as in the case of the energy, that the diagonal elements are the 
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possible values of F{Xj F). At the start, this matrix is numbered in the 
X scheme and it will be supposed diagonal in the A scheme of labeling. 
The variables X, Y are supposed to be known, and we seek a trans- 
formation function S(Xj A) which will carry all our matrices into the A 
scheme, by the use of equation (41) and the equations (42) to (46) 
which it implies. The next few pages are devoted to finding a differential 
equation for the transformation function S(X, A). We shall state the 
result at once. If the reader desires he may omit the complicated proof 
in Secs. 14 and 15 , and pass at once to the discussion in succeeding 
sections. 

It is found, that the functions S{Xj A) are identical with the prohahiMiy 
amplitudes used in the statistical interpretation of wave mechanics. The 
equation which they obey is a generalization of the loave equation^ and 
may he stated in the form 

€^^-^/S(Xr, Af) = Fi^Ar^SifXrj Af) . (47) 

F(Ar) is a brief way of writing i?^(Xr, F,) (A 1 ,^. 2 , . . . A,,; A 1 ,^ 2 , . . . 
An), which is allowable because F is diagonal in the A scheme, by 
hypothesis. Schrodinger's equation is a special case of equation (47), 
obtained as follows: Let F = H; X, = g,; Yr = pri A. = Urh - h times 
the quantum number belonging to the rth degree of freedom,’ fir is 
supposed continuous in the region of continuous energy values. Further 
F(Ar) = E(nr). Thus we obtain, 

( h d \ 

2wi “ E(.nr)8(qr, Ur). (47a) 

When there is only one degree of freedom and therefore only one cjuantuin 
number n, this becomes 

(47?,) 

These equations are identical with that of Schrodinger. Of course, S 
depends on E, and so we may write 8n(q) = S(q, E,), but this is not 
desirable because the variables of S are supposed to be those which are 
used in labeling the matrix F in the old and new schemes. Strictly 
speaking, the quantities rirh are the labels to be used in the A schetrui, 
m which H is diagonal. This discussion makes it clear that Schrodinger’s 
1 /' functions are the elements of the transformation matrix which enables 
one to transform any matrix from the scheme in which rows and columns 
are labeled according to values of q, to a scheme in which H is diagonal 
and the quantum numbers ?v (continuously variable) are the lalxds 
of the rows and columns. 

In conclusion, it must be noted that equation (47) may not be valid 
when F is not expressible as a sum of powers of Xj and F^. Other 
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equations of a still more general character must be used when we are 
dealing with mixed matrices, or when F is not algebraic. ‘ 

14. AUXILIARY RELATIONS FOR THE PROOF OF THE GENERAL 
WAVE EQUATION 

We now consider the proof of equation (47). We shall require several 
transformation equations corresponding to the relations 

S-^fiX)S = f(A), fiX)S = SKA) and S-^fiX) = /(A)S-^ 

where /(J?) and f{A) indicate a matrix function /(Jf), Yr) expressed in the 
X and A schemes, respectively. They are as follows ; 

= KA'A"), (48) 

J/(X'|)d|S(?^") = ^S{X'a)daf(aA") = f(X'A"), (49) 

;S-i(A'^)d|/(|Z") = lf(A'a)daS-KccX") ^ f(A'X"). (50) 

We shall also need explicit formulas for the quantities Yr, which 
are the momenta corresponding to the X,. These variables must satisfy 
the relations 

YrXr - XrYr = il, 

YrX, - XJr = 0 , 

XrXs - X,Xr = 0 , 

YrYs - YsYr = 0. (51) 

The third of these is true because it was assumed (Sec. 12) that the AT’s 
commute among themselves. It is easily verified that the other three 
equations can be satisfied by writing 

YriX'X") = e5(X/ - Xi") ■ ■ ■ h{X'r-l - X"r-l)d'iX/ “ X,") 

5(XVl - X-r+O ■ ■ ■ 8{Xn' - Xn")- (52) 

For a problem of one degree of freedom, equation (52) reduces to 

YiX’X") = e5'(Z' - X"). (52a) 

We shfl.11 confine our attention to proving that this value of Y satisfies 
the first equation of (51). Dirac's paper^ may be consulted for the 
verification of the remaining relations. Remembering that X{X'X") = 
X'SiX' - X"), and using equation (52a), have 

(FZ - XY)iX'X'') = eJ{5'(X' - - X") - 

X'5(X' - ms'iS - (53) 

We integrate the first term by parts so that it becomes 
eJ-6(X' - ^)df|^[?5(l - X”)]. 

1 Dirac, Proc. Boy. Soc., 114, 243 (1927). 

2 JjQc. cit. 
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On performing the differentiation indicated, and combining terms, 
equation (53) takes the form 

~ - Z'O (Z' -- ^)5(X' -- - Z'0}de 

The first term yields the contribution 

€5(Z' - Z") 

to the integral, in accordance with equation (37), and since this is the 
result we want, it only remains to prove that the second term contributes 
nothing to the integral. This is actually the case, because (Z' — Q 
5(Z' — ^) is zero. The first factor vanishes if ? = Z', and the second 
if ? is not equal to Z'. To sum up, the typical element of YX — XY 
is €5(Z' -- Z"), which is to say, the matrix is equal to e times the unit 
matrix. 


16. PROOF OF THE GENERALIZED WAVE EQUATION 


In order to obtain a proof of the generalized wave equation (47), 
we shall require some alternative expressions for the matrices X, Y, 
and f(X, Y) when they are expressed in the mixed form, with Z as the 
horizontal and A as the vertical label. These expressions will be obtained 
by using equation (52a). We begin by finding explicit formulas for 
F(Z'A") and Z(Z'J.'0- By equations (49) and (52a) we have 

7(Z'^") = JF(Z'^)d^8(?^'0 
= €j5'(z' - 


By equation (36), therefore, 

Y(X'A") 


dS(Z'4'0 
" dX' 


( 54 ) 


In n dimensions the proof is quite similar and yields the formula 


(54a) 


Remembering that Z(Z'Z") is diagonal, we also find from equation 
(49) that 

Z(Z'^'0 = /Z'5(Z' -- = Z'S(Z'J['0, (55) 

the generalization to n dimensions being 

Z.(Z'A") = Z/.S(Z'l"). (55a) 

In similar fashion we can show that 


FiXrKX'A") = !F(X/)8(X/ - mmu") = F(X/)8(X'A"). ( 56 ) 

Strictly speaking we should write 8{Xr' A/') in this relation, but this 
more cumbrous notation scarcely seems necessary. 

However, when we have a function of both the X’s and Fs the mixed 
representation of this function is of a different character. We suppose 
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that this function F{Xr, Yr), is rational and integral in the quantities Yn 
a very necessary restriction. We shall show that 


F{Xr, Yr)S{X'A”) = e -^|~,^>S(Z'A"), (57) 

SO that the elements of the matrix F in the (Z-A) scheme of labeling 
are given by the result of applying an operator to. the function S{X'A''), 
To prove this theorem we only need to show that if the theorem is true 
for any two functions /i and /a, it is true for their sum and their product. 
(We know it is true for any X and F, by equations (54a) and (55a), 
so we can show it is true for XrYs, Xr^, etc., and can then pass to other 
functions step by step.) The case of the sum is obvious. As to the 
product, we have, 


/t(X, Yr)h{Xr, F.)(Z'A'0 

- n/l(X, Yr)(X'a)da S-Kc^^)d^f2(Xr, Yr)(U") 

= ///.(xz, * ■~^^^^8(X'a)daS-Kamh(^ e (58) 

and by the definition of a matrix product, this is the same as 




This is the result desired. In similar fashion we may show that 
F{Xr, Yr)S-\A'X") = F{Xr'', « 


(59) 


Let us now examine equation (57). By equation (49), the left 
member is equal to 

S&{Ta)daF{aA'^). 

If we now require that F shall be diagonal in the A — A scheme, we can 
show that equation (67) reduces to the generalised Schrodinger equation ; 
for, when F is diagonal, the above integral takes the form 


J^S(XV)^ian«)5(a-~ A"). 


The integrand vanishes except when a - A", and the integral is equal to 

JS(Z'A'0i^(^'05(c^ “ A^')da - 8{X'A'^)F{A''). (60) 

Further, equation (57) holds true for every value of the Zr and the At, 
Therefore, we may omit the primes and double primes, which, up to 
the present, have emphasized the fact that we were attending to a 
particular matrix element, standing in the place for which each Zr 
takes the numerical value Zr', and Ar takes the value AA This means 
we are at liberty to deal with the function ^(Zr, Ar) instead of a special 
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value of that function, SiXrAr), Therefore, taking account of equation 
(60), equation (57) may be rewritten in the form 

A,) =>(A.)S(X„ 

and this agrees with the generalized Schrodinger equation (47). 

We have not yet proved that the transformation function S{Xtj Ar) 
has the same meaning as the probability amplitude of Sec. 3. It seems 
best to postpone this proof until we have studied special casqs of equation' 
(47). 

16. THE FREE MOTION OF A PARTICLE 

We now proceed to illustrate the use of the generalized wave equation. 
First, we take up the train of thought begun in Sec. 6, and find the 
transformation function >S(go, q) which applies to the motion of a free 
particle, following a treatment by Heisenberg.^ The solution of the 
problem is begun by writing down the energy function in terms of q 
numbers, which are nothing more than continuous matrices. We 
have H = and the equations of motion are 

mq = ^ = 0. (61) 

The solution is 

(I = + qo\p - po^ (62) 

where po and qo denote the momentum and the position at time i == 0. 
The time is treated as an ordinary number. On forming the value of 
pq — qp, it is found to be identical with poqo — qopo, so that the problem 
will be solved if we can find continuous matrices, qo and po, which obey 
the quantum condition. But in order to write down the possible values 
for qo, we must arrange the system of labeling so that qo is a diagonal 
matrix, and then apply the interpretative procedure outlined in Sec. 13. 
Now, po cannot be diagonal in this scheme of labeling, for if it were it 
would commute with qoj and the quantum condition would not be obeyed. 
We see from equation (62) that q is not diagonal since it is equal to a 
matrix which does not enjoy this property. Therefore, if we wish to 
obtain the possible values of g at the time we must transform all our 
matrices into a scheme of labeling in which q is diagonal, so that the 
interpretation process can be applied to it. However, our line of advance 
will be somewhat different. We know from experience that q can take 
all possible positive and negative values and shall not trouble ourselves 
to rediscover this fact by carrying through the process indicated. Our 
real interest lies in the probability function S{'q^ q) of Sec. 6, which gives 
the distribution of an aggregate of particles in the one-dimensional 
q space, corresponding to an arbitrary distribution S{r]^ go), rj being any 
1 Z. 43, 172 (1927). 
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parameter which is held constant during the motion. As' in Sec. 6, 
we take the original distribution to be a Gaussian error curve, that is, 

Siv, qo)S*{r,, go) = c exp (63) 

and find the distribution curve at time t by equation (25), namely, 
S(r}j q) == JS(rj qQ)dqoS(qo q). 

The problem is to find >S(go, g), and this is identical with the typical 
element of the transformation matrix which carries us from the scheme 
in which qo is diagonal to the scheme in which q is diagonal. To get 
this function we apply equation (47), with the following values for the 
general symbols appearing therein: 

X is simply go, and F is q itself, while A is also g. 

This shows that Y is po, and when F is expressed in terms of go and po 

it takes the form F(Xj Y) = ^Po^ + go. Therefore, the operator 

( 0 ^ €t 0 

m dq~Q equation (47) takes the form 

m 2o>S(go, q) = qS(qo, q). (64) 

In this equation t is treated as a constant. It has the solution 


^iqo, q) = c exp - go)<^go^' 


(65) 


where c is a constant of integration. Substituting this in equation (25), 
and using equation (20), we have 


exp I?)- I* 

To evaluate this integral we write 

a _ ^ 

^ 2vmqi^’ 

and then the exponent takes the form, ‘ 


( go — go)’ 
2gi^ ■■ 


dffo. 


( 66 ) 


~-,{ga“(^l + - 2g„|^g„ + + go= 


2gi 

The term in can be absorbed into the constant factor, and then the 
integration shows that 

ipo 


/S(7j, g) = c exp 


m 


iPq: 




2gi2(l + 


(67) 
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From this we calculate the probability distribution, 


>S(77, q)S^{r], q) =c exp 

This formula shows that we are dealing with a Gaussian distribution 
of the representative points of the particles, symmetrical around the 

position — + which would be the position actually occupied by each 

m 

point if the motion were treated by classical methods. The spread of 
the distribution is greater than that of the original one in the ratio 
1 + These features are quite generally encountered in the problems 
of quantum mechanics. The center of gravity of the distribution obeys 
Newton^s equation for the corresponding classical motion, and there is a 
progressive spread of the packet as time goes on. 

Several other simple problems have been treated by Heisenberg^ in 
quite similar fashion, and Kennard^ has solved the problem of a particle 
in a homogeneous electric or magnetic field, as well as that of the harmonic 
oscillator. Darwin^ has also studied a number of problems by this 
method. He treats the motion of a free electron in two and three 
dimensions, the motion of an electron in an atom, the Stern-Gerlach 
effect, and the motion of a spinning electron. Interesting mathematical 
methods for the solution of such problems are also developed in, his 
paper. There are two later papers by Darwin^ which deal with such 
problems from the standpoint of an improved system of wave equations 
introduced by Dirac. ^ Unfortunately, we cannot consider Dirac’s 
equations here for reasons of space, although they open the way to the 
solution of many important problems. The exact form of the equations 
is still under discussion. ® 

17. THE MEANING OF THE TRANSFORMATION FUNCTION 

In Sec. 13 we stated without proof that the transformation function 
S{X, A) is identical with the probability amplitude for X when A. is held 
constant. We now demonstrate the identity ^of these functions, using a 
method due to Dirac.^ Consider a system having an energy function 
which does not involve the time, and let a perturbation depending on 
the time be applied, so that the new characteristic functions will involve 

1 Loc. ait 

2 Z. 44, 326 (1927). 

sproc, Roy. Soc., 117, 258 (1927). 

^Proc. Roy. Soc., 118, 654 and 120, 621 (1928). 

^Proc. Roy. Soc., 117, 610 and 118, 351 (1928). 

^Eddington, Proc., Roy. Soc., 122, 358 (1929); Temple, ibid. 122, 352 (102;)). 

-^Proc. Roy. Soc., llB,m (lQ27). 


51^(1 + ( 3 ^) . 


( 68 ) 
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the time. To find the transition probabilities induced by the perturba- 
tion, we may follow Born^s method (Chap. XV, Sec. 23). We first 
obtain the unperturbed i' functions, let us say q) and the perturbed 
functions q). 

If we expand the new wave functions in terms of the old ones we 
have 

^PiE, q) - jc(E, Eo)dE,^{Eo, g), (69) 

where the coefficients c(E, Eq) are also functions of the time. It is 
then assumed that \c(E, jKo)!^ is a measure of the probability that an 
atom in the state Eq will pass to a state with energy lying between E and 
E + dEj due to the perturbation. More generally, it is not necessary 
that the energy should appear in the wave functions. They could 
contain any other convenient parameter for distinguishing the various 
functions. Now, the transformation functions obey the relation , 

S(q, E) = lS{q Eo)dEQS(Eo E). (70) 

The formal similarity of this equation with the preceding one, and 
the fact that similar equations hold for all dynamical variables, suggests 
that we can identify >S(X, .4) of the matrix theory with the probability 
amplitude /S(X, A), Now the only conditions which must be satisfied 
by the probability amplitudes are those outlined in Sec. 3, and we can 
verify that all of these are obeyed by the transformation functions, 
which completes the proof. 


18. CONNECTION OF THE CHARGE-DENSITY AND STATISTICAL 
INTERPRETATIONS OF THE WAVE FUNCTION 


We see from Chap, XV, Sec. 16, that if we write 

p = (71) 

and 

with similar equations for % and s*, then these four quantities obey the 
equation of continuity, 

_L. j- = 0 (73) 

dt^ dx ^ dy ^ dz 


We understand now that this equation expresses the conservation 
of probability, rather than the conservation of charge. In Chap. XV, 
Sec. 16, we introduced a factor e, the charge of the particle under con- 
sideration, so that fpdv was equal to e. This factor is not included above, 
for pdv represents the probability that the particle shall lie in the element 
dv; the integral of this quantity over all space must be equal to 1, which 
repr(iseiits certainty, unless we wish to violate established custom. 
We may call p the demdty of probability. Ordinarily, its value at any 
point will alter in the course of time, and the vector s represents the. flow 
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of T'^obahility density through unit area perpendicular to its direction; 
in unit time. Equation (73) tells us that the probability in a closed 
region can increase only if there is a flow of probability s through the 
boundary of the region. 

Now, instead of considering a single particle, let us deal with an 
aggregate of particles which do not influence each other appreciably, 
e.g,j a beam of atoms rather than one atom. Then p is a measure of 
the average number of particles in dv, provided that dv can contain a 
number of particles large enough for statistical treatment without 
violating any of the conditions of the physical problem. In such a 
problem the direction of s must be that of the mass motion of the particles, 
and the magnitude of s must be proportional to the number of particles 
crossing unit area normal to s in unit time. Therefore, if the particles 
are charged, we see that Schrodinger^s s is a measure of the current 
density, and p is a measure of the charge density. The normalization 
of these quantities in Chap. XV, Sec. 16 , was carried out in such a way 
that s represents the average current due to the motion of a single particle. 
This convention is useful, and we shall use the quantities 


P = Sx 



(74) 


. leather than those in equation (72). The minus sign is introduced because 
the charge of the electron is negative. 

The above treatment refers to the one-electron problem, i,e., a 
problem with three degrees of freedom, and the flow of probability 
is a flow in ordinary space. In the general case, the flow takes place 
in the space of g’s. Schrodinger^ showed, however, that we can obtain 
a sort of projection of this flow on the three-dimensional space in which 
the coordinates are those of the pth electron, as follows: If we form the 
integml, 

Pp = • • • dzp^idx^:^i • • • dZn, (75) 

in which only the coordinates of the pth electron are present, the others 
having disappeared in the process of integration, then is the probability 
that the coordinates of the pth electron shall lie in the element dxpdt/pdzpj 
while the coordinates of the others take any values whatsoever. Similarly, 

- (^)/(**^ - 

is a measure of the flux of probability in the Xp direction. We should 
expect that the charge density and current density for the pth particle 
would obey an equation of continuity, and such is the case. We can 
easily verify that 

^Pp f dga;p ■ dgyp , dSzp _ ^ 
dt dXp dyp dZp 

Ann. Physih, 81, 109 (1926). 


( 77 ) 
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The statistical velocity y of a stream of electrons in the three-dimensional 
space, Xp, yp, Zp, is defined by the equation 


or 

in the one-electron problem. 


Pp^pi 

s = py, 


(76a) 

(766) 


19. THE IJNIDIRECTIONAI BEAM OF ELECTRONS; RADIAL CURRENT OF 

EIECTROKS^ 


We now apply these ideas to a beam of electrons moYiag in the 
direction of the positive a;-axis. If T is the kinetic energy, and p the 
momentum, the wave equation is 


g + ei-^-o, 

with the solution 

\l/ = (78) 

where a is a constant. The time factor is exp {—liriEt) where = T + 
mc^, and need not be considered further. 

By equation (74), we expect the charge density and the current 
density in the beam to be 


p = —e\p\ly'^ = — c|a|^ 



.y ~ Sx = 0. 



(79) 


As wc should expect, the current is parallel to the negative a;-axis, since 
the charge of the electron is negative. From equation (76a) we obtain 
the statistical velocity of the charges, namely, 


It f ollowB that 


^ 

(80) 

® p m 



(81) 


These results predict every feature of the statistical behavior of a uni- 
directional electron beam, provided we can overlook effects due to 
mutual repulsion. To consider these effects, we should have to write 
a wave equation containing the coordinates of all the electrons in the 
beam. We could no longer write F = 0, but should use the potential 
energy of the entire system. 


^ In conno(!tiori with Socs. 18 to 21, the reader should consult a general resnm^ on 
the anhjcMjt of aperiodic motions in wave mechanics, by Weintzeu, Phy&ih, Z.j 29, 321 
(1928). 
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The case of charges emitted from a spherical electrode with uniform 
velocity is similar. If we seek for a solution of the wave equation in 
polar coordinates which possesses spherical symmetry, then we may 
neglect all terms in which contain partial derivatives of ^ with 
respect to the angular coordinates. The result is 



and is found to be ~~~ By equation (76a), the velocity is Vr == 

p/m, and T = Of course, the and <;^-components of current 

density are zero. 


20. BORN’S THEORY OF COLLISIONS 
The interaction of material particles can be treated by the methods 
of wave mechanics. The development of this subject began with a 
paper by Born^on the interaction of an electron with an atom. This 
dealt with the problem in general terms and showed that the main 
features of critical potential experiments are reproduced qualitatively 
by the theory. The existence of critical potential^ is predicted, and 
it is shown that one can obtain the space distribution of electrons which 
have suffered collision. The probability of each type of collision as a 
function of the voltage, and the effective cross-section of the atom for 
electrons of any velocity can also be obtained. In practice, the com- 
putations are involved and we must usually content ourselves with a 
first approximation to the solution. However, this is not necessarily 
a disadvantage, for it often happens that the first approximation is good 
enough for all practical purposes. Born^ has carried through the cal- 
culations for the hydrogen atom. No data on the angular distribution 
of electrons which have collided with hydrogen atoms are available 
for comparison, for obvious experimental reasons. Possibly Born^s 
computations yield a first approximation to the behavior of simple atoms 
like those of the alkalies, but this is by no means certain. The best 

^ Z. Physih, 38, 803 (1926); preliminary note, iUd. 37, 863 (1926). 

2 Wissenschaften zu Gottingen,’’ p. 147 (1926). 
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proofs of the validity of the theory come from its application by WentzeP 
to the spatial distribution of photoelectrons and the scattering of alpha 
particles. In the case of alpha particles, he showed that the first approxi- 
mation to the solution of the problem leads to precisely the classical 
distribution formula (Chap. II, Sec. 16) which has been so well verified 
by the experiments of Rutherford and his colleagues. 

Several approximation methods are now available for the solution 
of collision problems. For a discussion of these and detailed references 
to the literature the reader may consult WentzeFs^ riSsumd. Here we 
shall describe a procedure which is essentially that of Born. Matters 
are simplified if we consider atoms, all of which are in a single quantum 
state. The generalization necessary when this is not true will be easily 
carried through by the reader. The argument is unchanged except that 
we must replace the wave function appropriate to a single state by one 
which includes a term for every state which is present. Let the undis- 
turbed atom be in a state of energy Enj the wave function being Un, 
and let its potential energy be Vh • • • Further, let the 

bombarding electron have the wave function exp 27ripxo^Q/h = 
when it is far removed from the atom. When the bombarding electron is 
closely coupled with the atom let the additional potential energy due 
to their interaction be Vi, The function Vi depends on the coordinates 
of both the bombarding electron and the atom. The total potential 
energy IsV^Vq + Vi, and the total energy of the system m E - T + 
En} where T »= B-nd is the initial kinetic energy of the bombarding 

electron. If Vi were zero (no interaction), the wave function for the 
whole system would be 

1^0 = ( 86 ) 

a being the normalization factor for We suppose that Un is already 

normalized. The wave equation to be satisfied when there is interaction 
is 

AV' + G{E - V)4' = 0. (87) 

Tho boundary conditions are these: at infinity the wave function shall 
behave like a plane de Broglie wave, in so far as its dependence on 
Xo, Vn, and Zo is concerned, while it shall obey SchrSdinger’s boundary 
conditions for an isolated atom (Chap. XV, Sec. 6) when considered as a 
function of Xi, . . . z„. 

We solve the problem by successive approximations, writing 
^ + ^2 + ■ ■ ■ • 

may be supposed to contain the first power of some small parameter; 
^a, the second power; and so on. The method of attack is exactly like 
that in Chap. XV, Sec. 23, We substitute equation (88) in the wave 

' Z. Phynik, 40, 574 and 500 (1926), 

tPhysik. Z., 29, 321 (1928). 



648 GENERAL THEORY OF QUANTUM DYNAMICS [Chap. XVIII 

equation and equate all the terms which contain the same power of th® 
parameter to zero. In this way we arrive at the following equationa: 
AvJ'o + G{E — Fo)vi'o = 0 
+ G{E — Fo)^i .= (rFiif'o 

= G{E - Fo),t, = (89) 

In solving these equations it is assumed that 4'i etc., all vanish for 
infimte values of all the coordinates, including Xd, y^, and Zo- If these 
concisions are satisfied, then the boundary conditions for yp itself wiH 
also be obeyed. Born pointed out that the convergence of this prooe^ 
S assured only when Fi vanishes more rapidly than 1/ro* at infinity, 

jlif^^ance frorn the origin to the point a;o, Vo, Zo- Therefore, 
the method is not suitable for the problem of scattering by an inverse 
sqmire center of force or by an ionized atom. (See the next section, 
owever, for a description of the way in which Wentzel overcame this 
it “^od to the scattering of alpha particles.) 

m^soltt bid T ' *he equations 

of Le undisturLd function p, in^ scries of wave functions 

W. J": will dopeBd 

■“ '^frm'Um + JfrEUEdE, ( 00 ) 

.qLtl" .»d/„ „l,«y «.« diSoroati.! 

Ao/™ + = GjVif,_,n,ndxi ■ . . dz„ s <f.,. 

Tb ~ • • • dz„ a 

The coefficients and K, have the significance, 

ky = G(T+,E,.-B„),\ 

p, , . . -I- Er, — E'), I VO"/ 

^ oeing a particular value nf TP in i.* 

2:; /IT:"” ™r‘ TZ 


:: 1 


(91) 


(92) 


AIVI 

symbol Ao; it indicates -^ + Jl . ^ 

roi'i + 1 , HCJ d. dyo^^dz/ , right side of equation 

in the atom ^dLppe!ron''“n^rrtion’ "The ^^1 particles 

can be written down bv standard m ^ solution of equation (91) 
< V, . Co, .Be .1“ 

with a similar expression for f „• r' and j 

ongin to the points z', y' z' and* denote the vectors from the 

|r' - r |2 _ / , t respectively, so that 


( 94 ) 
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When we have substituted the values of frm. and frs into equation 
(90), and in turn into equation (88), the solution is complete, and we 
may proceed to interpret the results. We shall confine our attention 
to the first approximation function although the reader must be warned 
that this is not justifiable in some cases. Ordinarily, we are interested 
only in the value which \j/ assumes when ro is large, that is, when the 
bombarding electron has moved away to a considerable distance. Con- 
sidering only large values of tq, then, we can neglect r' in comparison 
with ro in the denominator when carrying out the integration of equation 
(93) to obtain the development coefficients, for all the important con- 
tributions to the integral arise from volume elements in the immediate 
neighborhood of the atom. Also, we can simplify \r' — roj in the 



exponent. Figure 6 shows that for large values of tq this is approxi- 
mately equal to ro — r' cos a, a being the angle between r' and tq. 
But r' cos OL is equal to (nr'), the scalar product of r' and a unit vector 
n in the direction of tq, so that 

|r' — rol ^ro — (nr'). (95) 

Taking the factor outside of the integral, writing out the 

value of as given by equations (91) and (86), and remembering that 
G = 87^2mo//i^ we have 

exp [ikx' - iknm{nr')]UnUrr4v, 

= ( jClnmt (96) 

where dv = dx'dy'dz'dxi ■ ■ ■ dz„. Finally, substituting equation 
(96) and the analogous formula for /w into equation (90), we get the 
value of i/'i: . 

anm + JctnH-— — u^dE, (97) 

ro ‘0 

m 

Let us consider the meaning of a typical term in the summation 
of equation (97). Such a term is the wave function for the system 
composed of an undisturbed atom in the wth quantum state and an 
electron passing away from it radially with an energy which can be read 
out of the definition of knm- As we see from equation (92), this kinetic 
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energy is T “ (Em — En). This makes it possible to explain the prin- 
cipal qualitative facts in regard to collisions of electrons with atoms. 
If n = nij we have an elastic collision. The atom remains in the state 
^ must distinguish two cases. In the first, T is less 

than Em — En, and k\m is negative. This means that hnm is imaginary 
and the exponent in equation (96) is negative^ so that drops off 
very rapidly as ro increases. Such exponentially decreasing contributions 
to the stream of deflected electrons will not be observed. The positive 
exponent is ruled out, since it would require very large charge density 
at large values of ro. In the second case, T is greater than Em — E^j 
hnm is real, and we have a stream of particles which have lost the energy 
Em “ En* This makes it clear that excitation must set in rather sharply 
when T == Em - En. 

The reader can carry through a similar argument for a typical term 
under the integral sign in equation (97). Such a term corresponds to an 
atom in one of the states for which E is greater than zero, the bombarding 
electron having the energy T — (E — En), 

The fraction of the electrons which undergo a certain type of inelastic 
collision and are deflected so as to pass through the arbitrary point 
2 / 0 , ^0 is obtained very simply by using equation (85) to calculate 
the radial current density associated with each term of equation (85). 
It is apparent that we may use ypi instead of in equation (85). 

The term xf/o corresponds to the unidirectional stream of undeflected 
electrons. The result is found to be 

Ji 

~ PwE\(inEYdE) , (98) 

where it is to be understood that the sum includes only terms for which 
Em — En is less than T, and the integral, only terms for which E — En 
IS less than T. All terms which do not satisfy these conditions will 
be rapidly decreasing exponential functions of n. The conclusion is 
that is a measure of the number of electrons which have lost 

energy Em — En and have been deflected in a direction specified by our 
choice of the point a:o, yo, The dependence of and on the 
direction of the radius vector ro gives us the angular distribution of the 
sc^tered particles. To get the total number of electrons which have 
suffered a loss of energy Em - K and have been deflected in any direction 

w atsoever, we must evaluate hnn^cinm\^t and then integrate over the entire 
sphere. 

21. WENTZEL’S TREATMENT OF THE SCATTERING OF ALPHA PARTICLES 

Because of its simplicity, the scattering of charged particles is chosen 
as an example of the above method. i If we think of the scattering center 
1 Wentzel, Z. Physik, 40, 590 (1927). 
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as a bare nucleus, then Vq of the preceding section is equal to zero, and 
all the potential energy of the system is represented by Fi, which is 
equal to Z'2"6^/r, if Z'e and Z"e are the charges on the two particles. 
However, we meet with divergent integrals if we attempt to use this form 
for Fi. Therefore, Wentzel replaced it by the assumption 

where i? is a distance of the order of magnitude of the atomic radius. 
In our final result *it will appear only in a term which may be neglected, 
and, therefore, its value is of no importance. This assumption may be 
considered as an approximate way of taking account of the screening effect 
of the outer shells of electrons. It provides us with one of the simplest 


y/ 



possible models of a neutral atom. We now proceed to evaluate equation 
(96) . The wave function for a fixed scattering center is simply a constant 

multiplied by a time factor, and is equal to e where OT, T 
being the kinetic energy of the bombarding particle. The expansion 
of reduces to a single term, namely, = fiE- This state of affairs 
is due to the assumed immobility of the scattering center, which has only 
a single energy state for the purposes of our problem. We have, therefore, 

exp + ihx' - iHnr')^dv. (100) 

To carry out the integration we transform to polar coordinates p, 8, <p, 
with the axis 8 - Q lying parallel to the bombarding stream, as shown 
in Fig. 7. Further, for the sake of easy comparison with Wentzel’s 
results, we write {nor') for x', no being a unit vector in the direction 
of the incident beam. Then x' - (nr') becomes the scalar product of 
n- no and r', which is equal to \n - no\ p cos 8. The angle between 



m2 


riiKimr ah' gtrwrt M tn v i \fi> - ;* i,,. w nf 


(Iw unii vrt'liirs » umi in the angli’ of WH{h*nng. ti, 
2 niii 0 2. 'I’ltiiH I'Jiuftf ion (KM!) rmiiici'K !«» 


|:H 


, ♦ ‘‘ f 2 » A /■*'/•• r* 

‘ rA- A> 

pilp Hill «» 


f iiA Will rir* 


r. r 


’-j ' r'/." 


1 loi 


Now 4 w 2ff, X, wiiiTi' X if till* wnvc li'iigih of flu* UH nli-m «!<• 
w.’ivcM, Ko A’/i' if of iiii- onliT of innKiiitinlf h' k. I or nwifl n!|»lm iwHirli '*. 
X in ftitfill I'oHipiiri'iI with /«', nnii no the ti'ciii l•nlslll|||ln^^ fi itmv tn* omin« t| 
Iroin I'ljiiHtioii (101), wlii'tt vriy hjiihII m’hKikh^ iiukIoh hh. utnj« r 

I'oiiMtiii'nition. '!’!«• riitio of iln< l•!lllr|^(• il. n»iiy in llw wimi nil 
to ihiit in till* primnry Ih'iuo in (in.jHirtioiiiiI lo 




1 I 


Ki'f’ 


fin 


o 


(102) 


Thin in I hi* iJiHinlmtion itiTivi-ci Ity ••Inffini! iii« !inKlf. whlrh nunin with 
till' ri'HtiltM of KtithiTfcml'f I’Xif’rimcntH nn flu* fniiiiTiitK of iiliihn 
imrtirli'n Ity lighi niomf. 

n. mm-on'H kouatkjns ih wavk MKtriiAWirf* 

IChrcnfcNt' him oltlninotl n n uiniinlili* wi of miutlnr to 

Ncwton'H hiw of motion, whicli kovithm thi* motion of iho of 

«mvity of tim wnvi* «roui* rofiri'fititiint ii iiiuin’!i< Hinn* hi* flntiHl 
(hew oiimitionf mily for n fitiKlo <|i*Kn*i* of fr«*i*iiom mot <|i<| not «i%i. iho 
iii*ri Vitt ion, Htiiirk^ liiif wrifti*ti out Ihi* priiof for mot* fVwti*iM whirli 
olH*yH the Witvi- ^•^^^ll^tlo»l. Kor fimpiu*iiy w.- (.on«i.l».r n fycirm ^ith « 
fin«lr vtiriiiUli*. «Ufh tin n jmrtii*!i* movioK nloiiK tin* 'rio* i*iiiii*i 

‘»f gravity of (hi* pro! nihility liiflrihulion hiu* Hu* «*miriliiia!r, 

hi*(-iiuw thi* tlonommalor w tiortim)iiu*t| iiml in i-ipml to mo 
the momi'titiim of tin* wavi* group iw 

»)r' 


/' 




I IfiA) 
Wi> «ii-)mo 




for Whfit /* in thmi ,|,.{ini*i|, ««• flml hy u«ing t}„. nil 

nuTying out a Hintplt* inti'gralton liy parin that 

wi.Y - 


' y, 4(t, (ACi 'Ht'i?!. 

• I'hiff. /('««' , 31, 5:i:t I lu.'h' 



Sec. 22] UEWTON’S EQUATIONS IN WAVE MECHANICS 653 


Now, we can show that the law of motion of the center of gravity is 


mX = P = (105) 

Differentiating equation (104) with respect to t, we have 

^ j J 3a; ^ ^ dxdt f 

We replace and d'^^/dxdt, by their values obtained from the wave 

equation (65), Chap. XV, and P reduces to 

On integrating the last term by parts, the second integral becomes 



3 a:® dx 


d’&3®qrH<\ 

ax ax® 


The indefinite integral is this vanishes at infinity by hypothesis, 

so the integral is zero, and equation (105) is verified. If we are dealing 
with a large-scale problem, in which the distances involved are very large 
compared with the effective width of the wave group, we can replace the 
right side of equation (105) by the value of — dF/dx at the center of grav- 
ity, multiplied by J'4''^*dx. This integral is unity, and so we obtain 
the Newtonian equation of motion, 


mX = - 


aF 

dx 


If we deal with a system of particles instead of only one, we have for the 
pth particle 

TOpX„ = (105a) 

there being similar equations for Yp and Zp, The extension to still 
more general systems offers no difficulty. This makes the connection 
of wave and Newtonian mechanics very clear. ^ 

iScheOdinqkb {Naturwissenschaften, 14 , 664 (1926)), suggested another type of 
connection between wave and ordinary mechanics. Using the linear oscillator as an 
example, he showed that we can obtain a solution of the wave equation for the oscillator 
which corresponds to a high and narrow peak, moving to and fro over a limited portion 
of the x-axis with simple harmonic motion. This solution is formed by taking an appro- 
priate sum, Scn'J'n, of a vast number of wave functions corresponding to high quantum 
numbers. Schrddinger found that the desired result is attained if we put Cn = A^/2m !, 
A being any large positive number. Heisenberg (Z. Physik, 43 , 172 (1927)) has 
pointed out that this method is not suited to furnish a connection between atomic and 
large-scale phenomena except in the case of the oscillator. 
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23. THE HYDRODYNAMIC INTERPRETATION 

Since the probability density and the probability flux obey the 
hydrodynamical equation of continuity, it is natural to expect that 
changes in the distribution of 4^4^* will be similar to the motion of a 
perfect liquid. Madelung^ developed a hydrodynamical interpretation 
of wave mechanics on this basis. The situation ha^s been treated as 
follows by Kennard. 2 If we write 

^ (106) 

the components of the probability flow, equation (72), can be rewritten 
in the form, 

Sx = - etc. (107) 

mdx 


The analogous expression in the case of a perfect incompressible fluid 
flowing with velocity u would be Sx = pUx, so that the velocity of an 
element of the field of. probability may be taken as 


which shows that — d/m is analogous to a velocity potential in hydro- 
dynamics. The law of motion of an element of probability is shown by 
Kennard to be 


4 - A V 1 

dt dXj dXj ^ nirR dXr^^ 

T => 1 


(109) 


where now we are dealing with a system having n degrees of freedom. 
This shows that each element of the probability moves in the Cartesian 
space of each particle as that particle would move according to Newton's 
laws under the classical force plus a quantum force" given by the term 
containing h in equation (109). This point of view is often useful. 


1 Z. Physik, 40 , 322 ( 1927 ). 

2 Phys. Rev., 31, 876 ( 1928 ). 


CHAPTER XIX 




NON-HYDROGENIC ATOMS AND MOLECULES IN THE 
NEW MECHANICS 


1. HEISENBERG’S THEORY OF THE TERM SYSTEMS OF HELIUM 


There are two striking facts about the spectral terms of helium, 
which must be explained by any successful theory of this atom. The 
orthohelium and parhelium terms do not combine, and the interaction 
energy of two magnetic electrons is much too small to explain the difference 
between corresponding terms in these two systems. It was recognized by 
Heisenberg^ that the cause of both these phenomena is a sort of resonance 
action between the two electrons, which would be described on an orbital 
theory by the statement that the two electrons interchange places, so that 
we can no longer speak of one electron as being more tightly bound than 
the other. In terms of the wave theory, this may be expressed by saying 
that the wave equation is symmetrical in the coordinates of the two elec- 
trons. Before entering on a study of the energy levels and spectral 
intensities of helium, we shall examine a much simpler problem of the 
same general type, considered by Heisenberg, namely, that of two coupled 
harmonic oscillators. We shall designate the coordinates of the oscil- 
lators by Xi and X2, If the coupling forces were absent, the energy of 
the system would be the sum of the energies of the two oscillators, ■ 
separately. Such a system is degenerate, for if the quantum numbers 
of the oscillators take the values ai and a2, respectively, we have the 
same total energy as though the quantum numbers were interchanged. 
This may be referred to as “exchange degeneracy.” If the coupling 
forces give rise to a term \X1X2 in the energy, the Hamiltonian becomes 


H 


Pi^ . 

2 m 2 


2 m 


0)^lXX2^ 


+ \XiX2i 


( 1 ) 


ju being the mass and w/ 27 r the frequency which either oscillator would 
possess in the absence of the other. The usual method of solving vibra- 
tion problems of this type is to seek for normal coordinates Xt.' and x^, in 
which the energy is a sum of squares, namely, 


= 


2 ll 

2 ^ 


+ 


coiV®/** I Vi 

2 ' 2iu 


'2 


+ 




1 Z. Vhysih, 38, 411 (1926). 


ess 


( 2 ) 
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In the present problem, the transformation which accomplishes this is, 

= -^(Xi + Zs), Xi' = - Xi), (3) 

2 2 

and 

0)1^ = + X, C02^ = co^ — X. (4) 

H is obviously the sum of the energies of two fictitious oscillators of 
mass ju, with coordinates Xi and If only the first of these is excited, 
both of the actual oscillators move in the same phase, while if only the 
second is excited, they move in opposite phases. The quantized energy 
values may be represented in Fig. 1, which is an ordinary energy diagram. 
The quantum numbers of each term are written beneath the dot or cross 
which represents it. Now it is easy to show that the terms indicated 
by dots do not combine with those indicated by crosses. The electric 
dipole moment is proportional to Xx + x^, and so only the first fictitious 
, oscillator possesses a moment. In transitions which give rise 

^ j to radiation the quantum number of this oscillator must 

^ 3/ \ I change by 1. Further, we would esipect the quantum number 
// J 3 second oscillator to remain unaltered, for it possesses no 

03 moment. However, there are higher terms in the 

/o • classical expression for the rate of radiation, proportional to 
01 homogeneous functions of xi and x^ of the second and higher 
degrees. These functions must be symmetric in Xi and 0 : 2 , 
‘ since the two oscillators play similar parts in the radiation 
process. On transforming such a function to the new variables, it 
will contain only even powers of x^. To illustrate this, suppose one 
of these symmetric functions were to contain the first power of x^\ 
By equation (3), it would contain xi — x^, and this is not symmetric, 
but antisymmetric in Xi and x^, changing sign when these two 
quantities are interchanged. In accordance with the correspondence 
principle, the absence of odd powers of x^ in the expressions determining 
the radiation means that the quantum number n 2 can change only 
by zero or by an even integer in a transition. Therefore, we must 
expect weak lines corresponding to transitions from the first column to 
the third, from the second to the fourth, etc., in Fig. 1, but a change from 
oiie column to the adjoining one will not occur. Thus the term scheme 
is divided into two non-combining parts. As Heisenberg remarks, this 
rule is valid even in collision processes, since the probability of a transition 
due to collision is dependent on the perturbation due to the bombarding 
particle, and any such perturbation can be considered as producing a 
combination of dipole, quadrupole, and higher moments in the system. 

So far our remarks about the decomposition of the terms into two 
non-combining systems have been based on the older quantum theory, but 
they may be rigorously derived by means of the new mechanics, without 
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detailed knowledge of the wave functions. Indeed, the results obtained 
hold true for any two systems of precisely similar constitution which 
are brought together, if the perturbation terms are symmetric in the 
coordinates of the two systems. Heisenberg^ outlined a proof which 
depends on the matrix perturbation theory of Chap. XVII, Sec. 13. 
However, we shall present the corresponding proof in wave mechanics; 
and shall begin by outlining perturbation theory. 

2. SCHRODINGER’S PERTURBATION THEORY FOR DEGENERATE 

SYSTEMS^ 

A problem in wave mechanics is said to be ^'degenerate’' when there 
are several wave functions which belong to a single value of the energy. 
Let there be a wave functions, 

belonging to the energy Eok, and let us suppose they are normal and 
orthogonal, not only among themselves, but with respect to all the other 
wave functions. When a suitable perturbation is applied to the system 
we have a distinct wave functions, each one , belonging to a distinct 
value of the energy. It is essential to know whether each one of these 
functions can be considered as arising continuously out of one of the 
functions of equation (5). In general this will not be the case, and the 
reason may be seen by looking at the question from the standpoint of 
Bohr’s theory. Consider a hydrogen atom with inner number three, 
for example, in the absence of an external field. We may arbitrarily 
choose a set of seven standard configurations of the atom, let us say the 
seven positions which it could take up if a magnetic field were applied 
along the X axis. Each one corresponds to a wave function of the unper- 
turbed system. If a magnetic field directed along the F-axis is applied 
to the atom, it can take up any one of seven quantized positions in which 
the component of angular momentum along the F-axis is a multiple of 
h/2T. If the field is removed, the atom will be left in one of these posi- 
tions, which will not agree with the standard configurations first con- 
sidered. However, each of the standard configurations can be made 
to agree with one of the actual configurations, in which the atom is left 
on removing the field, by a simple rotation. In order to pass to a descrip- 
tion in terms of wave mechanics, almost no change is necessary other 
than to replace the words “configuration of the atom” by “wave func- 
tion.” In view of what has been said, it is not very surprising to find 
that when we are given any set of perturbed wave functions, 

'Pki) • • • 4'kai ( 6 ) 

^Loc. ciL The proof is given in detail by Birtwistle, '^The New Quantum 
Mechanics,” p. 220, 

a Ann, Physik, 80, 437 (1926); also, Abhandlungen,” p, 86, 
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we can always find linear combinations of the namely, 

’Ao/bl = Tkl^ix + (pk2Pi2 -[-••• + (Pkoep-ia, 

i^Qk2 — <Pkll^21 Ar <Pk2^22 + • • • + <pkoc.^2oty ©tC. (7) 

such that \pk\ will pass continuously into ^k 2 into 4'^k2i and so on, 
when the field is removed. 

In equation (7), there is a restriction on the transformation coeffi- 
cients /3 a:A. The original wave functions (pkh were normalized and orthogo- 
nal, and the functions used in their stead should also have these 
properties. From equation (7), 

i)kh dv — ^ '^fikaPh & J <pka^'^khdv. ( 8 ) 

a h 

On the right, each integral is either one or zero, according as ^ — 6, 
or a 7 *^ 6. Accordingly, the sum reduces to '^Qha^ka and this must obey 

a 

the relations 

= I 0 if A A' } ' 

in order that the unperturbed functions may be normal and orthogo- 
nal. These relations are simply the condition that the transformation 
of equation (7) shall be orthogonal. The only way in which the per- 
turbation theory for degenerate systems differs from that of Chap. XV, 
Sec. 22, is that the appropriate set of unperturbed characteristic functions 
must be found in the process of solving the perturbed wave equation. 
We take this equation in the forin 

+ CiE - V - \F)4' = 0, C = (10) 

just as in Chap. XV, Sec. 22. \F is the perturbation of the potential 
energy, X being essentially proportional to the strength of the perturbing 
field. We proceed to solve this equation by assuming that the perturbed 
energy and the wave functions are given by 

Ekh = Eok + ^€kh} 

^kh = + Xy^ + • • • , (11) 

formulas which are analogous to equation (119) of Chap. XV. We 
neglect powers of X higher than the first, and obtain the equation for 

AVkk + CiEok “ V)vkh = C{F — ejck)'^okk‘ (12) 

In Chap. XV we proved that the right member of the perturbed wave 
equation must be orthogonal to the corresponding solution of the unper- 
turbed wave equation. In the present instance, the correct form of this 
theorem is that the right member must he orthogonpl to each of the a wave 
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functions belonging to the original energy value This is expressed 

by the equations, 

f{F — e]ch)4^* okh<pkidv = 0, i = 1, 2, • • • a. (13) 

If we substitute the value given in equation (7) for \l/okh the result is 

Y/fihafiF - tkh)<Pka*<Pkidv = 0, i = 1, 2, ■ ■ ■ a. (14) 

a 

Now ekh is a constant, and the integrals multiplying it are either zero or 
one, since the <p^s were so chosen as to be normal and orthogonal. Now, 
let us write 

' !F(p]ca*<Pkidv = Fai) (15) 

and let us put e in place of e^h and fia in place of fea, since no misunder- 
standing will arise from so doing. Then the equations (14), written out 
in full, will take the form 

/3i(i^xi — e) + fiJF 12 + * • * + ^oF la = 0, 

^iF^l + I^2{F22 — €)+•••+ ^ocF2a = 0 , 

^iFal -f- l^2Fa2 + • • • -f fia(F act ““ e) = 0. 

Considering these relations as equations for the jS’s, they are homogeneous 
and of the first degree. In order that the d^s may have values other than 
zero, the determinant of the coefficients must vanish, that is, 

F \i — € Fi2 F\a 

F 21 F 22 € . ... F2a 

F al F a2 Fata C 

This is an algebraic equation of degree a, which serves to determine the 
a possible values, fia, arising from the characteristic value Eok when it is 
split by applying the field, in accordance with equation (11). Having 
determined one of the roots of equation (17), we substitute it in equation 
(16), obtaining a system of consistent equations from which a set of 
ratios of the /3’s can be determined. The actual values of the constants 
are then assigned with the aid of equation (9), giving us complete 
knowledge ^of the unperturbed wave function \l/Qkh to which \l/kh will 
approximate when the field is removed and Ekh approaches Eok- To find 
the perturbed wave function \pkhj we proceed just as we did in Chap. 
XV, Sec. 22, with a few minor changes. In place of equation (123) of 
Chap. XV, we have 

Vkh ~ ^^,V]hi<Pn' ( 18 ) 

3 i 

The summation index j runs over all energy values of the unperturbed 
system; when k is given a definite value, i runs from 1 to a, so that we 
include all wave functions belonging to the energy value Similarly, 


= 0. (17) 
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we expand the known function (F — tkh)^m appearing in equation 
in the form 


where 


(F — ekh)^0kh = ^ ^Ckhiipki, 

k i 

Ckhi = J(F — ekh)^okh<Ph\dv. 


( 12 ) 

(19) 

( 20 ) 


On using equations (18), (19), and (20) in the wave equation, the result 
is 



( 21 ) 


The value j = k is omitted in the first summation. Taking A = 1, 
2, . . . o: in succession, we obtain from equation (21) a set of a per- 
turbed wave functions. This completes the solution of the problem. 


3. THE ENERGY LEVELS OF HELIUM 


The determination of the energy levels of helium is now only a matter 
of applying the theory of Sec. 2. The wave equation is 

M+g(e + ^ + = 0, (22) 

where G — mC = Sir^m/h^j xij 2 / 1 , and Zi are the coordinates of the first 
electron and X 2 , 2 / 2 , and those of the second, referred to the nucleus; 
Ti and r 2 are the radii vectores of the two electrons and vn the distance 
between them. Further, A has the significance 


Ai + Aa = + 


dXi^ dyi 


+ 


+ 


Qi I 

dz? 


Approximate solutions of equation (22) can be obtained in several 
different ways, depending on the type of “unperturbed” motion which 
is chosen as a starting point. In making a qualitative study of the 
term system, it is convenient to follow a treatment given by Somrrierfeld.^ 
The unperturbed system is obtained by neglecting the term e^/ru 
in the potential energy, and thus it consists of a helium atom in which 
there is no interaction between the two electrons. The wave equation 
for the unperturbed system is 

+ g(^Ex + E^ + = 0, (23) 

where Ei and E 2 are the energies associated with the first and second 
electrons, respectively. Since the two electrons are independent, the wave 


^ Since the differentiations in are taken with respect to the actual coordinates 
instead of the quantities w}^x 2 f etc., we must use G in our computations wherever 

C appeared in Sec. 2. 

2 Supplement to Atombau,^' p. 267. 
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function for the atom is the product of two hydrogen wave functions. 
Let us suppose that these two functions are the ones appropriate to the 
nth and mth quantum states, respectively. Then their product may be 
written 

<P(^nm) ” yiy 2 / 2 ? 


or 

<P:nm) = (24) 


We can readily verify this by substituting equation (24) in equation (23) ; 
for the resulting equation is found to be separable, and the equations 
for ^n(l) and are 


Ai^„(l) + ( 7(^1 -A + ^)f«(l) = 0, (25) 

A2^m(2) -h G^JEz + 4 4" ■^)'/'»»(2) = 0, (26) 


where A is a constant introduced in the process of separating the varia- 
bles. In accordance with Chap. XVI, Sec. 1, we write 


El- A = - 


Rhc 


E2 Hh A 


Rhc 


(27) 


Wherever the energy —Rhc/n^ appears in the nth wave function of 
hydrogen, we must write Ei — A in \pnil), and E 2 A must replace 
—Rhcjm^ in However, the wave function 


(fCmn) = 4^rr,{Xl, Vlj Zi)\pn(X2, 2 / 2 , ^ 2 ), 


or 


^(mn) — ^»»( 1 )^ 7 i ( 2 ), 


(240 


is also a solution of equation (23), corresponding to the same total energy 
as equation (24). When using equation (240 we replace equation 
(27) by 


B,- A = E, 


, . Rhc 

+ ^ - - „r- 


(27') 


with the understanding that A does not necessarily have the same value 
which it had in equation (27). Here we have a typical case of exchange 
degeneracy, except when both electrons are on equivalent orbits. When 
this occurs, <p(nm) is the same as (p{m,n), so there is only one wave function 
instead of two. 

We are interested chiefly in states for which one of the quantum 
numbers is unity, and shall now restrict the discussion to such states. 
The energy levels may be numbered by giving the quantum number 
k of the second electron. In order to be in agreement with the notation 
of Sec. 2 we might write 

<Pki — V'i(1)^a(2), <pk2 — 

but even this notation is unnecessarily complicated. Since we shall 
speak only of the wave functions belonging to a given, although arbitrary. 
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"■■-J 

Fi2 = J 

—<Pi*(Pidv, 
f Ti2 


( F a = J 

C 

(P2^(p2dv. 

f Tx2 j 


value of k we may leave the subscript k out of all the formulas of Sec. 
2. Accordingly, we put 

(Pi = (p2 = (28) 

and proceed to study the effect of the perturbing term e^/ri 2 . In accord 
with equation (7), any linear combination of the wave functions (pi 
and <P 2 is also an acceptable wave function. We write a typical linear 
combination in the form 

= ^l(pl + P2<P2j (29) 

and for a typical perturbed wave function, we write 

^ — ’Ao V. 30) 

If we put X = 1 in (10), we have 

F : 

ri2 

We calculate the quantities of equation (15), which are as follows: 


(31) 


In equation (31), dv means m^dxidyidzidx 2 dy 2 dz 2 , and the integrations 
extend over all real values of the six coordinates. Further, the integrand 
of Fix is obtained from that of F 22 by simply interchanging the coordinates 
of the two electrons. This shows that Fu is equal to F 22 . It is convenient 
to arrange matters so that Fn is equal to F 21 . If it turns out on inte-- 
grating equation (31) that F 12 is equal to where R and <p are real, 
then we go back to equation (28) and redefine <P 2 as times its original 
value. We shall assume that this has been done, so that F 12 and F 21 
are real, and therefore equal. To find the perturbation of the energy, 
we need only form the equation (17), 

Fix" € F\2 

F 2 I F 22 ~ 

and in accordance with what we have just said this reduces to 

(Fn-ey=Fh2, 

so that 

€ = F XX ± Fx2- (33) 

Let us choose the upper sign in this equation. Substituting the value 
of € in the first equation of (16), we have, 

/5i( -^F 12 ) + ^2-^12 == 0, 

or 

Pi — ^2- 

Similarly, if we take the lower sign in equation (33) we get 

Pi = -ft. 


= 0 , 


(32) 
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Therefore, the two unperturbed wave functions which are approached 
by the perturbed functions when e^/vn tends to zero are 


and 


= 0l(^l + ^ 2 ), 
’/^Qa = — ^2). 


The subscripts s and a indicate that one of these functions is symmetric 
and the other antisyrpmetric, in the coordinates of the two electrons. Since 

both functions must be normalized, we find that / 3 i = and, therefore, 

+ ^2), ( 34 ) 

’Aoa = ” <5^2)- ( 35 ) 


The term system is now seen to be of the kind depicted in Fig. 2 . 
The normal state (/c = 1) is single, but for any other value of k there 
are two states with energies differing by 2 Fi 2 . The 
states which are symmetric in the positional coordinates are ^ ^ 

the parhelium terms, and the antisymmetric ones are the 5* + i | 

orthohelium terms. To show this, we need only note that , 
for the normal state <pi = ^2 and xf/oa = 0 . The absence of ^ ^ 

an antisymmetric function for the normal state explains ^ 

the fact that there is no IS state in the orthohelium sys- 
tern. The reason why each orthohelium term appears as a 
singlet rather than a triplet is that we have neglected the ^ 

electron spin. 

We can show, following Heisenberg,^ that the parhelium and ortho- 
helium terms do not combine. Consider a transition from a symmetric 


state (parhelium) with the wave function + 9^2)71 to an anti- 

symmetric state (orthohelium) with the wave function ^(9^1 — 952)^1. 

The intensity of the radiation is determined by the element ^(1, 1, m) 

in the matrix for the electric moment. Considering the x-component 
of the moment, we require the value of the integral, 


J = "2/(^1 + ^2)(9^1 + <^2)n(^l — <P2)mdV. (36) 

Obviously, the value of J is not altered if we interchange xi and X2^ yi 
and 2/2, etc., leaving the functional form of the integrand unaltered. 
However, letting 0^2 stand for X2, 2/2, ^2 and Xi for xi, yi, Zi, we have 

Xi) — <^=>2(^2, ^1) •= '-[ 9 ?x( 3 Jlj *^^2) ” <P2{Xi, X2)] 


^ Loc. cit. 
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and so the value of J obtained by the interchange may be rewritten as 

J = 2/(^2 + + <P^n[<Pi{Xi, Xi) - <pi{xi, Xi)]dv. (37) 

On adding equations (36) and (37) we have 2J = 0, which proves our 
assertion. This result is not altered when we use \po -{■ v instead of 
and when higher approximations are taken into account. 

We now consider the effect of electron spin on, the term system, a 
problem which was also solved by Heisenberg. ^ First, let there be no 
interaction of the two electrons, and let them be placed in an externa] 
magnetic field. If mi and are the magnetic quantum numbers and 
m = mi + m 2 , we have the following four cases; 


Case 

mi 

nii 

m 

Wave function 

I 



1 


II 


-H 

0 

lAii — 4'i. M)’y(~y^) 

Ill 


yi 

0 


IV 


-H 

-1 

>iv = 


Each electron may take up one of two possible orientations and its wave 
function will be designated by i/'(mi) or f (m 2 ), as the case may be. In 
the fifth column of the table we have the wave functions for the pair of 
electrons. The first and fourth states are not degenerate but the second 
and third have the same energy and may be derived, one from the other 
by interchanging the two electrons. When we consider the interaction 
of the spins as a perturbation, two perturbed states of different energies 
and having different wave functions arise from cases II and III. The 
calculation of the energies is quite similar to that carried out above. 
The quantities Fn, etc., are evaluated, using the wave functions of the 
rotator in equation (15), and we have e = Fn i Fn, just as before. 
When the interaction term vanishes, the perturbed wave functions reduce 
to two functions, one of which is symmetric and the other antisymmetric 
in the quantum numbers mj and m 2 , namely, xPn + and - ^m. 
Thus we have three symmetric functions, fi, and and 

one antisymmetric function, \pu — The symmetric functions 
correspond to triplet states, while the antisymmetric function represents 
a singlet state. The reader will readily verify the fact that the magnetic 
quantum numbers corresponding to these four wave functions are the 
correct ones for singlet and triplet terms. 

We now obtain the wave functions for the entire system, neglecting 
the interaction between the spins and the translational motion. There 
are eight possibilities, as follows : 

' Z. Physik, 39 , 499 (1926). 
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Symmetric Group 

{<P\ + ^2)’/'! 

(<Pl + <P2) (\^I1 + ’/'III) 

(^’1 + V52)’/'IV 

{(pi — ^2)(\^ii — tAiii) 


Antisymmetric Group 

{<pl — 

(<Pl — <P2) + ’/'III) 

{<P\ — ^2) ’/'IV 

(^1 + ^2) (’/'II ^ ’/'III) 


he states of the first group are said to be symmetric in the sense 
. interchange of the two electrons leaves the magnitude and sign 
vave function unaltered. Similarly, all the states of the second 
tre antisymmetric. If the first group were realized in nature, 
Darhelium terms, which have wave functions* of the type <px + 
be triplets, and the orthohelium terms would be singlets. In 
the reverse is true, and we must conclude that only the anti- 
''%c terms occur. 

i very interesting to see how the term system of helium can be 
3 d by considering the symmetry and other simple characteristics 
''ave functions, without detailed knowledge of their form. Similar 
rations were applied by Heisenberg^ to the terms of other atoms 
[molecules. 

shall not describe the detailed calculations which are necessary 
r to determine the helium energy levels, but shall confine our 
)xi to the methods of various investigators and the results which 
s^en secured. Heisenberg^ used a method, which is essentially 
Sec. 2, to calculate the energy-differences of the orthohelium and 
xm terms 2P, 3Z), and 4P. The order of magnitude of the cah 
differences is in agreement with the data. In view of the diffi- 
.entioned at the beginning of this section, such agreement must be 
red encouraging. For the sake of a better approximation Heisen- 
es a model which differs somewhat from that considered above, 
ists of a nucleus surrounded by a spherical shell of radius ro, 
g a charge ■— e, so that an electron inside the shell will move under 
3 e 2'(3^/r^, while outside it will experience the force {Z — l)e^/r^. 
rergence of this model from reality is removed by including terms 
perturbation energy to make the total potential energy the same 
given in equation (22). The function of the shell model is simply 
>le us to make a start with wave functions which approximate 
truth more closely than the ones considered at the beginning of 
stion. Heisenberg^s model is not suited for the calculation of the 
state. Likewise, Unsold® showed that the use of equations 
24), etc., does not give a good approximation. Slater^ attacked 


^hysih, 41, 238 (1927). 

^hysik, 39, 499 (1926). 

Physik, 82, 355 (1927). 
c. Nat Acad. Sci., 13, 423 (1927). 
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the problem in a somewhat different way. In his method, one of the 
electrons is held fast, while the other moves in the field of two fixed 
centers of force. The energy values depend on the distance between 
the two centers. The next step is to determine the motion of the second 
electron in a central field which is chosen on the basis of the results 
obtained in the problem' of two centers. Finally, the Schrodinger 
perturbation method is applied to determine the interaction of both 
motions. Kellner^ has used the approximation method of Ritz^ in 
order to calculate the lowest term of helium and the lowest terms of the 
helium-like ions of lithium, beryllium, boron, and carbon. In the case 
of helium he was able to push the calculations to the fourth approximation 
before encountering serious difficulties. His value of 77.840 volts 
corresponds to a first ionization potential of 23.75 volts, which may be 
compared with the experimental value of 24.46 volts. The Ritz method 
has also been used by Finkelstein and Horowitz.^ 

Hylleraas^ has greatly advanced the solution of this problem by 
adopting new variables, namely, the distances ri and ^2 from the nucleus 
to the two electrons, and the distance ri 2 between the electrons. When 
this is done, the successive approximations converge rapidly. Hylleraas’ 
value of the ionization is less than 0.002 volts higher than the spectro- 
scopic value, a result which shows beyond question that the wave- 
mechanical method of attack on this problem is essentially correct. 



4. THE DIATOMIC MOLECULE 

We shall now use the methods of wave mechanics to study the energy 
levels of a molecule consisting of two massive particles, mi and m 2 , 
with coordinates Xi, ^ 1 , Zi, and X 2 , 2 / 2 , ^ 2 , respectively. The potential 
energy is assumed to be a function only of their distance apart. 

A beginning in the solution of this problem was made by Schrddinger® 
and it was solved in detail by E. Fues.® In accord with Chap. XV, Sec. 
6 the wave equation is assumed to be 


where 



mi m2 


(E - 7)^ = 0, 


5 V , dV 


and 


A2t/' = 


dX2^ ^ dy2^ 


4. 

dZ2^ 


(36) 


Let V, t be coordinates of the center of mass, defined by the relations 
(mi + m 2 )^ = miXi + 7112 X 2 , etc. and let x, y, Zj be the coordinates of 


^ Z. Physik, 44, 91 and 110 (1927). 

2 Details of the Eitz method are given in Courant-Hilbert. 

48, 118 (1928). 

^ Z. Physik, 64, 347 (1929) and earlier papers mentioned therein. 

5 “ Abhandlungen,’^ p. 51. 

6 Ann. Physik, 80, 367 (1926). 



Sec. 4] 


THE DIATOMIC MOLECULE 


667 


m 2 referred to mi, so that a; = X 2 — Xi, etc. By transformation, or by a 
direct application of the fundamental principles on which equation (36) 
is based, we find in these new coordinates that it becomes 




mi + 


Here /x is the reduced mass. 


V)^p = 0. (37) 


mim2 , . , dV L I 

, = — - q- -|- 

mi + m 2 ox^ ay^ 


dz'^ 


This equation splits into two parts when we assume 

xj/ = f(^Xj 2 /, Tjy ^), 

E = Et Ei. 


and write 


Et represents the translational energy of the molecule and Ei its internal 
energy. 

The equation for g is 


+ ^ + = 0. 

mi + dif 


(38) 


We obtain exactly this equation if we consider free motion of a particle 
of mass mi + mV The condition that g shall be finite through the whole 
of space, without being identically zero, can be satisfied whenever Et 
is either positive or zero, but cannot be satisfied if Et is negati' e. This 
means that the molecule can move with any velocity. Further, the 
energy E which enters into the formula En — Em = hy is seen to include 
the energy of translation of the whole molecule. 

Let us now study the function / which describes the behavior of the 
molecule as seen by an observer moving with the molecule. / obeys the 
equation 

Af + G(Ei - V)f = 0. (39) 

Since V depends only on r, the distance between the two masses, the 
equation is separable in polar coordinates r, 6, ip, exactly as in the case 
of the hydrogen atom or the two-dimensional rotator. If we put 


then 


/ = B{r)Y{ep), 

Y = P,-m(cos 0)e™*’, 


(40) 

(41) 


where i = 0 or a positive' integer and m is always g i, so that / depend^ 
on d and ip as described in Chap. XV, Sec. 8 . The only change arises 
from the different form of the potential energy, occurring in the equa- 
tion for R. Before writing this equation we shall use another inde- 
pendent variable, related to r by the equation, p = r/ro, in which ro is 
the equilibrium distance of the nuclei in the classical analogue of this 
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problem, when the molecule is not rotating. Then, writing I — jxro^, 
we have 


1 d( M 


dpY dp 


+ 




(E, 


J’O + 1) 


R = Q. 


(42) 


We introduce a new dependent variable, 


F = pR, 

and then equation (42) becomes. 


^ , 

dp^ 


8t^I 


(E, - 7) - 


jU + 1) 


7 = 0. 


(43) 


Now a choice of the law of force must be made. Fues carries through 
the solution for two different laws: 

(1) The potential energy function is supposed to be of the form 
used by Kratzer (Chap. XII, Sec. 4), namely, 

V = C - (27rPo)'/(j ~ ^ ~ 1)" + - 1)" +'•■•)> (44) 

where vq is the fre(][ueiicy of vibration of the nuclei for zero amplitude. 
Kratzer constructed this function assuming that the molecule has a 
polar binding but since it is applicable only in the region where p differs 
only slightly from 1, it may be taken as an arbitrary potential energy 
function. We let the value of 7 for p == 1 be D, so that, 

D = C — (^ 45 ) 

(2) Expanding equation (44) in terms of (p — 1)^ we secure 

V = C — }4(^7rPoyi + M(27ri/o)^/((p — 1)^ + c/{p — 1)3 -f- 

where - 1)^ + ■ • - ), (46) 

C3' = 2c 3 + 2 and c/ = 2c4 — 3. 

This is the most general form of the potential energy function for an 
anharmonic oscillator. In using this form for the potential energy it is 
convenient to use ^ = p — 1 as the variable instead of p. ' 

We proceed to solve equation (42) using the value of equation (44) 
for the potential energy. First, we must determine the meaning of the 
constant C. When the distance between the nuclei is very great the 
force must approach zero. This means that at great distances the for- 
mula (44) is not valid, cs and Ci are no longer constant, but must 
approach zero, and then 7„ = C. Since we choose arbitrarily to make 

V „ - 0, C - 0, and from the value of C given by equation (45) we get 

D = — (27rro)^* 


(47) 
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Now we introduce the abbreviations 

, 8r^I{Ei + D) 

A = -1 U — 

and equation (42) becomes 

F" + 


47r^»'o/ 


dW 

dp^’ 


(48) 


^ + r2' 


2 ^ P 


2p^ 


2 + C3(P 


1 )' + Up - 1 )^ + 


j(j + 1) 


F = 


0. (49) 


The problem is now to determine the values of A for which R (that 
is, F/p), remains finite, single-valued, and continuous throughout space. 
The problem must be solved by perturbation methods, and Fues adopted 
the procedure of Schrddinger (Chap. XV, Sec. 22). The terms con- 
taining C3 and C4 are considered as perturbation terms and are omitted 
in obtaining an approximate solution. The characteristic functions 
thus obtained are of the form. 


F = p^e~^pLln(2bp), 
In this equation n is a positive integer or zero. 


(50) 


a = ^ ± - 
2 u 




1 + u 


a). 




k = 


1 + w2i 




(51) 


and Lk+n denotes the polynomial given in Chap. XVI, Sec. 2, in connection 
with the theory of the hydrogen atom. In the present problem k is 
not an integer, as the corresponding parameter 2Z + 1 was for hydrogen. 
The discrete energy levels are given by 


E = Et -D + hvo(n + 0 + ^ ■ (52) 

This is the ordinary band spectrum formula, with half -quantum numbers 
for both rotation and oscillation, in agreement with experiment. 

This spectrum corresponds to certain negative values of A — i.e., 

positive values of 6. In addition, there is a continuous spectrum of 

characteristic values, which occurs when ^ expO' 

nent in becomes imaginary. By equations (47) and (48) this reduces 
to Ei > 0, or B — Ei > 0. This result shows the existence of unquan- 
tized states in which the molecule must be considered as dissociated. 
For example, if two’ swiftly moving atoms pass by each other without 
uniting, we are dealing with states of the kind considered here. Since 
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Ei may change in such an encounter, this means that a continuous 
spectrum is emitted in such processes. 

The computation of higher approximations is lengthy, and we shall 
simply give the result obtained by Fues. It is. 


E = Et-D- 

+ hvo 


{2tv,Y1 (1 , 7 ,, 3 

2 V4^* 8^* 4^^^ 


) 


,(„ + _ 3^(1 + 2ca)(i + i) _ 


+ 


hKj + H)' 


Stt^I 

A* 


■1 - + 


(“+i) 


15 


3 + 15c3 + + 3c4 


) 


(53) 

This is essentially the formula of Kratzer, Chap. XII, except that 
^^l^-Q^^ntum numbers occur instead of integers. The assumptions 
made in Fues’ calculations are such that the result is valid only for 
quantum numbers which are not too great, just as was the case in deriving 
Kratzer’s formula. ^ 


As mentioned above, Fues’ result obtained by using the value of 
equation (46) for the potential energy gives energy levels identical with 
the above (except for slight differences in the small correction terms 
containing u^). But this identity holds true only for the discrete spec- 
trum. When equation (46) is used and terms in cs and C4 are taken into 
account, there is no continuous spectrum of characteristic values, in 
disagreement with fact. This point is important, for it indicates that the 
wave functions appropriate to the first form for V (generalized Laguerre 
polynomials) should be used in preference to those of the second form of V 
(Hermite polynomials) in calculating band spectrum intensities. 

The selection rules for m and j are the same as those for m and I 
of the hydrogen atom, respectively, since the functions P,„,(cos 6 ) and 
are the same for both. In Chap. XVI, Sec. 6, it was shown that 
these selection rules are: Aj = ±1 and Am = ±1. Fues showed that 
the vibrational quantum number may change by +1, + 2 ■ • - and 
that the values of the Einstein probabilities are ’ ’ 


hv{n', /; 4(n’, f; n", j") = P, 


"n ! . [27rr« / ; n ", j")Y 

n"V 3c3 ~ 

where An = n' ~ n'', j is the larger off andj", and Po is the permanent 
electric moment. Since w is a small number of the order of the 

1 As stated in Chap. XII, Sec. 9, the formula (53) holds very well even for values of 
the vibrational quantum number only slightly less than that for which the molecule 
dissociates. Morse (Washington Meeting of the Am. Phys. Soc., 1929) derived an 

Chan ' XTTT p exactly with no higher terms. (See footnote 

^ap. XIII, Sec. 7 and Condon and Morse, “Quantum Mechanics,” McGraw-HiU 

Book Company, Inc,, New York (1929). 
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This change of variables brings the equation (55) to the form of the 
hypergeometric equation, 

^(1 — + [j — (a + ^ ~ 

where 

7 = l+rf,a = ^"+i+l,and/3=^-±^-i. (60) 


It follows from the definition of d and s that 7 — 1 — d ^ 0, and that 
Q,_|.^_-y = s> 0, and that these quantities take only integral values. 
The only solution of the hypergeometric equation which makes 0 an 
acceptable function in the region 0 ^ i ^ 1, that is, in the region 0 ^ 
0 ^ TT, is the hypergeometric series, 


Z = F{a, 7, «) = 1 + 


^t + 

7 


a(a + l)/3(/3 + 1) ’ 
217(7 + 1) 


( 61 ) 


and then only if either a or ^ is equal to a negative integer or zero; in 
this case the series will terminate and be finite for all values of t in the 
required interval. 

Since a and enter symmetrically into both the differential equation 
and its solution, it makes no difference which one is submitted to the 
restriction that it shall be negative or zero; so we take 


o! = -p, p = 0, 1, 2, • • • . 


Then from equation (60), 

/3 = p + d + s + 1, 

+ (02) 

and thus j is a positive integral number or zero. — is equal to the 

greater of the two numbers |Xl and \m\ and thus i is equal to the larger of 
these plus p. Solving equation (56) for the energy we have. 

This energy formula differs from that of classical theory (Chap. XII, 
Sec. 24) only through the occurrence of j{j + 1) in place of f. The 
magnetic quantum number does not appear in the energy formula, since 
the system is degenerate in the absence of an external field. 

The wave function is, therefore, 

^ = 0(0) exp (^X^ + imx) 

= - ty/^F(,-p, 1 + d + s + p, 1 + d, t) 

exp {ikcp + imx) , ( 6 ^) 
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where N is a normalization factor. The element of volume in the 
coordinate space in which = 2Tdt^ is, 

sin Sdddcpdx or AC^'^2dtd(pdxj 
and we choose N in such a way that 


m l 
) 


’^yp'^AC^'-2dtd(pdx = 1 - 


Integrating over (p and x gives, 


X‘ 


JV« = ■ 


(65) 


QHt = 1 , 


where 0 as a function of t can be secured from equation (64). Carrying 
out this integration and solving for JVS we have, 

(1 + d + s + 2p)(d + s + p)\{d + p)] 

8'xWWpT(crO»(s + p)! 

The particular hypergeometric series which we use in this case 
is known as the “Jacobian polynomial” which is, 

F{—p, l + d + s + p, 1 + d, i) = F{a, /3, 7, t) 

- A f “ 1) ^'"(d + s + p)!(d + r) ! ^ 


where 


C/ 


p(p - l)(p - 2)_ 


(p - (r - 1)) 


r\ 


and Co” = 1. 


By comparing this with equation (61), it will be seen that the two are 
identical for the particular values of a, and y appropriate to our problem 
and this shows that the series terminates at r = p. The preceding equa- 
tions give us all the material needed for writing out the value of xp for 
any combination of quantum numbers. 


Example: Let J - 4, X = 2, m = 1. We have then d=X-«i = l,»=X + 
OT = 3, p •= y - — = 2. Then, 

F = 1 _ -t- 

0 = 

M - . Ji-. 

Changing the sign of X docs not change the energy, but changes the wave function to 

= -Ar-n = 2 ^( 2 ^,) - 0’^(l - exp (-f2^ + fx). 


The probabilities of transition can be calculated in the usual way 
by forming the matrix elements for the electric moment. If the molecule 
has a permanent electric moment with components P*', Py'^ Pt or, 
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if the transition includes an electronic-vibrational transition with these 
components of electric moment relative to the moving system of coordi- 
nates, the matrix elements of the components of electric moment parallel 
to the fixed X, Z axes are proportional to 


and two similar equations for Py and Pg.^ Px(,PY) Py, Pz, <^7 x) is 
given by equation (95) in Sec. 9 by substituting electric moments for 
coordinates in that equation, and dv equals the generalized element 
of volume, sin dd 6 d<pdx- This has been done by Reiche and 

Rademacher^ and Kronig and Rabi,^ but we shall merely give the results 
as calculated by Dennison^ using matrix mechanics. These amplitudes 
are especially important for they give the relative intensity of the 
rotational lines not only of the symmetric top molecule, but also of the 
diatomic molecule, since the latter differs from the former only in having 
a small moment of inertia about the figure axis. The permitted tran- 
sitions are those for the following possible changes in the quantum 
numbers : 

Aj = il; 0) AX = ilj 0,‘ Am = +1 ; Oj 
there are thus twenty-seven possible types of transitions with X and m 
taking the values, 

j and —j<m< j. 

Since the energy does not depend on m nor on the sign of X, many of 
these transitions will give identical frequencies in the absence of an 
external field and thus the intensities will be proportional to the sum 
of the squares of the amplitudes over all possible values of m and +X. 

The results of the calculation for the field-free lines are as follows: 


c?(2i + 1)X^ 

i(i + 1) 

c2(f - X^) 

j 

c(2j + l)(i + \)U-\ + 1) 

jU + 1) 

cU + x)(i + X - 1 ) 
j 

c(j - x)(i - X + 1) 
j 


f - f 

V - X" 

0 

0 

±1 

0 

0 

±1 

±1 ' 

+1 

+ 1 

+ 1. (66) 


j and X in these formulas refer always to the larger of / and or X^ 
and X^' and in the last two formulas the two upper or two lower signs 
of Aj and AX are to be taken together, g^' is the quantum weight 
of the initial state and c is a constant multiplied by vK 
^ Loc. dt. 

» PAj/s. 7Je»., 28, 318 (1926i. 
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The relative intensities of the lines of case a diatomic molecules 
are also given by these formulas by replacing X by They do not 
include the further restrictions required by the symmetry properties 
of the complete wave functions which will be discussed in Sec. 9. The 
amplitudes are not changed appreciably by the X-type doubling so that 
these formulas apply without change to the singlet system of levels 
and it will be found that they agree exactly with the formulas derived 
from the sum rules of Chap. XX, Sec. 8. 


6. STARK EFFECT AND ZEEMAN EFFECT OF THE ROTATIONAL SPECTRIJM 


The heavy symmetric top considered in Sec. 6 is doubly degenerate- 
Since m may take all the values — • • • 0, • • • there are 2j + 1 
wave functions which have the same energy for any particular values 
of j and X. It is also possible to change the sign of X without changing 
the energy of the molecule, so that altogether there are 2(2j + 1) wave 
functions for each energy state. These will give different values for 
the energy, only if the proper perturbing fields are present. The degener- 
acy in m is removed by an electric or magnetic field. An illustration 
of the removal of the degeneracy in X will not be given, but a very similar 
case in the theory of diatomic molecules having X > 0 will be discussed 
in Sec. 9. 

Reiche^ has investigated the first*-order Stark effect, while Manneback^ 
has calculated both the first- and second-order terms. The model 
used by Reiche consists of an electric (or magnetic) dipole attached 
to the symmetrical molecule discussed above, with its moment > directed 
along the axis of figure. This introduces a potential energy term, 

7 = — juF cos 


in equation (54) if the field is applied along the axis 0 = 0. The per- 
turbation of the .energy is calculated by Schrodinger’s perturbation 
method for degenerate systems (see Sec. 2). The term in F, giving 
the first-order Stark .effect, is found to be 


AiE 


^FXm 

jlJ'+i) 


(67) 


by the aid of formulas developed by Rademacher. In the special case 
j = 0, there is no change of energy proportional to F. Reiche® had 
previously solved this problem in terms of the Bobr, theory. The present 
result differs from the older one only through the presence of j{j -f 1) 
in place of f. It is worth noting that the shifts predicted by equation 
(67) could easily be observed in the visible spectrum provided that 


» Z. Physik, 39, 444 (1926). 
^Phyaik, Z.,28, 72 (1927). 

3 Ann. Physik, 68, 668 (1919). 
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rotational and electronic energies are additive and that the model used 

^ ^ then at 5,000 A., the splitting in a field of 

him the «^der of 0.1 1. for the transition 

from the state j = m = X = 1 to the state j = m = X = 0. This 

sphtting IS independent of the moments of inertia of the molecule and 
serves as a direct measure of its electric moment. 

The term in was obtained by Manneback both in wave and in 
mectocs ^ by wave 


V 

where 


~ ^0’ + 1, m, X)], 


( 68 ) 


If j = 0, then, 


$C7, m, X) = m^Xf - X^) 

(2j - l)(2i)3(2i + 1)- 


AiE = — 


1 im^F^ 


6AV8tM' 

The result by ordinary mechanics when j 0 is, 


A^BJ = 




8J^L 


, + X^ 




(69) 


avSttM ’ f r j. 

stajr" ®w)edi‘ of both Te lid's 
calculate the dielectric couetaut off <U^le ,1“ 

to that !f Thl diatomic molecules is similar 

iu ufeu all Se ‘ Tt by Kemble,- Kemble, 

f " Crawford^ and by Kronig^; it ig necessary to include a 
poteubal energy term in the ™ve equation for the s^lnmetric tp) 


^ “ (^ + 2(T)fxH cos /^ = 


eh 


^.TFmc 


to^ief ft ihfcrr*',*?'' b” be in the 

direction o, the eaUrffltald .hi l“rnulf St 

apply to the caae « molecule only. The additional'tenn In tSTSl'S 


AW - (^ + 2v)/imH . ^ 

7-7(7471)—, -J < m ^ j. 


(67^) 


This formula predicts 2j + 1 levels for a given value of j and that these 

tr7est^I7°?i! SO ■<^0 ^igiier values of y. It is difficult 

to test this theory because of the many closely spaced lines of band^^ctm 


> “Molecular Spectra,” Chap. VII, Sec. 6. Old theory. 
“'PXys. i?ew., 30, 438 (1927). 

^ Rhys. Rw., 31, 195 (1928); Z. Physik. 46, 557 (1926) 
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and because the closely spaced levels at large j values are difficult to 
separate. It is therefore necessary to calculate the intensities as well 
and thus predict the centers of gravity for the Zeeman patterns for large 
values of j. 

The most detailed experimental study of the effect is that on the 
Angstrom GO bands ^II) by Kemble, Mulliken, and Crawford.^ 

This work includes the Zeeman effect of a number of P-, Q-, and P-lines of 
these bands. The experiments confirmed the theory on three points: 
the separation of the outside components is proportional to the field 
strength and agrees quantitatively with the predicted values; the fine 
structure observed was that predicted by theory; and in low fields the 
intensities agreed with the values calculated by Kronig.^ In higher 
fields the intensities of components displaced symmetrically on each 
side of the original line are not equal. In the Q-b ranch lines the lower 
frequency parallel components are more intense than the higher frequency 
components and this asymmetry decreases with increasing running 
number of the line. Kronig showed that this was to be expected due 
to a change in intensity with increiasing field strength. The data on 
this point for lines of other branches is not conclusive. 

7. THE HYDROGEN MOLECULE ION 

The hydrogen molecule ion presents a three-body problem which 
can be solved by the separation of variables providing we assume that 
the protons are stationary. This problem was solved by Pauli® and 
Niessen^ using the old quantum mechanics, but no agreement with the 
experimental values was secured. The problem has been attacked, 
using wave mechanics, by a number of authors;^ Burrau used the sepa- 
ration of variables method, while the others used different perturbation 
methods. 

The hydrogen molecule ion has nine degrees of freedom, and it is 
therefore necessary to specify nine coordinates. Three of these will 
fix the position of the center of mass of the system, three the motion 
of the protons relative to the center of mass, and three the position 
of the electron relative to the protons. The first three coordinates 

^Loc. cit. and Ceawford, Phys. Rev., 33, 339 (1929). See also the work of Hul- 
THfiN (“Dissertation,” Lund (1923)) on the ZnH, CdH, and HgH bands and of 
Watson and Perkins (JPhys. Rev., 30, 592 (1927)) on AgH, AlH, ZnH, and MgH 
bands. * , 

2 Loc. cit. 

3 Ann. Physik, 68, 177 (1922). 

4 Diss. -Utrecht (1922); Ann. Physik, 70, 129 (1923). 

Burrau, Kgl. Danske Videnskabernes Selskab. Medd, YII, 14 (1927); Wang, 
Phys. Rev., 31, 579 (1928); Finkelstein and Horowitz, Z. Physik, 48, 118 (1928); 
Gondon, Proc. Nat. Acad. Sci., 13, 466 (1927); Pauling, Chem. Rev., 6, 190 (1928); 
Guillemin and Zener, Proc. Nat. Acad. JSd.j 16, 314 (1929); Wilson, Proc. Roy. 
Soc., 118, 617 (1928), 
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may be .neglected immediately because the wave equation including all 
these coordinates will split into two parts, . one of which will describe 
the motion of the center of mass and will be of exactly the same form as 
that, of a free massive point moving with uniform velocity (Sec. 4), 
while the other will describe the internal wave function and fix the 
internal energy. The second set of three coordinates, which fix the 
distance between the protons and the direction of the line joining them 
in space may be neglected for the moment because we do not intend 
to consider the rotation of the nuclei. W e shall fix the distance between 
the protons later by applying the condition that the energy of the mole- 
cule must be a minimum. This last is approximately equivalent to 
quantizing the vibration of the nuclei in a zero vibrational state. This 
method is permissible for Born and Oppenheimer^ have shown that 
the first approximation to the solution of the structure of molecules is 
secured by solving the problem of the electron motion relative to the 
nuclei considered as stationary. 

The Schrodinger equation for the electron relative to two nuclei 
each of charge -1-e, fixed an arbitrary distance apart is. 


dx'^ 


dy^ 


+ Uf + g(e H- + 




n 



(70) 


where x, y, and z are the coordinates of the electron relative to axes fixed 
tO' the line of nuclei, ri and are the distances of the electron from the 
first and second nuclei, respectively, U is the distance between the 
nuclei and G = WmlW'. We introduce the elliptic coordinates 


ri 4- r-! 
R ’ 



(71) 


and take as the third coordinate the azimuth (p about the line of nuclei. 
The potential energy of the electron is then 


V = -1 - 1 = — 




(72) 


ri r-i i?(j2 _ ^2) 

and the transformation equations for x, y, and z are, 

z = X = ^ (P — 1)(1 — cos <p, y = ^(f“ — ■ 1)(1 — sin <p. 


In the new variables the wave equation becomes. 


d 

a? 






dri 


'dr, 


+ 


1 


- 1 ^ 1 _ ,,2 3^2 




+ 




-A = 0. (73) 


Ann . Physikj 84, 457 (1927); See Condon arid Morse, ^^Quantiim Mechanics,” 
McGraw-Hill Book Company, Inc. (1929), for a presentation of this work. 
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4' is to be an acceptable function throughout space, that is, for all -values 
of the -variables satisfying the relations, 

1 ^ ^ ^ -1 ^ri ^ 1, 0 (” 7 ^) 

This equation is separated if we set, 

^ ^ X{On^) exp M, X = 0, 1, • • • 
and the equations of X and Y are then, 


d 


«’ - 1 - s) 


+ -A 


X 

= 0 , 


C76) 


and 


d 

dt) 








+ AF=0. (76) 


A is the constant introduced in separating the variables. It is convenient 
to introduce the constants, 

-,2N 


= ol^ - 


2,nd t = Ge^S, = ^. 


Rj 4 


CLq 


(77) 


where Uo is the radius of the first Bohr orbit of hydrogen. 

In solving equations (75) and (76) for the case of the normaVstate, 
Burrau adopted the following method: There -will be no nodes in the 
wave function of the normal state of the ion and, therefore, X may he set 
eaual to zero and further we know the wave function will be positive 
^ 1 dX' 1 dF 

• and cTrj ~ — 


at all points. New dependent variables <r( ^ 

are first introduced, which reduce the equations to the form. 


and 




= (T£ 


,2 _ 


— 2(e — Vf) ^ X 


d<r„ 


-h 


f - 1 

7rj* + — A 


Ydr, 


(78) 


(79) 


-dr, 1 - 

There are three arbitrary constants in these equations, y, e, and 4. 
Equation (79) is used to secure the relation between y and X, and then 
equation (78) to secure the relation between y and e. In addition, we 
use the condition that the energy as a function of R must be a minimum 

to fix the values of Y, «, and A. . 

When 17 = ±1, the denominator of equation (79) becomes zero 
and thus if dc^dr, is to remain finite, the numerator must also become 
zero. This fixes the values of <t, at these two limits as, 

v,(l) = - t) a-nd (r„( -1) = - 7)- (80) 

Moreover equation (79) requires that v„( +i)) = -v,( -r,) since it^is 
invariant to a change of sign of both <r, and tj, that is, a, has opposite 
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signs on the two sides of the plane r) = 0 and it must therefore be zero 
at this plane. <r, is therefore expanded as an odd power series near »; = 0 
and in another power series near r/ = 1. Both series converge fairly 
rapidly at 17 = and the values of A and y which make the two series 
converge to the same value at this value of i) are determined by trial. 
In this way, pairs of values of A and 7 are secured which give as a 
function of y. 

Similarly is expanded in an ascending power series in — 1 ) 
and in an inverse power series in Knowing A as a function of y 
from the previous calculations, these series permit a calculation of 
T as a function of «, that is, the distance between the nuclei, and for each 
value of y it is possible to calculate the energy from equation ( 77 ). 
In this way a plot of energy against internuclear distance can be 
made and the energy and internuclear distance. for the minimum of this 
curve are the values of these quantities for the normal vibrationless 
state of The minimum value of E was found to be 16.29 ± 0.03 

volts. From the shape of the curve of E plotted against R in the region 
of the minimum, Burrau found that the vibration frequency of the 
nuclei was about 2,250 cm.-i, which gives for the nuclear vibration 
energy m the lowest state, = 0.14 volts and thus the observable 
ionization energy of H 2 + is calculated to be 16.15 ± 0.03 volts. ^ 

dissociation of the hydrogen molecule is approximately 
4 38 volts, 2 and this, together with the calculated value for the energy 
of the hydrogen molecule ion gives 15.31 for the ionizing potential of 
the hydrogen molecule. The observed values for this ionizing potential 
he at about 16 volts. The discrepancy is probably due to the fact that 
the experimentaUy determined ionizing potential of the molecule is not 
that for the removal of an electron from the hydrogen molecule in its 
lowest state to form the hydrogen molecule ion in its lowest state. Some 
Vibrational energy is probably given to the nuclei of the hydrogen mole- 
cule ion at the same time that the electron is removed (see Chap XIII 
Sec. 7). Birge (loc. cit.) secures 2,247 cm.-i for the value of v, from band 
spectra which corresponds to 0.277 volts. The agreement between the 
calculated and observed values is as good as can be expected. 

_ Figure 3 shows a plot of the energy of the normal hydrogen molecule 
ion ^ a function of the distance between the nuclei as given by Burrau 
and Fig. 4 slmws the ^ot of the value of in an arbitrary median plane! 

Unsold, Pauhng, Finkelstein and Horowitz, and Guillemin and Zener 
have apphed perturbation methods to solve the problem of the hydrocen 
molecule ion, and have secured values which are in approximate agree- 

Xcad! 1^12 ^ “ ealculation; see Biege, Proo. Nat. 

40, 2STr926).^'"'' and Hopfield, Phyeih, 
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ment with those of Burrau. The method of Guillemin and Zener is 
especially interesting, since it gives the wave function as well as the 
characteristic energy values.^ 

Though the wave functions for the hydrogen molecule ion in all 
its states have not been calculated, it is possible to see where the nodes 



Fig. 3. — The energy of Hs"'' as a fiinc- Fia. 4. — The charge density for H 2 '’'. {After 
tion of R. {After Burrau.) Burrau.) 


of these functions will appear, and to see how they will change as the 
two nuclei are brought infinitely close together to form a united He+ 
ion. The quantum number X gives the number of nodal planes passing 
through the line of nuclei corresponding to constant <p, and as the two 
nuclei are brought close together these nodal planes become the meridian 



Fig. 6. — The nodes of He’’", Ha’*', and H. 


nodal planes of the united atom, and X becomes equal to the atomic 
quantum number in. There can be no change in the number of these 
nodes in this process. The nodes corresponding to constant J are 
ellipsoids of revolution and become the radial nodes of the united atom, 

1 See Condon and Morse, Quantum Mechanics,’' McGraw-Hill Book Company, 
Inc. ( 1929 ) for a review of these perturbation methods. 
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while the nodes for constant rj, which are hyperboloids of revolu-’ 
tion, become the latitudinal nodes. Thus the ellipsoids become spheres, 
the hyperboloids cones and the planes remain planes. The numbers of 
eUipsoidal and hyperbolic nodes may be designated by nj and n,, respec- 
tively. The left side of Fig. 5 illustrates this change for the cases 
rii = 1, n, = 1, X = 0, and nj = 1, w, = 2, X = 0. 

. These diagrams represent, only the nodes in an arbitrary plane through 
the line of nuclei and if rotated about this line the lines will generate 
the nodal surfaces. The I quantum number of the united atom is equal 
to m -I- n,( = X -t- n,) and the total quantum number is n = + ri, + 

It is also of interest to consider the changes in the nodal planes 
and thus the quantum numbers as the nuclei are separated to a great 
distance. This separation results in two identical wave functions 
one about each nucleus, characteristic of the hydrogen atom in one of 
Its steady states if the problem is solved using parabolic coordinates, 
say n, and <p. Since the wave function of the hydrogen molecule 
ion IS normalized so that the total negative charge is that of one electron 
each of these separated wave functions will be normalized so that the 
total charge is only one-half the electronic charge. This means that 
the electron remains near one nucleus for a time, then passes to the other 
for a time and then back again, etc., so that on the average it spends 
one-half the time on each. When separated a short distance the prob- 
abihty of such a “jump” is very small. Thus the hydrogen molecule 
ion separates into one atom and a proton, butthe probability of the electron 
going with one nucleus is equal to its probability of going with the other. 
The nodes of constant <f, and of constant f, i.e., X and n^, will not change in 
this process of separation; X becomes the m quantum number and m 
becomes n^, a quantum number conjugate to a parabolic coordinate of 
e hydrogen atom. On the other hand, there is a reduction of the 
number of nodes of constant j? except in the case that this number is 
zero. If n, IS odd, one of the nodes is the median plane perpendicular 
to the line of nuclei and as the nuclei are separated, this node disappears- 
the nodes on one side of this plane become nodes in a parabolic coordinate 
of the one atomic wave function and those on the other side nodes of 
the second atomic wave function. If n, is even, no node is lost, but half 
of the nodes go to each atomic wave function. Thus the number of 
parabolic nodes, in each atomic wave function is yi{n„ - 1) if ^ 

IS odd, or if n, is even. This decrease in the quantum number 
when a molecule separates into atoms is called “demotion” of the quan- 
tum number and the increase in the number of nodes in the reverse 
process, that is, the formation of a molecule from atoms or ions, is called 
promotion” of the quantum number. These changes for Hi+ are 
illustrated at the right in Fig. 5 and a little study of these diagrams 
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and the possible nodes will convince the reader that the changes must 
occur in this way. Following the rules of this and the preceding para- 
graph, it is possible to correlate the energy levels of with the levels 
of the hydrogen atom in an electric field and these in turn with the field- 
free levels, 1 and also with the terms of He+. This is given in Fig. 6. 
This correlation between the H 2 + and the H -b H+ levels was given by 
Hund.^ 

Two levels of H 2 + approach each Stark effect level of the hydrogen 
atom I one of these has even and the other odd w,,. If the coordinate 



Fig. 6. — Correlation of He"’", H 2 "’" and H + H"’" states. 

of the electron is changed from to — 17 , T(ir) changes sign if n, is odd, 
but does not change sign if n, is even. Thus 

Y{v) = (81) 

where |3 equals 1 if n„ is even, and —1, if n, is odd. Considering the 
reverse process, the two atomic wave functions can interact in two ways 
in one of which a node is formed between them (antisymmetric) and 
in the other of which no such node is formed (symmetric). This will be 
illustrated further by the hydrogen molecule in the following section. 
All the levels of H 2 + given in the figure may not be stable; in particular 
the antisymmetric states will probably be unstable, since promotion 
always occurs with a consequent increase in energy when these are formed 
1 See Kramers, Z. Physik, 3, 199 (1920). 

»Z.Piiasifc,40,742 (1927). 
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from H and In more complicated molecules these relations are 

not so simple due to the interaction of the electrons in such molecules. 
If this interaction could be neglected, the wave equation could be sepa- 
rated in elliptical coordinates and all the arguments in this section in 
regard to demotion and promotion of quantum numbers could be used. 
To a first approximation this is true for many molecules, and the for- 
mation of more complex molecules from atoms has been discussed in 
this way (Sec. 8). 


8. THE STRUCTURE OF THE HYDROGEN MOLECULE 


Heitler and London^ solved the problem of the hydrogen molecule 
by applying the perturbation theory of wave mechanics. The wave 
equation is 

All/' -f* G 












6X2^'^ dz/^ ’ 


(82) 


where Xi, yi, Zi, X 2 j 2 / 2 , ^23 are the coordinates of electrons 1 and 2, R is the 
distance between the nuclei, tu that between the electrons and r^i, 
ra 2 ) ni, and Tb 2 the distances between electrons, 1 and 2, and nuclei, 
a and b, as indicated by the subscripts. The zero order approximate 
solution is secured by suitable combinations between the wave functions 
of the separate unperturbed hydrogen atoms in the lowest energy states. 
Two arrangements of electrons and nuclei are possible: (1) electron 1 
may be on nucleus a and electron 2, on nucleus h ; this gives 



for the unperturbed atomic wave functions; (2) electron 1 may be on 
nucleus 6 and electron 2 on nucleus a and thus the unperturbed function 
may be as readily, 


•\/ 7r\^o J 


exp 


/ 

\ 


and 


= JLfl 




(84) 


When the atoms are a great distance apart and the arrangement of 
electrons and nuclei is that given in (1), 

R Tn . ra2 ni 


becomes negligible and the product i/'i ^ 2 ^ is a solution of equation (82) ; 
but when the arrangement is that given in (2), 

R ri2 Vcl n2 


IZ. Physik, 44, 465 (1927). 
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becomes negligible and 1 /^ 2 “’/' is a solution of equation (82). The 
energy in both these cases is 2Eq where Eq is the energy of one hydrogen 
atom in its normal state. This is a case of double exchange degeneracy, 
for either the nuclei or electrons can be interchanged. The most general 
solutions of equation (82) when the nuclei are widely separated are 
therefore linear combinations of the two wave functions and 

namely, 

ho = + /5l2\^2“^l^ hio ~ (85) 

We require that ho and hio shall be normal and orthogonal, namely, 
that fi/ioho*dVj and jhiohio^dv shall equal 1 and that Jhohio*dv 
shall be zero. These give three relations between the coefficients, 

+ /32i 2 + 2/3n^i2>S = 1, + ^'22 + 2^211812^ = 1, (86) 

and 

^11^21 + ^12^22 + {^11^22 + ^1202l)S = 0 , 

where 


The subsequent application of the perturbation theory of Sec. 2 shows 
that /3ii = /3 i 2 and ^21 == —^22 and therefore the two unperturbed normal 
and orthogonal wave functions are 

ho = (2 + + ^2°'^!^)) 

and 

hio = (2 - (87) 

The first is symmetric in both the nuclei and electrons for an interchange 
of either does not change its sign, while the second is antisymmetric 
in both the nuclei and electrons since an interchange of either would 
change its sign. These symmetric and antisymmetric wave functions 
are similar to those of H 2 '^ except that only single exchange degeneracy 
is present in the latter case, that is, only the nuclei can be exchanged. 
We next assume two solutions of the perturbed wave equation (82), 

h = ho + vi, hi ~ hio + ^^ii, (88) 


and assume that the corresponding characteristic energy values are, 
El == 2Eo + € 1 , Exi = 2 Eq + en, (89) 

respectively. Substituting these in equation (82) and remembering 
that 

+ o(^E,-+ = 0 

and that there are three similar relations for ^/' 2 ^ and 1 /^ 2 ®, equations 
for and vn are secured. These are 

{2±2S) -^HA + G{2Eo- A - B - C)}vi{ot vn) = (?{(A - €i,(or en)) 
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geneS rd ead mT“be Th “‘“'‘““o- 

iniomogeneity of tt ealio„ *• and The 

to Z if L =7 orthogonal to and that for 

previously used in sLurine-^^e derive these relations 

and ^/ihe »X“ laMhe X 

ei shall also be orthogonal to J. and tb “a^aneity of the equation for 
.0 give two equaLtfor 


where 


El VI rp 

' ~ tt7' 


a =. ctf.v/)’]*, (92«) 

/ fTi, • ' (926) 

/'^'^ TTX X ^ f integrals have been evaluated as 
( \ ^ and London* ' 

r— \ and by Sugiura .2 rSf is the mean value 

\ T/jVTx / ? X® energy of the system and . 

^■- ^ I similar to such a mean energy taken in 

the classical way; as a function of 2? it 

/X minimum and would lead to 

/ attraction of the two atoms. 

\ fr ‘'*^®rtcal analogue, and is due to '. 

T ) 1 *1^® Resonance phenomenon, that is, to ' 

electrons exchanging places; it 
N. ecreases rapidly with decreasing R and 

®rtong attraction in the symmetric 
Fio 7 -The I, ^ repulsion in the anti- 

H.. “iS-iTVis. :r 'rrxx*' « «■ »“™ i**" 

flection, b. Stable molecule. plotted in Pig. 15 of Chap. XIII; they are 

The values of et and *; ^ 2^2 states, respectively, 

and the wave equations solv7 'h substituted in equation (90) 

*ctr«u =h.rg7trHrr?hX :,xxxx“^,X“'^- 

have been calculated hv T 3 ^ • These 

arbitrary plane through the hne'of nudr Tntf'^" “ 

1 Loc. cit. Buciei. In the antisymmetric case, 

* X. 46, 484 (1927 : 

’-Z.nj/«»fc,46,476 (1928). 
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a node forms at the median plane and following the reasoning of the 
preceding section would give a 27^ state of the united helium atom. 

Kemble and Zener ^ have applied the method used by Heitler and 
London to the interaction of a normal hydrogen atom and a hydrogen 
atom in its 2, 0 and 2, 1 states. They find sixteen possible wave func- 
tions. Though the computations are too involved to report here, one 
important point in regard to attraction and repulsion between atoms 
must be mentioned. In the case of the excited states of H 2 , the unper- 
turbed wave functions may have two types of symmetry: they may be 
symmetric or antisymmetric in the electrons, just as in the case of the 
neutral helium atom (Sec. 3) ; or they may be symmetric or antisymmetric 
in the nuclei. The solutions symmetric in the electron coordinates 
exclusive of the spin give the singlet levels, while the antisymmetric 
solutions give the triplet levels just as in the case of helium and for the 
same reasons. This antisymmetry does not lead to the formation of a node 
at the median plane perpendicular to the line of nuclei and thu,s no promotion 
of the electron quantum numbers occurs. Both antisymmetric (triplet) 
and symmetric (singlet) states of for which the energy decreases as 
R decreases can occur and the triplet states are the more stable. Anti- 
symmetry in the nuclei, i.e., a change in sign of the wave function when 
the nuclei are interchanged, leads to the formation of a node at the median 
plane and thus to the promotion of the electron quantum numbers and 
strong repulsion. Symmetry in the nuclei is thus more important than 
symmetry or antisymmetry in the electrons in determining whether two 
hydrogen atoms will attract or repel each other. These symmetric 
properties will be further discussed in Sec. 9, where the rotation and 
vibration of nuclei and their spins will be included. 

The second-order approximation in the solution of the wave equation 
will take account of the polarization forces between atoms and probably 
will lead to a slight attraction at large distances, that is, to the Van 
der Waals attraction between atoms and molecules, even in the case of 
the antisymmetric solution. This will be of importance in the case of 
readily deformable atoms. 

9. THE SYMMETRY PROPERTIES OF DIATOMIC MOLECULES 

In the preceding sections we have considered the symmetry properties 
of the wave functions of Ha and H 2 + assuming that the nuclei are station- 
ary. In this section we shall discuss the problem for molecules containing 
many electrons and having like or unlike nuclei which are assumed to be 
rotating in three dimensions, and vibrating relative to each other. The 
facts presented are due principally to Hund,^ Kronig,® and Wigner and 

1 p%s. Rev., 33, 512 (1929). 

2 Z. Physik, 42, 93 (1927). 

» Z. Physik, 46, 814; 60, 347 (1928). 
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shall follow the general ‘mathematical method of 


Witmer;^ 

^The Cartesian coordinates of the electrons of the molecule with 
reference to fixed axes wiU be taken as Xi, yi, Zi, ■ ■ ■ Xn,yn, • • • 
and those of the nuclei as X. Fx, Fx, X., F„ and F. T^xe potential 
energy obviously does not depend on the position or onentation^oyhe 

molecule in space. By introducing the reduced mass, y. = 

and fixing the position of one nucleus relative to the other by the 
coordinates X, Y, Z, where X = Xx - Xa, F = Fi - Fs, F Fi Fa, 
the translation of the center of mass is eliminated from the problem in 
the usual way. The coordinates of the nuclei are given by the equations. 

Mi ^ Tr Ml 


Xx = X. 


.,Xa= -X. 


similar relations hold for the F- and ^-coordinates. The wave equation 
for the internal degrees of freedom is then 


|m'7 M ft 
where An is the Laplacian operator for the nth electron and equals 
02 , d* , 4- 4r, + and E is the Eigen- 

wert. Three other coordinates can be eliminated from the potential 
energy by referring the electrons to a frame of coordinates X , F 
Z', described relative to the fixed axes by the Eulerian angles d, 
and X Without loss of generality we take the F'-axis as the line of nuclei 

so that X' = 0 F' = 0, and Z' = R, the distance between the nuclei, 
and the X'-axis’ so that the first electron lies in the F'X' plane and has 
its xi' coordinate greater than zero; the coordinates of the first electron 
in the X' Y' Z' system are therefore xi j 0, The Eulenan angles 
are then defined as in Chap. XII, Eig. 30. (x is used instead of ^ to 
avoid confusion with the symbol for the wave function.) To secure the 
wave equation in the new coordinates it is only necessary to transform 
equation (93) from the coordinates, xi, yi, Zi, . . . x^, yn, 2n, . ■ • X, 
F, and F to the coordinates xi, Zi, . . . Xn, Vn > Zn , • . • 

T^e potential energy may be regarded as consisting of three terms, 
the potential energy of electrons and nuclei, the mutual potential energy 
of the electrons and the mutual potential energy of the nuclei; these 
may be designated V,, and respectively. The first of these 

Al r„i r „2 


= 0 , 


(93) 


EN 


IZ. Physik, 61, 859 (1928). 
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where r„i and r »2 are the distances of the nth. electron from the first and 
second nuclei, respectively, and are given by the relations. 


and 


= \xrJ^ + 2//^ + 


- B 
(^rJ + B 


M 2 

Ml + M 

Ml 

Ml + M 



This potential energy function has the important property to be used 
in the following discussion that it is unchanged by a change of signs of 
all the z'’s, if, and only if, both the charges and masses of the nuclei are the 
same: it does not change in any case if the signs of all the a:'’s or y'’s are 
changed. The second term is 



where r„m is the distance between the wth and mth electrons and is 
- [{Xrf - xjy + ( 2 // - yjy + {zf - zJY]^. 

This term does not change if the signs of all the x'^s or 2 /^’s or 2 !'’s are 
changed. Finally, 

y NN- = — jg- — • 

Thus 

F = • • . Xn',yn,Zn, ’ ’ R) , (94) 

and is unchanged by a change of sign of any of these variables except 
the and it is unchanged by a change of sign of all the if, and only 
if, the charges and masses of the nuclei are the same. 

The Laplacian operator for the electrons and nuclei can be calculated 
in the new coordinates by means of the transformation equations, 

X = a;'(cos ^ cos x ”■ cos d sin <p sin x) 


— 2/' (sin ^ cos X + cos d cos (p sin x) + sin 6 sin x, 
y = x'(cos ^ sin X + cos 6 sin <p cos x) 

— 2 /' (sin sin X ~ cos 6 cos (p cos x) ■” 3' sin d cos x> 

z x' sin 6 Bin cp + y' sin 0 cos + z' cos 6. (96) 


In these equations Xj y^ and rr', 2 /', may represent the coordinates 
of the electrons in the fixed and moving coordinates respectively or a;, 2 /, 2 !, 
and 2 ;' may represent X, F, 7j and Z' of the nuclei; X', F', and 2 / 1 ' 
equal zerO/and do not appear in these equations, so that there are as many 
equations as either new or old coordinates. This is an involved cal- 
culation which will not be given here. The resulting equatiorx may be 
written, 


(ff 0 + i?i + - ^)^ = 0, 


(96) 
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where 

ff 0 = ^ I -Aix', V', z', <p, R)+- 1 + V{x', y', z', R), (96a) ' 

H 2 = ^ A(^', y', 2 ', G, <p, x). (96c) 

Ho is the Hamiltonian operator for the case of non-rotating nuclei 
in the coordinates x', y' , z', <p, and R, Hi is the operator for the rotation 
of the nuclei, H 2 is the “cross product” operator which includes the 
Coriolis and centrifugal forces, and E is the Eigenwert. A{x', y', z' , R) 
is an operator, which contains the x”s, y”s, z'’s and first and second 
partial derivatives with respect to them, the first and second partial 
derivatives with respect to <p but not (p itself , and R but no partial deriva- 
tives with respect to it; it is invariant to a simultaneous change in sign 
of <p and all the y'’B with the other variables unchanged, and also to a 
change in sign of all the 2 ”s with the other variables unchanged. The 

change in sign of <p and the y'’s is equivalent to reversing the sign of 

“rotation” of the electrons, the change in sign of the y"s being necessary 
in order that the electrons “rotate” in the same order so that there is no 
change except in the sign of “rotation.” A(R) is the differential operator 

for the vibration of the nuclei and equals -f ^ A(6, (p, x) 

is the differential operator of equation (54) with the term containing A/C 
omitted. 

If we neglect Hj, we can assume two solutions of equation (96), i.e., 

= /x(x', y', z', R)Qi\m exp i{\(p -1- mx), (97a) 

fa = /-x(^') y', R)Qi-Km exp i( -Xip + mx), (975) 

where /x and /_x are functions of the coordinates indicated and the 
electronic, vibrational and rotational quantum numbers; e,xm(0) 
exp i(\<p -b mx) is the function of 9, <p, j, X and m given in equation (64) ; 
and e,_xm (9) exp f(- V + “^x) is the same function with the sign of X 
changed. Substituting equations (97a) and (975) in equation (96) and 
neglecting Ha, we find that/x and/_x satisfy the equations, 

ji A(x', y', z', ±\R)+ -J^A(E) +JJ E- g^^(j(i + D " - 

V{x', y', z', R) j •/±x(x', y', z', R) = 0, (98) 

and that e,xm(0) and Bj-kM satisfy the equations, 

{A{9, ±\, m) -b j(j -b 1) — ' 6i±xm(^) = 0- (99) 

In these equations, (98) and (99), A(x', y', z', X, R) and A{9, X, m) are 
respectively the operators A(x', y', z’, ip, R) and A{9, <p, x) with d/d<p, 
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3V'^<p^ d/dx, and d^/dx^ replaced by iX, — im, and respectiTely, 
and A{x', y' , z', —X, R) and A(0, —X, m) are these operators with the 
sign of X changed. j{j +1) — X^ is a separation constant and is the 
Eigenwert of equation (99) . We take as the unperturbed wave functions 
two linear orthogonal combinations of the solutions, \pi and \p 2 , namely, 

'I'l = Hh{x',y', z', i?)e,'x«(0) exp i{\ip + mx) +/-x(a:', y’, z', R) 

Qi-\m(.d) exp t( -\<p + mx)], (100a) 

and 

i/'ll = i8ii[/x(a;', y', z', R)QiXm{d) exp i(\<p + mx) — y', z' , R) 

e,-_x«(6) exp ii -\<p + mx)]; (1006) 

the i3i and fti are normalizing constants. The energy values for xpi 
and i/ll are equal, if the Coriolis and centrifugal forces are neglected, 
but this degeneracy is removed when these are included. The inclusion 
of H 2 in the wave equation is now taken care ol by the usual perturbation 
methods (Sec. 2); the characteristic energies of ipi and \l/jx are no longer 
the same, if X 0, and this causes the appearance of the X-type doubling. ^ 
Each of these functions still has the (2j + l)-fold space degeneracy 
which can be removed by a perturbing external electric or magnetic 
field. 

There are two transformations of coordinates for which the wave 
equation (96) is invariant and therefore for which the functions i'l and ipn 
either remain unchanged or change only their signs. The first applies 
only to molecules with like nuclei and the transformation consists only 
in interchanging the nuclei. This transformation can be defined by the 
equations, __ 

X =x', y = —y', z = —z', R = R, 

$=7r — 0, 5p=7r — X=v + X- * (101) 

By following the transformation by means of Fig. 30, Chap. XII, or 
by substituting in equation (95) the reader can easily verify for himself 
that the effect is only to interchange the nuclei and leave every electron 
at its original position. A wave function is said^ to be antisymmetric or 
^mmetric in the nuclei, if it, respectively, does or does not change its sign 
in this transformation. The differential operator of equation (98) is 
invariant to this transformation and the potential energy is also invariant, 
if the nuclei have equal charges and masses and, therefore, in this case, 
/x(x', y', z', R) = i3/x(a:', y', -z' , R), ^ = ±1. (102) 

If |8 = +1, the median plane, Zi - zi = •■•«„ = 0, is not a node, 
while if ^ = — 1, this plane is a node. 

In addition we have the relation, 

Uix', y', z', R) = Mx', -y', z', R), (103a) 

‘ See Kbonig, loc . cit .; Van Vlbcic, Phys . Rev ., ZS , 407 (1.929); Mueliken, P/ij/s, 
Pei;., 33, 507 (1929). 
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which can be proven as foUows. Substituting —?/' fort/' inequation (98), j 

using the positive sign for X throughout and remembering that 

A{x', -y', z', -\,R) = A(x', y', z',\R), 
or 

A{x', y', z', R) = Aix', —y', z', X, R), 
and also that i 

Vix', -y', z', R) = Vix', y', z' , R), 
we obtain the equation, 

jiAb', -X. R) +-!a(B) + (i0-+ 1) - X=) - 

Y(x', y', z', R) I -f^ix', -y', z' , R) = 0. 

The operator of this equation is that of equation (98) using — X and thus 
fx{x^j R) can differ from y'j z' , R) only by an arbitrary 

constant factor which can be chosen as 1 so that equation (103a) follows. 

In the special case that X = 0, this arbitrary constant must be either \ 

+ 1, or —1, so that 

Mx', y', z\ R) = ±fo(.x', -y', z', R), (1036) 

for otherwise there would be two functions \l/i and ypn for only one ^ 

characteristic energy value. Either \pi or is zero, if the negative or ’ 

positive sign, respectively, of equation (1036) apphes. Further 

exp iX(if - <p) = (—1)^ exp {\<p, (104a) 

exp m(7r + x) = ( — 1)“ exp mx, (1046) 

which can readily be seen and 

e,x,„(7r - e) = ( -l)»-^-”*0,-_x„.(9), (104c) 4 

which is easily proven to be true by direct substitution oi r — 9 for 9 
and — X for X in the expression for 0 from Sec. 6. It is now evident 
that t^i is symmetric or antisymmetric in the nuclei, if 

/3 (— 1)' = 1 or —1, respectively, (105) ’ 

and ^ii is symmetric or antisymmetric in the nuclei, if 

0 (—1)'+* = 1 or — 1, respectively. (106) 

Thus, as j increases, the levels are alternately symmetric and anti- 
symmetric in the case of either or and for a X-type doublet 
(X 0) with a given value of j, one of the levels is symmetric and the ; 

other antisymmetric. These results were first derived by Hund.^ ■ 

In addition to being invariant to the transformation equations (101) 
the wave equation (96) is invariant to another transformation of coordi- 
nates regardless of whether the nuclei are like or unlike. This trans- 
formation is defined by the equations, 

X = x',y - —y', z = z',R = R, 

0=7r — 0, ^='2ir — X=7r-Hx> 


^Loc- cU. 


(107) 
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and the reader can readily verify, as before, that this transformation 
amounts to a reflection of all electrons and nuclei in the origin of coordi- 
nates, i.e.j the center of mass. Wigner and Witmer^ have designated 
the wave functions which do or do not change sign in this transformation 
as negative or positive respectively. Using the same methods as before, 
we find that ypi is negative or positive, if 

. ( — = — 1 or +1, respectively, (108) 

and 4/11 is negative or positive, if 

= — 1 or +1, respectively. (109) 

To secure the possible types of energy levels it is only necessary 
to give and the quantum numbers their possible values and substitute 
these in equations (105), (106), (108), and (109). In particular, if 


Unhke Mudei Like Nuclei 



Fig. 8. — The terms antisymmetric in the nuclei are underlined, while symmetric 
terms are no;t. Positive and negative terms are indicated by X and |, respectively. The 
subscripts + and — at the right refer to the sign of 

X = 0, either i/'i or 4^ii is zero, depending on whether the +• or — sign 
of equation (1036), respectively, is to be used and either equations (106) 
and (109), or equations (105) and (108) give the possible types of levels. 
If 4/1 is not zero, the rotational levels with even j are the positive levels 
and if 4^ii is not zero, the rotational levels with even j are negative 
levels. These two types of states have been called the 0 and 0' states 
or the S and S' states, respectively, by Wigner and Witmer, The 
possible types of levels are shown in Fig. 8. 

In the case of molecules with like nuclei, the interchange of the 
nuclei does not change the positions of the electrons, so that x, and z 
and thus the components of the electric moment, Px ^ Py = Sdt/, 
and Pz = ^ez do not change sign in the transformation of equation (101) 
and therefore, taking Px as an example, 

!Px^n*^mdv, 


^Z.Physik, 61, 859 (1928). 


( 110 ) 
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is zero unless and \l^m are either both symmetric or both antisymmetric 
in the nuclei. Otherwise, if the product of and \pm, is positive in one 
element of volume, there is another element of volume in which the 
product is equal in magnitude, but opposite in sign to the product in 
the first element of volume and when the integration is extended over all 
space the result will be zero. Thus only symmetric states combine 
with symmetric states and antisymmetric states with antisymmetric 
states with the emission of light. Further this rule should hold in col- 
lision processes. Any perturbing potential due for example to collisions 
with other molecules or the walls of the vessels must be symmetric with 
respect to an' interchange of the nuclei. Letting P be this perturbing 
potential, the integral ^P^n^yl^mdv will be zero unless and xf/m are either 
both symmetric or both antisymmetric in the nuclei. This conclusion is 
also in agreement with the experimental facts (Chap. XII, Sec. 22). 

The integral of equation (110) is zero, if the two wave functions are 
either both positive or both negative, y, and z and therefore Pa;, 
Py^ and Pz change sign in the transformation of equation (107). It is 
necessary, therefore, that either or xp^ of equation (110), but not both, 
shall change sign in this transformation, if the integral over all space 
is to be greater than zero. Thus negative terms combine with positive 
terms or vice versa. This rule is obeyed very well by known band 
systems. The Quis and Q 2 A 2 b branches of OH described in Chap. XII, 
Sec. 21 are exceptions to this rule perhaps due to its breakdown by the 
electric fields present in a discharge tube. 

So far, we have considered the case of singlet systems only, that is, 
the resultant spin of the electrons is assumed to be zero. If the electron 
spin is not zero, it is necessary to differentiate between Hund^s cases 
a and b (Chap. XII, Sec. 16). (We shall not discuss Hund^s other 
cases, since these occur rather seldom.) In case h the electron spin is 
oriented relative to the ft, which replaces the j of the preceding para- 
graphs. The spin does not change the symmetry properties of the mole- 
cule nor the rules governing the intercombinations of symmetric and 
antisymmetric, or positive and negative states. The effect is to split 
each of the levels shown in Fig. 8 into a multiplet; if s = each level 
splits into two of like symmetrical properties which have the same ft, 
but fs differing by one, and if 5 - 1, into three of like symmetry prop- 
erties with the same ft value, etc. This splitting is due to the small 
coupling energy between the magnetic moment of the electron and that 
due to the rotation of the molecule. 

S states belong to case h, but, if X 0, the states may belong to 
either case h already discussecT or to case a. The correlation of case a 
and case b states, when s = has been given in Chap. XII, Sec. 16 
and Fig. 20. Hund^ and Van Vleck^ have carried through this correlation 

^Loc. (At. 

*P%s. iSet)., 33, 467 (1929). 
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of the case a doublets for both normal and inverted doublet levels. If we 
imagine a coupling force between s and X which decreases to zero and 
then changes sign, it is possible to carry the normal doublets over into the 
inverted doublets adiabatically. Throughout this change, the symmetry 
properties relative to both the transformations of equations (101) and 
(107) do not change; the terms remain symmetric or antisymmetric, 
positive or negative, and the selection rules applying to combinations 
between these types of terms are exactly as stated above. 

10. THE ROTATIONAL STATES OF Ha AND Hea 
The electrons of Ha in its normal state are symmetric in the electron 
coordinates and antisymmetric in the electron spins so that the electron 
wave function is antisymmetric in the electrons including the spin 
just as in the case of the normal helium atom. The normal non-rotating 
hydrogen molecule is symmetric in the nuclei since there is no hyperbolic’' 
node and thus /3 of equation (102) is equal to 1; also X is zero and the 
character of the rotational states shows that the positive sign of equation 
(1036) must be used, i.c., the state is a S state and not a S' state. There- 
fore according to equation (105) the rotational states are symmetric, 
iij = 0,2,4, • • • and antisymmetric, if j = 1, 3, 5, • • • , In addition, 
it is necessary to consider the proton spins, whose wave functions are 
entirely similar to those for the electron spins considered in Sec. 3 ; 
there are three symmetric and one antisymmetric nuclear spin functions 
with energies which are very nearly equal. We have the rule that only 
the wave functions completely antisymmetric in the protons including 
the spins occur in nature. Thei/''sfor j = 0, 2, 4, * • • must be multiplied 
by the antisymmetric spin function and the i/^'s for j = 1, 3, 5^ • • • by 
the three symmetric spin functions to secure wave functions which are 
completely antisymmetric in the nuclei. Thus the levels with odd j 
will have three times the probability of those with evenj so that the a priori 
probabilities of the states are 2j + 1, if j = 0, 2, 4, • • • and 3(2j + 1), 
ifj = 1, 3, 5, • • • . These a priori probabilities of the steady states 
are in agreement with the heat capacity of hydrogen (Chap. XII, Sec. 22). 

A similar application of the rules for symmetric and antisymmetric 
levels and for positive and negative levels to the higher states of the H 2 
molecule gives exactly the arrangement of levels illustrated, for example, 
in Chap. XII, Fig. 28. Since the symmetric levels have only one-third 
the probability of the antisymmetric levels both in the initial and final 
electronic states, the intensities of the lines emitted in transitions between 
them are less than those of lines due to combinations between the anti- 
symmetric states. This accounts for the alternating intensities of these 
bands. Similar alternating intensities observed in other molecules 
with like nuclei are due to the presence of nuclear spins. Kronig^ 
^Naturwis. 16, 335 (1928). 
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concludes that the nitrogen nucleus has 1 unit of spin from the fact 
that the relative a 'priori probabilities of the two sets of states are in the 
ratio of 1 to 2. The intensity data on chlorine (CP®-CT^) show 
that the relative a pnm probabilities are approximately 1.4:1, while 
the bands do not show alternating intensities.^ Fluorine^ 

probably has alternate levels with a priori probabilities of {2j + 1) and 
3(2j +1). If so, the F nucleus has a spin of 3'^ unit. 

That the helium nucleus has no spin, is proved by the entire absence 
of one set of rotational levels of He2. Without knowing more about 
the nuclear wave function, we cannot say whether it is the states with 
wave functions symmetric in the nuclei or antisymmetric in the nuclei 
which are present. Alternate lines of the bands of the O2 molecule 
consisting of two atoms of mass 16 are also entirely absent, but all the lines 
are present in the bands of the O2 molecule consisting of one atom of mass 
16 and another of mass 17.^ In this case the nuclei have the same charges, 
and different masses, and thus the potential energy of equation (94) 
changes with the change in sign of the and the wave function changes 
in other ways than sign in the transformation of equation (101). For this 
reason all states of the O16-O17 molecule exist in nature. 

1 Elliott, Proc. Roy. Soc. 123, 629 (1929). 

2 Gale and Monk, Phys. Rev., 33, 114 (1929). 

3 Giauqtje and Johnston, J. A. C, S., 61, 1436 (1929). 



CHAPTER XX 


SPECTRAL INTENSITIES 

Part I. Intensities in Line Spectra 

1. INTRODUCTORY 

The study of the relative intensities of spectral lines entered on a 
new stage of development in 1924, and interest in the subject has grown 
very rapidly since that time. It had been known for many years that 
the ratio of intensities of the D-lines of sodium is 2:1 under conditions 
where they are not self-reversed. In 1923 and 1924, Dorgelo^ measured 
the intensities of a number of lines, mostly in the spectra of metals 
of the first and second groups, using the methods of photographic photom- 
etry, and showed conclusively that the intensities of lines belonging 
to the same multiplet often stand in the ratio of simple integers. Since 
that time the subject has been actively investigated by Ornstein and 
Burger and their colleagues at the University of Utrecht, and by a number 
of other investigators as well. Formulas have been obtained which 
give the relative intensities of the lines in a normal multiplet as a function 
of the initial and final quantum numbers of the emitting atom. Further 
it has been shown that integral intensity ratios are encountered in Zeeman 
patterns, and formulas which accurately represent these intensities are 
known. Duane and Siegbahn and others have studied intensity laws in 
X-ray line spectra, with the result that in a general way the intensities 
follow the theoretical formulas developed for optical line spectra. 

Before describing experimental results, it will be well to study the 
factors on which the intensity of a spectral line depends. Consider 
an assembly of N atoms of which Ni are in the lowest quantum state, 
N 2 in the second, etc., and let Anm and be the probabilities of spon- 
taneous and forced transitions, respectively, from the ?xth to the mth 
state, p being the density of radiation per unit interval of frequency 
at the frequency v. The increase of the energy of the radiation field in 
time Atj due to transitions from n to m, is assumed to be 

~ [A-Tiyfli ”i~ nhvAt. (1) 

Similarly, the loss of energy due to absorption processes in which an atom 
passes from m to n is assumed to be 

— AE^n-Brnnp]SfrnhvAt.^ ( 2 ) 

1 Z. Physik, 13, 206 (1923); 22, 170 (1924). 

2 These assumptions were recently called in question by SchrOdinger on the basis 
of the expression for the average a^-coordinate of an electron given in equation (82) of 
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In the infra-red region the second term in equation (1) may be com- 
parable with the first, but in the visible and ultra-violet regions, the 
second term is negligible, under the conditions usually encountered in 
terrestrial sources. However, this term cannot be neglected when we 
deal with sources at the high temperatures encountered in astrophysics. 
In the remainder of this chapter we shall suppose that the Bp term can be 
neglected. The quantities (1) and (2) are proportional to the measured 
intensities of emission and absorption lines, provided that self -reversal 
does not occur, and so we are chiefly interested in the relative values 
of AnmNnhv, OX of BmnpNJiv, Now the value of p depends on the 
conditions of the experiment, and as we showed in Chap. Ill, Sec. 4, 


Anm, __ Sirhv^ ^ Qn 
Bnm Qrn 



(3) 


where gn and are the statistical weights of the levels n and m, respec- 
tively. By using these relations, absorption measurements can be 
connected with measurements of intensities in emission. Only a small 
fraction of the lines in any spectrum can be studied in absorption, and 
we shall be mainly occupied with the relative values of AnmNnhv for 
various spectral lines. Now, in accordance with equation (30) of Chap. 
VI and Chap. XVII, Sec. 10, we have 

Ar^Jiv = (4) 


where P^(nm) is the nm element of the matrix representing the square ot 
the electric moment. In order to arrive at relative experimental values 
of P^{nm) for comparison with the results of theory, the factor must 
be taken into account. In the case of narrow multiplets this correction 
may be omitted. It is quite customarily used in discussing results for 


Chap. XVI, Sec. 16. On multiplying this expression by the electronic charge we 
have a quantity which Schrodinger interpreted as the electric moment corresponding 
to the ^ distribution there considered. If this interpretation were correct then the 
intensity of the radiation emitted in transitions from the nth to the mth state would 
be proportional to On the statistical interpretation CnCn* is proportional 

to the population of the nth state, and CmCm^ to that of the mth state, so the inten- 
sity should be proportional to the product of these populations. When this hypothe- 
sis was put forth there was no clear cut experiment which could decide the question. 
Ordinarily, the number of atoms removed from the lowest state by excitation processes 
is only a small fraction of the total number and so the population of the lower state 
may be treated as constant. 

If this interpretation were correct, the relative intensity of two lines arising from 
the same higher level should change if we alter the relative populations of the lower 
levels; furthermore, the change in the relative intensities should be the same as that 
of the relative populations. This has been subjected to experimental test by Gaviola, 
{Nature^ 122, 772 (1928)), using a fluorescence method. His work shows conclusively 
Tihat the population of the final st^-ta has np influence pn the intensity of a spectral line, 
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lines which are widely separated, although it is known that this correction 
is not always valid (Sec. 3). In what follows, we shall ordinarily assume 
that the v* correction has been made. It remains to consider the relative 
populations of the initial levels. There are two especially simple cases in 
which the populations are definitely known. First, if the atoms are in 
thermal equilibrium, we have 

= gn exp ( — En/kT ) 

Nm {—Em/kf), 


This case is realized when we are dealing with furnace spectra of atoms 
and with the rotational states of molecules. Second, if the excitation is 
sufficiently chaotic, as in the case of certain arcs and sparks where atoms 
in all states and electrons having a wide range of velocities are present, 
we have, 

71 

^ m 


( 6 ) 


Ordinarily, an attempt is made to arrange the experimental conditions so 
that equation (6) is satisfied, and, if this is the case, the intensity is 
determined by the product 


that is. 


^nm — Qn^nmhVj 


(7) 

(7a) 


2. THE SUM RULE OF H. C. BURGER AND DORGELO 

The following rule was proposed by H. C. Burger and Dorgelo’ 
for the case of narrow multiplets: 

The sum of the intensities of all lines of a multiplet which come from a 
given initial level is proportional to the qiMntum weight of that level; and 
the sum of the intensities of all lines of a multiplet which end on a given 
final level is proportional to the weight of that level. 

Let us apply the second part of this rule to the sodium D-lines. Here 
there is only one line arising from each of the initial levels and 

and the rule states that the ratio of their intensities must be the 
ratio of the weights of these states. The weight of a state of quantum 
number j is 2j + 1, and so the intensity ratio should be 2:4, which 
agrees with experiment. Similarly, the first part of the sum rule applies 
to the sharp series doublets of the alkalies, and predicts that their 
intensities will also be in the ratio 2 : 4. Measurements by Dorgelo on the 
carbon arc spectra of these metals show that the predictions of the sum 
rule are well verified for certain sharp series doublets. Some typical 
data are given below. Where several values of the intensity ratios 
are given, they correspond to different sets of experiments. 

> Z. Phyaik, 23, 258 (1924). 
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Element 

Lines 

Classification 

Observed intensity 
ratio 

Na 

I 6,160-6,154 

22P-32iSf 

100:49 


1 6,160-6,154 


100:50 


5,802-5,782 

2‘^P-5^S 

100:49-54 

K. 

5,802-5,782 

. 22 P- 521 S 

100:48-52 


[ 5,802-5,782 

2^P-5^S 

100:52-55 

K 

5,339-5,323 

22P-625 

100:47 


It would appear from these data that the intensity ratio of a subordinate 
series doublet or triplet is independent of the initial level. Further, 
it is well recognized that the intensity ratio is 2: 1 for the first principal 
series doublets of the alkalis. However, several investigators have 
found deviations from the predicted ratio for the higher members of these 
principal series. Recently, the whole subject has been reinvestigated by 
Sambursky.i His results refer to the four elements Na, K, Rb, and Cs. 
The data for Rb and Cs cover a larger number of lines than those for 
Na and K. They show that the ratio has the value two for the first 
series member, in agreement with previous work, rises to a maximum of 
25 at the doublet VS-6^P in the case of cesium and to the value 
5 for in the case of rubidium. After this it falls again. It 

appears, then, that the sum rule must be considered as an approximation 
even in the simple cases considered here. In the sections which follow, 
we shall encounter other instances in which it is not valid, but on the 
whole it is a useful guide. Its range of validity is somewhat similar 
to that of Tandy’s g formula, that is, it applies chiefly to normal multiplet 
spectra. 

Dorgelo has found that the sum rule is approximately obeyed by the 
sharp series triplets of Mg, Ca, Zn, and Cd. For these triplets the 
intensities should be in the ratios 5:3: 1. Further, the theoretical ratios 
8:6:4 and 10: 8: 6 are verified for certain triplets in the sextet and octet 
systems of manganese. 

Taylor 2 has examined the potassium doublet l/S-SZ), which contains 
the forbidden line VS^i-Z^D^, using several different sources. In a 
carbon arc which was packed with a mixture of carbon and potassium 
carbonate, the ratio of intensities at low carbonate concentrations 
approximated to in good agreement with the sum rule. He made 
further experiments on the way in which the intensity of the forbidden 
lines increases with rising current and vapor density. He state's that the 
results are in accord with the hypothesis that the forbidden lines are 
brought out by the action of ionic electric fields. However, the evidence 
for this is purely qualitative-. 

‘ Z. P%sifc, 49, 731 (1928). 

^Pha. Mag., 5,im (ms). 
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The real usefulness of the rule is better shown when we consider the 
composite doublets of the diffuse series. Table 1 refers to these doublets. 
The final levels are marked at the left and the initial levels at the top, 
while a letter to represent the intensity of each line is inserted at the 
appropriate place in the body of the table. 


Table 1 


1 


2‘‘Dy^ 


1 

a 

h 

4 

' 

0 

c 

2 ■ 


1 6 

4 

1 


Since the transition 2^Py,-2^Dn is forbidden, we write zero for the 
intensity of this line. To find the intensities of the other three lines, 
we have the following conditions: The sum of the lines coming from 
2^D^ is to the sum of the lines coming from 2^0^ as 6 is to 4, or 

a _ 6 


and likewise, 


a + h ^ 4 
c 2 


so that a/c = 9/5, b/c = 1/5. Since the scale on which our results are 
expressed is immaterial, we take a = 9, 5 = 1, and c = 5. This result 
was subjected to experimental test by Dorgelo.' The means of his values 
for the cesium lines 6,212, 6,217, and 6,010 are in the ratios 9: 1.17: 5.05. 

In cases where the sum rule is obeyed, we can draw certain conclusions 
as to the transition probabilities. Considering an emission process, let 
j and j' be the inner numbers of the initial and final states, respectively. 
The sum of the intensities of the three lines emitted in transitions from j 
to J + 1, j, and i - 1 is proportional to gj, according to the sum rule. 
If A is the factor of proportionality, we have 

+ giAjj + gjA^.i-yi = Oi-A.. 

or ‘ 

^ = A] (8) 

and similarly, the second part of the rule leads to the relation, 

X fl'Mj-.f = 9}' A-', (9) 

A ' being independent of j'. This equation may be rewritten in the form, 

X = (10) 

where B is independent of f, by making use of the relation. 


Ai,f — 




( 11 ) 


1 Physik. Z., 26, 756 (1925). 
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3. INTENSITY RATIOS IN NORMAL MULTIPLETS 
In general, the sum rule does not suffice to give us the intensity 
ratios of the lines in a normal multiplet. Before the discover}^ of the 
new mechanics, the correct formulas for multiplet intensities were found 
with the aid of the correspondence principle, by Kronig,i Russell, ^ 
and Sommerfeld and Honl.^ The model used by these investigators was 
the simple vector model considered in Chap. VI, Sec. 6 and in Chap. X. 
A charge characterized by the quantum numbers I and s moves in a plane 
orbit with frequency Wi, and the normal to the orbital plane precesses 
around the resultant j of I and $, with frequency co/. The direction of j 
may be taken as the ^-axis, and for our present purpose the orbit may be 
supposed circular, as seen by an observer rotating with the orbital plane. 
We resolve the circular motion into a linear oscillation parallel to the 
2 !-axis and two circular oscillations in opposite senses in the xy plane. 
The amplitudes of these oscillations are obtained by calculations of 
the kind employed in our study of the Zeeman effect on the basis of the 
classical theory (Chap. V, Sec. 10). We shall briefly recapitulate the 
results, adapting the notation to the present problem. First, consider 
the motion parallel to the s^-axis. If C is the amplitude of the circular 
motion in the orbital plane, and $ is the angle between lind. j, the ampli- 
tude of tho oscillation parallel to the ^-axis is C sin 6 and its frequency 
is coz. Since a;,- does not occur in the frequency of this oscillation, the 
corresponding transitions should obey the rules AZ = ±1, Aj ~ 0. In 
similar feshion we find that the frequencies coz + co,- and ~coz ± are 
present in the motion in the xy plane. The corresponding transitions 
obey the selection rules AZ = ±1, Ai=±l. The intensities 7_,i, 
/o, and /_T of the harmonics corresponding to the various transitions 
are proportional to the entries in the following table: 


= +1 

/'^(l + COS 6)^ 


/(I oc sin^ B 
/-!« M(i — cos d)'‘ 


Ai = +1 

Aj = 0 

Aj = -1 

A simple sum rule is obeyed by these amplitudes. For given values 
of Al, and of I and s, the sum of the intensities belonging to the three 
possible values of Aj is independent of 6. Now, 


1 + 1 °^ K(1 — cos 0)2 
/o“ sin2 6 

K(1 + cos 0)2 (12) 


cos 0 


12 + p 


2jl 


(13) 


and so this sum is independent of j, and the above mentioned sum rule 
IS simply the sum rule of Burger and Dorgelo.- Consider now a spectral 
line emitted in a transition from 1 to 1 + Al, j to j + Aj. By virtue 


’ Z. Physih, 31, 885 (1925); 33, 261 (1925). 
^Proc. Nat. Acad. Sci., 11, 314 and 322 (1925). 

3 rv • . 7 1 -F-V . ^ ^ ^ ' 


O/XXM. 

ni ' WissenschafUn, p. 141 (1925); see also Honl, Ann. 

Phynh, 79, 273 (1926). 



704 SPECTRAL INTENSITIES [Chap. XX 

has measured more than thirty multiplets of Til and Till. All these 
authors demonstrated that the theoretical intensity ratios cannot usually 
be obtained unless precautions are taken to subordinate the ejffects of 
self-reversal Harrison applied corrections to his data to eliminate 
intensity reductions due to this cause. ’ His correction is based on the 
assumption that the amount of self-reversal in a line belonging to a narrow 
multiplet is proportional to its intensity. To give a better idea of the 
type of data obtained we reproduce the measurements of Frerichs for a 
quintet DD' multiplet of chromium, in Table 2. The wave length of 
each line is given in the body of the table with the calculated intensity 
below, as well as the average measured intensity, in parentheses. The 
intensity of the strongest line is arbitrarily set equal to 100. 


TAjBle 2 


i 

®Z)' 

4 

3 

2 

1 

0 

1 

4 

3,919.3 

100(100) 

3,941.6 

20.0(24.5) 




' ! 

T" 

3,886.9 

20.0(23) 

3,908.9 

46.0(46) 

3,928.8 

26.7(32) 




2 


• 3,883.4 
26.7(36.6) 

3,903.1 

16.7 (about 19.5) 

3,921.2 

23,3(21) 



~T~ 



3,885.4 

23.3(<27) 

3,903.3 

3.3 (about 3) 

3,916.4 

13.3(13.7) 


0 




3,894.2 

13.3(13.7) 



The line 3,885.4 is assigned the value <27, because a faint line is 
superposed on it; in the case of 3,903.1 and 3,903.3, only the sum of their 
intensities was measured. As far as agreement with the formulas is 
concerned, this multiplet is ndther very bad nor very good. Much 
closer agreements are encountered in the data of Harrison. The extent 
to which the intensity formulas are verified may be judged from the 
following summary given by Harrison: . 

Of all the multiplets measured in Til, 58 per cent were found to obey the 
intensity formulas to well within 5 per cent, and evidence was obtained in favor- 
able cases which indicated that exact agreement could be expected when line 
separations were small. In Till, 62 per cent of the multiplets measured were 
normal. In Til, of the 42 per cent abnormal multiplets, 71 per cent of the lines 
were normal, while 16 per cent were abnormally weak and 13 per cent abnormally 
strong. For the ionized atom, of the 38 per cent abnormal multiplets, 61 per cent 
of the lines were normal, while 21 per cent were abnormally weak, and 18 per cent 
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abnormally strong. Of all the lines measured, 86 per cent appeared to obey the 
intensity formulas, while 7.6 per cent were too weak and 6.4 per cent were too 
strong. 

Harrison further states that in agreement with the results of Frerichs 
for selected multiplets of elements in the iron group, no certain correlation 
was found in titanium between departure from the intensity formulas and 
from Land4’s interval rule. When intercombination lines occur, the 
intensity rules considered in this section must be modified, and some 
departures from the intensity formulas can be explained on this basis. 
Another cause of departure, 'encountered in the case of wide multiplets, 
is the insufficiency of the correction. While Ornstein, Eymers, and 
Coelingh^ found that this correction brings the sharp and subordinate 
series lines of the barium spark spectrum into exact agreement with the 
intensity formulas, it is far from valid for the sharp series resonance 
lines of thallium, at 5,350 and 3,776 A., according to measurements of 
Ornstein and H. C. Burger.^ In still other cases, neither of these causes 
can be invoked, and it must be concluded that the intensity formulas 
are not suitable to describe the facts. 

4. INTENSITY RATIOS OF RELATED MULTIPLETS; INTERCOMBINATION 

LINES 

Consider all the lines which are emitted in a transition from n', 
I' to n", V'. These lines belong to systems of different multiplicities. 
They form several ordinary multiplets, and include a number of inter- 
combinations as well. We shall refer to such an aggregate of lines as a 
group of related multiplets. An extension of the sum rule which enables 
us to obtain a certain amount of information about the relative intensities 
of lines in related multiplets was. proposed by Ornstein and H. C. Burger.® 
By way of example, we consider a group of multiplets of ionized oxygen 
studied by van Wijk.^ The initial states are and and the final 
states are of the same character. In Table 3, we give the wave lengths 
©f all the lines which arise from the combinations of these levels, and 
which do not violate the selection principles. The wave lengths are 
accompanied by arbitrary symbols, used by van Wijk to identify the 
lines. In such an array, according to Ornstein and Burger, after applying 
the correction the sum of the intensities of all lines arising from a given 
initial level is proportional to its weight, and the sum of the intensities 
of all lines involving a given final level is proportional to its weight. In 
the example under consideration, there are no intercombination lineSj 

2 Reported by Oknstein, Physik, Z., 28, 688 (1927). 

^ Z. Physik, 40, 403 (1926). 

^ Z.Physik, 4^, 622 (imS), 
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Table 3 



Final Levels 

^Ph 

^p% 

*P'A 





3,954, di 

3,983, di 






3 , 945, dz 

3,973, di 




03 











4,326, q-i 

4,346, q<i 



*Ph 



4,317, 93 

4, 337, ^4 

4,367, (/5 






4,320, Qe 

4,349, g? 


and this rule reduces to a statement of the sum rules for the doublet 
multiplet and the quartet multiplet, separately, together with additional 
relations which predict the relative intensities of the two multiplets. 
That is, the sum of the intensities in the first two columns, forming 
the doublet multiplet, should be proportional to the sum of the weights 
of and while the sum of the intensities of lines in the quartet 
multiplet should be proportional to the sum of the weights of ^P^^, 
and ^P^. As a matter of fact, the intensity rules of Sec. 3 are 
fairly well obeyed within each multiplet, and the ratio of the total 
intensities of the multiplets, after applying the correction, was found 
to be 1.9 when the source was at 50 cm. pressure, and 2.1 when it was 
at 18 cm. The situation is more complicated when the intensity of the 
inter combination lines is appreciable, for in this case the intensity rules 
of Sec. 3 cannot be expected to hold within the individual multiplets. 
Ornstein and Burger have studied the diffuse series of mercury, where 
the intercombination lines occur with considerable intensity, Appli- 
cation of the extended sum. rule to the group of four lines near 3,650 
(2^P-3 ^jD and 2^P-3^I)) gave a result in excellent agreenient with experi- 
ment. However, in the case of certain helium lines, definite failure of 
the rule was observed. Pauli^ suggested on theoretical grounds that 
for triplet and singlet terms the ratio of intercombination lines to ordinary 
lines should be proportional to {hv/AvY, where bv is the total separation 
of the outside terms of the triplet, and Av is the distance of the singlet 
term from the center of gravit 3 '- of the triplet. This rule was tested by 
Ornstein and Burger for the first four diffuse series groups of mercury, 
with excellent results. However, the rule was not verified in another 
case which they studied. 

We now consider another type of generalization of the intensity 
rules. Kronig^ has given formulas for the relative intensities of the 
three multiplets emitted in the transitions I to I + 1, 1 to I, and Z to Z — 1, 

^ Geiger-Scheel Handbuch der Physik, Vol. 23, p. 255. 

2 Z. 33, 261 (1925). 
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when the azimuthal number of only one electron undergoes a change, the 
quantum numbers of the others being unaltered. The formulas are 
complicated and we shall not reproduce them here. In general, they 
predict that the intensities of multiplets belonging to a triad should 
be in the ratios of small integers. Harrison^ has tested these formulas 
by measuring the relative intensities of titanium multiplets. By way 
of example, we consider a triad of multiplets arising in transitions from 
the configuration to the configuration 3d®4s, and designated 

by Harrison as Nos. 128, 172, and 209. They are of the types W-H}, 
and W-^D. The wave-number separations are so large that 
we must consider not only the v* correction but also the Boltzmann 
factor, of equation (5), in order to arrive at the squared amplitudes 

which occur in the intensity formulas. The effective temperature of the 
source must be known in order to obtain the Boltzmann factor. Harrison 
found that a temperature of about 10,000°K. gave the best agreement 
between theory and experiment for a number of multiplets. Assuming 
this value of the temperature, the relative squared amplitudes for the 
three multiplets under consideration were found to be 

89, 70, and 48 

while the values required by Kronig’s formulas are, 

90, 70, and 50. 

Indeed, these formulas are confirmed, at least qualitatively, in six of 
.the eight cases studied in which they apply, regardless of the assumed 
temperature of the source. 

6. INTENSITIES OF ZEEMAN-EFFECT COMPONENTS 

The classical theory of intensities in the Zeeman effect, based on the 
correspondence principle, is very similar to that in Sec. 3. We consider 
an orbit which processes around the fines of force with the velocity of the 
Larmor precession, and find the amplitudes of the various harmonics 
in the motion. The intensities of the transitions corresponding to these 
harmonics are indicated in the table, in which d is the angle between 
the lines of force and the normal to the orbit. 


A7 = 

+1 

0 


Am = +1 

K(1 +COS 0)^ 

K e 

}i(l — cos 9)’ 

0 

sin“ 0 

cos^ 9 

H sin» 0 

-1 

H(i - cos ey 

K 9 

H(1 -1- cos 9)^16) 


I J. 0. S. A. and R. S. I., 18, 287 (1929): 
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If we write cos 0 = m/j, where m is the magnetic quantum number 
for the initial state, these formulas give us intensity values which should 
be a rough measure of the actual intensities. Ornstein and Burger^ 
proposed the following sum rule for the transition probabilities in the 
Zeeman effect. Fixing our attention on a single multiplet line for which 
the initial inner quantum number is j, we consider all the transitions 
from a magnetic energy level with quantum number m. The sum of the 
probabilities for all these transitions is the same for all choices of m; and^ 
similarly j the sum of the probabilities of all transitions ending on a magnetic 
level m, jj is the same for all choices of m. That is, 

A(m, j] m + 1, iO + A(m, j; m, j') + A{mf j; m - I, f) = 

(17) 

A(m + 1, j; m, f) + A(m, j; m, f) + Aim — 1, j; m, f) == 

Dij,j'). (18) 

In these equations C(j, j'), and i)(i, j') are independent of m, and j' 
can take any one of the values j + 1, jj ox j — 1. *We can show by 
summing over all values of m that 

(2j + 1)C(/, i) = (2/ + l)D(i, /). (19) 

Honl,2 and Kronig and Goudsmit^ solved the problem of obtaining 
exact expressions for the Zeeman-effect intensities by utilizing the 
following considerations. The expressions (16) suggest that the correct 
expressions should be quadratic functions of m. If this is assumed and if 
it is also required that the sum rule shall be valid and the Zeeman pattern, 
as a whole shall be unpolarized, we have just enough equations to deter- 
mine the intensity formulas. The results are as follows: 

Ai=+1: 

(j(j j j_ 2') 

A{m, j; m + l,j + l) = 2(r + 1X2.7 + 3) + ”^ + 2)(i + m + 1), 
Aim,r,m,j + 1) = + 1)2 _ 

A(m,j-, m - l,j + ij = 3) 0' -m + 2)(j -m + 1). 

Aj = 0: 

Aim, j; TO + 1, i) = - m)ij + m + 1), 

Aim,, j; m, j) = , 

Aim, j; TO - 1, j) = + m)ij - m + 1). \ 

’ 1 Z. Physik, 29, 241 (1924). 
i'Z. Physik, 31, S40 (1925). 

^ Naturwis., 13, 90 (1925); also Kronio, Z. Physik, 31, 885 (1925). 
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Aj = -1: 

A{m, j; m + 1, i - 1) = - m + 1) 

A{m, i; m,j - 1) = 

A{m, j; m — l,j - 1) = — + m — 1). (22) 

The dependence of these formulas on m has been verified by Heisen- 
berg and Jordan^ using matrix methods. The details of the computation 
will not be given here, since they have been conveniently summarized 
by Birtwistle.* The formulas have now been well confirmed for a 
number of lines in low fields. Ornstein, Burger, and van GeeP studied 
the first sharp triplet of zinc, and van GeeP extended the observations 
to systems of other multiplicities. His results for the triplet 2^P — 2®S 
of magnesium are typical of the type of agreement which is obtained. 
The theoretical and measured intensities for the components of these 
three lines are given in the following list. Parallel components are 
enclosed in parentheses; the calculated intensity is written above the 
experimental value in each case. The results for the three lines are 
expressed on the same scale and the total intensities of the lines are in the 
ratios required by the sum rule. 

5,167 1 .: 2 (4) 2 

23 (46) 23 

5,172 1 .: 3 3 (6) (6) 3 3 

38 34 (75) (71) 38 33 

5,183 1 . : 1 3 6 (6) (8) (6) 6 3 1 

? 37 76 (75) (100) (72) 76 37 ? 

Van GeeP has found that the intensity formulas hold true for the Zeeman 
effect of the intercombination line 2^P2 - of mercury, at 3,663.28 1. 
Further he has studied the intensities in the partial Paschen-Back effect 
of the first diffuse triplet of magnesium,® comparing the results with a 
theory worked out by Kramers, and independently by Miss Mensing.* 

6. INTENSITIES IN THE SPECTRUM OF HYDROGEN 
The data presented up' to this point are not suited for a test of the 
new mechanics, for deviations from the formulas might be blamed 
on the insufficiency of the model. A definite test can be made by 
studying intensity relations in the spectra of hydrogenic atoms. 

1 Z. Physik, 37 , 263 (1926). 

2 “The New Quantum Mechanics,” Chap. XV. 

^Z. Physik, 32 , 681 (1926). 

P%si/c, 33 , 836 (1925). 

iZ.Physik,4ir,Ql5 (1928). 

8 X P%sifc, 39 , 877 (1926). 

■’ Z. Physik, 39 , 24 (1926). 
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Numerous investigations of the Zeeman effect of hydrogen have 
shown that under suitable conditions of excitation the normal triplet 
is unpolarized and the two perpendicular components are of approxi- 
mately equal intensities. Since this result is predicted by the classical 
theory, the correspondence principle, and the new mechanics as well, 
it is not adapted for distinguishing between these theories. However, 
the Stark-effect intensities are well suited for this purpose. The first 
estimates of intensities in the hydrogen Stark-effect patterns were made 
by Stark himself.^ Kramers^ compared these estimates with values 
calculated by the correspondence principle, obtaining a fair agreement, 
in general, although there were some striking discrepancies. The 
Stark-effect intensities of the first four Balmer lines have been computed 
on the new mechanics by Schrodinger^ and by Epstein, ^ with results 
which are not in agreement. The method used by both these authors 
is to calculate the components of the polarization matrix in the way 
explained in Chap. XV, Sec. 17. The mathematical details of the two 
treatments are quite different. Schrodinger uses the wave functions 
given in equation (50) of Chap. XVI, while Epstein uses expressions 
involving hypergeOmetric functions. In both cases, the unperturbed 
wave functions are employed. It is stated by Sommerfeld^ that W. 
Zimmermann® has reconsidered the problem, using wave functions which 
contain the first power of the field strength. His computations indicate 
a slight asymmetry of the intensity pattern, but this is too small to be 
observed at the field strengths used in the laboratory; aside from this, 
Zimmermann’s results agree with those of Schrodinger. Tests of the 
theoretical intensities have been made by Foster and Chalk^ and by 
Mark and Wierl.^ Foster and Chalk used the Lo Surdo method while 
Mark and Wierl employed the light from a beam of canal rays, subjected 
to strong fields in the space behind the cathode of a discharge tube. 
The auxiliary field could be applied either parallel or perpendicular 
to the direction of the beam. By filling the space behind the cathode 
with nitrogen at low pressure, Mark and Wierl obtained patterns due 
only to the atoms in the canal-ray beam, while light coming from atoms 
at rest was obtained by filling this space with hydrogen and using nitrogen 
canal rays. Most of Foster^s results are in strikingly good agreement 
with those of Schrodinger. With a few exceptions the same is true of the 
results obtained by Mark and Wierl when studying the parallel com- 

1 Ann, Physikj 48, 193 (1915). 

2 Det Kgl Danske Vidensk. Selsk. Skr.j 3, 287 (1919). 

3 Physikj 80, 437 (1926). 

^Phys. Rev,, 28, 695 (1926). 

^ '' Wellenmechanische Erganzungsband,'' p. 193. 

/Unpublished. 

7 Proc. aSoc., 123, 108 (1929). 

^ Naturwissenschaf ten 16, 725 (1928); Z. Physik, 53, 526 (1929). 
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ponents of Ho:, H/3, and H 7 from moving atoms, with the field 
perpendicular to the direction of motion. However, they showed 
conclusively that in the type of tube which they employed, the theory 
does not apply to the perpendicular components, as obtained from moving 
atoms which are excited by collisions, from resting atoms, or from moving 
atoms which are emitting spontaneously in a high vacuum (Abkling- 
leuchten). This is well shown by the parallel components of H^, which 
lie at eight and ten times the quantum unit of frequency difference 
(Chap. V, Sec. 13 ). Schrodinger’s value for the ratio of their intensities 
is 1.06, while Foster and Chalk obtain 1.04. Mark and Wierl get l.IO 
for the light emitted by moving atoms due to collisions, with the field 
perpendicular to the beam, and 0.85 for the light from ■ atoms at rest. 
They suggest that some of these discrepancies may be due to the Stark- 
Lunelund effect, that is, the polarization of the light emitted by a beam 
of moving atoms in the absence of a field. It is perhaps natural to expect 
that the theoretical ratios will be more closely approximated under 
the conditions encountered in the discharge itself than in a beam of 
canal rays. As emphasized earlier in this chapter, the populations 
of the upper states will be in the ratios of their statistical weights only 
if the excitation is sufficiently chaotic. Further experiments will be 
required to elucidate the matter. 

It is of interest to consider the theoretical decrease of intensity 
along the spectral series of hydrogen. The relative intensities of the first 
four Balmer lines were obtained by Schrodinger, by summing the intensi- 
ties of the Stark-effect components. He also gives explicit formulas 
for the intensities of the Lyman and the Balmer series, communicated 
to him by Pauli. They are as follows, n being the total quantum number 
for the initial orbit : 


Lyman series: I(n, 1) = 
Balmer series: I(n, 2) == 


2\n - 4 - 


nin + 

2Kn - 2)2--3 
n{n + 2y^‘+» 


(15n4 - 32n2 + 16). 


(23) 

(24) 


We shall not give the derivation, as it is carried through by Sommerfeld.’* 
The results have been extended to the Paschen series by Sugiura.^ 
It is well known that the relative intensities of the Balmer lines are very 
sensitive to changes in the source, and data obtained in the laboratory 
are not likely to check the computed intensities, except by accident. 
It would seem that measurements on stellar spectra would afford the 
best opportunity for a decisive test. Bongers^ has measured the Balmer 
series and found that his results are represented by 



( 25 ) 


1 Wellenmechatiische Ergilnzungsband, p. 94. 

2 Jour, de Phys. (6), 8, 113 (1927); Z. Phynk, 44, 190 (1927). 

3 Dissertation, Utrecht, (1927). 
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where n and no are the quantum numbers of the initial and final 
states, respectively. This is in striking contradiction to the 1/n® relation 
required by equation (24) for large values of n. 

In order to obtain approximate expressions for the intensity dis- 
tribution in the series of the alkali atoms, one may evaluate the intensities 
for the various fine structure components of hydrogen. These partial 
series have been calculated by Kupper,i the results being in good agree- 
ment with data of Trumpy.® However, Miss Bleeker® has measured 
the subordinate series of K, Rb, and Cs, and has found it possible to 
represent her results by the form ula. 


I = 


c{n — noY 


(26) 


Her formula is also well obeyed by several subordinate series of mercury. 

There are two factors, the temperature and density, which may 
ordinarily be neglected in considering the intensities of the higher series 
members, but which are of imoortance in considering the conditions 
in the stars. Under equilibrium conditions the number of hydrogen 
atoms in the states of total quantum number n is 


iV„o=2n^exp[|J,^(l-l^j, (27) 

where 2n2 is the a priori probabihty of these states and the exponential 
is the Boltzmann Tactor. Since 2n^ approaches oo as n becomes large 
and the exponential factor remains finite, the number of atoms in the 
higher quantum states becomes very large and in fact all the atoms should 
be in the infinite quantum state. Urey^ and Fermi® suggested that a 
certain amount of space is excluded due to the “volume” occupied by the 
atoms and that this volume increases with the quantum number in such 
a way that the number of atoms in the nth state approaches zero as n 
becomes infinitely large. The volume of an atom is not easily defined or 
approximated, but this effect is certainly present. Density of the gas 
does not explain the deviation of Bonger’s formula from the theoretical 

formula and it appears that this effect can only be of importance in stellar 
spectra. ® 


7. INTEITSITIES OF X-RAY EMISSION LINES 


The intensities of X-ray lines emitted by a solid target bombarded 
by electrons of a given energy depend on many factors beside the proba- 
^ Ann. Physikj Se, 511 (1928). 

2 Z. Physih, 42, 327 and 44, 575 (1927). 

3 Z. Phys. them., 120, 63 (1926). 

^Astrophys. J., 49, 1 (1924). 

^Z.Physik,2S,54^(1924:). 


® For an elegant treatment of this subject see Fowlbe 
C hap. 14. Cambridge Press (1929). 


^^Statistical Mechanics,^’* 
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bilities of transition and it is often very difficult to correct for these 
extraneous factors in order to estimate the probabilities as calculated 
from theory. Both the absolute and relative intensities change with 
the voltage on the X-ray tube; absorption in the target is especially 
important for the longer wave lengths; and in many cases it is difficult 
to separate all the lines of a multiplet so that the intensities can be 
estimated separately. Considering the many difficulties in interpreting 
the experimental results, the agreement with the theory for the intensity 
of multiplets presented in the preceding sections is as close as could be 
expected in some cases, but in others there appears to be definite dis- 
agreement between theory and experiment. We shall discuss the relative 
intensities of lines of the same multiplet for the most part. 

Sommerfeld' pointed out the essential similarity of the X-ray doublets 
and the optical doublets and showed that the experimental facts then 
available were in approximate agreement with the rules of Dorgelo 
and Burger and in particular that the intensities of the Kai and Ka^ 
lines were approximately in the ratio of 2:1 and that the Lai and La^ 
lines had approximately the relative intensities 9 : 1 as required by these 
rules. Duane and Siegbahn® and their coworkors early investigated 
relative intensities in the X-series lines. The Kai and Ka^ and the 
K^i and lines are two doublets of the “P — type and in accordance 
with the theory of Secs. 2 and 3 should have relative intensities of 2: 1 
in both cases. Duane and Stenstrom found a ratio of 2 : 1 for the Kai 
and Kui lines of tungsten and Duane and Patterson a ratio of 1.93:1 
for these lines of molybdenum, while Allison and Armstrong secured a 
ratio of 2.1:1 in the fourth order and 2: 1 in the fifth order for the XjSi 
and X/32 lines of molybdenum. Siegbahn and Za'dek secured for the 
intensity ratios of the Kai and Kai lines of Cu, Zn, and Fe, 100: 51.2, 
100:50, and 100:49.9, respectively. These doublets are emitted in 
transitions from the same excited level, namely the K level, to the Ln 
and Lni, or the Mu and Mm, so that the relative intensities should 
measure the relative values of the Anm coefficients for these transitions. 
Moreover, the coefficient of absorption of the target for these wave 
lengths will be small, since they lie on the long wave-length side of the 
X-absorption limit and far to the short wave-length side of the B-absorp- 
tion limits. This makes the agreement with theory especially satisfactory. 

The most complete investigations of intensities of the Zz-series lines 
are those of Allison and Armstrong,® Allison* and JSnsson,® who have 

1 Ann. Physik, 76, 284 (1925). 

“ See Lindh, Phya. Zeit., 28, 96 (1927) for detailed references to the earlier 
literature. 

8 P%8. ftev., 26, 714 (1926). 

*Phya. Rw., 30, 245 (1927); 32, 1 (1928). 

^Z.Phydk, 383 (1027). 
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investigated lines of tungsten, thorium, uranium, silver, palladium, 
rhodium, molybdenum, and a few other elements. The results of these 
measurements for a number of X-ray multiplets are given in the follow- 
ing table: 


Lines 

73:72 

/38:/34 

76:^6 

7}:l 



Transitions 

Li -> ATii,!!! 

Li — > Milan 

■Lii,in — > Ml 

Ln.m Ml 

Lii,nr->Afiv,v 


Relative intensity, theory:. . . 
Relative intensity, observed: 
Agi 

100:50 

100:50 

100:61 

100:64 

100:66 

100 ; 70 

100 : 60 

50:100 

50:100 

55:100 

60:100 

56:100:11 

59:100:12 

59:100:12 

61:100:13 

62:100:13 

48:100:11 

62:100:12 

49:100:11 

Pdi 



Rhi 



Mol 




Wi 

100:74 

36:100 

(0:1.4) 

(0:1.6) 

46:100 

60:100 

46:100 

Th 2 .... 

XJ2.. 

100:107 

100:98 


1 Jonsson, loc. cit; Allison and Ahmstrong’s data on tungsten are in approximate a^ 
those of Jonsson. 

sreement with 


2 Allison, loc. cit. 


These examples show the character of the agreement between theory 
and experiment; in the case of the [ 3 i, ai, and 0:2 lines which form a 
triplet, the agreement is very satisfactory; on the other hand, 
the experimental and theoretical intensity ratios of the 73 and 72, and 
of the /?3 and ^4 lines do not agree nearly so well; there is a consistent 
trend toward greater intensity of the weaker component until in U the 
theoretically weaker line has actually become the stronger of the two. 

WentzeT has calculated the relative intensities of the different 
X-ray lines with different values of n and I for the initial and final states 
using quantum mechanics. Allison and Jonsson have found only 
approximate agreement between their data and the theoretical 
predictions. 

Paet II. Intensities in Band Spectra 
8. THE SUM RULE APPLIED TO BAND SPECTRA 

In the case of atomic spectra it was possible to neglect the exponential 
Boltzmann factor in considering intensities of lines, because under the 
usual conditions of excitation the populations of atoms in different 
states are proportional to the quantum weight. In the case of band 
spectra this is not true and the exponential factor of equation (5) must 
be retained. For this reason the sum rule of Burger and Dorgelo as 
stated in Sec. 2 does not apply to the relative intensities of band-spectrum 
lines. The intensity of a band line is proportional to the Einstein proba- 
bility constant and the number of molecules in the initial state 

~ ^ (~^)’ ( 28 ) 

1 Naturvnss.j 14, 621 (1926). 



Sec. 8] THE SUM RULE APPLIED TO BAND SPECTRA 715 

It is usual to call AnmQn the intensity factor, and using the customary 
symbols we shall write it A{j' , j")(2f + 1) for the transition from the 
f to the state, *since 2/ + 1 is the weight of the f rotational state. 
The question arises as to whether an '^effective temperature’’ can be 
assigned to a discharge which is not in equilibrium and whose temperature 
is therefore not defined. This will be discussed in Sec. 11, where it is 
shown that experimental data are consistent with the inclusion of the 
exponential factor in equation (28). 

The sum rule as applied to band spectra is : 

The sum of the intensity • factors, A{f, + l)j over all values 

of 'permitted hy the selection rules with j' constant, is proportional to the 
quantum weight of the j' state and the sum of these factors over all permitted 
values of f holding j" constant is propor- 
tional to the weight of the j" state. This 
statement is evidently equivalent to that 

of Sec. 2 . , p ! ^ s 7 3 

Fowler^ and Dieke^ first applied jo / z s 4- 

these rules to molecular spectra. Their 
application can be illustrated by the 

intensities of a band. We represent Aif, + 1) for the 

lines of the P branch by Ui, U 2 , . . • % • • • and for those of the R 
branch by . . . wj . . . The transitions are shown in the diagram, 

Fig. 1. Then the sum rule requires that 

wi = goc, wi + m2 = gic, W2 + Ui = g^c, ■ ■ ■ , 
wi = goc, U], + 132 = gic, U2 + ws = g^c, ■ • • , 

or 

ui = wi = goC, ii 2 = W 2 = (gi — gojc, • • • - 

Since g,- = 2; + 1, we have 

Ui = Wi = c, U 2 - W2 = 2c, ; 

then . 

{2j + l)A{j, j - 1) = cj and (2j - 1)^0' - 1, j) = cj, (29) 

where j is the larger of j' and j" in all cases. 

This makes the lines symmetrically placed relative to the missing line 
equal in intensity except for the exponential factor of equation (28). 
This factor gives an P-branch line a slightly greater intensity in absorp- 
tion and less intensity in emission than the P-b ranch line of the same 
running number; this can be easily seen by considering the diagram and 
the relative values of the energies of the initial states for the two lines 
in the cases of absorption and emission, respectively. The constant 
c is Po^(2irv)V3c%>', where Po is the electric moment due to the changes 
in electronic or vibrational quantum numbers in the case of electronic 

'PM. iifaff., 49, 1272 (1925). ■ 

2 2. Piij/sifc, 33, 161 (1925). 
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or vibration rotation bands or to a permanent electric moment of the 
molecule in the case of pure rotation bands. 

9. THE INTENSITY FACTORS FOR CASE a MOLECULES^ 

Just as in the case of complex atomic multiplets the sum rule does 
not suffice to fix the relative intensities, it also cannot fix the relative 
intensities in more complex bands than those of the ^2) — type. 
It is necessary to derive these relative intensities from a more extensive 
theory of the emitting molecule. The model which we use is the cus- 
tomary gyroscopic model having, in general, a resultant angular momen- 
tum about the line of nuclei equal to t( = X + tr) in quantum units. 
The relative intensities for case a were derived by London and HonP 
using a modification of the method of Sommerfeld and Honl described 
in Sec. 3. Since these relative intensities have been derived by applying 
matrix and wave mechanics to the heavy symmetric top as described 
in Chap. XIX, Sec. 5, we shall not give the older calculations. To write 
down the relative intensities for the molecules of the case a type, it is 
only necessary to note that a diatomic molecule is a symmetric top with 
a small moment of inertia about the figure axis. The dependence 
of the wave function on <9, cp, and x will be the same whether they fix 
the position of the rotating nuclei in the first case or the rotating electrons 
in the second, though the dependence of the energy on X in the one 
case and l in the other is quite different. The l is equal to the sum of 
X and cr; it appears from experimental data that At = AX, that is, <r 
does not reverse its direction relative to X in a permitted transition, 
and that it is t rather than X which must be used in equation (66) of 
Chap. XIX to secure the proper .A^s. 

The intensity factors in the symbols appropriate to this problem 
are : 


c2(2i + 

j(i + 1) 

C20-2 - 

o 

1 

y — 

. 0 



j 

±1 

0 

o(2j + l)(j A- L)(j — i + 1) 

0 

i 1 

i(J + 1) 

cO’ + 0(i + 1 — 1) 
j 

i 1 

i 1 

c{j - i)(i -1 + 1) 

3 

+ 1 

+ 1 


where the j and c occurring in these formulas are the larger of the initial 
and final values of these quantum numbers. The reader can easily verify 

^ See Chap. XII, Sec. 16 and Fig. 19 for the model interpretation of this case 
2 Z. P%siic, 33, 803 (1925). 
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the fact that these intensity factors are in agreement with the sum rule 
of Sec. 8 ; this is also evident in the case of the special examples given 
below. 

To illustrate the theoretical intensities expected for this type of 
molecule, we shall use transitions of the and types; 

the intensity factors are given in the following tables for these two cases: 



r H Ai % 

8 12 16 

% 8 

\ \ 

M 12 1% 

I iviSlA 

16 

(P\bia \Qiaia 
IPlAlB \QiBIB 

At = AX = 0 

The weights are doubled {gj = 2(2j +• 1)) in this table and the intensity 
factors, equations (30), are so normalized that the sum rule gives the 
doubled quantum weight. We do this because corresponding to each 
value of j there are two states, if X 5*^ 0, one positive and one negative, 
in the sense of Chap. XIX, Sec. 9, i.e.j A and B states each of which has a 
weight of 2j + 1. The branches, in the symbols used in Chap. XII, are 
given at the ends of the diagonals. In the case of the ^11 — > transition, 
the Q branch gains in intensity relative to the P and R branches asj 
increases, while the reverse is true in the case of the ^IL ^II transitions. 
This decrease in intensity of the Q branches in the latter case is very 
rapid. These Q branches are observed in the NO bands of Fig. 1, 
Chap. XII which are of this type, but decrease rapidly in intensity as j 
increases, in agreement with theory. 
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10. THE INTENSITY FACTORS FOR CASE b MOLECULES 
The arguments used in deriving the intensity factors for these mole- 
cules can best be understood by considering the models of Chap. XII, 
Sec. 16 , and Fig. 19. Disregarding the s of case b for . the moment, 
it is seen that the precession of i about j in case a is entirely similar 
to the precession of X about k in case b. Thus the amplitudes of the 
electric moment in case b, if k did not process about j, should be the same 
as those of case a and are given by equation (30) with k and X replacing 
j and t, respectively. Since k processes only very slowly about j, these 
amplitudes will not be appreciably changed by this precession. 

On the other hand, the precession of k and s about j is entirely 
to the precession of l and s about j in atoms; k is the resultant of all 
“orbital” angular momenta of electrons and nuclei just as Z is a similar 
resultant in the atomic case and s has the same significance in both. 
Thus, the relative intensities of all lines emitted for a certain value of Ak 
and different values of Aj are given by equations (15) for the atomic 
case, if we replace Z by fc in those formulas. Therefore, in order to secure 
the relative intensities for a given value of Ak, it is only necessary to 
multiply the appropriate factor of equations (30), with k and X replacing 
j and t in these formulas, by the appropriate factor of equations (15), 
with k replacing Z of those formulas. The formulas so secured must be 
further multiplied by a normalizing factor. The loosely coupled s 
vector cannot change the total intensities for a given Ak appreciably. 
Therefore, the normalizing factor is secured by making the sum of all the 
intensities for a given AZb over all permitted values of Aj equal to the 
intensity required by the formulas for case a with k and X replacing j 
and t; or, what is the same thing, we require that the sum of the factors 
of equation (15) for a given Ak over all possible values of Aj multiplied 
by the normalizing factor shall equal 1. These normalizing factors 
have been secured by Mullikeni for doublet systems, i.e., s = H, and 
are: 

if AA; = +1, 

and 

{2k -f 1)2’ if = 0- (31) 

To secure the correct intensity factor for any transition we have only to 
multiply the three appropriate factors, from equations (15), (30), and 
(31). 

Example. — We ask for the intensity factor for a branch of a -> band for 

which Aj = 0, Aft = -1, and AX = 1. For this branch j' = h' + 14, j" = ft" - 
and, since j' = j”, h" = ft' -t- 1, and the ft appearing in the fornaulas is equal to ft"; 
therefore, we must substitute j = ft - in the formulas. We multiply the first 

1 Phya. Rev., 30, 138 and 785 (1927). 
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factor of equation (31) by (/c — \)(^ — X + l)//q secured from equation (30) by 
substituting k and X for j and t, and by {2j + T)P(j)Q{j) /4:j{j H- l)/c, secured from 
equation (15) by substituting k for I, Then substituting^' = and simplifying 

we get, 

g^AU, X, h -y,j, 

The results of these calculations are given in Table 4. 


Table 4 


Branch 

Intensity factor 
gi.AU', y, fc") 

/ — j" 

X' - X" 

k' - k" 

Ri 

Pi 

c4(fc + - y) 

± 1 

0 

±1 



k{2k + 1) 


P 2 

ci{k - l)(fc2 - X2) 

±1 

0 

±1 



ki2k - 1) 

’^Qn 


c4(7c2 - X2) 

0 

0 

±1 



fc(4A;2 - 1) 


Qi 

c4X2(27c + 3) 

0 

0 

0 



{k + l)(2/(; + 1) 



c4X2(2fc - 1) 

0 

0 

n 



k{2k + 1) 



QP 21 

c4X2 

±1 

0 

0 


k{k + l)(2ic + 1) 

Ri 

Pi 

c2{k - \){k - X + l){k + 1) 

±1 


±1 



k(^2k + 1) 

Ri 

P 2 

c2(k - X)(k - X + l)(/c - 1) 

±1 

T1 

±1 


k(2k - 1) 


^Qi2 

c2(k - \)(k - X + 1) 

0 

Tl 

±1 


fc(4&=“ - 1) 

Pi 

Pi 

c2{k + X)(k + X - !)(* + 1) 

±1 

T1 

±1 



k{2k + 1) 

P 2 

p2 

c2{k + X)(k + X - !)(& - 1) 

±1 

Tl 

±1 



k(2k ~ 1) 




c2(A; \)(k -|“ X — 1) 

0 

• T1 

±1 


fc(4fc2 - 1) 


Qi 

c2{k+\)(k - X + l)(2/c +3) 

0 

=F1 

n 



{k + l)(2fc + 1) 



Q 2 . 

c2{k + \)(k - X + l)(2fc - 1) 


T1 

0 



k(2k -f 1) 

^P21 

^Pl2 

c2{k 4" X) (/c ~~ X ~f“ 1) 

f “1 

x 1 'I 

Q 



k(,k + l)(2/c + 1) 

i+l 

-j- 1 

Ti; 



In these formulas k and X refer to the larger of the initial and final 
values of these quantum numbers, and the upper and lower signs to the 
branches given in the first and second columns, respectively. Each of 
the symbols of the first and second columns represent in general two 
branches; each P or R branch may be either an AB or a BA branch 
and each Q branch either an AA or a BB branch. All these branches will 
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not be classified as one band for the change of X is accompanied in general 
by a large change in the frequency emitted. For any given value of X', 
the intensity factors given would be for three separate emission bands 
for which AX = 0, +1, and —1, respectively. There will be twenty 
possible branches in each of these bands, if X 0 for both electronic 
states. If X = 0, for one state, this number is reduced to ten, since we 
assign the letter ^4. to S states, and thus all branches designated by a 
symbol with a subscript B for this state do not appear. If X = 0 in 
both states, there are only six branches with intensities given by the 
first three formulas. In this case, A states combine with A states in the 
P, R, and Q branches due to the fact that according to the theory of Chap. 
XIX, Sec. 9 the states are alternately symmetric and antisymmetric, 
positive and negative, and thus these transitions are possible. 

We have now considered the intensities for case a and case h bands 
in which both states are either case a or case b. There is also the inter- 
mediate case in which one state belongs to case a and the other to case 
b or in which one state or the other is case a for smaU j and case 6 for large 
j. In such bands the intensities will not follow the formulas of this 
section and the preceding one exactly. Weak branches may appear 
representing the permitted transitions of both types. The CaH bands 
described in Chap. XII, Sec. 20 belong to the case b type, while the water 
bands of Chap. XII, Sec. 21 belong to the intermediate type. The 
intense branches of the water bands are those for Aj = A/c = 0, ±1, 
which are permitted by the selection rules of case b and are equivalent 
to Aj = 0, +1 and At = AX = —1 wheny is small so that these strong 
branches also obey the selection rules for case a. 

11. TEMPERATURE AND THE INTENSITIES OF BAND SPECTRUM LINES 

The selection rules and relative intensities discussed in Secs. 8 , 
9, and 10 are known to be qualitatively correct, but exact comparison 
between experiment and theory is not easily made because of the impor- 
tance of the exponential factor in equations (5) and (28) and the diffi- 
culties of measuring precisely the intensities of lines so close together as 
are those of band spectra. Recently, Ornstein and van Wijk^ and 
Kapuscinski and Eymers^ have measured the intensities of the negative 
nitrogen bands (Na"^) and of the mercury hydride bands, respectively, 
and find that it is possible to assign an “effective temperature” to 
the emitting gas and that the intensity factors derived above are in 
agreement with their data. 

The N 2 + bands studied are due to a — »• transition and, accord- 
ingly, the intensities are given by the first three factors of Table 4 with \ 
equal to zero. The band consists of six branches which group themselves 

1 Z. Physih, 49, 315 (1928). 

*2. PAVsifc, 54,246 (1929). 
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however into an R and a P branch each consisting of close triplets. The 
intensities of these close triplets added together is equal to ick, where 
k is the larger of ¥ and ¥', i.e., k = ¥ for the R branch and ’k = ¥' 
for the P branch.' Then, according to Table 1, the intensities of these 
triplets will be 

and 

;,W.A4c(i' + 1) exp 

where A is a constant which is different for different values of k due 
to the alternation of intensities in the band. If then (log and 

(log Ip)/{k + 1) are plotted against k{k + 1), straight lines should 
result. Two such lines are secured on one of which lie the points for 
even k and on the other the points for odd k. The two lines are parallel 
and their slope gives a value for the effective temperature. The separa- 
tion of the lines along the axis of (log lR)/k must be equal to log A (even) / 
l(odd) and this difference gives -4 (even) /A (odd) = 2. Thus the 
quantum weights of the even levels are 2{2j + 1) while those of the 
odd levels are 2j + 1. 

The similar experiments on the HgH bands do not give 

such, an exact straight-line relation between the energy and log I divided 
by the intensity factor. In this case, the exponential factor of equation 
(28) is only approximately correct. The intensity factors agree with 
the predictions of the theory for the intermediate type between case 
h and case 6.^ 

^ See Chap. XIT, Sec. 20 and Figs. 22 and 25 for a detailed description of this type 
of band. 

2 See Hill and van Vlbck, Phys . Rev.., 32, 250 (1928), for these intensity formulas. 
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DIFFRACTION OF ELECTRONS AND ATOMS BY CRYSTALS 


1. INTRODUCTION 

Davisson and Kunsman made the discovery that when electrons 
impinge on polycrystalline metal surfaces the fraction scattered at an 
angle 6 with the normal to the surface does not decrease uniformly as 
6 increases. On the contrary, if the fraction scattered at the angle 9 
is plotted as a polar graph, the curve usually has several lobes or pro- 
jections. A classical theory of the effect, outlined by Davisson and 
Kunsman, was based on the idea that a given electron might pass through 
the force-fields of the atoms in the crystal in a variety of ways. Its 
deflection would depend on the distance of closest approach to a nucleus 
and on many other factors, so that a (iefinite test of the theory would lie 
beyond our present resources. The results seemed likely to remain 
unexplained, until Einstein^ discussed de Broglie^s matter waves, in 
1924 and 1925. He emphasized the idea that if particles possess a 
wave-like character, diffraction phenomena should be associated with 
their motion, and the ordinary laws of motion will not be obeyed. Now 
we have seen (Chap. XV, Sec. 20) that the velocity of the waves associ- 
ated with a free particle is E/mv, where E is the energy and rm the 
momentum. The frequency is E/h, and therefore, the wave length is 


Diffraction phenomena may be expected when one particle passes another 
within a distance of the order X, or when it falls on a lattice structure 
with spacings somewhat greater than X. In equation (1), the wave 
length is in centimeters, but if we agree to measure it in Angstrom units, 
then for the electron we obtain 


X = 


Angstr5ms, 


(2) 


where T is the potential difference through which the electron must fall 
in order to attain the velocity v. This shows that moderate voltages 
correspond to wave lengths of the proper size for appreciable diffraction 
at a crystal grating. Elsasser^ suggested that the results of Davisson 

^ Sitz. Ber, d. Berliner Ahademie (1924) and (1925). 

2 Naturwissenschaften, 13, 711, 1925 j 16, 720 (1928). 
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and Kunsmani might be explained as due to electron-diffraction. Today, 
we know this interpretation of the original experiments of Davisson and 
Kunsman is incorrect, but it furnishes a satisfactory explanation of a 
considerable body of data accumulated since April, 1925, when Davisson 
and Germer made a very significant discovery.^ At that time they were 
investigating the distribution-in-angle of electrons scattered by a target 
of polycrystalline nickel, which has a face-centered cubic lattice. Due 
to an accident it became necessary to heat the target to high temperatures 
in vacuo. Distribution curves obtained after heating were radically 
different from earlier ones in that the lobes had increased in number and 
in prominence. This alteration proved to be due to a recrystallization 
of the target during the prolonged hdating, such that its face was altered 
into a mosaic composed of about ten large single crystals. Systematic 
experiments were then undertaken, in which the area of the target 
bombarded was known to belong to a single crystal. 

It will be useful to state the main results of this investigation, so 
that the reader may better understand the trend of the experimental 
work. In the words of Davisson and Germer, when the direction of 
bombardment is normal to the crystal face 

... strong beams are found issuing from the crystal, but only when the 
speed of bombardment lies near one or another of a series of critical values, and 
then in directions quite unrelated to crystal transparency. The most striking 
characteristic of these beams is a one to one correspondence which the strongest 
of them bear to the Laue beams that would be found issuing from the same 
crystal if the incident beam were a beam of X-rays-. Certain others appear to be 
analogues,not of Laue beams, but of bptioal diffraction beams from plane reflection 
gratings — the lines of these gratings being ro-ws of atoms in the surface of the 
crystal. Because of these similarities between the scattering of electrons by the 
crystal and the scattering of waves by three- and two-dimensional gratings, a des- 
cription of the occurrence and behavior of the electron diffraction beams in terms 
of the scattering of an equivalent wave radiation by the atoms of the crystal, 
and its subsequent interference, is not only possible, but most simple and natural. 
This involves the association of a wave length with the incident electron beam, 
and this wave length turns out to be in acceptable agreement with the value 
h/mv of the undulatory mechanics, Planck’s action constant divided by the 
momentum of the electron. 

Davisson and Germer have steadily continued their work, with results 
which confirm and extend this statement. 

Further, G. P. Thomson has studied the diffraction of electrons by a 
large number of substances, using methods which are similar to the 
powder method and the Laue method of obtaining X-ray patterns. 
Electrons are accelerated by a voltage of the order of 15,000 to 60,000, 
and are caused to pass through a thin foil. Rings are obtained on a 

^ Phys. Rev., 22, 242 (1923). 

? Nature, 119, 658 (1927). 
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photographic plate placed some distance behind the foil, the radii being 
in striking agreement with those calculated on the hypothesis that the 
electrons behave like X-rays having the wave length h/mv. Similar 
experiments have been made by Eupp, using electrons of much lower 
voltages, and he has also found it possible to obtain electron spectra 
by allowing a homogeneous, well-defined beam of electrons to fall on a 
ruled grating. Further, Davisson and Germer, and also Rose, have 
detected beams which are analogous to the reflected X-ray beams 
obtained with a Bragg spectrometer. The reflection of atoms from 
crystals has been studied by Ellett and Olson and by T. H. Johnson, 
who obtain specularly reflected beams. "We now describe these investi- 
gations in more detail. 

2. DAVISSON AND GERMER’S APPARATUS 

Figure 1 shows the metal parts of the electron-diffraction tube used 
by Davisson and Germer, i while Fig. 2 is a cross-sectional view. In 


Fig. 1.— Electron diffraction apparatus of Davisson and Germer. The Scales TS and 
CS show respectively the azimuth of the target and the angular position of the collector. 
CL IS the collector lead wire. 

Fig. 2, F is the filament and (j is a series of diaphragms, for producing 
a narrow beam of electrons. This beam falls normally on the target T, 
which can be rotated about an axis parallel to the beam. On the right, a 
weight hangs down from the axle carrying the target, so that it may be 
^ Fhys, Rev.^ 30, 705 (1927); Geemek, J. Chem. Ed., 6 , 1041 (1928). 
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rotated by changing the orientation of the whole evacuated tube. C is a 
double walled collector which receives diffracted electrons. It is enclosed 
in a metal cylinder for protection from electrostatic effects, and is mounted 
on an arm which passes through a narrow slit in the waU of the cylinder. 
The arm may be rotated on an axis perpendicular to the plane of the 
diagram. The angle between the incident beam and the scattered beam 
is called the '' colatitude/ ^ and is denoted by B, while the position of the 
axle carrying the target is specified by an azimuth cp. Provisions are 
made for placing the collector at any desired potential. Usually, the 
potentials are so chosen that only electrons which have suffered a small 
loss of velocity are recorded by the galvanometer. The ratio of collector 
to bombarding current is of the order 10“^ under these conditions, so 



that by using bombarding currents of the order of 1 microampere, 
collector currents are obtained which are easily measurable with a 
sensitive galvanometer. 

3. LATTE BEAMS OF ELECTRONS FROM A NICKEL CRYSTAL 

We now describe the diffracted electron beams which are obtained 
when a beam impinges on the (111) face of a nickel crystal. The geome- 
try of the beams and the crystal will be easily understood from Fig. 3 
where the cube is supposed to represent a crystal with its face cut parallel 
to the crystallographic axes. One corner is then cut away, exposing 
a (111) face. In Fig. 4, we are looking down on this face. The atoms in 
the surface layer are indicated by the circles marked 1 and those in the 
second and third layers by the circles 2 and 3. The fourth layer is 
identical with the first and so on. The receiver is often set in one of 
the azimuths marked A., B, and C. This being done, the collector is 
moved through the whole range of colatitudes permitted by the appara- 
tus. Let us suppose that the receiver is in the A azimuth and that the 
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Toltage of the bombarding electrons is chosen to be 36. If we plot the 
currents to the receiver in a polar graph, as a function of By we obtain 
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Fig. 3. — Above, curves showing development of diffraction beam in the A-azimuth. 
Below, variation of intensity with azimuth at colatitude 50°. 

the curve shown at the left in Fig. 3.' On repeating the process with 
increasing voltages, a peak is developed on this curve at the position 


\©A@/ 


Fig. 4. — Arrangeihent of atoms in a (111) plane of nickel. 

6 = 50°. It reaches maximum development at 54 volts, and dies away 
again if we pass to higher voltages, as indicated in Fig. 3. By setting 
1 Davisson, BeU System Tech. Jour., 7, 90 (1928), 
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the receiver at 6 = 50®, and moving it in azimuth, a curve like that 
at the bottom of Fig. 3 is obtained. The peak thus outlined would be 
represented as a spur in a three-dimensional polar graph. The spur is 
repeated in each azimuth of the type as we should expect from the 
threefold symmetry of the crystal about the normal to the (111) face. 
The smaller maxima in the azimuth curve are due to another set of three 
spurs which reach their strongest development in colatitude 44® at 
65 volts. The sharpness of some of these spurs and the precision with 
which they may be located will be appreciated from Fig. 5, which shows 
the variation with voltage of a set of beams occurring at ^ = 55® in the 
A azimuths. These data are fairly typical; thorough exploration has 
resulted in the discovery of many such sets of spurs. When the first 
extended account of this work was published,^ thirty such sets of beams 
had been found at bombarding potentials less than 370 volts. Six 



Pig. 5. — Variation with voltage of the second order spurs at 6 ^ 55° in the yt-azimuths. 


of these were due to adsorbed gas and were not found when the crystal 
was thoroughly baked out. Concerning the others, Davisson and 
Germer say. 

Of the twenty-four sets due to scattering by the gas-free crystal, twenty are 
associated with twenty sets of Laue beams that would issue from the crystal 
within the range of observation if the incident beam were a beam of heterogeneous 
X-rays, three that occur near grazing are accounted for as diffraction beams due 
to scattering from a single (111) layer of nickel atoms, and one set of low intensity 
has not been accounted for. 

Eight sets which might be expected to occur were missing, but the 
intensities of all of these should be small, by analogy with X-ray diffrac- 
tion patterns. A partial list of space-lattice beams is presented in 
Table 1. 

We now consider the interpretation of a typical spur, for example the 
one discussed above. The voltage at which it is most pronounced corre- 
sponds to an electron wave length of 1.67 A. If white X-rays were to fall 
on the crystal in the same direction as the incident electrons, a series of 
wave lengths would be selected for diffraction by the most heavily popu- 
lated planes. In the azimuth A the wave length 2.87 A. would be dif- 
fracted by (100) planes and would appear colatitude 70°. Similarly there 

^ 30 , 705 ( 1927 ). 
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Table 1 


Azimutli 


111 


100 


110 


Voltage V 


35 volts! 
54 
106 
174 
181 
248 
258 
343 
347 
37 
65 
126 
143 
170 
188 


Wave 
length in 
vacuo, X 


Colati- 
tude in 
degrees, 

e 


Order 


Miller 

indices 


(2.05) . 
1.670 
1.190 
0.928 
0.910 
0.778 
0.763 
0.662 
0.658 
2.02 
1.520 
1.093 
1.024 
0.940 
0.894 


(72) 

50 

28 

22 

55 
44 

<20 

34 

62 

71 

44 

28 

56 
46 
43 


220 

331 

442 

553 

551 

662 

664 

773 

771 

311 

422 

533 

531 

642 

642 


Refractive 

index 


Grating 
poten- 
tial, E 


1.118 

1.128 

1.038 

1.036 

1.036 

1.032 

1.022 

1.068 

1.123 

1.047 

0.979 

1.075 

1.024 


+ 13 
+ 11.5 
+13 
+ 13 
+ 19 
+ 15 
+15 
+48 

+16.5 
+11 
- 7 
+26 
+ 8 


would be beams of wave length 1.49 1. at 44° and 1.13 A. at 33°. These 
X-ray beams would be expected to .l;)e quite prominent. Now, a set 
of electron beams having an equivalent wave length of 2.87 A. would 
have a velocity below the limit which can be conveniently observed with 
the apparatus, but a set of beams with equivalent wave length 1.49 
A. arising from the (331) planes should be easily detected. No beams 
the positions predicted by Bragg’s law, and it is con- 
cluded that the beam having wave length 1.67 A. is the one in question 
bimilar discrepancies between the position of X-ray beams and corre- 
sponding electron beams are found in practically all cases, and it is now 
understood that this is due to the fact that the equivalent wave length 
of an electron inside the crystal is not the same as its wave length in 
vacuo. It may be said that the crystal has a refractive index for electron 
waves, since the electron is accelerated as it approaches the crystal, 
due to the fact that the space inside is at a different average potential 
from the space outside. Leaving this for later consideration, we shall 
discuss the results in Table 1. It is important to realize that all these 

^ grating having the same spacing 

i j atoms in the (111) surface of the nickel crystal. The 

effect of the underlying layers of the crystal grating is to change the 
intensities of some of the beams which would be obtained from the first 
fVu ®xtiriguish them due to interference between the contributions 
T ® ^ layers. The presence of several layers also has the effect 

of limiting the wave lengths which can be diffracted to any one of a 
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discrete set of wave lengths, just as in the case of X-rays. All these 
facts are clearly brought out by the following demonstration given by 
Davisson, which shows that the wave length of each electron beam can 
be calculated from the plane grating formula, using the diffraction 
angle which is actually observed outside the crystal. This is true regard- 
less of the fact that the crystal possesses a refractive index greater than 
unity. In Fig. 6, let us suppose that radiation of wave length X falls 
on a crystal at normal incidence. If the wave length inside the crystal 
is X', then the index of refraction ju is equal to X/X^ Consider that 
portion of the beam which is diffracted by the planes shown in the 



Fig. G. — Diffraction by a crystal with refractive index differing from unity. 


figure, the angle of incidence on these planes being d. By SnelFs law, 

X ^ sin e[ . . 

X' Bhi W ^ ^ 

If d is the interplanar spacing, and D the spacing of the surface rows then 


d — D sin f?, 

and by Bragg's law 

nX' = 2d cos 9 = D sin 26. 

Multiplying equation (3) by this equation we have 

n\ = D sin 6' (4) 

which is the equation appropriate to a plane line grating of spacing D. 
Although the diffraction beams do not obey the simple Bragg condition 
n\ = 2d cos Oj they satisfy equation (4) very well. It should be remem- 
bered, however, that this formula cannot be applied indiscriminately. 
The only wave lengths which may occur in it are those allowed by the 
Bragg reflection condition. For example, beams occur at different 
voltages in the A and B azimuths because the plane gratings that make up 
the crystal are not piled exactly above one another. The lateral shifts 
of the gratings in these two azimuths are different. This means that the 
phase relations between the elementary beams emerging in the A azimuth 
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are not identical with those in the B azimuth, so that the conditions 
for the production of a strong beam are satisfied at different voltages 
in these two cases. 

The accuracy of measurement attained by Davisson and Germer in 
their first papers was such that calculated and observed values of the 
wave length might differ by 15 per cent. Later, i the apparatus was so 
improved that wave-length measurements based on diffraction beams 
and computed by equation (4) should not be in error by more than 1 
per cent. This encouraging advance indicates that the method might 
be made sufficiently precise to be useful in the measurement of h. 

i. &. P. THOMSON’S EXPERIMENTS 

G. P. Thomson^ has made extensive studies of the diffraction of 
electrons shot through foils of celluloid, gold, aluminum, and platinum. 
From de Broglie’s law and the simple geometry of Thomson’s apparatus 
one can see that the diameter D of any ring in the diffraction pattern 
obtained should vary inversely as the square root of the voltage applied 
to the tube. If the voltage V is high, it is necessary to take the 
relativity correction into account, and we then expect that the quantity 
DVy-il + 7e/l,200 mc^) will be constant. Thomson has 'improved the 
technique of this method so that the mean error of a set of observations 
is little more than 1 per cent. It can be shown that corrections due 
to the refractive index of the metal foil are negligible for voltages of 
the magnitude used in these experiments. A typical set of data referring 
to celluloid is given below: 


V (volts) 

D (centimeters) 

£>7^(1 + 7e/i,200 roc2) 

50,000 

0.85 

195 

42,500 

0.90 

189 

36,000 

1.00 

193 

30,500 

1.05 

186 

23,200 

1.25 

193 

21,000 

1.30 

190 

16,800 

1.47 

191 

16,100 

1.48 

189 

11,500 

162 

175 

9,800 

1.86 

185 



Mean 189 


The value of the spacing of the reflecting planes deduced from 
experiments of this kind is in good agreement with X-ray measurements, 
as the following tabulation (in Angstrom units) will show: 

1 Proc. Nat. Acad. Sci., 14, 317 (1928). 

^Nature, 122, 279 (1928); Proc. Boy. Soc., 117 , 600 (1928) and 119 , 651 (1928); 
PM. Mag., 6, 939 (1928). 
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Al 

All 

Pt 

Cathode rays 

4.035 

4.20 

3.89 

X-rays 

4.043 

4.064 

3.913 



In a rough way, the intensities of the rings parallel those to be 
expected in the case of the corresponding X-ray experiment. In some of 
Thomson's experiments the pattern resembles a Laue picture instead of a 
system of rings. As might be expected, such patterns are produced by 
the presence of large single crystals in the film. 

Thomson has obtained the important result that the velocity of the 
diffracted electrons differs by less than 1 per cent from that of the 
incident beam. This indicates that the electron is to be considered as 
colliding with the crystal as a whole, and not with individual free electrons 
in the crystal. This is analogous to the well-known fact that diffracted 
X-ray beams do not show the Compton shift. 

Thomson’s experiments have been continued by Reid/ who worked 
with celluloid. While Thomson used a spark gap to measure the voltage 
of his electrons, Reid used the method of electrostatic deflection, obtaining 
results which agree within 1 per cent with those of Thomson. In 
experiments of this kind it is essential that the films should be thin enough 
to prevent blurring of the pattern by multiple scattering. The celluloid 
films are made by dissolving celluloid in amyl acetate and are of the order 
of 5 X 10“^ cm. thick: 

6. RUPP^S DIFFRACTION EXPERIMENTS 
Rupp^ has extended the range of the foil method of studying electron 
diffraction to lower velocities, using voltages in the range from 120 to 
320. He has obtained patterns from foils of the following metals, the 
most complete set of data being those for silver: Al, Pb, Ni, Cu, Ag, 
Au, Cr, Sn, and Zn. Of these, the first six are face-centered cubic, 
while Cr is body-centered cubic, Sn is tetragonal, and Zn hexagonal. 
The foils were about 10~® cm, in thickness, and were prepared by the 
method of Muller in which the metal to be studied is evaporated on to the 
surface of a rock salt plate, which is then dissolved away. The apparatus 
is essentially a beta-ray spectrograph, which is placed in a magnetic 
field so that the paths of the electrons are circles. This has the advantage 
that electrons which lose any considerable portion of their velocity in 
passing through the film are deflected to one side and do not reach the 
central portion of the photographic plate. 

In general agreement with Thomson, Rupp has demonstrated a 
general parallelism between the intensities of the various diffraction 

1 Proc. Roy. Soc., 119, 663 (1928), 

Unn, 86, 981 (1928), 
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rings and tli6 intensities of th.e corresponding rings in X-ray powder 
photographs for the same metals. More recently, he^ has found it 
possible to obtain electron spectra by letting a homogeneous, well-defined 
beam of electrons fall on an optical grating having a constant of 8 X 
10-“ cm; 150-volt and 70-volt electrons were used. The accuracy 
obtained in wave-length determinations was of the order of 2-3 per cent. 
In these experiments it was found to be essential to use a grating ruled 
on metal, perhaps because electrostatic charges would introduce diffi- 
culties if the grating material were an insulator. 

6. KIKTTCHI’S EXPERIMENTS ON DIFFRACTION PATTERNS OF SINGLE 

CRYSTALS 

Kikuchi^ has studied the diffraction patterns produced by a beam 
of electrons, homogeneous in velocity, which has passed through thin 



Fiq. 7. Diffraction pattern of a very thin mica sheet. (.After Kikuchi.) 

sheets of mica at nearly normal incidence. He has traced the interesting 
changes which occur as the .thickness of the sheet increases. The 
thinnest sheets he used were not thick enough to produce interference 
colors. The pattern of such a sheet is shown in Fig. 7. According 
to Kikuchi, it is well explained by the assumption that the crystal 
behaves like a two-dimensional grating with a spacing of 5.17 1. He 
states that his thinnest crystals contain only about 50 layers of unit 
cells (the grating space perpendicular to the cleavage plane being 20.4 A.) 
and that the selective effect of the grating structure perpendicular to 
the plane of the sheet does not come into full play when the number of 
layers is so small. This seems surprising, but it must be remembered 
that the thickness of the sheets was estimated, not measured; Kikuchi 
states that it was probably of the order of 10“® cm. or less. 

“ Naturwiss. 33, 656 (1928); Z. Physik, 62, 8 (1928). 

^ Nature, and ProcMmji. Acad. Japan, ^,271, 275, Z54: {m28). 
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When progressively thicker sheets are used, the pattern gradually 
alters, until it shows well-defined Laue spots produced by three-dimen- 
sional interference, as in Fig. 8. Straight dark lines accompanied by 
lighter lines on the side toward the center of the pattern can also be 
observed. Kikuchi states that th^se are the analogues of the lines 
employed by Rutherford and Andrade in their study of gamma-ray 
spectra.^ The electron beam becomes divergent (though still homo- 
geneous in velocity) in passing through the first portion of the sheet 
encountered, and then the electrons are in a condition to undergo Bragg 
reflection at planes of atoms nearly parallel to the direction of the original 
beam. The light lines are due to a local deficiency of electrons which 
have been diverted to the neighboring dark lines. 



Fig. 8. — Diffraction pattern of a thick mica sheet, {After Kikuchi,) 

7. THE REFLECTION OF ELECTRONS AT CRYSTAL SURFACES 

Davisson and Germer^ have studied the reflection of electrons from 
nickel with an arrangement essentially similar to a Bragg spectrometer. 
Setting the collector at the correct position for receiving a regularly 
reflected beam, they vary the voltage, and find that the intensity of 
reflection varies periodically. The maximum intensity is not obtained 
at voltages corresponding to the wave lengths which would be selectively 
reflected in the corresponding X-ray experiment, because the crystal 
behaves toward electrons as though it had a refractive index greater 
than unity. The following table gives a set of data for an experiment 
in which the angle of incidence was 10°: 

1 PM. Afagf., 28, 263 (1914), 
a Fw, Nat, Acad, Set,, 14, 317 (1928); 14, 619 (1928), 
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m 


(5.3) 

2 

(1.15) 

8.0 

3 

1.14 

ir.4 

4 

1.07 

14.7 

5 

1.04 

18.1 

6 

1.02 

21.2 

7 

1.01 

24.2 

8 . 

1.01 


The first column gives the values of at which the intensity of reflection 
passes through a maximum. The observations could not be extended 
much below = 8 because the current of the incident beam becomes 
too small at low voltages. The first maximum at F^ = 5.3 ^as obtained 
by a modification of the usual procedure. The order of reflection n is 
given in the second column, while the third contains the index of refrac- 
tion. 1 The formula used for determining the refractive index is a simple 
generalization of Bragg’s law, and is as follows: 

n\ = 2d(fi^ — sin^dyA. (-5) 

Putting in the value of X and solving, we have 



/l50n^ 

\4Vd^ 


-f sin^ 


( 6 ) 


which enables one to obtain the refractive index as soon as the voltage 
of the incident electrons and the incidence-angle are given. The utility 
of interpreting electron diffraction experiments with the aid of a refractive 
index was pointed out by Eckart^ and Bethe,^ and the idea is now widely 
used. Let us examine the way in which the refractive index arises. 
It is due to the acceleration of the electron by forces of the crystal. 
If the potential drop through the crystal surface (the so-called “grating 
potential”) is E volts, the wave length inside the crystal is smaller 
than that outside, in the ratio F^^/(F — f- Fiy^ and we have 



E being chosen positive. For each velocity, we can compute a value of E. 
Values for nickel are hsted in the last column of. Table 1. Those for 
several other metals have been determined by Rupp,* but Thomson® 
1 At first, Davisson and Germer favored another assignment of the beams, but 
m 46"(1927)V“^^°’''' ^ Patterson, [Nature, 

‘‘Free. Nat. Acad. Sci., 12, ma [1^21). 

3 Naturwissenschaften, 16, 787 (1927); 16, 333 (1928); Ann. Physik, 87, 55 (1928) 

•* Ann. PXysi*, 86, 981 (1928). 

‘ Phil. Mag., 6, 939 [mS). 
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has pointed out an error in calculation which invalidates them. This 
does not affect the value of Rupp’s interesting experimental results. 

At first it seems puzzling that E is not identical with the photoelectric 
threshold voltage of the crystal. This may be explained by stating 
that the work required to remove a photoelectron is less than the potential 
drop across the surface, because conduction electrons are moving with 
a veiy considerable kinetic energy which aids them in escaping under 
the influence of light. It must be remembered that the conduction 
electrons have an average kinetic energy much greater than ^kT, 
for they obey the Fermi-Dirae statistics.^ The classical value %kT 
does not account for the difference under consideration. Since the 
refractive index is greater than unity, total reflection may occur for 
some electron beams, as suggested by Bethe.^ In Table 2, we give data 
pertaining to several beams which would strike the inner surface of the 
crystal at angles 6' so large that total reflection would occur. If we call 
6 the angle of refraction, total reflection occurs when sin d as calculated 
by Snell’s law is greater than unity. 


Table 2 


Azimuth 

Order 

Indices 

Sill e' 

Sin dj 
calculated 

6, observed 



1 

220 

0,945 

1.24 


111 


2 

440 

0.95 

1.00 

app. 90° 



3 

551 

1.00 

1.026 




1 

311 

0.86 

1.04 

app. 90 

100 


2 

511 

0.985 

1.05 




3 

711 

1.00 

1.025 


no 

1 

420 

0.986 

1.06 


331 

1 

620 

0.996 

1.03 


210 

1 

640 

0.96 

0.99 

app. 80 


While this idea is not a cure-all for explaining missing beams, it has 
proved its utility in a number of instances. Three beams in the table 
should be emitted nearly parallel to the crystal surface. We should 
anticipate that such grazing beams will be both weak and broad, because 
fewer layers of the crystal are penetrated by the electron, and the resolv- 
ing power of the crystal is, therefore, smaller. As mentioned before, 
Davisson and Germer have listed several beams which they attribute to 
diffraction at the first layer of atoms. Further, they have shown that 
if a small amount of gas is admitted to the apparatus it is possible to 
detect additional diffraction beams, due to the arrangement of these 
atoms in a space lattice, either on the surface or underneath the first 

1 Febmi, Z, Physikj 36, 902 (1926); Dibac, Proc, Roy, Soc,j 112, 661 (1926). 

* Loc, cit. 
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layer of nickel atoms. On heating the crystal, the so-called “gas beams” 
may be eliminated, which is excellent proof of this interpretation. 

Rose^ has studied the reflection of electrons by a single crystal of 
aluminium and comes to the conclusion that the results are consistent 
with the value unity for the refractive index. 

Klemperer^ has made the interesting suggestion that insulators 
may have a refractive index less than unity. In support of this view, he 
discusses experiments made by Schmidt* and by others following him. 
In, these experiments a beam of cathode rays was directed on the surface 
of a crystal and the dependence of the intensity of the reflected beam 
on the angle of incidence was studied. When this angle is greater than a 
certain limiting value characteristic of the substance, and of the velocity 
of the incident electrons, the secondary beam is much diminished in 
intensity. Klemperer considered this as evidence of a refractive index 
smaller than unity, due to the slowing up of electrons in the insulating 
material. Rupp« suggested an alternative explanation, namely, that the 
piling up of electrostatic charge on the surface is responsible for the 
effect. As the angle of incidence increases, the velocity being held 
constant, the component of velocity normal to the surface decreases, 
and eventually becomes so small that the bombarding electrons cannot 
penetrate to the surface. 


8. REFLECTION OF ATOMS FROM CRYSTALS 


T. H. Johnson® has found it possible to study the reflection of atomic 
hydrogen produced in a long discharge tube, at cleavage surfaces of 
calcite, sylvite, and rock salt, as well as natural faces of quartz. The 
apparatus is complicated, and many experimental precautions must 
be taken in order to secure reproducible results. The detector for the 
beam of reflected atoms is a glass plate smoked with white molybdenum 
trioxide, the surface of which is darkened wherever atomic hydrogen strikes 
it. Arrangements were provided for heating the crystals, since, other- 
wise, a layer of adsorbed gas would interfere with crystal reflection • further 
in the case of rock salt the surface is attacked by the atomic hydrogen ’ 
Some of the hydrogen atoms are diffusely reflected, a phenomenon 
which Johnson interprets as due to adsorption followed by reevaporation. 
With the detecting plate at a distance of I cm. from the crystal, a specular 
beam superposed on the diffuse reflection can be recorded in 30 minutes. 
The intensity of this beam depends on the angle of incidence and on the 
temperature of the crystal. In the case of rock salt at 400°C. the 


iPM. 6, 712 (1928). 

“ 2. Physik, 47, 417 (1928). 

* Dissertation, Berlin (1924). 

« Ann. Physik, 86, 981 (1928). 
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intensity near^grazing incidence is perhaps twice that at 30° and twenty 
times that 60° from grazing. At lower temperatures the diffuse back- 
ground becomes less prominent, and it has been found possible to obtain 
a very large percentage of the reflected atoms in the specular beam, even 
at angles far from grazing. Johnson remarks that there should be 
interference maxima in directions other than that of the regularly reflected 
beam. He shows, however, that due to the Maxwell distribution of 
velocities, the wave lengths of .the impinging atoms are distributed over a 
broad range, and the first order diffraction beam would be expected 
to extend over about 60°. 

Ellett and Olson' have made similar experiments with unidirectional 
beams of cadmium and mercury atoms, striking a clean rock-salt surface. 
The reflected atoms produce a single spot about 0.8 mm. in diameter, 
while the glass receiving surface, cooled with liquid air, remains perfectly 
clear for several times the interval required to make the spot perfectly 
opaque. These spots were obtained with angles of incidence varying 
from 20 to 80°. 

More recontly,2 they have shown that the atoms in the reflected 
beam all have the same velocity regardless of the temperature of the 
reflecting crystal. This demonstrates that we are dealing with a reflec- 
tion which is analogous to the Bragg reflection of X-rays from a crystal. 
The data on specularly reflected cadmium atoms are as follows: 

Observed Velocity 
Angle of (Meters per 

Incidonc.o Second) 

, 22.5“ 500 

45 530 

67.5 600 

In a later paper Ellett, Olson, and ZahB have given an equation which 
represents their data for cadmium. It is. 


h 

mv 


= 2d{ 2.26 


I V _ COS^d 

(•2 mil® 




<p is the average potential energy of an electron when inside the crystal 
and m is the mass of a cadmium atom. 

Ellett and Olson stated in their first paper that sodium is not reflected 
from a rock-salt surface. In view of the discovery that the reflected 
beam is analogous to a spectrum line obtained with the Bragg spectrom- 
meter, this observation can now be understood. It appears'* that less 
than 1 per cent of the sodium atoms in the beam used by Ellett and 
Olson had a velocity such that they could satisfy the Bragg condition. 


iP%s. Pew., 31, 643 (1928). 

2 Science, 68, 89 (1928). 

^Phys. Rev., 34, 493 (1929). 

* Private communication from Dr. Ellett, 
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RELATIONS BETWEEN AVERAGE KINETIC AND POTENTIAL 

ENERGIES 

# 

The virial theorem of Clausius^ states that for a system which is periodic or is 
in a steady state, the average kinetic energy over a long period of time is equal to K 
the average value of the function — 2(Xx -j- 7^ + Zz), which is called the “virial.” 
We shall prove an extension of this theorem which holds true in relativity mechanics. 
Let the equations of motion of a particle in the system be 


Then 


^ = etc. 
at 

^ xdimx) d(mxx) 

xX = — ~~ - -- - j, - — 

dt dt 


We write down two similar equations for the y- and ^-coordinates of each particle, 
and sum over all particles, obtaining 

'Z(xX + yY + zZ) = ( 1 ) 

Dividing by two, and averaging over a long time, the first term on the right disappears; 
for its average is simply the difference of its values at the end and at the beginning 
of the interval, divided by the interval. This difference is finite because we assume 
that the motion is periodic or that a state of kinetic equilibrium has been reached, 
so that neither the coordinates nor the velocities increase indefinitely with the time. 
Finally, 

j- W ^ + y7 + zZ )!^^ ^2) 

Note that on the left side m is the actual mass of a moving particle, so the left member 
is not the average kinetic energy. However, it reduces to the average kinetic energy 
when relativity is neglected. 

Interesting applications occur in the case of conservative systems, where X = 
— dV/dXj etc. If the potential F is a homogeneous function of the coordinates of 
degree n, then by Euler’s theorem for such functions the virial equals nV . In 
classical mechanics, equation (2) becomes 

2T - nV. (3) 

Consider a system in which the force between two fjartieles is along the line joining 
them and is proportional to the (n — l)th power of their distance apart. For the 

inverse square law, n = —1, and ^ 

2r = -7 (4) 

so that the total energy is 


V 


E -- -T = 


(5) 


A more general theorem is this: If the potential energy V is the sum of several 
functions, Fi -b Fa + • • • , which are homogeneous in the coordinates and of 
degrees ni, etc., then the virial is 

riiVi + nzVn 4 - • • • . 

^ See any edition of Jeans’ “Kinetic The<>ry t>f Gases'* for applications in statis- 
tical mqchfipics. 
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There are important cases in which the external forces depend on the velocities 
as well as the coordinates. Consider an atom exposed to a uniform magnetic field. 
In order to make the illustration more widely applicable we suppose that a uniform 
electric field is also present. Then, assuming the nucleus immovable, we have for 
each charge e, 

= X + etc. 

Here X refers to all forces acting on the electron apart from those due to the electric 
and magnetic fields. If these forces are due only to inverse square attraction! and 
repulsions and have a potential V, then we show in the same manner as above that 




F EM 
2 ■^“2 



(6) 


(For the electron e = -4.77 not -h4.77 IQ-io.) M is the electric moment of the 
atom, and 'pH the component of angular momentum in the direction of E while EM is 
the scalar product of the vector E and the electric moment. If E is not present, the 
angle between H and pn is constant. 

Mjlne^ has extended the theorem of the virial to systems subject to frictional 
forces proportional to velocities. In many cases the existence of such forces prevents 
the existence of a steady state, but in cases where it does not, or in which the motion 
is periodic, such frictional forces contribute nothing to the virial and can be left out 
of account in computing the mean kinetic energy. 


^PMl Mag. 60 , 409 (1925). 
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QUANTUM INTEGRALS 

1. Many integrals which arise in applying the quantum conditions can be evalu- 
ated by a “perturbation^’ method, starting from the value of 

= ( 1 ) 

This integral arose in equation (18), Chap. V, and was evaluated there by direct 
methods with the result 

Jo = -BA (2) 

We now obtain this result by the use of complex integration (see Appendix VI, 4th 
edition of Sommerfeld). Considering r as a complex variable, we mark the branch 




oo 




points ri and ra in the r plane (Fig. 1), representing the lower and upper limits of 
integration, respectively. The path of integration extends from ri to ra, using the 
positive sign of the square root, and then from to ri using the negative sign of the 
square root. The path of integration may be deformed into a pair of infinitesimal 
circles passing around the poles of the integrand, at r = 0 and r = oo . To see this 
it is convenient to represent the r plane on the surface of a sphere as in Fig. 1 and to 
stretch the path of integration like a rubber band until it assumes the position A-H. 
Bringing the portions BCD and EGH infinitesimally close to each other their con- 
tributions cama.'! and we are left with the circles HAB and DEF around the poles. 
At r = 0, Jo can be expanded in the form 


Mi r*/-. I ^ 
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and the only term giving a finite contribution is the first one. The residue obtained 
from this term is 

where the minus sign appears because the direction of integration is clockwise. 
Using the transformation s = 1/r, Jo takes the form 


Jo = -/(A + 2Bs -f Cs^Y'^ds, (3) 

and expanding in exactly similar fashion around s = 0, the contribution of the pole 
at r = 00 is 

which completes the proof of equation (2). 

2. We now evaluate 


^ ^ + Z)ry"dr, (4) 

which occurs in the theory of the Stark effect (Chap. V, Sec. 12). D is proportional 
to the electric field strength and is small compared to the other coefficients. We 
expand the integrand in powers of Dr, retaining only the first power, the result being 


-h - 


which shows that 




Ji = Jo “h 


D 




, (5) 
( 6 ) 


Since D is small, the positions of the branch points which persist when D = 0 are 
not much altered. (In other words, the aphelion and perihelion distances of the 
electron are not much changed by the electric field.) In evaluating each of the 
integrals in equation (6) we deform the path of integration as before until it consists 
of infinitesimal circles around the poles. (In doing this, we are careful not to cross 
any of the branch points of Ji or of the integral being evaluated.) As to the second 
integral in equation (6), its only pole is at r = oo, and the residue at infinity is such 
that we obtain 


Ji 


= J 0 “f" DiriA 


-M/3^ 

\2A^ 



(7) 



APPENDIX III 


PHASE VELOCITY AND GROUP VELOCITYi 


Consider a wave which is composed of a superposition of sinusoidal waves of 


various frequencies, a typical one being represented by cos 27rp 



If u 


is the same for all frequencies, any modulation (i.e., any rise or fall in the “envelope’ 
of the curve representing the disturbance at a given instant) is transmitted with 
velocity u. The form of the wave group is not altered as it progresses, and if the 
energy of the waves depends essentially on their amplitudes the rate at which their 
energy is carried forward is the same as the velocity of a given phase of one of the 
component waves. But if the phase velocity w is a function of the frequency, the 
form of the group continually alters as it advances; the velocity of propagation of a 
signal, that is, a modulation, is not equal to and is called the group velocity. 
Take the case of two cosine waves of equal amplitude with frequencies and velocities 
which differ by the small amounts dv and du. The resultant is very like a cosine 
wave train with slowly varying amplitude, familiar from discussions of beats in 
books on sound. Its expression is 


cos ^irv 



+ cos My + ~ 0 


u -H du 

s 2 cos 2^.(5 _ A cos l[l(j 


v) “4]- 


When t - 0 there is an amplitude 2 at a; = 0. At a later time ti, this peak will be 
at a point rri such that the argument of the last cosine term is zero, so the velocity g 
with which the peak or any other modulation of the train advances is given by 

I _tt _ 1 du _ d{y/u) 

g Xi u dv dv 


Other useful formulations are 

dv _ d(u/\) __ _ 

^ ■" d{v/u) d(l7x) ” d\ 

These formulas hold approximately foi' waves of the more general type 


( 2 ) 


i 

where v and u vary only slightly for the constituent wave trains. For the sake of a 
definite example suppose there is a maximum at the origin when t = 0. Let us refer 
to the argument of any cosine term in equation (3) as its phase. After a time 
At, large compared to l/v, the phase at a position Ax differs from its value at the origin 

when « = 0 by an amount 2 tv(^| - A«). The phase change will be nearly the same 

for all the terms if Aa: is so chosen that 

d{v/u) • “ dv • At. W 

iSee Havelock, “The Propagation of Disturbances in Dispersive Media,” 
Cambridge University Press (1914). 
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The relative change of phase of the terms in equation (3) is very small during a single 
period 1/v because of the above restriction on the variation of v and u. Hence the 
combination of phases which gave rise to a maximum at the origin at time zero will be 
reproduced at a point within one wave length from the position AXy at a time differing 
from At by less than one period. Thus Ax/ At is nearly the group velocity and equation 
(4) yields equation (2). Of course, it is possible so to choose the C’a that our approxi- 
mations do not hold. Wave groups of other types must be treated by special methods. 
It is often loosely stated that the velocity of transmission of energy is the group 
velocity, but since the latter is usually defined by kinematic relationships alone, this 
is not necessarily true. Frequently there is little sense in speaking of a group velocity. 
However, if we know the energy density p as a function of x, y, z, and t, it is easy to 
obtain an energy velocity g which may be defined as the group velocity. Its com- 
ponents satisfy a relation analogous to the equation of continuity in hydrodynamics: 

^ j. I. _ n 

dt ^ dx dy ^ dz 

This does not determine g completely, and in general g will be a function of t 
as well as of the space coordinates, since it is not characteristic of the medium alone 
but depends also on the type of disturbance. The conventional character of the term 
'"energy velocity’’ must be clearly appreciated. It is impossible to identify a given 
portion of energy at a later time, so g appears to be simply a convenient analogue 
of the velocity vector so useful in hydrodynamics. 
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Since M is greater than or equal to zero, on expanding the expression for M and 
integrating term by term we have 

0 ^ fPdx — 2'2ckSf^kdx + == fpdx — 

The integral of P is called the norm of f, and is written N{f)j so we have 

^ V(/), (6) 

which is Bessel’s inequality. It holds whatever be the number of functions used 
in the series for/. 

Now let the number of functions in the set 4/k approach infinity. If it is possible 
with their aid to approximate the function / as closely as we please then the set 
is said to be complete. The formula (5) for the development coefficients is unaltered 
and Bessel’s inequality becomes the equation 

SCA:^ - N(J) (7) 

which is referred to as the ^'condition for completeness.” 

By similar methods it is easy to prove that for any two functions / and g, we havo 
the relation 

Jfgdx = ^Ckdk, 
k 

where the c’s and d’s are the development coefficients of / and respectively. 


•2. HOW TO CONSTRUCT A SYSTEM OF NORMAL ORTHOGONAL 

FUNCTIONS 


If we are given a set of independent functions Fo, Fi, . . . , we can construct 
a set of normal orthogonal functions from them by straightforward applicatior\ 
of the conditions of equation (1). The procedure is the following: We agree to write 
{ah) for ^ahdx. Lot us pick out one of the functions F, say Fo, and form the function 

Fo 

“ WWW^' 

Then the norm of will be one, so that it is normalized correctly. If we define 
another function \f/i by the relation 

= O'ClI'Ci + CLiF i, 

we may so choose the constants ao and ai that this function will be orthogonal to 
That is, we require that 

J^pi'ipodx = [ao-pohlx +■ faiFNodx = ao + ai{F\\po) — 0. 

This being done, we have in Pi a function which is properly normalized 

and which is orthogonal to po. We continue this process, determining a function 


Pi == hopQ “h hipi + 62F2, 


in such a way that it is orthogonal to both po and p], after which wo normalize it, 
and so on. The formula for pn+i is 


Pn+l 


1 

[N{Fn^l)VA 



Pk(pkFn+l) 


( 8 ) 


An interesting example is afforded by the Legendre polynomials. It is well 
known that any continuous function may be approximated throughout its course 
by a power series, as closely as we please. However, the functions in the sequence, 

1 , Xj , . , 
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The Laguerre polynomials Ln are defined either by the conditions 

or, more simply, by the relation 

L, = (-l)»>C/s(s - 1) . . . (p + i)*!. (24) 

p a=0 

3 ( -!)• ^rc* - + ■ ■ • + (-l).siy 

From this we find the first few polynomials to be 

Lq — Ij Li = 1 — X, Li — 2 — 4:X x^j Ls — 6 — 18a; + 9a:^ — re®. (25) 
The recursion formula of these polynomials is 

Ln+i + {2n + 1 — x)Ln H~ n^Ln^i = 0. (26) 

The corresponding normalized functions are 

e-a=/2^, n = 0, 1, 2, • - . . (27) 

To obtain the derivatives of the Laguerre polynomials, which occur in the theory 
of hydrogen, we use the second expression for L« in equation (24). Differentiating 
t times, and writing LJ' for d^L^ldx^, we have 

s-t 

I,.« = s!2;(-1)«’^C« (28) 

Some of these functions are listed in Chap. XVL They are not themselves orthog- 
onal, but the related set 

which occur in the theory of hydrogen are found to enjoy this property over the 
range 0 to <» . 

Integrals of the type 

^ x^e-’‘L/(x)Lu'"(x)dz ( 29 ) 

have been treated by Schradinger.' The more general integral 

"a:i>e-(a+/S)*/2L,‘(c«)L„«Oa:)da: 

can be evaluated in terms of the integrals of equation (29). The results are too 
lengthy to be quoted in detail We encounter integrals of this kind in evaluating 
the intensities of the spectral lines of hydrogen. 

1 Ann. Physik, 80, 437 (1926). 
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are not orthogonal, whatever be the range of integration. If we construct from them 
a set of polynomials which are normal and orthogonal in the interval -1 to -fl, by 
the above process, we arrive at the functions 

^ y"Pn(a;) (9) 

where Pn{x) is a Legendre polynomial, useful in the quantization of the rotator 
and of the hydrogen atom. Other systems of polynomials often used in wave mechan- 
ics are obtained by orthogonalizing the system 

x^pVij .... 

where p{x) is a so-called “weight function.”^ 

We now summarize the more important properties of several systems of poly- 
nomials which are extensively required in problems of wave mechanics. 


3. LEGENDRE POLYNOMIALS 


by 


These polynomials which are often called cylindrical harmonics, may be defined 
the relation 


Pn(x) 


1 (Hx^ ~ ly 


(10) 


In physical p^)blems x usually is the cosine of the angle d between the z-axis and the 
radius vector, and we often find the Legendre functions written with cos 6 as the 
argument. This explains why we normalize these functions over the interval — 1 
to -hi. These limits correspond to ^ = -tt and ^ = 0, so that the integration covers 
all possible values of d. 

We have 


Po = 1, 

Pi = X, 

P2 = ^^2^^ - K, 
Pa = - Hx, 

The recursion formula is 


P 4 - - ^Hx^ +H; 

Ps - mx^ - -h ^Hx, 

Po = - 

Pt « ^^ridx^ ~ ^^Hqx^ -f “ ^Hex. (11) 


(n -h l)PtH.i - (2n -h l)a:Pn + nPn-i - 0. (12) 

The normalization factor for the P's may be obtained from equation (16), in the next 
section. 

4. ASSOCIATED LEGENDRE POLYNOMIALS 

These functions depend on two indices, n and m, and may bo written either as 
Pn,m(x) or as Pn^^ix'^. Thoy may be defined by the relation 

Pn,m(x) = (1 - m ^ n; (13) 

from which formula (38) in Chap. XV is derived. If e and ip are the polar angles, and 
if we write x *= cos 6, the functions Pn,m(x) cos m<p and .Pn,m(x) sin m<p are known as 
“tesseral harmonics.’’ Because of their utility in electrical problems, these harmonics 
are discussed in Jeans’ “Electricity and Magnetism,” Chap. VIII. The following 
tabulation gives the values of the first few associated polynomials: 

Po,o = 1, Pi,o = cos $, Pi,i = sin $. 

p 2 ,o * K(3 cos^ e — 1), p 2 ,i - 3 sin ^ cos 6, P 2 , 2 < == 3 sin® e. 

Ps^o - cos'* ^ — 3 cos d), Ps,i = K sin 0(5 cos® 0 — 1). 

Pa, 2 = 15 sin® 0 cos 0, Pa, a = 15 sin® 0. 

p4,o == M(35 cos^ (? - 30 cos® 0 + 3), P4,i = sin 0(7 cos® 0 — 3 cos 0), 

Pi , 2 = sin® 0(7 cos® 0 ~ 1), P^.a = 105 sin® 0 cos 0, 

Pi, 4 == 105 sin^ 0. (14) 

1 For further information on this point the reader is referred to Courant-Hilbert, 
Vol 1, p. 72, 



APPENDIX IV 


NORMAL ORTHOGONAL FUNCTIONS USED IN WAVE 
MECHANICS 


1. THE SERIES EXPANSION OF AN ARBITRARY FUNCTION 

To avoid repetition, we refer the reader to Chap. XV, Sec. 13 for the definition 
of normal orthogonal functions, and for a proof that the discrete solutions of Schro- 
dinger’s wave equation are orthogonal, provided we are dealing with a non- 
degenerate system. Similar proofs could be carried through for the more general 
wave equations introduced thereafter. Here we need more general definitions. 

A set of functions of a single variable x is said to l)e normal and orthogonal in 
the interval A to if 

— 1 when n - m 

= 0 when n 9 ^ m. (1) 

In the discussion we shall omit the limits of integration wherever possible. The 
extension to functions of several variables is obvious. Nothing is said as to the 
behavior of the functions outside the range of integration. It is shown in Chap. 
XV, Sec. 21 that any function /(x) which obeys certain restrictions can be expanded 
in a series of noriufil orthogonal functions 


/(^) ~ 

k 


( 2 ) 


The ordinary Fourier aoriea is a simple illustration of such an expansion. The whole 
subject becomes very clear if we approach it by setting ourselves the following 
problem:^ 

Suppose we are given a finite number of normal orthogonal functions 'Pi, etc. 
Let us try to approximate the function / by a linear combination of these functions, 
"ScuPk, with constant coefiiciente Ch, in such a way that the mean square deviation 
is made as small as possible. That is. we soede the best fit by the method of least 

squares, arranging that 

M == /(/ -■ (3) 

shall be as small as possible. The conditions for this integral to be a minimum are 


dM 

dCi ’ dci 


- 0, etc. 


( 4 ) 


By way of example, the first condition yiedds the equation 

/(/ - XcM^f'idx = 0 

and since the xp's obey the conditions of equation (1), the result of the integration is 

„ , Cl = Jf^Pidx. 

In general, 

Ck = Sfi^hdx. (5) 

If any of the functions / or h were complex it would be in order to replace equation 
(3) by 

and to generaliii^e equation (4) correspondingly. 

1 The treatment of this problem follows that of CotrBANT-HinBEiiT, Vol. I, p. 36. 

745 



•Jbc. 3] 


INTENSITY RATIOS IN NORMAL MULTIPLETS 


703 


of the correspondence principle for intensities (Chap. VI, Sec. 4), we 
expect the intensity of this line to be roughly proportional to the corre- 
sponding entry in the above tabulation, using the value of cos 9 given in 
equation (13). Of course, there is no justification for using the value 
of cos 6 for the initial state rather than that for the final state, and the 
efforts of investigators in this field were devoted to discovering the 
appropriate modification of this procedure. Several guiding principles 
were available, such as the sum rule and the requirement that the true 
laws must yield zero intensity for certain lines, e.g., for transitions 
between states for both of which i = 0. The formulas thus found 
have now been confirmed by the methods of matrix and wave mechanics. 
These formulas are rather involved, and can best be expressed, following 
Sommerfeld and Honl, by adopting^ the abbreviations 

^ (j + Z)(i + Z 4- 1) ~ s(s + 1) 

Q{3) = 's(s + 1) {j - 00’ - ^ + 1) 

^20) ^ Kj + 1) + 1) - S(s + 1) . (14) 


Then the products of the weight factor g for the initial state and the 
transition probability for a transition to the final state, are propor- 
tional to the quantities in the body of the following table: 


1 - 1 - 1 


1-^1 - 1 

P{j)PU - 1) 

{21 + \)pmu - 1) 

Qmu - 1) 

Ajl 

4,7(1 -HI) 

4,7 

{2j + l)Pij)Qij) 

(21 + l)(2i + l)R\j) 

(2,- + l)P(j)Q(,-) 

^jij+l)l 

m + !)(:)■ + 1) 

4,-(i + 1)1 

QU)QU - 1) 

(21 + l)P(i)Q(i - 1) 

PU)PU - 1) 

ijl 

4,7(1 + 1) 



Aj = 


+ 1. I+i = gj^:A{j - 1, l;j, I ± 1) i), 


0. h = gjAij,l;j, l ± 1) = 


ci2j.+ l)PO-)Q(i) 


4j(i + 1)/ 

-1. = g,AU, l;j - 1, / ± 1) = ^ 


(15) 


Al = 0: 


Aj = 


+ 1. 1^1 = gi^iA(J - 1,1-, j,l) 

0. lo = gjAij, l;j, 1) = 


4j7 

_ c(21 + l)P(j)Q(j - 1) 

(J + 1 ) . iji 

c{2l + l)(2i + 1)P^(7) 


m + l)j(i + 1) 
1. I_i = gM h j - 1. 0 = 


A considerable amount of material is now available for testing these 
formulas. Frerichs^ has made measurements on multiplets of Ca, Cr, 
and Fe; van Milaan^ has studied a number of multiplets of elements 
in the transition region of the first long period, and G. E. Harrison® 
1 Z. Phystk, 31, 305 (1925); Ann. Physils, 81, 807 (1926b 
^Z. Physik, 34, 921 (1925); and 38, 427 (1926); dissertation. Otrecht, 1926. 

V. 0. <S. 4. and S, /., 17. 389 (192S). 
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intensity factor is greatest for the rotational bands and decreases rapidly 
as takes the values 0, 1, 2, . . . However, since we must multiply 
this factor by to secure relative energies emitted and since v for the 
first vibration band of HCl, for example, is ten to one hundred times the 
frequencies of the rotation band, we see that the fundamental rotation 
vibration band will be more intense than the rotation band; it will also 
be more intense than any higher harmonic rotation vibration band in 
agreement with experiment. 


6. ROTATION SPECTRUM OF A MOLECULE HAVING AN AXIS OF 

SYMMETRY 

In this section, our problem is to calculate the rotational energy 
levels of a molecule having a single axis of symmetry, neglecting the 
effects due to internal vibration.^ We write down- the kinetic energy, 
and form the wave equation from it by the procedure of Chap. XV, 
Sec. 20. Just as in the classical band spectrum theory of Chap. XII, 
Sec. 24, the molecule is represented by a top with two principal moments 
of inertia equal to A and the third equal to C, and the problem is treated 
in terms of the Eulerian angles 0, x* The result is 


1 d 
sin 6 dd 



+ 


sin 


a V , 

2 


(t 


+ cot® 6 

2 cos d d^4' 
dipdx 


Sin" 


+ -V)^p = 0. 


(54) 


The undisturbed top has no potential energy, so we set V = 0. This 
equation will be separated by the substitution, 

^ = 0 ( 0 ) exp (ik(p + imx), 

where X and m must be integers in order that \{/ be an acceptable function. 
Substituting in equation (54)* gives the differential equation for 0, 

^ JL ^9^ ^ -l {jfj + 1) - X®)0 = 0 (55) 

de® sin e dd sin® e 


where 


j{j + 1) - X® = 


Stt^AE 

~1^ 



(56) 


For convenience we introduce a new independent variable, 
t = mi — cos e) 

and a new dependent variable, 

X = r‘'/®(l - <)-*''®0, (57) 

where ' , , 

s = jX + m \ and d = jX — mj. (bo) 

iDbnnison, Phys. Rev., 28, 318 (1926),- Reichb, Z. PhysiJc, 39, 444 (1926); 
Reiohb and Rademachbr, Z. Physik, 41, 453 (1927); Kronig and Rabi, Phys. Rev 
29 , 262 (1927); Mannbback, Phys. Zed,., 28 , 72 (1927). We follow the treatment of 


Reiohe, 
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This change of variables brings the equation (55) to the form of the 
hypergeometric equation, 

+ + ^ + = (59) 

where 

T = l + <i,«=^® + i+l,and/3 = ^-^-i. (60) 


It follows from the definition of d and s that y — 1 — d 0, and that 
a + ^- y= s^0, and that these quantities take only integral values. 
The only solution of the hypergeometric equation which makes 0 an 
acceptable function in the region 0 ^ t ^ 1, that is, in the region 0 ^ 
^ ^ TT, is the hypergeometric series, 


Z 


J?f ft A 1 4- -U + • • • (61) 

Fia, 7 , 0 = 1 + — « + 2R7T1) ^ ^ 


and then only if either a: or /5 is^ equal to a negative integer or zero; in 
this case the series will terminate and be finite for all values of t in the 

required interval. . 

Since a and enter symmetrically into both the differential equation 
and its solution, it makes no difference which one is submitted to the 
restriction that it shall be negative or zero; so we take 


a = -p, p = 0, 1, 2, • • • . 


Then from equation (60), 

/3 = p + d + s + 1, 

id + 1 ) - '*■ + !> + '^ 

+ ( 02 ) 

and thus j is a positive integral number or zero. is equal to the 


greater of the two numbers \\\ and \m\ and thus j is equal to the larger of 
these plus p. Solving equation (56) for the energy we have, 


p _ [ 7(7 + 1 ) 



(63) 


This energy formula differs from that of classical theory (Chap. XII, 
Sec. 24) only through the occurrence of j{j + 1) in place of f. The 
magnetic quantum number does not appear in the energy formula, since 
the system is degenerate in the absence of an external field. 

The wave function is, therefore. 


^ = Q(e) exp (^X^ + imx) 

= - t)‘^^F{-p, I + d + s + p, 1 + d, t) 

exp ({K<fi + imx), (64) 
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where iV is a normalization factor. The element of volume in the 
coordinate space in which == 2Tdt^ is, 

sin dddd(pdx or AC^“2dtd<pdxj 
and we choose N in such a way that 

J'*2Tr r27r 

I j \l/\l/*AC^'-2dtd<pdx = 1- 

0 Jo Jo 

Integrating over <p and x gives, 

j^ent = 1, 


where 0 as a function of t can be secured from equation (64). Carrying 
out this integration and solving for we have, 


(1 + d + s + 2p)(d + s + T)Kd + v)^- 


(65) 


The particular hypergeometric series which we use in this case 
is known as the ''Jacobian polynomials^ which is, 

F( — pj 1+d + s + p, 1 + d, /) = Fioij /5, 7, t) 


^ ( 1 yn p ^ . fr (61A) 

= ;^ ( - 1) -q — ) Ud + r)\^’ 


where 


fip ~ 1)(P - 2 ) • • • {y 

0 / - - 


{d + s + p) \{d + r ) ! 

and Ct? = 1. 


By comparing this with equation (61), it will be seen that the two are 
identical for the particular values of a, /3, and y appropriate to our problem 
and this shows that the series terminates at r = p. The preceding equa- 
tions give us all the material needed for writing out the value of for 
any combination of quantum numbers. 

ExampU: Let j = 4, X = 2, m = 1. We have then d = X - = 1, s = X + 

d + s 


?n = 3, p = j 


= 2, Then, 


p - 7i 

e = - t)‘^F, 

81 


N 


= i( 

Changing the sign of X docs not change the energy, but changes the wave function to 
^,-x» = - tf‘(l -It + ^yi^) exp (-t2^ + ix). 

The probabilities of transition can be calculated in the usual way 
by forming the matrix elements for the electric moment. If the molecule 
has a permanent electric moment with components Fa', P»'i F»' orj 
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if the transition includes an electronic-vibrational transition with these 
components of electric moment relative to the moving system of coordi- 
nates, the matrix elements of the components of electric moment parallel 
to the fixed X, Y, Z axes are proportional to 

= JPx(Pa,', Py', P/; x), 

and two similar equations for Py and P*.. PziPx'i P/t Pz'> ‘P’ 
given by equation (95) in Sec. 9 by substituting electric moments for 
coordinates in that equation, and dv equals the generalized element 
of volume, AC'''^ sin eddd<pdx. This has been done by Reiche and 
Rademacheri and Kronig and Rabi,i but we shall merely give the results 
as calculated by Dennison^ using matrix mechanics. These amplitudes 
are especially important for they give the relative intensity of the 
rotational lines not only of the symmetric top molecule, but also of the 
diatomic molecule, since the latter differs from the former only in having 
a small moment of inertia about the figure axis, fihe permitted tran- 
sitions are those for the following possible changes in the quantum 

numbers: , 

Aj = +1, 0; AX = +1, 0; Am = +1, 0; 

there are thus twenty-seven possible types of transitions with X and m 

taking the values, 

—j^\< j and —j<mA: j. 

Since the energy does not depend on m nor on the sign of X, many of 
these transitions will give identical frequencies in the absence of an 
external field and thus the intensities will be proportional to the sum 
of the squares of the amplitudes over all possible values of m and ±X, 
The results of the calculation for the field-free lines are as follows: 



j' ““ j" 

X' - 

cZ(2j + 1)X2 

0 

0 

i(i + 1) 


c2if - X^) 

±1 

0 

j 



c(2j -h l)(i -h X)(i — X -h 1) 

0 

i 1 

jU + 1) 

c(.? + X)(i + X - 1) 

±1 

±1 

3 



c{j — Y)(j — X -f- 1) 

+1 

hFI. 


(06) 
3 

j and X in these formulas refer always to the larger of j' and j” or X' 
and X" and in the last two formulas the two upper or two lower signs 
of Aj and AX are to be taken together, g,-' is the quantum weight 
of the initiah state and c is a constant multiplied by v\ 

' Loc. At. 

28 , 318 (19261, 
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The relative intensities of the lines of case a diatomic molecules 
are also given by these formulas by replacing X by i. They do not 
include the further restrictions required by the symmetry properties 
of the complete wave functions which will be discussed in Sec. 9. The 
amplitudes are not changed appreciably by the X-type doubling so that 
these formulas apply without change to the singlet system of levels 
and it will be found that they agree exactly with the formulas derived 
from the sum rules of Chap. XX, Sec. 8. 


6. STARK EFFECT AND ZEEMAN EFFECT OF THE ROTATIONAL SPECTR^TM 


The heavy symmetric top considered in Sec. 6 is doubly degenerate- 
Since m may take all the values —j, • • • 0, • • • j, there are 2j + 1 
wave functions which have the same energy for any particular values 
of j and X. It is also possible to change the sign of X without changing 
the energy of the mok^.cule, so that altogether there are 2(2j + 1) wave 
functions for each energy state. These will give different values for 
the energy, only if the proper perturbing fields are present. The degener- 
acy in m is removed by an electric or magnetic field. An illustration 
of the removal of the degeneracy in X will not be given, but a very similar 
case in the theory of diatomic molecules having X > 0 will be discussed 
in Sec. 9. 

Reiche^ has investigated the first-order Stark effect, while Manneback^ 
has calculated both the first- and second-order terms. The model 
used by Reiche consists of an electric (or magnetic) dipole attached 
to the symmetrical molecule discussed above, with its moment ju directed 
along the axis of figure. This introduces a potential energy term, 


V = —pF cos Sj 


in equation (54) if the field is applied along the axis 0-0, The per- 
turbation of the .energy is calculated by Schrddinger’s perturbation 
method for dc^generate systems (see Sec. 2). The term in F , giving 
the first-order Stark effect, is found to be , ' 


AiE 


■J(JTi) 


(67) 


by the aid of formulas developed by Radcmacher. In the special case 
j = 0, there is no change of energy proportional to F. Reiche® had 
previously solved this problem in terras of the Bohr theory, The present 
result differs from the older one only through the presence of j{j + 1) 
in place of f. It is worth noting that the shifts predicted by equation 
(67) could easily be observed in the visible spectrum provided that 

1 Z. Phynk, 39, 444 n !)26). 

2 Rkynik, Z., 28, 72 (1927). 

s Ann. Phynik, 68, 608 (1019). 
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and because the closely spaced levels at large j values are difficult to 
separate. It is therefore necessary to calculate the intensities as well 
and thus predict the centers of gravity for the Zeeman patterns for large 
values of j. 

The most detailed experimental study of the effect is that on the 
Angstrom CO bands )-in) by Kemble, Mulliken, and Crawford.^ 
This work includes the Zeeman effect of a number of P-, and i24ines of 
these bands. The experiments confirmed the theory on three points: 
the separation of the outside components is proportional to the field 
strength and agrees quantitatively with the predicted values; the fine 
structure observed was that predicted by theory; and in low fields the 
intensities agreed with the values calculated by Kronig.^ In higher 
fields the intensities of components displaced symmetrically on each 
side of the original line are not equal. In the Q-branch lines the lower 
frequency parallel components are more intense than the higher frequency 
components and this asymmetry decreases with increasing running 
number of the line, Kronig showed that this was to be expected duo 
to a change in intensity with increasing field strength. The data on 
this point for lines of other branches is not conclusive. 

7. THE HYDROGEN MOLECULE ION 

The hydrogen molecule ion presents a three-body problem which 
can be solved by the separation of variables providing we assume that 
the protons are stationary. This problem was solved by Pauli ^ and 
Niessen^ using the old quantum mechanics, but no agreement with the 
experimental values was secured. The problem has been attacked, 
using wave mechanics, by a number of authors;® Burrau used the sepa- 
ration of variables method, while the others used different perturbation 
methods. 

The hydrogen molecule ion has nine degrees of freedom, and it is 
therefore necessary to specify nine coordinates. Three of these will 
fix the position of the center of mass of the system, three the motion 
of the protons relative to the center of mass, and three the position 
of the electron relative to the protons. The first three coordinates 

1 Loc. ciL and Chawfoed, Phys. Rev., 83, 339 (1020). See also the work of Hue- 
TH]^N (“Dissertation,” Lund (1023)) on the ZnH, CdH, and HgH bands and of 
Watson and Peexinb (Phys, to., 30, 692 (1927)) on AgH, AlH, Znli, and MgH 
bands. 

^ Loc, cit. 

» Ann. Physik, 68, 177 (1922). 

^ Diss. dJtrocht (1022); Ann. Physik^ 70, 129 (1923). 

Buekait, Kgl Danske Videnskabernes Belskah. Medd, VII, 14 (1027); Wang, 
Phya. Rev., 31, 570 (1928); Finkelsteik and Hoeowitz, Z. Phynih, 48, 118 (1928); 
Condon, Proc. Nat Acad. Sd.j 13, 466 (1927); Paueing, Chem. Rev., 6, 100 ^928); 
GmLLEMiN and TIenee, Proc. Nat Acad, to*., 16, 314 (1929); WmsoN, Proc. Boy. 
Soc., 118, 617 (1928), 
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may be .neglected immediately because the wave equation including all 
these coordinates will split into two parts, . one of which will describe 
the motion of the center of mass and will be of exactly the same form as 
that , of a free massive point moving with uniform velocity (Sec. 4), 
while the other will describe the internal wave function and fix the 
internal energy. The second set of three coordinates, which fix the 
distance between the protons and the direction of the line joining them 
in space may be neglected for the moment because we do not intend 
to consider the rotation of the nuclei. We shall fix the distance between 
the protons later by applying the condition that the energy of the mole- 
cule must be a minimum. This last is approximately equivalent to 
quantizing the vibration of the nuclei in a zero vibrational state. This 
method is permissible for Born and Oppenheimer^ have shown that 
the first approximation to the solution of the structure of molecules is 
secured by solving the problem of the electron motion relative to the 
nuclei considered as stationary. 

The Schrbdinger equation for the electron relative to two nuclei 
each of charge +e, fixed an arbitrary distance apart is, 






( 


E + + 





(70) 


where x, y, and z are the coordinates of the electron relative to axes fixed 
to- the line of nuclei, ri and are the distances of the electron from the 
first and second nuclei, respectively, B is the distance between the 
nuclei and G = ST^m/h^. We introduce the elliptic coordinates 


ri •+ ra 

R ' 



(71) 


and take as the third coordinate the azimuth ^ about the line of nuclei. 
The potential energy of the electron is then 

£>2 ^2 4:6^^ 


V = 




(72) 


ri ?-2 i?(?^ - ri^) 

and the transformation equations for x, y, and z are, 

z = ^^ 17 , X = |(?2 _ _ ^ 2 ) cos <p,y = |(f - 1)(1 - J 7 O sin <p. 

In the new variables the wave equation becomes, 
d 

d? 


(e - 






dr] 


(1 - 


df 

dv 


+ 


I 

- 1 1 - r,^\d<P^ 
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e^\ - rt‘‘) 
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iy = 0. (73) 


' Ann. Physik, 84, 457 (1927); See Condon and Morse, "Quantum Mechanics,” 
McGraw-Hill Book Company, Inc. (1929), for a presentation of this work. 
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4/ is to be an acceptable function throughout space, that is, for all values 
of the variables satisfying the relations, 

1 ^ f ^ -1 ^ ^ 1) 0 ^ ^ < 27r. (74) 

This equation is separated if we set, 

^ = Xi^)Y{v) exp X = 0, 1, • • • 
and the equations of X and Y are then, 


d 

di 


“ i) 


= 0, (75) 


and 


A 

drj 




G 


(®-|) 




+ 



+ A 


A is the constant introduced in separating the variables, 
to introduce the constants, 


j y = 0. (76) 

It is convenient 


y = 0(E- ~ and 6 = Ge^R = (77) 

where Oo is the radius of the first Bohr orbit of hydrogen. 

In solving equations (75) and (76) for the case of the normal state, 
Burrau adopted the following method: There will be no nodes in the 
wave function of the normal state of the ion and, therefore, X may be set 
eaual to zero and further we know the wave function will be positive 

IdX' _ IdY 

at all points. New dependent variables crj = ~ °'>i “ y dri 

are first introduced, which reduce the equations to the form, 

d<fi _ „ i - 2(e - (78) 

dl “ r - 1 

and . 

d'^r, _ T-_. (79) 

Si, ■ r- 

There are three arbitrary constants in these equations, y, €, and A. 
Equation (79) is used to secure the relation between y and A, and then 
equation (78) to secure the relation between y and e. In addition, we 
use the condition that the energy as a function of R must be a minimum 
to fix the values of s, and A. 

When V = denominator of equation (79) becomes zero 

and thus if d(T„/di 7 is to remain fhiite, the numerator must also become 
zero. This fixes the values of cr, at these two limits as, 

v,(l) = H(A — y) '^>i( ~1) = ~H(A — t)- (80) 

Moreover equation (79) requires that a',( + 17 ) = — <r,( —v) since it is 
invariant to a change of sign of both cr, and 77 , that is, <r, has opposite 
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signs on the two sides of the plane r? = 0 and it must therefore be zero 
at this plane, o-, is therefore expanded as an odd power series near tj = 0 
and in another power series near i; = 1. Both series converge fairly 
rapidly at 17 = and the values of A and y which make the two series 
converge to the same value at this value of rj are determined by trial. 
In this way, pairs of values of A and y are secured which give as a 
function of y. 

Similarly Vf is expanded in an ascending power series in (f — 1) 
and in an inverse power series in |. Knowing A as a function of y 
from the previous calculations, these series permit a calculation of 
•y as a function of e, that is, the distance between the nuclei, and for each 
value of y it is possible to calculate the energy from equation (77). 
In this way a plot of energy against internuclear distance can be 
made and the energy and internuclear distance .for the minimum of this 
curve are the values of these quantities for the normal vibrationless 
state of H 2 '^. The minimum value of E was found to be 16.29 ± 0.03 
volts. From the shape of the curve of E plotted against R in the region 
of the minimum, Burrau found that the vibration frequency of the 
nuclei was about 2,250 cm.~^, which gives for the nuclear vibration 
energy in the lowest state, = 0.14 volts and thus the observable 
ionization energy of if 2+ is calculated to be 16.15 ± 0.03 volts. 1 

The energy of dissociation of the hydrogen molecule is approximately 
4.38 volts,* and this, together with the calculated value for the energy 
of the hydrogen molecule ion gives 15.31 for the ionizing potential of 
the hydrogen molecule. The observed values for this ionizing potential 
he at about 16 volts. The discrepancy is probably due to the fact that 
the experimentally determined ionizing potential of the molecule is not 
that for the removal of an electron from the hydrogen molecule in its 
lowest state to form the hydrogen molecule ion in its lowest state. Some 
vibrational energy is probably given to the nuclei of the hydrogen mole- 
cule ion at the same time that the electron is removed (see Chap. XIII, 
Sec. 7). Birge (loc. cit.) secures 2,247 cm.-i for the value of Po from band 
spectra, which corresponds to 0.277 volts. The agreement between the 
calculated and observed values is as good as can be expected. 

Figure 3 shows a plot of the energy of the normal hydrogen molecule 
ion as a function of the distance between the nuclei as given by Burrau 
and Fig. 4 shows the plot of the value of in an arbitrary median plane! 

Unsold, Pauling, Finkelstein and Horowitz, and Guillemin and Zener 
have applied perturbation methods to solve the problem of the hydrogen 
molecule ion, and have secured values which are in approximate agree- 


14*t2 “ calculation; see Birge, Proc. Nat. 

40 , Hopfield, Z. Pky^k, 
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ment with those of Burrau. The method of Guillemiix and Zener is 
especially interesting, since it gives the wave function as well as the 
characteristic energy values.^ 

Though the wave functions for the hydrogen molecule ion in all 
its states have not been calculated, it is possible to see where the nodes 



Fig, 3. — The energy of us a fimc- Fig. 4. — -The charge density for (After 

tion of (After Burrau,) Burrau,) 


of these functions will appear, and to sec how they will change as the 
two nuclei are brought infinitely close together to form a united 
ion. The quantum number X gives the number of nodal planes passing 
through the line of nuclei corresponding to constant <pf and as the two 
nuclei are brought close together these nodal planes become the meridian 






epOi^eu^/) 




ZP(n-5d-0 3P(n^Ud) 


Fig. 6.— Tho nodoB of H8+ and H. 


nodal planes of the united atom, and X becomes equal to the atomic 
quantum number m. There can be no change in the number of these 
nodes in this process. The nodes corresponding to constant { are 
ellipsoids of revolution and become the radial nodes of the united atom, 

1 See Condon and Morse, “Quantuin MechanieH,'’ McGraw-Hill Book Company, 
Inc. (1929) for a review of these perturbation methods. 
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while the nodes for constant which are hyperboloids of revolu-’ 
tion, become the latitudinal nodes. Thus the ellipsoids become spheres, 
the hyperboloids cones and the planes remain planes. The numbers of 
ellipsoidal and hyperbohc nodes may be designated by and n,, respec- 
tively. The left side of Fig. 5 illustrates this change for the cases 
Wf = 1, 71, = 1, X = 0, and «{ = 1, = 2, X = 0. 

These diagrams represent, only the nodes in an arbitrary plane through 
the line of nuclei and if rotated about this line the lines will generate 
the nodal surfaces. The I quantum number of the united atom is equal 
to m d- n,( = X ■+■ n,) and the total quantum number isn = + n,, -\- 

X d- 1. 


It is also of interest to consider the changes in the nodal planes 
and thus the quantum numbers as the nuclei are separated to a great 
distance. This separation results in two identical wave functions, 
one about each nucleus, characteristic of the hydrogen atom in one of 
its steady states if the problem is solved using parabolic coordinates, 
say I', v', and <p. Since the wave function of the hydrogen molecule 
ion is normalized so that the total negative charge is that of one electron, 
each of these separated wave functions will be normalized so that the 


total charge is only one-half the electronic charge. This means that 
the electron remains near one nucleus for a time, then passes to the other 
for a time and then back again, etc., so that on the average it spends 
one-half the time on each. When separated a short distance the prob- 
ability of such a “jump” is very small. Thus the hydrogen molecule 
ion separates into one atom and a proton, but the probability of the electron 
going with one nucleus is equal to its probability of going with the other. 
The nodes of constant <p and of constant f, i.e., X and n^, will not change in 
this process of separation; X becomes the m quantum number and 
becomes raj', a quantum number conjugate to a parabolic coordinate of 
the hydrogen atom. On the other hand, there is a reduction of the 
number of nodes of constant -q except in the case that this number is 
zero. If n., is odd, one of the nodes is the median plane perpendicular 
to the hne of nuclei and as the nuclei are separated, this node disappears- 
the nodes on one side of this plane become nodes in a parabolic coordinate 
of the one atomic wave function and those on the other side nodes of 
the second atomic wave function. If n, is even, no node is lost, but half 
of the nodes go to each atomic wave function. Thus the number of 
parabolic nodes, ra,' in each atomic wave function is — 1) if n 
is^odd, or if ra, is even. This decrease in the quantum number 
when a molecule separates into atoms is called “demotion” of the quan- 
tum number and the increase in the number of nodes in the reverse 
process, that is, the formation of a molecule from atoms or ions, is called 
promotion ’ of the quantum number. These changes for //,-)- are 
lUustrated at the right in Fig. 5 and a little study of these diagrams 
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and the possible nodes will convince the reader that the changes must 
occur in this way. Following the rules of this and the preceding para- 
graph, it is possible to correlate the energy levels of II 2 ^ with the levels 
of the hydrogen atom in an electric field and these in turn with the field- 
free levels,^ and also with the terms of He*^. This is given in Fig. 6. 
This correlation between the H2”^ and the H + H+ levels was given by 
Hund.^ 

Two levels of approach each Stark effect level of the hydrogen 
atom : one of these has even and the other odd n^. If the coordinate 



of the electron is changed from 17 to —77, Y{rj) changes sign if Ur, is odd, 
but does not change sign if is even. Thus 

Yin) = pYi-v), (81) 

where |3 equals 1 if n, is even, and —I, if n, is odd. Considering the 
reverse process, the two atomic wave functions can interact in two ways 
in one of which a node is formed between them (antisymmetric) and 
in the other of which no such node is formed (symmetric). This will be 
illustrated further by the hydrogen molecule in the following section. 
All the levels of H2+ given in the figure may not be stable; in particular 
the antisymmetric states will probably be unstable, since promotion 
always occurs with a consequent increase in energy when these are formed 
1 See Keamees, Z. Physik, 3, 199 (1920). 

‘2,Pfta8ffc,40,742 (1927). 
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from H and H+. In more complicated molecules these relations are 
not so simple due to the interaction of the electrons in such molecules. 
If this interaction could be neglected, the wave equation could be sepa- 
rated in elliptical coordinates and all the arguments in this section in 
regard to demotion and promotion of quantum numbers could be used. 
To a first approximation this is true for many molecules, and the for- 
mation of more complex molecules from atoms has been discussed in 
this way (See. 8). 


8. THE STRUCTURE OF THE HYDROGEN MOLECULE 


Heitler and London' solved the problem of the hydrogen molecule 
by applying the perturbation theory of wave mechanics. The wave 
equation is 


Aiif- -b -b j 


+ il _ i!. _ i! 

ri2 Tax r„2 


A, = 








dX2^ 


ni 
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- £.))* - 


Sr^m 
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(82) 


where Xi, yi, Zi, x^, y^, Zj, are the coordinates of electrons 1 and 2, R is the 
distance between the nuclei, rn that between the electrons 'and r„i, 
Tai, Tbi, and rti the distances between electrons, 1 and 2, and nuclei^ 
a and 6, as indicated by the subscripts. The zero order approximate 
solution is secured by suitable combinations between the wave functions 
of the separate unperturbed hydrogen atoms in the lowest energy states. 
Two arrangements of electrons and nuclei are possible: (1) electron 1 
may be on nucleus a and electron 2, on nucleus 6; this gives 


■ (-w)’ -p ( -S) , w) 


for the unperturbed atomic wave functions; (2) electron 1 may be on 
nucleus 6 and electron 2 on nucleus a and thus the unperturbed function 
may be as readily. 
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(84) 


When the atoms are a great distance apart and the arrangement of 
electrons and nuclei is that given in (1), 

.2 ^2 


R ^ ri2 


_ 

ra2 


Tbi 


becomes negligible and the product is a solution of equation (82); 
but when the arrangement is that given in (2), ' 


e2 e2 ^2 

^ 2’12 Tal Tbi 


1 Z. Phyaik, 44, 465 (1927). 



Sec. 8] fHB STRUCTURE Of THE HYDROGEN MOLECULE 685 

becomes negligible and is a solution of equation (82). The 

energy in both these cases is 2i?o where .So is the energy of one hydrogen 
atom in its normal State. This is a case of double exchange degeneracy, 
for either the nuclei or electrons can be interchanged. The most general 
solutions of equation (82) when the nuclei are widely separated are 
therefore linear combinations of the two wave functions and 

namely, 

^10 = im = | 821 '/'i“i/' 2 * + (85) 

We require that i/'io and ^no shall be normal and orthogonal, namely, 

that JiAioi/'io*dy, and shall equal 1 and that 

shall be zero. These give three relations between the coefficients, 

/3^1 + (3*12 + 2SuSi2S — 1, (3*21 + (3*22 + 2 S 21 S 12 S — 1, (86) 

and 

PnSii + = 0 , 

where 

'S = /^l“^2V2“\f'x'’di’. 

The subsequent application of the perturbation theory of Sec. 2 shows 
that Su — /3i 2 and S 21 ~ — ^22 and therefore the two unperturbed normal 
and orthogonal wave functions are 

^10 = (2 + 2/S)“^^(^1®i/' 2'’ + ’/'2'‘>/'l‘), 

and 

4'm = (2 - 28)-W(^i‘>,/.2‘ - '/' 2 V 1 *’). (87) 

The first is symmetric in both the nuclei and electrons for an interchange 
of either does not change its sign, while the second is antisymmetric 
in both the nuclei and electrons since an interchange of either would 
change its sign. These symmetric and antisymmetric wave functions 
are similar to those of H 2 + except that only single exchange degeneracy 
is present in the latter case, that is, only the nuclei can be exchanged. 
We next assume two solutions of the perturbed wave equation (82), 

== ^10 + vt, fii = ^110 + I'll, ( 88 ) 

and assume that the corresponding characteristic energy values are, 

El — 2Eo + «i. Ell = 2Ec, + 611 , (89) 

respectively. Substituting these in equation (82) and remembering 
that 

+ + = 0 

and that there are three similar relations for ip 2 ^, and 1 ^ 2 “, equations 
for Vi and Wn are secured. These are 

(2±2iS) ~^^{A + 0{2Eo ~ A B — C)}vi(ot vn) = G{(A — «i,(or «u)) 

± ± 4- (90) 
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where the positive sign gives the equation for vi and €i and the negative 
for vii and eu, respectively, and 


fli R Tal 


, and C = 
nz 


i! 

ni 




The quantities on the right of equations (90) are called their “inhomo- 
geneities” and each must be orthogonal to both \tio and i^no. The 
inhomogeneity of the equation for vi is orthogonal to and that for 
va to i/'io, if /3ii = ^12 and /32i = — iJ 22 and so we derive these relations 
previously used in securing the normal and orthogonal forms of i/'io 
and lAno. The conditions that the inhomogeneity of the equation for 
n shall also be, orthogonal to and that for vu shall also be orthogonal 
to ]f'no give two equations for 6i and cn. These are, 


where 


__ + J&o „ J 

ej _ ~ ^ €ii 


— J^2 


(91) 


El = }ii[A(rPi‘‘4'2’’y d- ^(^ 2 Vi‘)* + -t- (92a) 

Ei — }''^f(2A -j- B -j- C')>/'i“^2V2“l/'i^dy. (92&) 

These integrals have been evaluated as 
functions of R by Heitler and London^ 
and by Sugiura.^ Ei is the mean value 
of the potential energy of the system and 
is similar to such a mean energy taken in 
the classical way; as a function of R it 
has a slight minimum and would lead to 
a slight attraction of the two atoms. E^ 
has no classical analogue, and is due to 
the resonance phenomenon, that is, to 
the two electrons exchanging places; it 
decreases rapidly with decreasing and 
causes strong attraction in the symmetric 
case and strong repulsion in the anth 
symmetric case. €i and 6n have been 
plotted in Fig. 15 of Chap. XIII; they are 
PS and lower 2^2 states, respectively. 
Ihe values of €i and eu can now be substituted in equation (90) 
and the wave equations solved by the method described in Sec. 2. The 
electron charge densities are then equal to and xpnht*- These 
have been calculated by London® and are illustrated in Fig. 7 for an 
axbitrary^ plane through the line of nuclei. In the antisymmetric case, 

^ Loc. di. 



(b) 

JFig. 7. — The charge density for 
Hs. {After London.^ a. Elastic re- 
flection. h. Stable molecule. 
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a node forms at the median plane, and following the reasoning of the 
preceding section would give a 2P state of the united helium atom. 

Kemble and Zener^ have applied the method used by Heitler and 
London to the interaction of a normal hydrogen atom and a hydrogen 
atom in its 2, 0 and 2, 1 states. They find sixteen possible wave func- 
tions. Though the computations are too involved to report here, one 
important point in regard to attraction and repulsion between atoms 
must be mentioned. In the case of the excited states of H 2 , the unper- 
turbed wave functions may have two types of symmetry: they may be 
symmetric or antisymmetric in the electrons, just as in the case of the 
neutral helium atom (Sec. 3 ) ; or they may be symmetric or antisymmetric 
in the nuclei. The solutions symmetric in the electron coordinates 
exclusive of the spin give the singlet levels, while the antisymmetric 
solutions give the triplet levels just as in the case of helium and for the 
same reasons. This antisymmetry does not lead to the formation of a node 
at the median plane perpendicular to the line of nuclei and thus no promotion 
of the electron quantum numbers occurs. Both antisymmetric (triplet) 
and symmetric (singlet) states of H 2 for which the energy decreases as 
R decreases can occur and the triplet states are the more stable. Anti- 
symmetry in the nuclei j i.e., a change in sign of the wave function when 
the nuclei are interchanged, leads to the formation of a node at the median 
plane and thus to the promotion of the electron quantum numbers and 
strong repulsion. Symmetry in the nuclei is thus more important than 
symmetry or antisymmetry in the electrons in determining whether t wo 
hydrogen atoms will attract or repel each other. These symmetric 
properties will be further discussed in Sec. 9 , where the rotation and 
vibration of nuclei and their spins will be included. 

The second-order approximation in the solution of the wave equation 
will take account of the polarization forces between atoms and probably 
will lead to a slight attraction at large distances, that is, to the Van 
der Waals attraction between atoms and molecules, even in the case of 
the antisymmetric solution. This will be of importance in the case of 
readily deformable atoms. 

9. THE SYMMETRY PROPERTIES OF DIATOMIC MOLECULES 

In the preceding sections we have considered the symmetry properties 
of the wave functions of H 2 and 112 "^ assuming that the nuclei are statiom 
ary. In this section we shall discuss the problem for molecules containing 
many electrons and having like or unlike nuclei which are assumed to be 
rotating in three dimensions, and vibrating relative to each other. The 
facts presented are due principally to Hund,^ Kronig,^ and Wigner and 

^ Phys. Rev., (1929). 

^Z.Physik, 4.2, 9Z (1927). 

8 Z. Physik, 46, 814; 60, 347 (1928). 
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Witmer;* we shall follow the general ‘mathematical method of 
Kronig. 

The Cartesian coordinates of the electrons of the molecule with 
reference to fixed axes will be taken as Xi, yy, zy, . . . a:„, . . 

and those of the nuclei as Xy, Yy, Zy, X^, Y^, and Z^. The potential 
energy obviously does not depend on the position or orientation of the 

molecule in space. By introducing the reduced mass, u = 

’ My + Mi 

and fixing the position of one nucleus relative to the other by the 
coordinates X, Y, Z, where X = Xy — X^, Y Yy — Yi, Z = Zy — Zi, 
the translation of the center of mass is eliminated from the problem in 
the usual way. The coordinates of the nuclei are given by the equations, 


Xy = X-, 


Mi 


r,Xi=-X. 


My 


similar relations hold for the Y- and 2-coordinates. The wave equation 
for the internal degrees of freedom is then 



(93) 


where An is the Laplacian operator for the nth electron and equals 
3® 

dx„^ 3^' equals E is the Eigen- 

wert. Three other coordinates can be eliminated from the potential 
energy by referring the electrons to a frame of coordinates X', Y' 
Z', described relative to the fixed axes by the Eulerian angles 3, <p, 
and X- Without loss of generality we take the 2'-axis as the line of nuclei 
so that X' = 0, F' = 0, and Z' = R, the distance between the nuclei, 
and the Z'-axis so that the first electron lies in the Z'X' plane and has 
its Xy coordinate greater than zero; the coordinates of the first electron 
in the X', Y', Z' system are therefore Xy, 0, Zy'. The Eulerian angles 
are then defined as in Chap. XII, Fig. 30. (x is used instead of to 
avoid confusion with the symbol for the wave function.) To secure the 
wave equation in the new coordinates it is only necessary to transform 
equation (93) from the coordinates, Xy, yy, Zy, . . . x„, Zn, ... X, 
Y, and Z to the coordinates xy, z/, . . . Xn', yn, Zn, . , . B, 9, <p 
and X- 


The potential energy may be regarded as consisting of three terms, 
the potential energy of electrons and nuclei, the mutual potential energy 
of the electrons and the mutual potential energy of the nuclei; these 
may be designated F™ and Fw^r respectively. The first of these 
is. 


Y stt 


^\rny r „2 




1 Z. Physikj 61 , 859 ( 1928 ). 
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where r„i and r „2 are the distances of the nth electron from the first and 
second nuclei, respectively, and are given by the relations. 


and 






This potential energy function has the important property to be used 
in the following discussion that it is unchanged by a change of signs of 
all the z"s, if, and only if, both the charges and masses of the nuclei are the 
same: it does not change in any case if the signs of all the x'’s or y'’s are 
changed. The second term is 


n m 

where is the distance between the nth and mth electrons and is 


Tnm — [{Xn — Xn'Y + — y^'Y + YY — . 

This term does not change if the signs of all the a;'’s ox y'’s. or z'’s are 
changed. Finally, 


y sn = ■ 




R 


Thus 


V = V{xf, zf, ■ • ■ xY, yY, zY, ■ ■ ■ R), (94) 

and is unchanged by a change of sign of any of those variables except 
the z'’s, and it is unchanged by a change of sign of all the z'’b, if, and only 
if, the charges and masses of the nuclei arc th<) same. 

The Laplacian operator for the electrons and nuclei can be calculated 
in the new coordinates by means of the transformation equations, 

X = a:'(cos cos x — cos 6 sin sin x) 


— 2 /' (sin ¥5 cos X + cos 0 cos if> sin x) + z' sin d sin x, 
y = a:'(cos ^ sin x + cos 0 sin <p cos x) 

— 2/^ (sin <p sin x ~ cos 0 cos tp cos x) ~ z' sin 0 cos x> 

z — x' sin 0 sin <p y' sin 0 cos <p -{■ z' cos 0. ( 95 ) 

In these equations x, y, z, and x', y', z' may represent the coordinates 
of the electrons in the fixed and moving coordinates respectively or k, y, z, 
and z' may represent X, Y, Z and Z' of the nuclei; A", F', and y/ 
equal zero, and do not appear in these equations, so that there are as many 
equations as either new or old coordinates. This is an involved cal- 
culation which will not be given here. The resulting equation may be 
written, 

(ffo + + Ih - E)^h « 0, 


(96) 



690 NON-HYDROGEN IC ATOMS AND MOLECULES [Chap. XIX 

where 

{ ^Aix', y', z’, <p, R) + A(R) j + V{x', y', z', R), (96a) ' 

Hi = x), (966) 

1 


Hq is the Hamiltonian operator for the case of non-rotating nuclei 
in the coordinates x', y'j z\ cp, and B, ffi is the operator for the rotation 
of the nuclei, H 2 is the ‘'cross product” operator which includes the 
Coriolis and centrifugal forces, and E is the Eigenwert. A(x^, 7/', z', p, R) 
is an operator, which contains the x”s, ?/”s, 2 :”s and first and second 
partial derivatives with respect to them, the first and second partial 
derivatives with respect to <p but not <p itself, and R but no partial deriva- 
tives with respect to it; it is invariant to a simultaneous change in sign 
of <p and all the ^”s with the other variables unchanged, and also to a 
change in sign of all the z'’s with the other variables unchanged. The 
change in sign of <p and the y^’s is equivalent to reversing the sign of 
“rotation” of the electrons, the change in sign of the ?/”s being necessary 
in order that the electrons “rotate” in the same order so that there is no 
change except in the sign of “rotation.” A(R) is the differential operator 


for the vibration of the nuclei and equals 


2 

dR^ R dR 


x) 


is the differential operator of equation (54) with the term containing A /C 
omitted. 

If we neglect H 2 , we can assume two solutions of equation (96), i.e., 


4'! = /x(^', y'j 2 ', R)ejxm exp i(\(p + mx), (97a) 

}p 2 = y'i exp i{ -\(p + mx)j (976) 

where f\ and /_x are functions of the coordinates indicated and the 
electronic, vibrational and rotational quantum numbers; 
exp i{\(p + mx) is the function of 6, (p, j, X and m given in equation (64) ; 
and (0) exp + mx) is the same function with the sign of X 

changed. Substituting equations (97a) and (976) in equation (96) and 
neglecting H 2 , we find that /x and /_x satisfy the equations, 


1 A(x', y', z', ±\,R)+ h(R) + 

V(x', y', z', R) 


E - 




+ 1 ) - - 


SttW' 

/±x(a:', y', z' , R) = 0, (98) 


and that and 9,-_xm(^) satisfy the equations, 

{A(0, ±X, m) -i- jij + 1) • 9,'±xm(^) =0. (99) 

In these equations, (98) and (99), A(x', y', z', X, R) and A{6, X, m) are 
respectively the operators A(a;', y', z', ip, R) and A{d, <p, x) with d/d<p, 
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d/dx, and replaced by zk, im, and respectively, 

and A{x' , y', z', —X, R) and A(&, — X, m) are these operators with the 
sign of X changed. i(j + 1) - XMs a separation constant and is the 
Eigenwert of equation (99). We take as the unperturbed wave functions 
two linear orthogonal combinations of the solutions, and 4 ^ 2 , namely, 

'f'l = z', E)e,'x,„(0) exp f(X<i!> + mx) +/_x(a:', y' , z', R) 

ej-xm(0) exp i( -X9 + mx)], (lOOn) 
and ' 

'pa = fti [/x(^', y', 2', R)Qj\m{&) exp iCXip + mx) — y', z' , R) 

Qj-xmie) exp i{ -ktp + mx)]; (1006) 
the j3t and Pu are normalizing constants. The energy values for \f/i 
and pit are equal, if the Coriolis and centrifugal forces are neglected, 
but this degeneracy is removed when these are included. The inclusion 
of H2 in the wave equation is now taken care oi by the usual perturbation 
methods (Sec. 2) ; the characteristic energies of pi and iZ-n are no longer 
the same, if X ^ 0, and this causes the appearance of the X-type doubling.’- 
Each of these functions still has the (2y-t- l)-fold space degeneracy 
which can be removed by a perturbing external electric or magnetic 
field. 

There are two transformations of coordinates for which the wave 
equation (96) is invariant and therefore for which the functions px and pn 
either remain unchanged or change only th’eir signs. The first applies 
only to molecules with like nuclei and the transformation consists only 
in interchanging the nuclei. This transformation can be defined by the 
equations, 

X —x', y = —y', z — —z', R = R, 

0 = 7r — 0, ^ = x — ip, x = -r + x- * (101) 

By following the transformation by means of Fig. 30, Chap. XII, or 
by substituting in equation (95) the reader can easily verify for himself 
that the effect is only to interchange the nuclei and leave every electron 
at its original position. A wave functicm is said^ to be antisymmetric or 
symmetric in the nuclei, if it, respectively, does or does not change its sign 
in this transformation. The differential operator of equation (98) is 
invariant to this transformation and the potential energy is also invariant, 
if the nuclei have equal charges and masses and, therefore, in this case, 

hW, y', z' , R) = pfxix', y', -z', R), /3 = ±1. (102) 

If d = +1, the median plane, zi = zt - • • • = 0, is not a node, 
while if /3 = —I, this plane is a node. 

In addition we have the relation, 

/_x(r', y', z', R) = fx(x', ~y', z', R), (103o) 

* See Khonio, Utc. cit; Van Vi-bck, Phys. Rev., 33, 4(i7 (1929); Mullikkn, Phys. 
Rev., 33, 507 (1929). ' 
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which can be proven as follows. Substituting —y' for y' in equation (98), 
using the positive sign for X throughout and remembering that 

A(x', -y\ 2 :', -X, R) = A(a;', 2 /', z', X, i?), 
or 

2 /', 2 ', “~X, = A(a;', 2?', X, R), 

and also that 


V{x', -2/', R) = 2/', i2), 

we obtain the equation, 


-X, « +-iA(«) + 


E - 


h? 


(i0'+ 1) - x=) - 


-y', z', R) = 0 . 

The operator of this equation is that of equation (98) using —X and thus 
/x(a:', —y', z', R) can differ from y', z', R) only by an arbitrary 

constant factor which can be chosen as 1 so that equation (103a) follows. 
In the special case that X = 0, this arbitrary constant must be either 
+ 1, or — 1, so that 


V(x', y', z', R) 


foix', y', z’, R) = ±fo(.x', -y', z' , R), (1036) 

for otherwise there would be two functions i^i and i^n for only one 
characteristic energy value. Either or i/n is zero, if the negative or 
positive sign, respectively, of equation (1036) apphes. Further 

exp fX(if - ,p) = ( - l)x exp %K<p, (104a) 

exp zm(ir + x) = ( — 1)“ exp mx, (1046) 

which can readily be seen and 

e,x«(7r - 0) = ( -l)»'-^->”e;_x„(0), (104c) 

which is easily proven to be true by direct substitution of x — 0 for 9 
and —X for X in the expression for 0 from Sec. 6. It is now evident 
that i/x is symnaetric or antisymmetric in the nuclei, if 

^ (— 1)' = 1 or — 1, respectively, (105) 

and i/'ll is symmetric or antisymmetric in the nuclei, if 

^ ( — 1)'+^ = 1 or — 1, respectively. (106) 

Thus, as j increases, the levels are alternately symmetric and anti- 
symmetric in the case of either or and for a X-type doublet 
(X ^ 0) with a given value of j, one of the levels is symmetric and the 
other antisymmetric. These results were first derived by Hund.‘ 
In addition to being invariant to the transformation equations (101) 
the wave equation (96) is invariant to another transformation of coordi- 
nates regardless of whether the nuclei are like or unlike. This trans- 
formation is defined by the equations, 

X = x', y =-y', z = z',R = R, 

-6, (ff = 2T — X=ir-t-x? 


^Loq, dU 


(107) 
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and the reader can readily verify, as before, that this transformation 
amounts to a reflection of all electrons and nuclei in the origin of coordi- 
nates, i.e., the center of mass. Wigner and Witmer^ have designated 
the wave functions which do or do not change sign in this transformation 
as negative or positive respectively. Using the same methods as before, 
we find that 4>i is negative or positive, if 

, =- —1 or -(-1, respectively, (108) 

and ^11 is negative or positive, if ^ 

( — = —1 or -fl, respectively. (109) 

To secure the possible types of energy levels it is only necessary 
to give ^ and the quantum numbers their possible values and substitute 
these in equations (105), (106), (108), and (109). In particular, if 


Unlike Nuclei n^e Nuclei 



Fiq. 8. -The terms antisymmetric in the nuclei arc undoriinod, while symmetric 
terms arc not. Positive and hosative terms are indicated by X and I, respectively. The 

subscripts H- and - at the right refer to the siRn of /3. 

X = 0, either or is zero, depending on whether the -(-or — sign 
of equation (1036), respectively, is to be used and either equations (106) 
and (W9), or equations (105) and (108) give the possible types of levels. 
If 4^1 is not zero, the rotational levels with even j are the positive levels 
and if is not zero, the rotational levels with even j are negative 
levels. These two types of states have been called the 0 and 0' states 
or the S and S' states, respectively, by Wigner and Witmer. The 
possible types of levels are shown in Pig. 8. 

In the case of molecules with like nuclei, the interchange of the 
nuclei does not change the positions of the electrons, so that x, y, and z 
and thus the components of the electric moment, = Sea:, P„ = Sey, 
and = Sez do not change sign in the transformation of equation (101) 
and therefore, taking P^ as an example, 

SPA('r^*4'mdv, 


^Z.Physik, 61, 859 (1928). 


( 110 ) 
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is zero unless and \l/m are either both symmetric or both antisymmetric 
in the nuclei. Otherwise, if the product of and is positive in one 
element of volume, there is another element of volume in which the 
product is equal in magnitude, but opposite in sign to the product in 
the first element of volume and when the integration is extended over all 
space the result will be zero. Thus only symmetric states combine 
with symmetric states and antisymmetric states with antisymmetric 
states with the emission of light. Further this rule should hold in col- 
lision processes. Any perturbing potential due for example to collisions 
with other molecules or the walls of the vessels must be symmetric with 
respect to an“ interchange of the nuclei. Letting P be this perturbing 
potential, the integral ^P^n^xpmdv will be zero unless and are either 
both symmetric or both antisymmetric in the nuclei. This conclusion is 
also in agreement with the experimental facts (Chap. XII, Sec. 22). 

The integral of equation (110) is zero, if the two wave functions are 
either both positive or both negative, rr, and z and therefore Par, 
Py, and Pz change sign in the transformation of equation (107). It is 
necessary, therefore, that either ypn or of equation (110), but not both, 
shall change sign in this transformation, if the integral over all space 
is to be greater than zero. Thus negative terms combine with positive 
terms or vice versa. This rule is obeyed very well by known band 
systems. The and Q^a^b branches of OH described in Chap. XII, 
Sec. 21 are exceptions to this rule perhaps due to its breakdown by the 
electric fields present in a discharge tube. 

So far, we have considered the case of singlet systems only, that is, 
the resultant spin of the electrons is assumed to be zero. If the electron 
spin is not zero, it is necessary to differentiate between Hund^s cases 
a and h (Chap. XII, Sec. 16). (We shall not discuss Hund^s other 
cases, since these occur rather seldom.) In case 6 the electron spin is 
oriented relative to the h, which replaces the j of the preceding para- 
graphs. The spin does not change the symmetry properties of the mole- 
cule nor the rules governing the intercombinations of symmetric and 
antisymmetric, or positive and negative states. The effect is to split 
each of the levels shown in Fig. 8 into a multiplet; if § = each level 
splits into two of like symmetrical properties which have the same k, 
but f s differing by one, and if s 1, into three of like symmetry prop- 
erties with the same k value, etc. This splitting is due to the small 
coupling energy between the magnetic moment of the electron and that 
due to the rotation of the molecule. 

S states belong to case h, but, if X 0, the states may belong to 
either case h already discussed or to case a. The correlation of case a 
and case h states, when s = has been given in Chap. XII, Sec. 16 
and Fig. 20. Hund^ and Van Vleck^ have carried through this correlation 

^ Loc. cit. 

^ Phys. Rev., 4:67 (IQ29). 
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of the case a doublets for both normal and inverted doublet levels. If we 
imagine a coupling force between s and X which decreases to zero and 
then changes sign, it is possible to carry the normal doublets over into the 
inverted doublets adiabatically. Throughout this change, the symmetry 
properties relative to both the transformations of equations (101) and 
(107) do not change; the terms remain symmetric or antisymmetric, 
positive or negative, and the selection rules applying to combinations 
between these types of terms are exactly as stated above. 

10. THE ROTATIONAL STATES OF Ha AND He^ 

The electrons of Ha in its normal state are symmetric in the electron 
coordinates and antisymmetric in the electron spins so that the electron 
wave function is antisymmetric in the electrons including the spin 
just as in the case of the normal helium atom. The normal non-rotating 
hydrogen molecule is symmetric in the nuclei since there is no “hyperbolic” 
node and thus /3 of equation (102) is equal to 1; also X is zero and the 
character of the rotational states shows that the positive sign of equation 
(1036) must be used, i.e., the state is a S state and not a 2' state. There- 
fore according to equation (105) the rotational states are symmetric, 
ifj = 0, 2,4, • • • and antisymmetric, if i = 1,3,5, • • • . In addition, 
it is necessary to consider the proton spins, whose wave functions are 
entirely similar to those for the electron spins considered in Sec. 3; 
there are three symmetric and one antisymmetric nuclear spin functions 
with energies which are very nearly equal. We have the rule that only 
the wave functions comj)letely antisymmetric in the protons includirig 
the spins occur in nature. Thei^’sforj = 0,2,4, • • ■ must be multiplied 
by the antisymmetric spin function and the 4^’b for j= 1, 3, 5) ... by 
the three symmetric spin functions to secure wave functions which are 
completely antisymmetric in the nuclei. Thus the levels with odd j 
will have three times the probability of those with even j so that the a priori 
probabilities of the states are 2j + 1, if j = 0, 2, 4, • • • and -f 1), 
if j = 1,3,5, • • • . These a priori probabilities of the steady states 
are in agreement with the heat capacity of hydrogen (Chap. XI I, Bee. 22). 

A similar application of the rules for symmetric and antisymimdric 
levels and for positive and negative levels to the higher state's of th(( H^ 
molecule gives exactly the arrangement of levels ill ustratcul, for ('.xample, 
in Chap. XII, Fig. 28. Since the symmetric levels have only one-third 
the probability of the antisymmetric levels both in the initial and final 
electronic states, the intensities of the lines emitted in transitions between 
them are less than those of lines due to cornbinatiions bc!tw(ien thc^ anti- 
symmetric states. This accounts for the alternating intemsities of thc^so 
bands. Similar alternating intensities observed in oiluw molecules 
with like nuclei are due to the presence of niuihair sj)ins. Ivronig^ 
‘WaiMTOM. 16, 335 (1028). 
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concludes that the nitrogen nucleus has 1 unit of spin from the fact 
that the relative a 'priori probabilities of the two sets of states are in the 
ratio of 1 to 2. The intensity data on chlorine (CP^-CPO show 
that the relative a pnon probabilities are approximately 1.4:1, while 
the CP^-CP^ bands do not show alternating intensities.^ Fluorine^ 
probably has alternate levels with a priori probabilities of (2j + 1) and 
3(2y +1). If so, the F nucleus has a spin of unit. 

That the helium nucleus has no spin, is proved by the entire absence 
of one set of rotational levels of He2. Without knowing more about 
the nuclear wave function, we cannot say whether it is the states with 
wave functions symmetric in the nuclei or antisymmetric in the nuclei 
which are present. Alternate lines of the bands of the O2 molecule 
consisting of two atoms of mass 16 are also entirely absent, but all the lines 
are present in the bands of the O2 molecule consisting of one atom of mass 
16 and another of mass 17.^ In this case the nuclei have the same charges, 
and different masses, and thus the potential energy of equation (94) 
changes with the change in sign of the 2;'^s and the wave function changes 
in other ways than sign in the transformation of equation (101). For this 
reason all states of the O16-O17 molecule exist in nature. 

1 Elliott, Proc, Roy. Soc. 123 , 629 ( 1929 ). 

2 Gale and Monk, Phys. Rev., 33 ^ 114 ( 1929 ). 

3 Giauque and Johnston, J. A. C. S., 61 , 1436 ( 1929 ). 



CHAPTER XX 

SPECTRAL INTENSITIES 

Pakt I. Intensities in Line Spegtea 

1. INTRODUCTORY 

The study of the relative intensities of spiujtral lines ent(T(Hl on a 
new stage of development in 1924, and interest in tlie subj(E;t has grown 
very rapidly since that time. It had been known for many yiairs that 
the ratio of intensities of the D4ines of sodium is 2:1 uikUt conditions 
where they are not self-reversed. In 1923 and 1924, I)org(‘lo‘ nuuisun^d 
the intensities of a number of lines, mostly in tlu^ sp(Ed.ra of nu‘.talH 
of the first and second groups, using the methods of photograpliic photom- 
etry, and showed conclusively that the inhmsities of liru'.s Ixdonging 
to the same multiplet often stand in the ratio of simple int(^g(‘rK. Hince^ 
that time the subject has been actively inv(sstigat(al by Ornstein and 
Burger and their colleagues at the University of Utixxdit, and by a nuuiber 
of other investigators as well. Formulas hav(». Ixam obtained which 
give the relative intensities of the lines in a normal nniltipl(d< as a function 
of the initial and final quantum numl)erH of (unitl iug atom, Ftirther 
it has been shown that integral intensity ratios art^ enoouidmxxl in Zetnnan 
patterns, and formulas which accurately rc^pr(^s(mt tliese ini.(mHiti(\s are 
known. Duane and Siegbahn and others have studicxl inbmsity laws in 
X-ray line Kspectra, with the result that in a gcmc'ral way th<^ intmmitieH 
follow the theoretical formulas developed for oplJ(^al lim^ Hpetd-ra, 

Before describing experimental results, it will Ix^ well to sttuly tlic^ 
factors on which the intensity of a spc^ctral line (hqxmds, Uousiden* 
an assembly of N atoms of which N't are in iht^ lowc^st <[uant.um state, 
N 2 in the second, etc., and let Anm and Bnm tlu^ probabilitit's of sporj- 
taneous and forced transitions, respectively, from the nt.h to i\w mth 
state, p being the density of radiation p(»r unit interval of frcujinmcy 
at the frequency v. The increase of the eixn’gy of tlu‘ radiation li(dd in 
time Atj due to transitions from n to m, is assumed t.o hc^ 

^ [ A d** (I) 

Similarly, the loss of energy due to absorption procu^sst^H in which an atom 
passes from m to n is assumed to bo 

— Ai?wm “ (2) 

Physik, 13 , 206 (1923); 22 , 170 (1924). 

2 These assumptions were recently called in (pumt.ion hy Sehreidinger on the Unnk 
of the expression for the average .r-coordinate of an electron givcm in (‘quatnni (H2) of 
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In the infra-red region the second term in equation (1) may be com- 
parable with the first, but in the visible and ultra-violet regions, the 
second term is negligible, under the conditions usually encountered in 
terrestrial sources. However, this term cannot be neglected when we 
deal with sources at the high temperatures encountered in astrophysics. 
In the remainder of this chapter we shall suppose that the Bp term can be 
neglected. The quantities (1) and (2) are proportional to the measured 
intensities of emission and absorption lines, provided that self-reversal 
does not occur, and so we are chiefly interested in the relative values 
of AnmNnhvj OT of BmnpNJiv. Now the value of p depends on the 
conditions of the experiment, and as we showed in Chap. Ill, Sec. 4 , 

A-nrn Pti B mn /o\ 

■L^nm ^ i/m 

where Qn and are the statistical weights of the levels n and m, respec- 
tively. By using these relations, absorption measurements can be 
connected with measurements of intensities in emission. Only a small 
fraction of the lines in any spectrum can be studied in absorption, and 
we shall be mainly occupied with the relative values of AnJslJiv for 
various spectral lines. Now, in accordance with equation (30) of Chap. 
VI and Chap. XVII, Sec. 10, we have 

Anmhv = (4) 

where P^{nm) is the nm element of the matrix representing the square ot 
the electric moment. In order to arrive at relative experimental values 
of P^(nm) for comparison with the results of theory, the factor must 
be taken into account. In the case of narrow multiplets this correction 
may be omitted. It is quite customarily used in discussing results for 


Chap. XVI, Sec. 16. On multiplying this expression by the electronic charge we 
have a quantity which Schrodinger interpreted as the electric moment corresponding 
to the \p distribution there considered. If this interpretation were correct then the 
intensity of the radiation emitted in transitions from the nth to the mth state would 
be proportional to CnCn*0m(^m^' On the statistical interpretation CnCn* is proportional 
to the population of the nth state, and c,nCm’^ to that . of the mth state, so the inten- 
sity should be proportional to the product of these populations. When this hypothe- 
sis was put forth there was no clear cut experiment which could decide the question. 
Ordinarily, the number of atoms removed from the lowest state by excitation processes 
is only a small fraction of the total number and so the population of the lower state 
may be treated as constant. 

If this interpretation were correct, the relative intensity of two lines arising from 
the same higher level should change if we alter the relative populations of the lower 
levels; furthermore, the change in the relative intensities should be the same as that 
of the relative populations. This has been subjected to experimental test by Gaviola, 
(NcLturCj 122,772 (1928)), using a fluorescence method. His work shows conclusively 
i;hat the population of the final st^te ha§ np influence on thp intensity of a spectral line, 
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lines which are widely separated, although it is known that this correction 
is not always valid (Sec. 3). In what follows, we shall ordinarily assume 
that the correction has been made. It remains to consider the relative 
populations of the initial levels. There are two especially simple cases in 
which the populations are definitely known. First, if the atoms are in 
thermal equilibrium, we have 

^ Qn exp {-En/kT) 

N,n Qn^ex-p [ — Em/kT), 


This case is realized when we are dealing with furnace spectra of atoms 
and with the rotational states of molecules. Second, if the excitation is 
sufficiently chaotic, as in the case of certain arcs and sparks where atoms 
in all states and electrons having a wide range of velocities are present, 
we have. 


n Qn 


( 6 ) 


Ordinarily, an attempt is made to arrange the experimental conditions so 
that equation (6) is satisfied, and, if this is the case, the intensity is 
determined by the product 


that is. 


J- nm nmhVj 


( 7 ) 

(7a) 


2. THE SUM RULE OF H. C. BURGER ANB DORGELO 

The following rule was proposed by H. C. Burger and Dorgelo^ 
for the case of narrow multiplets: 

The sum of the intensities of all lines of a multiplet which come from a 
given initial level is proportio7ial to the quantum weight of that level; and 
the sum of the intensities of all lines of a multiplet which end on a given 
final level is proportional to the weight of that level. 

Let us apply the second part of this rule to the sodium D-lines. Here 
there is only one line arising from each of the initial levels and 
and the rule states that the ratio of their intensities must be the 
ratio of the weights of these states. The weight of a state of quantum 
number j is 2i + 1, and so the intensity ratio should be 2:4, which 
agrees with experiment. Similarly, the first part of the sum rule applies 
to the sharp series doublets of the alkalies, and predicts that their 
intensities will also be in the ratio 2:4. Measurements by Dorgelo on the 
carbon arc spectra of these metals show that the predictions of the sum 
rule are well verified for certain sharp series doublets. Some typical 
data are given below. Where several values of the intensity ratios 
are given, they correspond to different sets of experiments. 

I Z. Physih, 23, 25S (1924). ' 
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Element 

Lines 

Classification 

Observed intensity 
ratio 

Na . 

1 6,160-6,154 

2^P-3^S 

100:49 


1 6,160-6,154 

22 P -325 

100:50 


5,802-5,782 

2V-5^S 

100:49-54 

K 

5,802-5,782 

. 2^P-5^/S 

100:48-52 


[ 5,802-5,782 

2^P-5‘S- 

100:52-55 

K 

5,339-5,323 

2^P-6^S 

100:47 


It would appear from these data that the intensity ratio of a subordinate 
series doublet or triplet is independent of the initial level. Further, 
it is well recognized that the intensity ratio is 2: 1 for the first principal 
series doublets of the alkalis. However, several investigators have 
found deviations from the predicted ratio for the higher members of these 
principal series. Recently, the whole subject has been reinvestigated by 
Sambursky.i His results refer to the four elements Na, K, Rb, and Cs. 
The data for Rb and Cs cover a larger number of lines than those for 
hsia and K. They show that the ratio has the value two for the first 
series member, in agreement with previous work, rises to a maximum of 
25 at the doublet in the case of cesium and to the value 

5 for in the case of rubidium. After this it falls again. It 

appears, then, that the sum rule must be considered as an approximation 
even in the simple cases considered here. In the sections which follow, 
we .shall encounter other instances in which it is not valid, but on the 
whole it is a useful guide. Its range of validity is somewhat similar 
to that of Tandy's g formula, that is, it applies chiefly to normal multiplet 
spectra. 

Dorgelo has found that the sum rule is approximately obeyed by the 
sharp series triplets of Mg, Ca, Zn, and Cd. For these triplets the 
intensities should be in the ratios 5:3:1. Further, the theoretical ratios 
8:6:4 and 10: 8: 6 are verified for certain triplets in the sextet and octet 
systems of manganese. 

Taylor^ has examined the potassium doublet 1S-3Z), which contains 
the forbidden line using several different sources. In a 

carbon arc which was packed with a mixture of carbon and potassium 
carbonate, the ratio of intensities at low carbonate concentrations 
approximated, to %, in good agreement with the sum rule. He made 
further experiments on the way in which the intensity of the forbidden 
lines increases with rising current and vapor density. He state's that the 
results are in accord with the hypothesis that the forbidden lines are 
brought out by the action of ionic electric fields. However, the evidence 
for this is purely qualitative. 

I Z. 49, 731 (1928). 

^Phil. Mag., 6, 166 (1928), 
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ii|)j)rupnatr pUino in llii» t«Hly of lli** tiihio, 

T.^hlk I 

! TIh, 20F, I 

. ; n li 5 4 ' 

TiS, , Ml r I 2 

! a 4 ' ! 


SiiKW** tho imipiiitin 2^i*xy2"ll%, m forhiddiat, wo writo loro for tho 
of lino. 'Fo liini tlio iniorn^itioH of the* tiihor tliroo linoa 
wo hiivo tho folliiwing roiiilititntH: l1io hiiiii of tho lition ooming from 
ia to ilio «yiii of Iho hno« ooining from m il in to 4, or 

rt )l 

Il I r *" 4* 
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in iinnmtrriiii, wr taki' « » U, h «» 1, iiiii! r •» 5. Thin rcHult 
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3. INTENSITY RATIOS IN NORMAL MULTIPLETS 
In general, the sum rule does not suffice to give us the intensity 
ratios of the lines in a normal multiplet. Before the discoverj? of the 
new mechanics, the correct formulas for multiplet intensities were found 
with the aid of the correspondence principle, by Kronig,i Russell,^ 
and Sommerfeld and H6nl.« The model used by these investigators was 
the simple vector model considered in Chap. VI, Sec. 6 and in Chap X 
A charge characterized by the quantum numbers I and s moves in a plane 
orbit with frequency co;, and the normal to the orbital plane precesses 
around the resultant j of I and s, with frequency coy. The direction of j 
may be taken as the s-axis, and for our present purpose the orbit may be 
supposed circular, as seen by an observer rotating with the orbital plane. 
We resolve the circular motion into a linear oscillation parallel to the 
^axis and two circular oscillations in opposite senses in the xy plane. 
The amplitudes of these oscillations are obtained by calculations of 
the kind employed in our study of the Zeeman effect on the basis of the 
classical theory (Chap. V, Sec. 10). We shall briefly recapitulate the 
results, adapting the notation to the present problem. First consider 
the motion parallel to the z-axis. If C is the amplitude of the circular 
motion in the orbital plane, and 6 is the angle between Zand j, the ampli- 
tude of tho oscillation parallel to the z-axis is C sin 9 and its frequency 
is ui. Since «,• does not occur in the frequency of this oscillation, the 
corresponding transitions should obey the rules Al = ±1 a? = 0. In 
similar ffishion we find that the frequencies cog + to,- and — co; + w are 
present in the motion in the xy plane. The corresponding transitions 
obey the selection rules AZ= ±1, Ay = ±l. The intensities I.,, 
lo, and of the harmonics corresponding to the various transitions 
are proportional to the entries in the following table : 

= +1 AZ = —1 

Aj = +1 J+io: -I- cos 9y I+,oc M(1 ~ cos 9)^ 


Aj = 0 
Aj = -1 


‘+1' 

Iqcc sin^ 6 
J_ 10 C 1-^(1 — cos sy 


Iqcc sin^ $ 


/-_ioc 3.^(1 -(- cos 0)2 (12) 

A simple sum rule is obeyed by these amplitudes. For given values 
oi AZ and of Z and s, the sum of the intensities belonging to the three 
possible values of Aj is independent of 9. Now, 

72 I ^2 _ „2 

cos 9 = — TA — L 

2jl’ C13) 

and so this sum is independent of j, and the above mentioned sum rule 
IS simply the sum rule of Burger and Dorgelo. Consider now a spectral 
line emitted in a transition from Z to Z -f AZ, j to j + Aj. By virtue 
’ Z. Physik, 31, 885 (1925); 33, 261 (1925). 

^Proc. Vai. Acad Sc 2 ., 11, 314 and 322 (1925). 

PhlHC^%2niimr' p. 141 (1925); see also HOnl, Ann. 
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of the correspondence principle for intensities (Chap. VI, Sec. 4), we 
expect the intensity of this line to be roughly proportional to the corre- 
sponding entry in the above tabulation, using the value of cos 6 given in 
equation (13). Of course, there is no justification for using the value 
of cos d for the initial state rather than that for the final state, and the 
efforts of investigators in this field were devoted to discovering the 
appropriate modification of this procedure. Several guiding principles 
were available, such as the sum rule and the requirement that the true 
laws must yield zero intensity for certain lines, e.g., for transitions 
between states for both of which j = 0. The formulas thus found 
have now been confirmed by the methods of matrix and wave mechanics. 
These formulas are rather involved, and can best be expressed, following 
Sommerfeld and Honl, by adopting'the abbreviations 

P(j) ^ (i + 0 (i H~ ^ 1) “ s(s + 1 ) 

Q(j)^'s(s + l) -(j -l)(j -l + l) 

•^0) = j(J + 1) + l(i + 1) — s(s 1 ). (14) 

Then the products of the weight factor g for the initial state and the 
transition probability for a transition to the final state, are propor- 
tional to the quantities in the body of the following table: 
l-l-l 

^(i)-P(i - 1) (2f + l)Pij )Q(j - 1) Q{j)Q(j-l) 

■’ •’ mi + 1) 4ji 

(2j + l)PU)Q{j) (21 + l)(2j + l )R\j) (2j + l)P(.j)Q(j) 

■' '' 4i(i+i)Z mi + i)U + i) 5J(JTT)I~ 
Q(i)Q(i - 1) (21 + i )P(i)Q(i - 1) PU)P(j-i) 

■’ •’ iji mr+T) 

+ 1 - 1+1 = gi-iA(J - 1,1; 3,1 ± 1 ) = 

Vl 

0. I„ = g;A(j, 1; j, 1 ± 1) = ( 15 ) 

- 1 . I_i = g,A(3, l;j~l,l±l)= 



+1, - 1, hi. 0 - eSL+f wwzii) 

0 I. - a-Ad'l- i n - 

— 1 I 1 = a Ad I- j — 1 1) — + 1)-^0)Q0' — 1) 

^-1 J 1. 0 (i ^-l) 


A considerable amount of material is now available for testing these 
formulas. Frarichs' has made measurements on multiplets of Ca, Cr, 
and Fe; van Milaan^ has studied 4 , number of multiplets of elements 
in the transition region of the first long period, and G. R. Harrison® 


^ Z. Phys%k, 31, 305 (1925); Ann. Physii:, 81, 807 (1926). 

* Z. Physik, 34, 921 Y1925); and 38, 427 (1926); disaertarion. Ocrecht. 1926. 
’ J. 0. S. A. and R. S. 17, 389 (19281. 
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has measured more than thirty multiplets of Til and Till. All these 
authors demonstrated that the theoretical intensity ratios cannot usually 
be obtained unless precautions are taken to subordinate the effects of 
self-reversal. Harrison applied corrections to his data to eliminate 
intensity reductions due to this cause. “ His correction is based on the 
assumption that the amount of self-reversal in a line belonging to a narrow 
multiplet is proportional to its intensity. To give a better idea of the 
type of data obtained we reproduce the measurements of Frerichs for a 
quintet DD' multiplet of chromium, in Table 2. The wave length of 
each line is given in the body of the table with the calculated intensity 
below, as well as the average measured intensity, in parentheses. The 
intensity of the strongest line is arbitrarily set equal to 100. 


Ta3le 2 


3 

®Z)' 

4 

3 

2 

1 

0 


4 

3,919.3 

100(100) 

3,941 .6 
20.0(24.5) 





3 

3,886.9 

20.0(23) 

3,908.9 

46.0(46) 

3,928.8 

26.7(32) 




2 


‘ 3,883,4 
26.7(36.5) 

3,903.1 

16.7 (about 19.5) 

3,921.2 : 

23.3(21) 



1 



3,885.4 

23.3(<27) 

3,903.3 

3 . 3 (about 3) 

3,916.4 

13.3(13.7) 


0 




3,894.2 

13.3(13.7) 



The line 3,885.4 is assigned the value <27, because a faint line is 
superposed on it; in the case of 3,903.1 and 3,903.3, only the sum of their 
intensities was measured. As far as agreement with the formulas is 
concerned, this multiplet is neither very bad nor very good. Much 
closer agreements are encountered in the data of Harrison. The extent 
to which the intensity formulas .are verified may be judged from the 
following summary given by Harrison: . 

Of ^ all the multiplets measured in Til, 58 per cent were found to obey the 
intensity formulas to well within 5 per cent, and evidence was obtained in favor- 
able cases which indicated that exact agreement could be expected when line 
separations were small. In Till, 62 per cent of the multiplets measured were 
normal. In Til, of the 42 per cent abnormal multiplets, 71 per cent of the lines 
were normal, while 16 per cent were abnormally weak and 13 per cent abnormally 
strong. ^ For the ionized atom, of the 38 per cent abnormal multiplets, 61 per cent 
normal, while 21 per cent were abnormally weak, and 18 per cent 
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abnormally strong. Of all the lines measured, 86 per cent appeared to obey the 
intensity formulas, while 7.6 per cent were too weak and 6.4 per cent were too 
strong. 

Harrison further states that in agreement with the results of Frerichs 
for selected multiplets of elements in the iron group, no certain correlation 
was found in titanium between departure from the intensity formulas and 
from Land6’s interval rule. When intercombination lines occur, the 
intensity rules considered in this section must be modified, and some 
departures from the intensity formulas can be explained on this basis. 
Another cause of departure, 'encountered in the case of wide multiplets, 
is the insufficiency of the v* correction. While Ornstein, Eymers, and 
Coelinghi found that this correction brings the sharp and subordinate 
series lines of the barium spark spectrum into exact agreement with the 
intensity formulas, it is far from valid for the sharp series resonance 
lines of thallium, at 5,350 and 3,776 A., according to measurements of 
Ornstein and H. C. Burger. ^ In still other cases, neither of these causes 
can be invoked, and it must be concluded that the intensity formulas 
are not suitable to describe the facts. 

4. INTENSITY RATIOS OF RELATED MULTIPLETS; INTERCOMBINATION 

LINES 

Consider all the lines which are emitted in a transition from n', 
V to n", I". These lines belong to systems of different multiplicities. 
They form several ordinary multiplets, and include a number of inter- 
combinations as well. We shall refer to such an aggregate of lines as a 
group of related multiplets. An extension of the sum rule which enables 
us to obtain a certain amount of information about the relative intensities 
of lines in related multiplets was. proposed by Ornstein and H. C. .Burger.* 
By way of example, we consider a group of multiplets of ionized oxygen 
studied by van Wijk.« The initial states are and and the final 
states are of the same character. In Table 3, wo give the wave lengths 
of all the lines which arise from the combinations of these levels, and 
which do not violate the selection principles. The wave lengths are 
accompanied by arbitrary symbols, used by van Wijk to identify the 
lines. In such an array, according to Ornstein and Burger, aftcT cfp'plying 
the correction the sum of the intenszties of all lines arising from a given 
initial level is proportional to its weight, and the sum of the intensities 
of all lines involving a given final level is proportional to its weight. In 
the example under consideration, there are no intercombination lines, 

1 Z. Physik, 40, 403 (1027). 

* Reported by Obnstkin, Physik, Z., 28 , 688 (1927). 

* Z. Physik, 40, 403 (1026). 

1 Z. P%3i£/c, 47, 622 (1028). 
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Table 3 




Final Levels 



“Pm 

“Pm 

^Pyz 


‘Pm 



3,954, di 

3,983, di 





3,945, da 

3,973, di 




in 







is 

’-p 

‘Pm 



4,326, qi 

4,346, q2 



‘Pm 



4,317, ^3 

4,337, qi 

4,367, f/6 


‘Pm 




4,320, q^ 

4,349, q^ 


and this rule reduces to a statement of the sum rules for the doublet 
multiplet and the quartet multiplet, separately, together with additional 
relations which predict the relative intensities of the two multiplets. 
That is, the sum of the intensities in the first two columns, forming 
the doublet multiplet, should be proportional to the sum of the weights 
of and while the sum of the intensities of lines in the quartet 
multiplet should be proportional to the sum of the weights of 
^P%, and *P^. As a matter of fact, the intensity rules of Sec. 3 are 
fairly well obeyed within each multiplet, and the ratio of the total 
intensities of the multiplets, after applying the v* correction, was found 
to be 1.9 when the source was at 50 cm. pressure, and 2.1 when it was 
at 18 cm. The situation is more complicated when the intensity of the 
intercombination lines is appreciable, for in this case the intensity rules 
of Sec. 3 cannot be expected to hold within the individual multiplets. 
Ornstein and Burger have studied the diffuse series of mercury, where 
the intercombination fines occur with considerable- intensity, Appli- 
cation of the extended sum. rule to the group of four lines near 3,650 
(23P-33£> and 2^P-Z^D) gave a result in excellent agreement with experi- 
ment. However, in the case of certain helium lines, definite failure of 
the rule was observed. Pauli'' suggested on theoretical grounds that 
for triplet and singlet terms the ratio of intercombination lines to ordinary 
lines should be proportional to (Sv/Av)^, where 5v is the total separation 
of the outside terms of the triplet, and Av is the distance of the singlet 
term from the center of gravity of the triplet. This rule was tested by 
Ornstein and Burger for the first four diffuse series groups of mercury, 
with excellent results. However, the rule was not verified in another 
case which they studied. 

We now consider another type of generalization of the intensity 
rules. Kronig2 has given formulas for the relative intensities of the 
three multiplets emitted in the transitions I to I + 1,1 to I, and I to I - 1, 

^ Geiger-Scheel Handbuch der Physik, Vol. 23, p. 255. 

^ Z.Physik, 33, 2Q1 (m5). 
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when the azimuthal number of only one electron undergoes a change, the 
quantum numbers of the others being unaltered. The formulas are 
complicated and we shall not reproduce them here. In general, they 
predict that the intensities of multiplets belonging to a triad should 
be in the ratios of small integers. Harrison^ has tested these formulas 
by measuring the relative intensities of titanium multiplets. By way 
of example, we consider a triad of multiplets arising in transitions from 
the configuration to the configuration ZdHSj and designated 

by Harrison as Nos. 128, 172, and 209. They are of the types 
5F-^F'j and The wave-number separations are so large that 

we must consider not only the correction but also the Boltzmann 
factor, of equation (5), in order to arrive at the squared amplitudes 

which occur in the intensity formulas. The effective temperature of the 
source must be known in order to obtain the Boltzmann factor. Harrison 
found that a temperature of about 10,000°K. gave the best agreement 
between theory and experiment for a number of multiplets. Assuming 
this value of the temperature, the relative squared amplitudes for the 
three multiplets under consideration were found to be 

89, 70, and 48 

while the values required by Kronig^s formulas are, 

90, 70, and 50. 

Indeed, these formulas are confirmed, at least qualitatively, in six of 
,the eight cases studied in which they apply, regardless of the assumed 
temperature of the source. 

6. INTENSITIES OF ZEEMAN-EFFECT COMPONENTS 

The classical theory of intensities in the Zeeman effect, based on the 
correspondence principle, is very similar to that in Sec. 3. We consider 
an orbit which processes around the lines of force with the velocity of the 
Larmor precession, and find the amplitudes of the various harmonics 
in the motion. The intensities of the transitions corresponding to these 
harmonics are indicated in the table, in which & is the angle between 
the lines of force and the normal to the orbit. 


Aj = 

+1 

0 

-1 

Am = +1 

K(i -f «os e)^ 

sin2 d 

H(1 - cos 

0 

sin 2 0 

cos2 0 

H sin* e 

-1 

K(1 - cos 0)2 

K sin2 6 

K(1 +COS BY (16) 


1 J. 0, 5, and B. S. 18, 287 (1929): 
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If we write cos B = m/j, where m is the magnetic quantum number 
for the initial state, these formulas give us intensity values which should 
be a rough measure of the actual intensities. Ornstein and Burger^ 
proposed the following sum rule for the transition probabilities in the 
Zeeman effect. Fixing our attention on a single multiplet line for which 
the initial inner quantum number is j, we consider all the transitions 
from a magnetic energy level with quantum number m. The sum of the 
-probabilities for all these transitions is the same for all choices of m; andy 
similarly j the sum of the probabilities of all transitions ending on a magnetic 
level m, is the same for all choices of m. That is, 

Aim, j; m + 1 , f) + A(m, j; m, f) + j; m — 1, f) = 

C{j,r), (17) 

A{m + 1, j; m, j') + A(m, j; m, j') + A{m — 1, J; m, f) = 

mr)- (18) 

In these equations Cij, f), and D{j, f) are independent of m, and f 
can take any one of the values j + 1 , or i — 1 . 'We can show by 
summing over all values of m that 

(2j + l)C{j',j) = (2f + l)D(j,j'). (19) 

H 6 nl ,2 and Kronig and Goudsmit* solved the problem of obtaining 
exact expressions for the Zeeman-effect intensities by utilizing the 
following considerations. The expressions (16) suggest that the correct 
expressions should be quadratic functions of m. If this is assumed and if 
it is also required that the sum rule shall be valid and the Zeeman pattern, 
as a whole shall be unpolarized, we have just enough equations to deter- 
mine the intensity formulas. The results are as follows: 


Aj=+1: 

C(j j -|- 1) 

A{m,j;m+ l,i + l) = 2 (,- q. i)( 2 y q- 3) (7 + m + 2)(j + m + 1 ), 

A{m,j;m, j + 1) = 4 . 1)2 _ „j 2 )^ 

A{m,j; m - l,j + l] = -m + 2)(j -m + 1). 

Aj = 0: 

A{m, j; m + 1, j) = _ m){j + m + 1), 

Aim, j; m - 1, j) = + m)(j - m + 1). 

» Z. P%s«, 29, 241 (1924). 

'2'Z. Physik, 31, 340 (1925). 

^Naturwis., 13, 90 (1925); also Kronig, Z. Physik, 31, 885 (1925). 


( 20 ) 


( 21 ) 
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Aj — I : 

A(m, i; m + 1, i - I) “ ~ m)(J ~ m + 1) 

AimJi m,j ™ 1) « 

A(m,j-, m - l,i - !) « + tn)(j f rn -- 1). (22) 

Thi^ clejHnHirnw of forioiiliiK on m hm ht^ni v<*rifit»tl hy Ufnnnn- 
iM^rg anci Jc^rdaii^ uning ointri^ oiothodH, 11 h* cli^tniln of t ho ooin|nitation 
will not !m* hori% «inri' tlioy havn boioi anivoni«aitly HiuinnariKoc! 

by Ibrlwintlo.^ I’ho fornuiliia havo now boon wi*II wnftrinod for a 
nnrnlM'r of linim in low fiohlH. Hurgor, ainl van ClooP .ntudicMi 

tho firnt HliariJ tri|jlrt of mm% atn! van (loid^ o\tondod tho obniTvafionH 
to Hyntoiim of otlii»r innltiidirilioB. Hia romdtH for tho triidot 2‘V* - 2^S* 
of inagnt'Hinin aro tyjiiinil of tho tyja* of ap:rronii'ii! wldcdt in o!itaim*d. 
1'ho tlirorotinai liiai iinanHiirod for tin* «aHii|>ononta of thnmi 

throo \mm aro givmt in llin following HhI. Piinilhd mm\mu'n\H urn 
nfi(doHi*d in priroiithoHo?4: tho ndcnilattal iiiliniHilv in writtnri abovn thts 
oKfioHiiHndal valni' in iwdi oiim*. T!in for th(' thron liiina arti 

t»%|in»Hai*d on thn Haini» hoiiIo and llin iotiil intiniHitivaof thn linna am in tho 
mtioH mqnimd Ijy thi* nuin nilo, 

5,1(17 A.; 2 (4) 2 

2:» (41!) 2.1 

5,172 A.: 1 1 {(!) ((!) 1 1 

18 34 (75) (71) 1H .'(1 

5,IHiA.: I 1 I! (I!) (H) (ii) (i 1 I 

? 17 7(! (75) (HKt) (72) 7l! 17 ? 

Vjin hiw ffiiiiiil llmt tlin itilonnKy fiirinulw ImUl trite f«ir the Zeeman 
effect of the interemubinatiini line 2*/% — 1'//j «if ineretiry, at 1,C)(!1,28 A. 
Further he line ettulietl the intennitiee In the {uirtini Fneehen-Unek effect, 
of the flrwt cliffiiM' triplet of niugneeium,' eompitring the rewiltn with a 
thiwy worked out by Krntiien*, and liidejrenih'ntly hy Mina Menaltjg.’ 

f. IlfTENilTISS m TKH SPECTRUM OP HYOROOBIf 
The flfttn prewnted up hi thin point are not, united for a tent of the 
new iiieehnnien, for deviftlionii from the forniiilnjt might Ik' blamed 
on the iiiKuHieietiey of the model. A lielinite ti'et ran In' made by 
etudying inten.tity relntiofiM in the «(iectrii of hyilrogenic ntoms. 

' Z. I'ht/nik, m, W.1 flUMl. 

•"Tln' Ni'w CjiiniiliMii Mi-elittiiie*,'' Ch»|i. XV, 

•z. i‘h,,mk. sa, (WHi (iwft). 

' Z. Vhymk, 88, H3n (inafti. 

•X. 47, lUR (lirjH), 

“Z. Fhiimk, 38, H77 il'fim. 

> if. Fhi/mk, 89, 24 
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Numerous investigations of the Zeeman effect of hydrogen hav 
shown that under suitable conditions of excitation the normal triph 
is unpolarized and the two perpendicular components are of approx 
mately equal intensities. Since this result is predicted by the classici 
theory, the correspondence principle, and the new mechanics as wel 
it is not adapted for distinguishing between these theories. Howeve; 
the Stark-effect intensities are well suited for this purpose. The fir£ 
estimates of intensities in the hydrogen Stark-effect patterns were mad 
by Stark himself.’- Kramers^ compared these estimates with value 
calculated by the correspondence principle, obtaining a fair agreemenl 
in general, although there were some striking discrepancies. Th 
Stark-effect intensities of the first four Balmer lines have been compute 
on the new mechanics by Schrodinger® and by Epstein,^ with result 
which are not in agreement. The method used by both these authol 
is to calculate the components of the polarization matrix in the wa; 
explained in Chap. XV, Sec. 17. The mathematical details of the tw 
treatments are quite different. Schrodinger uses the wave function 
given in equation (50) of Chap. XVI, while Epstein uses expression 
involving hypergeOmetric functions. In both cases, the unperturbe( 
wave functions are employed. It is stated by Sommerfeld® that W 
Zimmermann® has reconsidered the problem, using wave functions whicj 
contain the first power of the field strength. His computations indicat 
a slight asymmetry of the intensity pattern, but this is too small to b- 
observed at the field strengths used in the laboratory; aside from this 
Zimmermann’s results agree with those of Schrodinger. Tests of th^ 
theoretical intensities have been made by Foster and Chalk ^ and b; 
Mark and Wierl.* Foster and Chalk used the Lo Surdo method whii 
Mark and Wierl employed the light from a beam of canal rays, subjecte( 
to strong fields in the space behind the cathode of a discharge tube 
The auxiliary field could be applied either parallel or perpendiculai 
to the direction of the beam. By filling the space behind the cathod( 
with nitrogen at low pressure, Mark and Wierl obtained patterns du( 
only to the atoms in the canal-ray beam, while light coming from atomi 
at rest was obtained by filling this space with hydrogen and using nitrogei 
canal rays. Most of Foster’s results are in strikingly good agreemem 
with those of Schrodinger. With a few exceptions the same is true of th( 
results obtained by Mark and Wierl when studying the parallel com- 

1 Ann. Physik, 48, 193 (1915). 

“ Det Kgl. Danske Vidensk. Sehk. Skr., 3, 287 (1919). 

3 Physik, 80, 437 (1926). 

* Phys. Ren., 28, 695 (1926). 

® “Wellenmechanische Erganzungsband,” p. 193. 

® Unpublished. 

'Proc. Eoi/. /Soc., 123, 108 (1929). 

‘ Naiurwissenschaf ten 16, 726 (1928); Z. Physik, 63, 526 (1929). 
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ponents of Ha, B.I3, and Hy from moving atoms, with the field 
perpendicular to the direction of motion. However, they showed 
conclusively that in the type of tube which they employed, the theory 
does not apply to the perpendicular components, as obtained from moving 
atoms which are excited by collisions, from resting atoms, or from moving 
atoms which are emitting spontaneously in a high vacuum (Abkling- 
leuchten). This is well shown by the parallel components of H/?, which 
lie at eight and ten times the quantum unit of frequency difference 
(Chap. V, Sec. 13). Schrodinger^s value for the ratio of their intensities 
is 1.06, while Foster and Chalk obtain L04. Mark and Wierl get 1.10 
for the light emitted by moving atoms due to collisions, with the field 
perpendicular to the beam, and 0.85 for the light from^atoms at rest. 
They suggest that some of these discrepancies may be due to the Stark- 
Lunelund effect, that is, the polarization of the light emitted by a beam 
of moving atoms in the absence of a field. It is perhaps natural to expect 
that the theoretical ratios will be more closely approximated under 
the conditions encountered in the discharge itself than in a beam of 
canal rays. As emphasized earlier in this chapter, the populations 
of the upper states will be in the ratios of their statistical weights only 
if the excitation is sufficiently chaotic. Further experiments will be 
required to elucidate the matter. 

It is of interest to consider the theoretical decrease of intensity 
along the spectral series of hydrogen. The relative intensities of the first 
four Balmer lines were obtained by Schrodinger, by summing the intensi- 
ties of the Stark-effect components. He also gives explicit formulas 
for the intensities of the Lyman and the Balmer series, communicated 
to him by Pauli. They are as follows, n being the total quantum number 
for the initial orbit: 


Lyman series: I(?^, 1) = 
Balmer series : I(n, 2) = 


2^( n ^ 1) 
n(n + i) 
2^(n - 2 ) 


2n--l 


2nH-l 


2w-3 


r.(15n4 - 32n2 -f 16). 


(23) 

(24) 


We shall not give the derivation, as it is carried through by Sommerfeld.^ 
The results have been extended to the Paschen series by Sugiura.^ 
It is well known that the relative intensities of the Balmer lines are very 
sensitive to changes in the source, and data obtained in the laboratory 
are not likely to check the computed intensities, except by accident. 
It would seem that measurements on stellar spectra would afford the 
best opportunity for a decisive test. Bongers^ has measured the Balmer 
series and found that his results are represented by 


I _ c(n — noY 

“■ 

^ Wellenmechanische Erganzungsband, p. 94. 

2 Jour, de Phys. (6), 8, 113 (1927); Z. Physik, 44, 190 (1927), 
2 Dissertation, Utrecht, (1927). 


( 25 ) 
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where n and no are the quantum numbers of the initial and final 
states, respectively. This is in striking contradiction to the 1/n® relation 
required by equation (24) for large values of n. 

In order to obtain approximate expressions for the intensity dis- 
tribution in the series of the alkali atoms, one may evaluate the intensities 
for the various fine structure components of hydrogen. These partial 
series have been calculated by Kupper,i the results being in good agree- 
ment with data of Trumpy.* However, Miss Bleeker® has measured 
the subordinate series of K, Rb, and Cs, and has found it possible to 
represent her results by the formula 


I = 


c(n — no)* 
n^^ 


(26) 


Her formula is also well obeyed by several subordinate series of mercury. 

There are two factors, the temperature and density, which may 
ordinarily be neglected in considering the intensities of the higher series 
members, but which are of imnortance in considering the conditions 
in the stars. Under equilibrium conditions the number of hydrogen 
atoms in the states of total quantum number n is 


Nn oc 2n^ exp 



(27) 


where 2^2 is the a priori probabifity of these states and the exponential 
is the Boltzmann factor. Since 2n* approaches <» as n becomes large 
and the exponential factor remains finite, the number of atoms in the 
higher quantum states becomes very large and in fact all the atoms should 
be in the infinite quantum state. Urey^ and Fermi^ suggested that a 
certain amount of space is excluded due to the “volume” occupied by the 
atoms and that this volume increases with the quantum number in such 
a way that the number of atoms in the nth state approaches zero as n 
becomes infinitely large. The volume of an atom is not easily defined or 
approximated, but this effect is certainly present. Density of the gas 
does not explain the deviation of Bonger’s formula from the theoretical 
formula and it appears that this effect can only be of importance in stellar 
spectra.® 


7. INTENSITIES OF X-RAY EMISSION LINES 

The intensities of X-ray lines emitted by a solid target bombarded 
by electrons of a given energy depend on many factors beside the proba- 
lAren. 86, Sll (1928). 

* Z. Physik, 42, 327 and 44, 575 (1927). 

’ Z. Phys. Chem., 120, 63 (1926). 

*Astrophys. /., 49, 1 (1924). 

‘ Z. Physik, 26, 54 (1Q24). 

nv. * treatment of this subject see Fowler, “Statistical Mechanics,” 

Ohap. 14. Cambridge Press (1929). 
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bilities of transition and it is often very difficult to correct for these 
extraneous factors in order to estimate the probabilities as calculated 
from theory. Both the absolute and relative intensities change with 
the voltage on the X-ray tube; absorption in the target is especially 
important for the longer wave lengths; and in many cases it is difficult 
to separate all the lines of a multiplet so that the intensities can be 
estimated separately. Considering the many difficulties in interpreting 
the experimental results, the agreement with the theory for the intensity 
of multiplets presented in the preceding sections is as close as could be 
expected in some cases, but in others there appears to bo definite dis- 
agreement between theory and experiment. Wo shall discuss the relative 
intensities of lines of the same multiplet for the most part. 

Sommerfeld' pointed out the essential similarity of the X-ray doublets 
and the optical doublets and showed that the experimental facts then 
available were in approximate agreement with the rules of Dorgelo 
and Burger and in particular that the intensities of the Kai and Ka^ 
lines were approximately in the ratio of 2:1 and that the Lai and Las 
lines had approximately the relative intensities 9: 1 as reciuired by these 
rules. Duane and Siegbahn* and their coworkers early investigated 
relative intensities in the if-series lines. The Ka\ and Ka^ and the 
Xj3t and lines are two doublets of the “P — type and in accordance 
with the theory of Secs. 2 and 3 should have relative intensities of 2: 1 
in both cases. Duane and Stenstrom found a ratio of 2:1 for the Kai 
and Kaz lines of tungsten and Duane and Patterson a ratio of 1.93:1 
for these lines of molybdenum, while Allison and Armstrong secured a 
ratio of 2.1:1 in the fourth order and 2: 1 in the fifth order for the Kfii 
and XjSa lines of molybdenum. Siegbahn and Za'Sek secured for the 
intensity ratios of the Kai and Ka% lines of Cu, Zn, and Fe, 100: 51.2, 
100:50, and 100:49.9, respectively. These doublets are omitted in 
transitions from the same excited level, namely the K level, to the Ln 
and Lm, or the Mn and Mm, so that the relative intensities should 
measure the relative values of the Anm coefficients for these transitions. 
Moreover, the coefficient of absorption of the target for these wave 
lengths will be small, since they lie on the long wave-length side of the 
X-absorption limit and far to the short wave-length side of the L-absorp- 
tion limits. This makes the agreement with theory especially satisfactory. 

The most complete investigations of intensities of the L-series lines 
are those of Allison and Armstrong,® Allison* and Jdnason,® who have 

1 Ann. Physik, 76 , 284 ( 1926 ). 

* See Lindh, Phys. Zeit., 28 , 96 ( 1927 ) for dotailcsd reforonoos to the earlier 
literature. 

’‘Phys. Rev., 26 , 714 ( 1926 ). 

*Phya. Rev., 30 , 245 ( 1927 ); 32 , 1 ( 1928 ). 

» Z. Phyaik, 46 , 383 ( 1027 ). 
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investigated lines of tungsten, thorium, uranium, silver, palladium, 
rhodium, molybdenum, and a few other elements. The results of these 
measurements for a number of X-ray multiplets are given in the follow- 
ing table : 


Lines 



76:/36 





tj.L 

Transitions 

Li — )• iVii.iii 

Li — > 

-^'11,111 —> Ni 

t 

Lii,ni-^Miv,v 


Relative intensity, theory . 
Relative intensity, observed: 
Agi 

100:50 

100:50 

100:61 

100:64 

100:65 

50:100 

50:100 

55:100 

60:100 

56:100:11 

59:100:12 
59: 100:12 
61:100:13 
62:100:13 
48:100:11 

/I rt - i r\f\ a rt 

PdL 



Rhi 



Mo^ 


100:70 



Wi 

100:74 

100:60 

• 1 nn 

46:100 

50:100 

46:100 

Th2...: 

uD . lUU 

(0:1.4) 

(0:1.0) 

U2... 

100:107 

100:98 

62 : 100: 12 
49:100:11 



■ JflNsaoN, Zoc. cit.; Allison and Abmsteong’s data on tungsten are in approximate agreement with 
those of Jonsson. 


2 Allison, loc. cit. 

These examples show the character of the agreement between theory 
and experiment; in the case of the ai, and lines which form a 
> W triplet, the agreement is very satisfactory; on the other hand, 
the experimental and theoretical intensity ratios of the 'y 3 and 'y 2 , and 
of the Pi and pi lines do not agree nearly so well; there is a consistent 
trend toward greater intensity of the weaker component until in U the 
theoretically weaker line has actually become the stronger of the two. 

WentzeT has calculated the relative intensities of the different 
X-ray lines with different values of n and I for the initial and final states 
using quantum mechanics. Allison and Jonsson have found only 
approximate agreement between their data and the theoretical 
predictions. 

Pjlet II. Intensities in Band Spectra 
8. THE SUM RULE APPLIED TO BAND SPECTRA 
In the case of atomic spectra it was possible to neglect the exponential 
Boltzmann factor in considering intensities of lines, because under the 
usual conditions of excitation the populations of atoms in different 
states are proportional to the quantum weight. In the case of band 
spectra this is not true and the exponential factor of equation (5) must 
be retained. For this reason the sum rule of Burger and Dorgelo as 
stated in Sec. 2 does not apply to the relative intensities of band-spectrum 
lines. The intensity of a band line is proportional to the Einstein proba- 
bility constant and the number of molecules in the initial state 

~ ^ ^ ( 28 ) 

^ ATatows., 14, 621 (1926). 
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It is usual to call AnmOn the intensity factor, and using the customary 
symbols we shall write it + 1) for the transition from the 

f to the j" state, ’since 2f + 1 is the weight of the j' rotational state. 
The question arises as to whether an ^'effective temperature’’ can be 
assigned to a discharge which is not in equilibrium and whose temperature 
is therefore not defined. This will be discussed in Sec. 11 , where it is 
shown that experimental data are consistent with the inclusion of the 
exponential factor in equation (28). 

The sum rule as applied to band spectra is: 

The sum of the mtensity ^ factors j A(j', + 1), over all values 

of permitted by the selection rules with f constant, is proportional to the 
quantum 'weight of the f state and the sum of these factors over all permitted 
values of f holding j" constant is propor- 
tional to the weight of the f' state. This 
statement is evidently equivalent to that 

of Sec. 2 . / 3 s 7 s 

Fowler^ and Dieke® first applied Jo / 2 3 ^ 

these rules to molecular spectra. Their jcjq, j. 

application can be illustrated by the 

intensities of a band. We represent A(^f, + 1) the 

lines of the P branch by ih, u^, . . . Uj . . . and for those of the R 
branch by . . . wj . . . The traiisitions are shown in the diagram, 

Fig. 1. Then the sum rule requires that 

ui = gi)C, wi + = gic, ^V2 + = g^Cy * • • ? 
wi = g[)C, tii + UH = gic, W2 + w^ = g^c, • • • , 

or 

Ui = 'Wi = goc, 1 H == W 2 = (gi - go)c, ■ • • . 



Since g^ == 2i + 1, we have 


Ui — tci = c, U 2 = uh = 2c, ■ • • ; 

then 

(2j + l)A{j, i - 1) == cj and {2j - l)A(j - 1, j) ^ cj, (29) 
where j is the larger of f and j" in all cases. 

This makes the lines symmetrically placed relative to the missing line 
equal in intensity except for the exponential factor of equation (28). 
This factor gives an /^branch line a slightly greater intensity in absorp- 
tion and less intensity in emission than the i^-b ranch line of the same 
running number; this can be easily seen by considcuing the diagram and 
the relative values of the energies of the initial states for the two lines 
in the cases of absorption and emission, respectively. The constant 
c is Pif( 27 rv)^/'icViv, where Pq is the electric moment due to the changes 
in electronic or vibrational quantum numbers in the case of electronic 

^ Phil, Mag,, 49, 1272 (1925). 

2;;;. Phydk, 33, 161 (1925). 
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or vibration rotation bands or to a permanent electric moment of the 
molecule in the case of pure rotation bands. 

9. THE INTENSITY FACTORS FOR CASE a MOLECULES^ 

Just as in the case of complex atomic multiplets the sum rule does 
not sufiBce to fix the relative intensities, it also cannot fix the relative 
intensities in more complex bands than those of the — 'S type. 
It is necessary to derive these relative intensities from a more extensive 
theory of the emitting molecule. The model which we use is the cus- 
tomary gyroscopic model having, in general, a resultant angular momen- 
tum about the line of nuclei equal to t( = X -[- v) in quantum units. 
The relative intensities for case a were derived by London and HonP 
using a modification of the method of Sommerfeld and Hdnl described 
in Sec. 3. Since these relative intensities have been derived by applying 
matrix and wave mechanics to the heavy symmetric top as described 
in Chap. XIX, Sec. 6, we shall not give the older calculations. To write 
down the relative intensities for the molecules of the case a type, it is 
only necessary to note that a diatomic molecule is a symmetric top with 
a small moment of inertia about the figure axis. The dependence 
of the wave function on e, ip, and x will be the same whether they fix 
the position of the rotating nuclei in the first case or the rotating electrons 
in the second, though the dependence of the energy on X in the one 
case and i in the other is quite different. The i is equal to the sum of 
X and tr; it appears from experimental data that At = AX, that is, <r 
does not reverse its direction relative to X in a permitted transition, 
and that it is t rather than X which must be used in equation (66) of 
Chap. XIX to secure the proper ^I's. 

The intensity factors in the symbols appropriate to this problem 
are : 


j' i”) 

j' - j" 

— t 

c2{2j + 1)P 

Kj ■+ 1) 

0 

. 0 

c2(f - 

j 

±1 

0 

c(2j -I- l)(i -(- i)(j - 1 -f 1) 

7(y + 1) 

0 

±1 

c(j + 0(i + t - 1) 
j 

±1 

±1 

c(i - 0(i - t -H 1) 
j 

+ 1 

+1 


where the j and i occurring in these formulas are the larger of the initial 
and final values of these quantum numbers. The reader can easily verify 

! model interpretation of this case 

“ Z. PAj/si*, 33, 803 (1925). 
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the fact that th^ intensity factors are in agreement with the sum rule 
of Sec. 8| this is also evident in the case of the special examples given 

telow. 

To illuBtrate the theoretical iotanBitieB expected for this type of 
molecule, we shall nm transitions of the MI-— ► and types; 

the intej^ity factors are given in the following tal)leB for these two cases; 



IQidiA 

aX « 0 

The weight# are doubled (gt - 2(2; + 1)) in this table and the intenaity 
factors, etiuatiuns (30), arts so nonnaii»ed that tlie sum nile gives tho 
dotjbletl quantum weight. W« do this b«muBfi corresponding to each 
value of j them are two states, if X 0, one positive and one negative, 
in the w'tim* of C^hap. X IX, H(»c, 9, i.e., A and Ji states each of which has a 
weight tjf 2j + 1. The branches, in tho symbols U8e<i in (’.hap. Xtl, aro 
givi'n at the ends of the diagonals. In the oast! of tho 'if — ♦ '2 transition, 
tin- Q hmnefi gains in intensity relative to the P and H branches mj 
increaw'H, while the reverse is true in the owwof the *11 ’II transitions. 
'I’his decH'ase in intensity of the branches in the latter case Is very 
rapi<|. Thewi Q branches am observed in the NO liands of Fig. 1, 
(’hap. XII which am of this ty}x>, hut decrease rapidly in intensity mj 
increa«*s, in agmiunent with theory. 
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10. THE INTENSITY PAGTORS FOR CASE b MOLECULES 
The arguments used in deriving the intensity factors for these mole- 
cules can best be understood by considering the models of Chap. XII, 
Sec. 16 , and Fig. 19. Disregarding the s of case h for. the moment, 
it is seen that the precession of i about j in case a is entirely similar 
to the precession of X about k in case b. Thus the amplitudes of the 
electric moment in case b,iik did not process about j, should be the same 
as those of case a and are given by equation (30) with k and X replacing 
j and i, respectively. Since k processes only very slowly about j, these 
amplitudes will not be appreciably changed by this precession. 

On the other hand, the precession of k and s about j is entirely 
to the precession of Z and s about j in atoms; k is the resultant of all 
“orbital” angular momenta of electrons and nuclei just as Z is a similar 
resultant in the atomic case and s has the same significance in both. 
Thus, the relative intensities of all lines emitted for a certain value of Ak 
and different values of Aj are given by equations (15) for the atomic 
case, if we replace Z by Z; in those formulas. Therefore, in order to secure 
the relative intensities for a given value of Ak, it is only necessary to 
multiply the appropriate factor of equations (30), with k and X replacing 
j and I in these formulas, by the appropriate factor of equations (15), 
with k replacing Z of those formulas. The formulas so secured must be 
further multiplied by a normalizing factor. The loosely coupled s 
vector cannot change the total intensities for a given Ak appreciably. 
Therefore, the normalizing factor is secured by making the sum of all the 
intensities for a given Ak over all permitted values of Aj equal to the 
intensity required by the formulas for case a with k and X replacing j 
and i; or, what is the same thing, we require that the sum of the factors 
of equation (15) for a given Ak over all possible values of Aj multiplied 
by the normalizing factor shall equal 1. These normalizing factors 
have been secured by Mullikeni for doublet systems, t.e., s = M, and 
are: 

______ ^ = J. 

and 

if AA = 0. (31) 

To secure the correct intensity factor for any transition .we have only to 
multiply the three appropriate factors, from equations (15), (30), and 
(31). 

Example . — We ask for the intensity factor for a branch of a 2 ^ band for 

which Aj ~ 0, A/c = —1, and AX == 1. For this branch j' - fc' + j" = k" — 
and, since j' = j", k" = k' + 1, and the k appearing in the formulas is equal to k"; 
therefore, we must substitute j = /c — H in the formulas. We multiply the first 

1 P/17/5. iKey., 30, 138 and 785 (1927), 
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fa^r of equation (31) by {k — \){h — \ X)/k, secured from equation (30) by 

b^sub^t // /’ + 1^, secured from 

equation (15) by substituting fc for I Then substituting y = A - ^ and simplifying 

QiAij, X, fc - 1; j, X _ ^ ,^^k±TT)j^L±JiNrJi 

y(4/c — 1) ' 

The results of these calculations are given in Table 4. 


Table 4 


Branch 

Intensity factor 
ffi'AU', X', A'; X", A") 



A' - A" 


X' - X" 

Ri 

Pi 

c4(A + 1)(A2 - xq 

±1 

0 

±1 



k(2k “H- 1) 

Rn 

P 2 

c4(k — l)(/c 2 _ x2) 

±1 

0 

±1 


A(2A - 1) 

‘‘Qn 

^Vl2 

c4(A2 - x'q 

0 

0 

±1 

Qx 

^^(^A* — 1) 
c4X»(2A 4- 3) 

(A + 1)(2A + 1) 


0 

0 

0 



Qi 

c4X“(2A - 1) 

0 

0 

0 



A(2A + 1) “ 


«Pn 

c4X2 

±1 

0 

0 

A(A + 1)(2A + 1) 

Rx 

Pi 

f>2(A - X)(A - X + 1)(A 4- 1) 

±1 

T1 

±1 



A(2A + i) 

R 2 

Pi 

c2(k - X)(A - X 4- 1)(A - 1) 

±1 

T1 

±1 



A (2 A - 1) 

«<2n 

^Qxx 

c2(/c X) (A; — X “f" 1) 


T1 

±1 


&(4A* - ij 

K) 

Pi 

Pi 

4- X - 1) (A 4 - 1) 

±1 

Tl 

±1 



A(2A 4* 1) 

P> 

P2» 

c2(A 4- X)(fc 4- X - 1)(A - 1) 

±1 

Tl 

±1 



A(2A - 1) 




c2(A 4~ h)(A 4" X — 1) 

0 

T1 

±1 


ib(4A» - 1) 


Qi 

c2(A 4- X)(A - X 4- 1)(2A 4- 3) 

0 

Tl 




(A + 1)(2A + i) 

0 


Qx 

c2{k + X)(A - X 4- 1)(2A - 1) 

0 

T1 

0 



A(2A 4- W 

«Pii 



(•2(A 4- X)(A - X 4- 1) 

'A(A + i)(2A + i) 

{ +i 

Tl\ 
T1 / 

0 


In these formulas k and X refer to the larger of the initial and final 
values of these quantum numbers, and the upper and lower signs to the 
branches given in the first and second columns, respectively. Each of 
the symbols of the first and second columns represent in general two 
branches; each P or E branch may be either an AB or a BA branch 
and each Q branch either an AA or a BB branch. All these branches will 
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not be classified as one band for the change of X is accompanied in general 
by a large change in the frequency emitted. For any given value of X', 
the intensity factors given would be for three separate emission bands 
for which AX = 0, +1, and —1, respectively. There will be twenty 
possible branches in each of these bands, if X 7=^ 0 for both electronic 
states. If X = 0, for one state, this number is reduced to ten, since we 
assign the letter A to 2 states, and thus all branches designated by a 
symbol with a subscript B for this state do not appear. If X = 0 in 
both states, there are only six branches with intensities given by the 
first three formulas. In this case, A states combine with A states in the 
P, Rj and Q branches due to the fact that according to the theory of Chap. 
XIX, Sec. 9 the states are alternately symmetric and antisymmetric, 
positive and negative, and thus these transitions are possible. 

We have now considered the intensities for case a and case b bands 
in which both states are either case a or case 6. There is also the inter- 
mediate case in which one state belongs to case a and the other to case 
b or in which one state or the other is case a for small j and case 6 for large 
j. In such bands the intensities will not follow the formulas of this 
section and the preceding one exactly. Weak branches may appear 
representing the permitted transitions of both types. The CaH bands 
described in Chap. XII, Sec. 20 belong to the case b type, while the water 
bands of Chap. XII, Sec. 21 belong to the intermediate type. The 
intense branches of the water bands are those for Aj = A/c = 0, ±1, 
which are permitted by the selection rules of case b and are equivalent 
to Aj = 0, ± 1 and At == AX = — 1 when j is small so that these strong 
branches also obey the selection rules for case a. 

11. TEMPERATURE AND THE INTENSITIES OF BAND SPECTRUM LINES 

The selection rules and relative intensities discussed in Secs. 8 , 
9 , and 10 are known to be qualitatively correct, but exact comparison 
between experiment and theory is not easily made because of the impor- 
tance of the exponential factor in equations (5) and (28) and the diffi- 
culties of measuring precisely the intensities of lines so close together as 
are those of band spectra. Recently, Ornstein and van Wijk^ and 
Kapuscinski and Eymers^ have measured the intensities of the negative 
nitrogen bands (N2'^) and of the mercury hydride bands, respectively, 
and find that it is possible to assign an ^'effective temperature^^ to 
the emitting gas and that the intensity factors derived above are in 
agreement with their data. 

The N2"^ bands studied are due to a transition and, accord- 

ingly, the intensities are given by the first three factors of Table 4 with X 
equal to zero. The band consists of six branches which group themselves 

1 Z. P%st/c, 49, 315 (1928). 

H 246 (1929), 
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howfV«*r inffl an R and a P branch cacli consisting of clow* triplt'(.H. 'riic 
intensities of these clow* triplets atitied together is eciunl to -M- where 
k is the larger of k' an.i k'\ ,.r., k - A' for the H hmneh and A* » k" 
for the P branch.' 'rhen, aceording to Table i, the intensities of tlumo 
triplets will be 


and 


/*(A-)« A irk* exp 



A’ kW f 1) 
Hr’/' k„7' 



/# (A)« ,-lir(A' f 1) exp 


/ A* A (A' f l)\ 
\ Hr’/' k„r )' 


where A is n constant whieh is different for ditTerstit viilnes of k duo 
to tin* alternation of intenstlies in il,e {,and. If tiien (log /«)/A: and 
(log /,.) (A- t Ij lire plotted against AfA- f 1), straight lines should 
result. Two sneh liin*s are wmred on one of whieh lie the points for 
even A aiul on the other the |s>iiils for odd A. 'I’he two lines are parallel 
and their s1o|m* gives a value for the effeetive leniperafnre. 'I'lie wpara- 
tion of the lines along the axis of (log /») A iiinst be eqimi to log 4 (even)/ 
/Iftsid) and tliis difTen-iiee gives /Ifeven) dtodd) 2. 'ritiis tlio 
C|Uiiittu>n Weights of the even levels are ‘2{‘2j f [) while those of the 
tHld levels are 'ij t I . 

The similar ex}s*rimenta on the Hgif hands (»lt ’L') du not give 
such an exarl straight -line relation Is'tween the energy and log / dividwl 
by the intensity faelor. In this ease, the extH.nentiui fnetor of equation 
(2H) is only approximatelv eorreet. 1 he intensity faelors agree with 
the preiliftions of the ihisiry for the iiifennedinte fyj«> between case 
R and eiMH* fc,’ 


• rtisi ( tinfi. XII, H«f !0 sinl !■(#« 'i'i stui 'ifl fur n dcliiileil i]i'iM*ri)fliiiil of tltis I viMt 
of liiinil 

• H«'«’ llit.i, niiil v*s \ usi'K, I'Hiin litfit., 32 , "ilin (lU'iH). for tliesi* iiiti'tisitv fonnulas. 



CHAPTER XXI 


DIFFRACTION OF ELECTRONS AND ATOMS BY CRYSTALS 

1. INTRODUCTION 

Davisson and Kunsman made the discovery that when electrons 
impinge on polycrystalline metal surfaces the fraction scattered at an 
angle 6 with the normal to the surface does not decrease uniformly as 
6 increases. On the contrary, if the fraction scattered at the angle Q 
is plotted as a polar graph, the curve usually has several lobes or pro- 
jections. A classical theory of the effect, outlined by Davisson and 
Kunsman, was based on the idea that a given electron might pass through 
the force-fields of the atoms in the crystal in a variety of ways. Its 
deflection would depend on the distance of closest approach to a nucleus 
and on many other factors, so that a definite test of the theory would lie 
beyond our present resources. The results seemed likely to remain 
unexplained, until Einstein^ discussed de Broglie^s matter waves, in 
1924 and 1925. He emphasized the idea that if particles possess a 
wave-like character, diffraction phenomena should be associated with 
their motion, and the ordinary laws of motion will not be obeyed. Now 
we have seen (Chap. XV, Sec. 20) that the velocity of the waves associ- 
ated with a free particle is E/mv, where E is the energy and mv the 
momentum. The frequency is E/h, and therefore, the wave length is 


Diffraction phenomena may be expected when one particle passes another 
within a distance of the order X, or when it falls on a lattice structure 
with spacings somewhat greater than X. In equation (1), the wave 
length is in centimeters, but if we agree to measure it in Angstrom units, 
then for the electron we obtain 

X = Angstroms, (2) 

where V is the potential difference through which the electron must fall 
in order to attain the velocity v. This shows that moderate voltages 
correspond to wave lengths of the proper size for appreciable diffraction 
at a crystal grating. Elsasser^ suggested that the results of Davisson 

^ Siiz, Bet, d. Berliner Akademie (1924) and (1925). 

» Noiturwissenschaften, 13, 711, 1925; 16, 720 (1928). 
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and KunsmanJ might be explained as due to electron-diffraction. Today 
we know this interpretation of the original experiments of Davisson and 
Kunsman is incorrect, but it furnishes a satisfactory explanation of a 
considerable body of data accumulated since April, 1925, when Davisson 
and Germer made a very significant discovery. ^ At that time they were 
investigating the distribution-in-angle of electrons scattered by a target 
of polycrystalline nickel, which has a face-centered cubic lattice. Due 
to an accident it became necessary to heat the target to high temperatures 
in vacuo. Distribution curves obtained after heating were radically 
different from earlier ones in that the lobes had increased in number and 
in prominence. This alteration proved to be due to a recrystallization 
of the target during the prolonged heating, such that its face was altered 
into a mosaic composed of about ten large single crystals. Systematic 
experiments were then undertaken, in which the area of the target 
bombarded was known to belong to a single crystal. 

It will be useful to state the main results of this investigation, so 
that the reader may better understand the trend of the experimental 
work. In the words of Davisson and Germer, when the direction of 
bombardment is normal to the crystal face 

. . . strong beams arc found issuing from the crystal, hut only when the 
speed^of bombardnuMit lies near one or another of a series of critical values, and 
then in directions (iiiite unrelated to crystal transparency. The most striking 
characteristic of tliese bcam,s is a one to one correspondence whicli the strongest 
of them bear to tlie liiue beams that would be found issuing from the same 
crystal if tho i ncidont beam were a beam of X-rays-. Certain others appear to be 
aiml()gu(iS,not ol Laiie beams, but of C{)tieal diffraction. beams fromplanereflcction 
gratings— the hru's of these gratings being rows of atoms in the surface of the 
crystal, because of these similarities between the scattering of electrons by the 
crystal and the, scattindiig of waves Iiy three- and two-diuuiiisional gratings, a dcs- 
criptioii of the oeciirrcnoe and behavior of the electron dilTraction biiains ir’i hinus 
of the seatteriug (>f an e<iuiva]eiit wave radiation by tho atoms of the crystal, 
and its subse(iu(nit interference, is not only possible, but most simple and natural! 
This involves the association of a wave length with the incident oleetrou beam 
and this wave length turns out to be in acceptable agreement with tho value 
h/mv of the undulatory meelianics, Planck’s action constant divided by the 
momentum of the eleiitron. 

Davisson and Germer have steadily continued their work, with results 
which confirm and extend this statement. 

Further, G. P. Thomson has studied the diffraction of electrons by a 
large number of substances, using methods which are similar to the 
powdei uiotliod and i,h(i Daue method of obtaining X-ray patterns. 
Electrons are aceoloratiMl by a voltage of the order of 15,000 to 60,000, 
and arc caused to {lass through a thin foil. Rings are obtained on a 

‘P/it/s. R(n)., 22, 242 ( I!)23). 

* Nature, 119, .t.W (1!)27). 
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photographic plate placed some distance behind the foil, the radii being 
in striking agreement with those calculated on the hypothesis that the 
electrons behave like X-rays having the wave length h/mv. Similar 
experiments have been made by Rupp, using electrons of much lower 
voltages, and he has also found it possible to obtain electron spectra 
by allowing a homogeneous, well-defined beam of electrons to fall on a 
ruled grating. Further, Davisson and Germer, and also Rose, have 
detected beams which are analogous to the reflected X-ray beams 
obtained with a Bragg spectrometer. The reflection of atoms from 
crystals has been studied by Ellett and Olson and by T. H. Johnson, 
who obtain specularly reflected beams. 'We now describe these investi- 
gations in more detail. 

2. DAVISSON AND GERMER^S APPARATUS 

Figure 1 shows the metal parts of the electron-diffraction tube used 
by Davisson and Germer,^ while Fig. 2 is a cross-sectional view. In 


Fig. 1.— Electron diffraction apparatus of Davisson and Germer. The Scales TS am 
CS show respectively the azimuth of the target and the angular position of the collectoi 
OLi IS the collector lead wire. 


Fig. 2, F is the filament and G is a series of diaphragms, for producing 
a narrow beam of electrons. This beam falls normally on the target T, 
which can be rotated about an axis parallel to the beam. On the right, a 
weight hangs down from the axle carrying the target, so that it may be 
^Phys, Rev., 30, 705 (1927); Germee, J. Chem. Ed., 6 , 1041 (1928). 
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!»v rlmi.^inK Hh- of ih.. wi.ol,. tuho C is a 

...U .. wh...|. rocnv.. difTmcto., oiootrons. 

n .i lol (V hti. for i>ro»P,‘liim front ('loHrosfntir ofT.-dH, an.l i.s tnonnttsl 
o I till «no whirl) pnMWH Ihroiigh a narrow alit in tlir wtill of tho ryliti.h'r 

JhyrmT "rh T‘f 't' ““ fl.r plane of t,ho 

IS t nlhsi !i„. eoladtinl...” ami w .Imototi hy o, while flu- posiUon of (ho 
ivle eairyn.K Uie target is hy an azimuth ProvinionH are 

m.uie for plnniiK tl„. eolhsUor at any <ie«ire«i potential. UMimllv flat 

ohH O Y o( It.\ tsie teeorcie.i hy the gulvuiioineter. 'I'he ratio of eoHeetor 
So homhHrd.ng eurreni is of the onler Itt ^ un.h.r them. co„,Uf.ion8, ho 





that hy .ihIhk iMHi.hiirditiK .nirrentM of the order of I niieroiunrHW 
whlei, are ..aaiiy memimhlo with a 


W’ftHilive galvanometer. 


3. I.AlfK HKAMH t>F Il.gCTRONS FK0M A NICKKf, CRIfHTAi 

Ue turn dewrihe the fiiffraeted eleefroii Itemnn which art' obtained 
tt Iten n hmm impinKCH on the (111) fare of a nickel cryafid, 'I'he geome- 
try of the «nd the cryHlnl will la. erwily tinderslood from Fig. h 

w heie the . mIm. Mip|««,.,i n-priwnt a cryda! with it« fur,, cut parallel 
to the n.^^'niloKraphtc asea. »»„„ roriier ia then cut, away, ...posing 
a ' 1 1 1! I;.e.- In I IK |, we are l.a.king down on ihsH face. 'I'he hIoioh in 
the Mofa.e layer «re indicated hy the circles nmrke.l 1 luul thow in the 
w coitd and 1101^ layers by the circles 2 mtd li 'fhe fourth layer in 
!<li nlic!.} ttdtj (he fird an.l w on. The receiver la often Kef in one of 
tl.e n/nooths m«rk..d 4. H, and C. This h-ing done, the colleiior in 
toove.l throorh the whole range of colntilmles jH-rmitted hy the appani- 
tn. |,«l n; Mippose that the reis-iver is in the A azimuth and that the 
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voltage of the bombarding electrons is chosen to be 36. If we plot the 
currents to the receiver in a polar graph, as a function of we obtain 




CACBCACB C A CBC 

Azimuth Curve- ivr (6 -S0°V-S4 Volts ) 

Fig. 3. — Above, curves showing development of diffraction beam in the A-azimuth. 
Below, variation of intensity with azimuth at colatitude 50°. 


the curve shown at the left in Fig. 3.^ On repeating the process with 
increasing voltages, a peak is developed on this curve at the position 


A 



d = 50°. It reaches maximum development at 54 volts, and dies away 
again if we pass to higher voltages, as indicated in Fig. 3. By setting 
1 Davisson, Bell System Tech, Jour., 7, 90 (1928), 
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the receiver at 0 = 50°, and moving it in azimuth, a curve like that 
at the bottom of Fig. 3 is obtained. The peak thus outlined would be 
represented as a spur in a three-dimensional polar graph. The spur is 
repeated in each azimuth of the type A, as we should expect from the 
threefold symmetry of the crystal about the normal to the (111) face. 
The smaller maxima in the azimuth curve are due to another set of three 
spurs which reach their strongest development in colatitude 44"^ at 
65 volts. The sharpness of some of these spurs and the precision with 
which they may be located will be appreciated from Fig. 5, which shows 
the variation with voltage of a set of beams occurring at ^ = 55° in the 
A azimuths. These data are fairly typical; thorough exploration has 
resulted in the discovery of many such sets of spurs. When the .first 
extended account of this work was published/ thirty such sets of beams 
had been found at bombarding potentials less than 370 volts. Six 



of these were due to adsorbed gas and were not found when the crystal 
was thoroughly baked out. Concerning the others, Davisson and 
Germer say, 

Of the twenty-four sets due to scattering by the gaa-froe crystal, twenty are 
associated with twenty sets of Ijaue beams that would issue from the crystal 
within the range of observation if the incident beam were a beam of heterogeneous 
X-rays, three that occur near grazing are accounted for as diffraction beams due 
to scattering from a single (111) layer of nickel atoms, and one set of low intensity 
has not been accounted for. 

Eight sets which might be expected to occur were missing, but the 
intensities of all of those should be small, by analogy with X-ray diffrac- 
tion patterns. A partial list of space-lattice beams is presented in 
Table 1. 

We now consider the interpretation of a typical spur, for example the 
one discussed above. The voltage at which it is most pronounced corre- 
sponds to an electron wave length of 1.67 A. If white X-rays were to fall 
on the crystal in the same direction as the incident electrons, a series of 
wave lengths would be selected for diffraction by the most heavily popu- 
lated planes. In the azimuth A the wave length 2.87 1. would be dif- 
fracted by (100) planes and would appear at colatitudo 70^"* Similarly there 

1 30, 705 (1927b 
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Table 1 


Azimuth 


Voltage V 


Wave 
length in 
vacuo, X 


Colati- 
tude in 
degrees, 
d 


Order 


Miller Refi’active 
indices index /x 


Grating 
poten- 
tial, E 


111 


100 


no 


35 volts 

(2.05) A 

(72) 

54 

1.670 

50 

106 

1.190 

28 

174 

0.928 

22 

181 

0.910 

55 

248 

0.778 

44 

258 

0.763 

<20 

343 

0.662 

34 

347 

0.658 

62 

37 

' 2.02 

71 

65 

1.520 

44 

1 126 

1.093 

28 

143 

1.024 

56 

170 

0.940 

46 

i 188 

, 0.894 

43 



220 



1 

331 

1.118 

+13 

1 

442 

1.128 

4-11.5 

1 

553 

1.038 

4-13 

2 

551 

1.036 

+ 13 

2 

662 

1.036 

+ 19 

1 

664 

1.032 

+ 15 

2 

773 

1.022 

4-15 

3 

771 

1.068 

+48 


311 



1 

422 

1.123 

+ 16.5 

1 

533 

1.047 

+ 11 

1 

531 

0.979 

- 7 

1 

642 

1.075 

+26 

1 

642 

1.024 

+ 8 


would be beams of wave length 1.49 A. at 44° and 1.13 A. at 33°. These 
X-ray beams would be expected to .t)e quite prominent. Now, a set 
of electron beams having an equivalent wave length of 2.87 A. would 
have a velocity below the hmit which can be conveniently observed with 
the apparatus, but a set of beams with equivalent wave length 1.49 
A. arising from the (331) planes should be easily detected. No beams 
positions predicted by Bragg’s law, and it is con- 
cluded that the beam having wave length 1.67 A. is the one in question 
bimilar discrepancies between the position of X-ray beams and corre- 
sponding electron beams are found in practically all cases, and it is now 
understood that this is due to the fact that the equivalent wave length 
of an electron inside the crystal is not the same as its wave length in 
vacuo. It may be said that the crystal has a refractive index for electron 
waves, since the electron is accelerated as it approaches the crystal, 
due to the fact that the space inside is at a different average potential 
from the space outside. Leaving this for later consideration, we shall 
discuss the results in Table 1. It is important to realize that all these 

^ ®'“rface grating having the same spacing 
L ^ ^ surface of the nickel crystal. The 

effect of the underling layers of the crystal grating is to change the 
intensities of some of the beams which would be obtained from the first 

/.I" due to interference between the contributions 

of the different layers. The presence of several layers also has the effect 
of limiting the wave lengths which can be diffracted to any one of a 
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tliKcrot.' HTt of wave loriRthH, junt jw in tlio aim> of X-myH. All theno 
fiictj4 art' clearly iiroiiglit out by tho following (letnoMHfration given Ity 
Havimm, which hIiowh thal the wave length „f <nieh .'iet-tmii bentn can 
be enieitiiUeti from tlie plane grating formula, unitig tht! diffraetion 
angle which in aetmilly tiiwerved „ulsi,lr tint eryntal. 'I’hiK \h true regard- 
lesH ol the fnet that the cryHln! jai.Hf(eH8eH a refractive iiniex greater than 
unity. In hig. <>, let iia MttpjMi.He that radiation of wjive length \ falln 
on a crystal at nortmil incidence. If the wave length innide the cryntal 
ia X, then the indes of refraction n i.s e(]nal to X X*. t 'miHidt'r thati 
fmrtion of the beatn which ic tiifTracted Ity the planen nhown in tho 



! j«i. i\ t lift rt»« I It) fi rry«*!«l with ri’frtirf ivi» iiulMii tlifliirituf f*"**!!! tiiiify, 


figure, the angle of incidence on theae plancH heing II, Hy SnellV law, 

X Hin o' 

X' *" cin 2U 

If 4 thr Inti’rjiliiiinr ?*|mrjHjc, nrul U iIh’ itf tin* ntirfaiH* rown them 


i! h nin 

mill hy Brii-itg‘p liiw 

fiX^ «* 2^/ ^ Hill 

Ifiiltiplyilii: (.1) hy Ihb wv hiivi^ 

hK ^ I) Hiti B* (4) 

wfiirh in th«* to ii jilmii' litti' icmfitig of Hpiiolnp; Ik 

Although I til* tlifi flirt If ui Im’iuiih ihi i###/ tihoy fhr Hiuipif* llriigg roriifitiiiu 
nX 2r/ roH II, thf'v HntiHfy «n|iiiitiiio I II wry wolf, !l hIioiiIiI !«» riuiunti* 
ln^rinj, lifiwrviT, I lint IIiIh foroiuhi mmiot Im^ iip|iliril iiHliHrriuiifuitrly. 
I'ho only liuigtliH w!ik*h iiiiiy firriir in it tiro thoHo iitlowinl by tho 

Ilmgg rrtirrtiofi ruiiilif iiiu, lAir i‘^iiiojili% lirniuH orriir ni flifforrnt 
ill. ftio A fiml II rtitiitiulhH tHmiuiHo tlir iilmir gmtingH thiii iiiiikr up 
thr (TVHtfil fir*' iiot pilnl o^iirtly iiliovr 0110 iiiMithor, 1 ’ho iHtorfi.l HlhftH 
of thf' graiuig?^ ill luii iiHiiioifliH uro ilifTrrfUil, Thin iiMmiiH tlmt thfi 
pfiiiHo n»lmioiiH Ink wroii tin* rliurumtiiry IwmoiH rtuiTging io thr A Minmth 
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are not identical with those in the B azimuth, so that the conditions 
for the production of a strong beam are satisfied at different voltages 
in these two cases. 

The accuracy of measurement attained by Davisson and Germer in 
their first papers was such that calculated and observed values of the 
wave length might differ by 15 per cent. Later, ^ the apparatus was so 
improved that wave-length measurements based on diffraction beams 
and computed by equation (4) should not be in error by more than 1 
per cent. This encouraging advance indicates that the method might 
be made sufficiently precise to be useful in the measurement of h. 

4. G. P. THOMSON’S EXPERIMENTS 

G. P. Thomson^ has made extensive studies of the diffraction of 
electrons shot through foils of celluloid, gold, aluminum, and platinum. 
From de Broglie's law and the simple geometry of Thomson's apparatus 
one can see that the diameter D of any ring in the diffraction pattern 
obtained should vary inversely as the square root of the voltage applied 
to the tube. If the voltage V is high, it is necessary to take the 
relativity correction into account, and we then expect that the quantity 
DV^{1 + 76/1,200 mc^) will be constant. Thomson has- improved the 
technique of this method so that the mean error of a set of observations 
is little more than 1 per cent. It can be shown that corrections due 
to the refractive index of the metal foil are negligible for voltages of 
the magnitude used in these experiments. A typical set of data referring 
to celluloid is given below : 


V (volts) 

D (centimeters) 

07^(1 + 7e/l,200 mc>) 

50,000 

0.85 

195 

42,500 

0.90 

189 

36,000 

1.00 

193 

30,500 

1.05 

186 

23,200 

1.25 

193 

21,000 

1.30 

190 

16,800 

1.47 

191 

16,100 

1.48 

189 

11,500 

1,62 

175 

9,800 

1.86 

185 



Mean 189 


The value of the spacing of the reflecting planes deduced from 
experiments of this kind is in good agreement with X-ray measurements, 
as the following tabulation (in Angstrom units) will show: 

1 Proc. Nat Acad. Set, 14, 317 (1928). 

‘^Nature, 122, 279 (1928); Proc, Roy. Soc,, 117, 600 (1928) and 119, 651 (1928); 
Phil Mag., 6, 939 (1928). 
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* 

Al 

All 

Pt 

Cathode ravs 

4.035 

4.043 

4.20 

4.064 

3.89 

3.913 

X-rays 



In a rough way, the intensities of the rings parallel those to be 
expected in the case of the corresponding X-ray experiment. In some of 
Thomson’s experiments the pattern resembles a Lane picture instead of a 
system of rings. As might be expected, such patterns are produced by 
the presence of large single crystals in the film. 

Thomson has obtained the important result that the velocity of the 
diffracted electrons differs by less than 1 per cent from that of the 
incident beam. This indicates that the electron is to be considered as 
colliding with the crystal as a whole, and not with individual free electrons 
in the crystal. This is analogous to the well-known fact that diffracted 
X-ray beams do not show the Compton shift. 

Thomson’s experiments have been continued by Reid,^ who worked 
with celluloid. While Thomson used a spark gap to measure the voltage 
of his electrons, Reid used the method of electrostatic deflection, obtaining 
results which agree within 1 per cent with those of Thomson. In 
experiments of this kind it is essential that the films should be thin enough 
to prevent blurring of the pattern by multiple scattering. The celluloid 
films are made by dissolving celluloid in amyl acetate and are of the order 
of 5 X 10""® cm. thick; 

6. RUPP^S DIFFRACTION EXPERIMENTS 

Rupp^ has extended the range of the foil method of studying electron 
diffraction to lower velocities, using voltages in the range from 120 to 
320. He has obtained patterns from foils of the following metals, the 
most complete set of data being those for silver: Al, Pb, Ni, Cu, Ag, 
Au, Cr, Sn, and Zn. Of these, the first six are face-centered cubic, 
while Cr is body-centered cubic, Sn is tetragonal, and Zn hexagonal. 
The foils were about 10"”® cm. in thickness, and were prepared by the 
method of Muller in which the metal to be studied is evaporated on to the 
surface of a rock salt plate, which is then dissolved away. The apparatus 
is esseixtially a beta-ray spectrograph, which is placed in a magnetic 
field so that the paths of the electrons are circles. This has the advantage 
that electrons which lose any considerable portion of their velocity in 
passing through the film are deflected to one side and do not reach the 
central portion of the photographic plate. 

In general agreement with Thomson, Rupp has demonstrated a 
general parallelism between the intensities of the various diffraction 

iProc. Boy, Soc., 119, 663 (1928). 

Unn, 86, 981 (1928). 
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rings and the intensities of the corresponding rings in X-ray powder 
photographs for the same metals. More recently, he^ has found it 
possible to obtain electron spectra by letting a homogeneous, well-defined 
beam of electrons fall on an optical grating having a constant of 8 X 
10“^ cm; 150- volt and 70-volt electrons were used. The accuracy 
obtained in wave-length determinations was of the order of 2-3 per cent. 
In these experiments it was found to be essential to use a grating ruled 
on metal, perhaps because electrostatic charges would introduce diffi- 
culties if the grating material were an insulator. 

6. KIKUCHI’S EXPERIMENTS ON DIFFRACTION PATTERNS OF SINGLE 

CRYSTALS 

Kikuchi^ has studied the diffraction patterns produced by a beam 
of electrons, homogeneous in velocity, which has passed through thin 



Fig. 7.— Diffraction pattern of a very thin mica sheet. (After Kikuchi.) 

sheets of mica at nearly normal incidence. He has traced the interesting 
changes which occur as the thickness of the sheet increases. The 
thinnest sheets he used were not thick enough to produce interference 
colors. The pattern of such a sheet is shown in Fig. 7. According 
to Kikuchi, it is well explained by the assumption that the crystal 
behaves like a two-dimensional grating with a spacing of 5.17 k. He 
states that his thinnest crystals contain only about 50 layers of unit 
cells (the grating space perpendicular to the cleavage plane being 20.4 A.) 
and that the selective effect of the grating structure perpendicular to 
the plane of the sheet does not come into full play when the number of 
layers is so small. This seems surprising, but it must be remembered 
that the thickness of the sheets was estimated, not measured; Kikuchi 
states that it was probably of the order of 10”“® cm. or less. 

1 Naturwiss, 33, 656 (1928); Z, Physik, 52, 8 (1928). 

2 Nature^ and Proc. Imp. Acad. Japan^ 4, 271, 276, 354 (1928), 
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en progressively thicker sheets are used, the pattern gradually 
until it shows well-defined Laue spots produced by three-dimen- 
interference, as in Fig. 8. Straight dark lines accompanied by 
lines on the side toward the center of the pattern can also be 
id. Kikuchi states that thpse are the analogues of the lines 
ed by Rutherford and Andrade in their study of gamma-ray 
^ The electron beam becomes divergent (though still homo- 
3 in velocity) in passing through the first portion of the sheet 
tered, and then the electrons are in a condition to undergo Bragg 
3n at planes of atoms nearly parallel to the direction of the original 
The light lines are due to a local deficiency of electrons which 
3en diverted to the neighboring dark lines. 



Fio. 8. Diffraotioa pattern of a thick mica sheet* (After Kikuchi.) 

THE REFLECTION OF ELECTRONS AT CRYSTAL SURFACES 

dsson and Germer^ have studied the reflection of electrons from 
with an arrangement essentially similar to a Bragg spectrometer. 

the collector at the correct position for receiving a regularly 
d beam, they vary the voltage, and find that the intensity of 
)n varies periodically. The maximum mtensity is not obtained 
iges corresponding to the wave lengths which would be selectively 
d in the corresponding X-ray experiment, because the crystal 
s toward electrons as though it had a refractive index greater 
aity. The following table gives a set of data for an experiment 
h the angle of incidence was 10°: 

I Mag., 28, 263 (1914). 

c, Nat Acad. Sai.^ 14, 317 (1928); 14, 619 (1928). 
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yH 



(5.3) 

1 ^ 

(1.15) 

8.0 

3 

1.14 

11-.4 

' 4 

1.07 

14.7 

5 

1.04 

18.1 

6 

1.02 

21.2 

7 

1.01 

24.2 

8 . 

1.01 


The first column gives the values of at which the intensity of reflection 
passes through a maximum. The observations could not be extended 
much below = 8 because the current of the incident beam becomes 
too small at low voltages. The first maximum at = 5.3 was obtained 
by a modification of the usual procedure. The order of reflection n is 
given in the second column, while the third contains the index of refrac- 
tion.^ The formula used for determining the refractive index is a simple 
generalization of Bragg’s law, and is as follows: 

n\ = 2d(fjL^ — sin^ (9)!'^. ( 5 ) 

Putting in the value of X and solving, we have 

__ /l50n^ . 

M y ’ (6) 

which enables one to obtain the refractive index as soon as the voltage 
of the incident electrons and the incidence-angle are given. The utility 
of interpreting electron diffraction experiments with the aid of a refractive 
index was pointed out by Eckart^ and Bethe,^ and the idea is now widely 
used. Let us examine the way in which the refractive index arises. 
It is due to the acceleration of the electron by forces of the crystal. 
If the potential drop through the crystal surface (the so-called “grating 
potential”) is E volts, the wave length inside the crystal is smaller 
than that outside, in the ratio (F and we have 

^ = (1 + 7)''' ( 7 ) 

E being chosen positive. For each velocity, we can compute a value of E. 
Values for nickel are listed in the last column of Table 1. Those for 
several other metals have been determined by Rupp,^ but Thomson® 

1 At first, Davisson and Germer favored another assignment of the beams, but 
now lend their support to the one given here. See also a note by Patterson, (Nature, 
120, 46 (1927)). 

‘‘Proc. Nat. Acad. Sci., 12, 460 (1927). 

s Naturwissensckaften, 16, 787 (1927); 16, 333 (1928); Ann. Physik, 87, 55 (1928). 

' ■* Ann. Physik, 86, 981 (1928). 

'PWf. Mag., 6, 939 (1928). 
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i,s pointed out an error in calculation which invalidates them. This 
^es not affect the value of Rupp’s interesting experimental results. 

At first it seems puzzling that E is not identical with the photoelectric 
.jreshold voltage of the crystal. This may be explained by stating 
. 0 -t the work required to remove a photoelectron is less than the potential 
•op across the surface, because conduction electrons are moving with 
'vepr considerable kinetic energy which aids them in escaping under 
e> influence of light. It must be remembered that the conduction 
3!Ctrons have an average kinetic energy much greater than ^kT, 
C they obey the Fermi-Dirac statistics. ^ The classical value %kT 
>es not account for the difference under consideration. Since the 
fractive index is greater than unity, total reflection may occur for 
tme electron beams, as suggested by Bethe.^ In Table 2, we give data 
;rtaining to several beams which would strike the inner surface of the 
ystal at angles &' so large that total reflection would occur. If we call 
bhe angle of refraction, total reflection occurs when sin 9 as calculated 
^ Snell’s law is greater than unity. 


Table 2 



While this idea is not a cure-all for explaining missing beams, it has 
aved its utility in a number of instances. Three beams in the table 
Duld be emitted nearly parallel to the crystal surface. We should 
■fcicipate that such grazing beams will be both weak and broad, because 
ver layers of the crystal are penetrated by the electron, and the resolv- 
t power of the crystal is, therefore, smaller. As mentioned before, 
L-visson and Germer have listed several beams which they attribute to 
fraction at the first layer of atoms. Further, they have shown that 
a small amount of gas is admitted to the apparatus it is possible to 
beet additional diffraction beams, due to the arrangement of these 
>TOS in a space lattice, either on the surface or underneath the first 

1 Fbemi, 2. Physik, 36, 902 (1926) ; Dieac, Proc. Roy. Soc., 112, 661 (1926). 

* Loc. dt, 
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layer of nickel atoms. On heating the crystal, the so-called “gas beams ” 
may be eliminated, which is excellent proof of this interpretation. 

Rose^ has studied the reflection of electrons by a single crystal of 
aluminium and comes to the conclusion that the results are consistent 
with the value unity for the refractive index. 

Klemperer^ has made the interesting suggestion that insulators 
may have a refractive index less than unity. In support of this view, he 
discusses experiments made by Schmidt’ and by others following him. 
In these experiments a beam of cathode rays was directed on the surface 
of a crystal and the dependence of the intensity of the reflected beam 
on the angle of incidence was studied. When this angle is greater than a 
certain limiting value characteristic of the substance, and of the velocity 
of the incident electrons, the secondary beam is much diminished in 
intensity. Klemperer considered this as evidence of a refractive index 
smaller than unity, due to the slowing up of electrons in the insulating 
material. Rupp^ suggested an alternative explanation, namely, that the 
piling up of electrostatic charge on the surface is responsible for the 
effect. As the angle of incidence increases, the velocity being held 
constant, the component of velocity normal to the surface decreases, 
and eventually becomes so small that the bombarding electrons cannot 
penetrate to the surface. 

8. REFLECTION OF ATOMS FROM CRYSTALS 

T. H. Johnson’ has found it possible to study the reflection of atomic 
hydrogen produced in a long discharge tube, at cleavage surfaces of 
calcite, sylvite, and rock salt, as well as natural faces of quartz. The 
apparatus is complicated, and many experimental precautions must 
be taken in order to secure reproducible results. The detector for the 
beam of reflected atoms is a glass plate smoked with white molybdenum 
trioxide, the surface of which is darkened wherever atomic hydrogen strikes 
it. Arrangements were provided for heating the crystals, since, other- 
wise, a layer of adsorbed gas would interfere with crystal reflection ; further, 
in the case of rock salt the surface is attacked by the atomic hydrogen. ' 

Some of the hydrogen atoms are diffusely reflected, a phenomenon 
which Johnson interprets as due to adsorption followed by reevaporation. 
With the detecting plate at a distance of 1 cm. from the crystal, a specular 
beam superposed on the diffuse reflection can be recorded in 30 minutes. 
The intensity of this beam depends on the angle of incidence and on the 
temperature of the crystal. In the case of rock salt at 400°C., the 

'PM. Jkfaff., 6, 712 (1928). 

2 Z.P%sa, 47, 417 (1928). 

2 Dissertation^ Berlin (1924). 

' Ann. PAj/sifc, 86, 981 (1928). 

Monr. FranhUn Inst., 206, 301 (1928); Ahstrait, New York Meeting, Amer, 
Phys» Soc„ Dec. 29, 1928, * 
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intensity near^grazing incidence is perhaps twice that at 30° and twenty 
times that 60° from grazing. At lower temperatures the diffuse back- 
ground becomes less prominent, and it has been found possible to obtain 
a very large percentage of the reflected atoms in the specular beam, even 
at 8.ngles far from grazing. Johnson remarks that there should be 
interference maxima in directions other than that of the regularly reflected 
beam. He shows, however, that due to the Maxwell distribution of 
velocities, the wave lengths of ,tho impinging atoms are distributed over a 
broad range, and the first order diffraction beam would be expected 
to extend over about 50°. 

Ellett and Olson' have made similar experiments with unidirectional 
beams of cadmium and mercury atoms, striking a clean rock-salt surface. 
The reflected atoms produce a single spot about 0.8 mm. in diameter, 
while the glass leceiving surface, cooled with liquid air, remains perfectly 
clear for several times the. interval required to make the spot perfectly 
opaque. These spots were obtained with angles of incidence varving 
from 20 to 80°. 

More recently," they have shown that the atoms in the reflected 
beam all have th(i same velocity regardless of th (5 temperature of the 
reflecting crystal, fl’his demonstrates that we are dealing with a reflec- 
tion which is analogous to the Bragg reflection of X-rays from a crystal. 
The data on spc'cularly reflected cadmium atoms are as follows: 


OI)s<u'V(i(l Velocity 
Angle of (Motors per 

Iiieidcnieo HcmioikI) 

22.5“ 500 

45 5;«) 

07.5 000 

In a lattw paper ICllett, Olson, and Zahl" have given an equation which 
represents their data for cadmium. It is. 


h 

niv 


2d 2.26 


} 2 



<P is the average potential energy of an electron when inside the crystal 
and m is the mass of a cadmium atom. 


Ellett and Olson stated in their first paper that sodium is not reflected 
from a rock-.salt surface. In view of the discovery that the reflected 
beam is analogous to a spectrum line obtained with the Bragg spectrom- 
metor, this oljservation can now Ixs understood. It appears^ that less 
than 1 per cent of the sodium atoms in the beam used by Plllett and 
Olson had a velocity such that they could satisfy the Bragg condition. 


1 Fhy<<. Rev., 31 , 643 (11)28). 

» Science, 68, 81) (11)28). 

^Phye. Rev., 84 , 41)3 (192!)), 

* Private oommunication from Dr. Ellett. 




APPENDIX I 

RELATIONS BETWEEN AVERAGE KINETIC AND POTENTIAL 

ENERGIES 

The virial theorem of Clausius^ states that for a system which is periodic or is 
in a steady state, the average kinetic energy over a long period of time is equal to 
the average value of the function — S(Xa; Yy -i- Zz), which is called the “virial.” 
We shall prove an extension of this theorem which holds true in relativity mechanics. 
Let the equations of motion of a particle in the system be 

Then 

xd(mx) d{mxx) 


xX = 


mx^. 


dt dt 

We write down two similar equations for the y- and ^-coordinates of each particle, 
and sum over all particles, obtaining 

S(rcX + 2/F + zZ) = + 2/^ + zz)] — IBmvK (1) 

Dividing by two, and averaging over a long time, the first term on the right disappears; 
for its average is simply the difference of its values at the end and at the beginning 
of the interval, divided by the interval. This diff;erence is finite because we assume 
that the motion is periodic or that a state of kinetic equilibrium has been reached, 
so that neither the coordinates nor the velocities increase indefinitely with the time. 
Finally, 

ZCrX yY zZ)~] 

2 ^ 




']• 


( 2 ) 


Note that on the left side m is the actual mass of a moving particle, so the left member 
is not the average kinetic energy. However, it reduces to the average kinetic energy 
when relativity is neglected. 

Interesting applications occur in the case of conservative systems, where X = 
— dV/dx, etc. If the potential F is a homogeneous function of the coordinates of 
degree n, then by Euler’s theorem for such functions the virial equals nV. In 
classical mechanics, equation (2) becomes 

2T = nV. (3) 

Consider a system in which the force between two particles is along the line joining 
them and is proportional to the (n — 1) th power of their distance apart. For the 

inverse square law, n = —1, and 

2T = -F (4) 

so that the total energy is 

E = -f = Y (5) 

A more general theorem is this: If the potential energy F is the sum of several 
functions, Fi + F 2 + • • • , which are homogeneous in the coordinates and of 
degrees ni, 712 , etc., then the virial is 

■n-iFi ”f" ^2F2 

^ See any edition of Jeans’ “Kinetic Thwy t)f Gases’' for applications in statis- 
tical |xiqc}]?Wlics. 
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[App. I 


There are important cases in which the external forces depend on the velocities 
as well as the coordinates. Consider an atom exposed to a uniform magnetic field. 
In order to make the illustration more widely applicable we suppose that a uniform 
electric field is also present. Then, assuming the nucleus immovable, we have for 
each charge c, 

= X + ^ - zHy) ] , etc. 

Here X refers to all forces acting on the electron apart from those due to the electric 
and magnetic fields. If these forces are due only to inverse square attraction^ and 
repulsions and have a potential F, then we show in the same manner as above that 


~~Y~ 


V EM 
2 2 



(6) 


(For the electron e = —4.77 10~^“, not +4.77 M is the electric moment of the 

atom, and pn the component of angular momentum in the direction of H while EM is 
the scalar product of the vector E and the electric moment. If E is not present, the 
angle between H and pn is constant. 

Mjlne^ has extended the theorem of the virial to systems subject to frictional 
forces proportional to velocities. In many cases the existence of such forces prevents 
the existence of a steady state, but in cases where it does not, or in which the motion 
is periodic, such frictional forces contribute nothing to the virial and can be left out 
of account in computing the mean kinetic energy. 


iPM. Mag. 60 , 409 (1925). 



APPENDIX ri 

QUANTUM INTEGRALS 


1. Many ititograls which arise in applying the quantum conditions can be evalu- 
ated by a “perturt)ation” method, starting from the value of 

lliis nrow(‘ iti equation (18), Chap. V, and was evaluated there by direct 

luetliodB witli t lui result 

Jo == (2) 

We uow obtain tins r(\sult by tlui use of complex integration (see Appendix VI, 4th 
edition oi 8otnnu‘r(eld). Considiulng r as a complex variable, wt* nnirk th (5 braneli 





points /‘i aiul /•.. in (he r plaiui (Fig, 1), representing the lower and upixvr limits of 
intvgraiion, r(‘spee.tiv(‘ly. TIh^ path of integration extends froin rt to r-j, using l.lu^ 
posi(lv(^ sign of (Ik* stpuire root, and then from to fj using tlie negatives sign of i,\u\ 
s(iua.re roof,. Tln^ path of ini(‘gra.tion may be deformed into a i>a,ir of inlinitc'siinal 
cir(‘l(‘s (inssing around i\io poles of the integrand, at r » 0 and r oo. To s('e this 
it is (‘(mvemiont, (o r<'pn‘.s(*nt (ln‘ r plane on the surface of a sphere as in Fig, I and to 
str('ti(^h tin^ path of integration like a ruliber band until it aasnituvs tlu^ iiosition A-//, 
Bringing (,li(‘ portions }i(J) and AY/// infinitesimally closer to (^a,eh otlnu- their (ion- 
Iributions (‘nnenl jiiid we a,r(^ h'ft with the cireles HAB and DEF around (lie poles. 
At r ss 0^ y,| (.Jill P(. cfxiianded in tlu; form 
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and the only term giving a finite contribution is the first one. The residue obtained 
from this term is 

where the minus sign appears because the direction of integration is clockwise. 
Using the transformation s = 1/r, Jo takes the form 

Jo = -/(A + 2Bs 4- (3) 

and expanding in exactly similar fashion around s = 0, the contribution of the pole 
"at r = 00 is 

which completes the proof of equation (2). 

2. We now evaluate 



which occurs in the theory of the Stark effect (Chap. V, Sec. 12 ). D is proportional 
to the electric field strength and is small compared to the other coefficients. We 
expand the integrand in powers of Dr, retaining only the first power, the result being 



which shows that 



Since D is small, the positions of the branch points which persist when D = 0 are 
not much altered. (In other words, the aphelion and perihelion distances of the 
electron are not much changed by the electric field.) In evaluating each of the 
integrals in equation (6) we deform the path of integration as before until it consists 
of infinitesimal circles around the poles. (In doing this, we are careful not to cross 
any of the branch points of Ji or of the integral being evaluated.) As to the second 
integral in equation (6), its only pole is at r == oo, and the residue at infinity is such 
that we obtain 


( 7 ) 
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PHASE VELOCITY AND GROUP VELOCITYi 


Consider a wave which is composed of a superposition of sinusoidal waves of 
various frequencies, a typical one being represented by cos If u 


is the same for all frequencies, any modulation {i.e., any rise or fall in the '‘envelope’' 
of the curve representing the disturbance at a given instant) is transmitted with 
velocity u. The form of the wave group is not altered as it progresses, and if the 
energy of the waves depends essentially on their amplitudes the rate at which their 
energy is carried forward is the same as the velocity of a given phase of one of the 
component waves. But if the phase velocity u is & function of the frequency, the 
form of the group continually alters as it advances; the velocity of propagation of a 
signal, that is, a modulation, is not equal to u, and is called the "group velocity.’' 
Take the case of two cosine waves of equal amplitude with frequencies and velocities 
which differ by the small amounts dv and du. The resultant is very like a cosine 
wave train with slowly varying amplitude, familiar from discussions of beats in 
books on sound. Its expression is 


cos - f) + cos 2x(. + - «) 


u + du 

^ n, o A irxfdv du\ ,dvl 

= 2 cos 2x.(- - cos i-J. 


When t = 0 there is an amplitude 2 at a; = 0. At a later time ii, this peak will be 
at a point x\ such that the argument of the last cosine term is zero, so the velocity g 
with which the peak or any other modulation of the train advances is given by 

^ ^ ^ /I N 

g Xi u u‘^ dj/ dv 


Other useful formulations are 

_ dv _ _ __ 

“ dCo/M) “ “ d\ 

These formulas hold approximately for waves of the more general type 
y = '^Ci cos 2Trvi(^^‘ — i 


( 2 ) 

(3) 


where v and u vary only slightly for the constituent wave trains. For the sake of a 
definite example suppose there is a maximum at the origin when t = 0. Let us refer 
to the argument of any cosine term in equation (3) as its phase. After a time 
Atj large compared to l/v, the phase at a position Aa; differs from its value at the origin 

when « = 0 by an amount 2Trv(^^^- - The phase change will be nearly the same 

for all the terms if Ax is so chosen that 


d(v/u) ■ ’4a; = dv • At. (4) 

iSee Havelock, "The Propagation of Disturbances in Dispersive Media,'’ 
Cambridge University Press (1914). 
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[App. Ill 


The relative change of phase of the terms in equation (3) is very small during a single 
period l/v because of the above restriction on the variation of v and u. Hence the 
combination of phases which gave rise to a maximum at the origin at time zero will be 
reproduced at a point within one wave length from the position at a time differing 
from M by less than one period. Thus Lxjtd is nearly the group velocity and equation 
(4) yields equation (2). Of course, it is possible so to choose the C’s that our approxi- 
mations do not hold. Wave groups of other types must be treated by special methods. 
It is often loosely stated that the velocity of transmission of energy is the group 
velocity, but since the latter is usually defined by kinematic relationships alone, this 
is not necessarily true. Frequently there is little sense in speaking of a group velocity. 
However, if we know the energy density p as a function of a;, ?/, 2 :, and it is easy to 
obtain an energy velocity q which may be defined as the group velocity. Its com- 
ponents satisfy a relation analogous to the equation of continuity in hydrodynamics: 

^ 1 1 

dt dx dy ^ dz 

This does not determine g completely, and in general g will be a function of t 
as well as of the space coordinates, since it is not characteristic of the medium alone 
but depends also on the type of disturbance. The conventional character of the term 
‘^energy velocity’’ must be clearly appreciated. It is impossible to identify a given 
portion of energy at a later time, so g appears to be simply a convenient analogue 
of the velocity vector so useful in hydrodynamics. 



APPENDIX IV 

NORMAL ORTHOGONAL FUNCTIONS USED IN WAVE 
MECHANICS 


1. THE SERIES EXPANSION OF AN ARBITRARY FUNCTION 
To avoid repetition, wc refer the reader to Cliap. XV, Sec. 13 for the definition 
of normal orthogonal functions, and for a proof that the discrete solutions of Schro- 
dingor s wave equation are orthogonal, provided we are dealing with a non- 
degenerate system. Similar proofs could be carried through for the more general 
wave equations introducKid thereafter. Here we need more general definitions. 

A sot of funcitions of a single variable x i.s said to be normal and orthogonal in 
the interval A to 13 if 

'pt4'm*dx = 1 when n = m 

= 0 when n 7^ m. ( 1 ) 

In the discussion wo shall omit the limits of integration wherever possible. The 
extension to functions of s(!V(!ral varialdos is obvious. Nothing is said as to the 
behavior of the functions outsithi the range of integration. It is shown in Chap. 
XV, 8(!(!. 21 that any function fix) which olieys certain restrictions can be expanded 
in a series of normal orthogonal functions 



( 2 ) 


The ordinary houricjr series is a simple illustration of such an expansion. The whole 
subject becomes very (dear if we approach it by setting ourselves the following 
problem:* 

Suppose wo are given a finite number of normal orthogonal functions li-i, etc. 
Lot us try to approximate the function / by a linear combination of these functions, 
'Zchfk, with constant coefficients Ck, in sutdi a way that the mean sqtuirc deviation 
is made as small as possible. That is. we seek the best fit by the method of least 
squares, arranging that 

M = /(/ - ■Sck^k)Mx (3) 

shall 1)0 as small as possible. The conditions for this integral to bo a minimum are 


= 0 , 




flc, - f)c; 

By way of example, the first condition yields the equa 


(4) 


fif ~ Sck'4'k)'(’\<ix = 0 

and since the ^’s obey the conditions of eciuation (1), the result of the integration is 


In genenil, 


Cl « Jfiiidx. 


Ch ^ 

If any of the ftmetions / or wore complex it would he in order 
(3) by 

M « /(/ -- Xcki'fdif* - :^Ck^^Pk*)dx, 
and to genoraliiic (uiuation (4) correspondingly. 


(5) 

to replace equation 


iThe troatnuuit of this problem follows that of CouuANT-HiLTmxiT, Vol. I, p 35 
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Since M is greater than or equal to zero, on expanding the expression for M and 
integrating term by term we have 

0 ^ SPdx - 2-Zck!fi^kdx + = jpdx - 

The integral of p is called the norm of /, and is written N(f), so we have 

( 6 ) 

which is Bessel’s inequality. It holds whatever be the number of functions used 
in the series for /. 

Now let the number of functions in the set xPk approach infinity. If it is possible 
with their aid to approximate the function / as closely as we please then the set 
is said to be complete. The formula (5) for the development coefficients is unaltered 
and Bessel’s inequality becomes the equation 

= N(f) (7) 

which is referred to as the ‘‘condition for completeness.” 

By similar methods it is easy to prove that for any two functions / and g, we havo 
the relation 

Jfgdx = ^Ckdk, 
k 

where the c’s and d’s are the development coefficients of / and g, respectively. 


•2. HOW TO CONSTRUCT A SYSTEM OF NORMAL ORTHOGONAL 

FUNCTIONS 

If we are given a set of independent functions Fo, Fi, . . . , we can construct 
a set of normal orthogonal functions from them by straightforward applicatio 7 \ 
of the conditions of equation (1). The procedure is the following: We agree to write 
{ah) for ^ahdx. Let us pick out one of the functions F, say Fo, and form the function 

Fo 

= [N{f\)YA 

Then the norm of i^o will be one, so that it is normalized correctly. If we define 
another function i/i by the relation 


— aoxpo -h ttiF 1, 

we may so choose the constants ao and ai that this function will be orthogonal to ^Pq. 
That is, we require that 

J\pi\podx = JaQ-po^dx -f faiFi\p(idx = ao H- ai(Fi\i'o) = 0. 

This being done, we have in a function which is properly normalized 

and which is orthogonal to \po. We continue this process, determining a function 

^2 — bo\pQ 4 " bifpi + 62F 2, 


in such a way that it is orthogonal to both V'o and after which we normalize it, 
and so on. The formula for \pn^i is 


^n+l = 


1 



n 

1 


(8) 


An interesting example is afforded by the Legendre polynomials. It is well 
known that any continuous function may be approximated throughout its course 
by a power series, as closely as we please. However, the functions in the sequence, 

1, re®, , , , 
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are not orthogonal, whatever be the range of integration. If we construct from them 
a set of polynomials which are normal and orthogonal in the interval -I to +1, by 
the above process, we arrive at the functions 

¥>».(») = (9) 

wliere^ P„,(.r) is a Legendre polynomial, useful in the quantization of the rotator 
jitul of th(‘ hydrogem a, tom. Other systems of polynomials often used in wave mechan- 
ics are ohtaim^d by orthogonalizing the system 

wliere p(x>) is a so-called ^‘weight function. 

We now summarize th(^ more important properties of several systems of poly- 
nomials which are extensively required in problems of wave mechanics. 


3. LEGENDRE POLYNOMIALS 

Tlu^se polynomials whicli are often called cylindrical harmonics, may be defined 
by the relation 

1 -l)n 


Pn(^) = ; 


2«a! 

In physical ppl>lems x usually is the cosine of the angle 0 between the s-axis and the 
radius v(‘ct()r, and w(^ often find the Legendre functions written with cos 0 as the 
argunamt. This (explains why we norinalke these functions over the interval —1 
to +1. These limits correst)ond to (9 = tt and ^ = 0, so that the integration covers 
all posBil)l(^ vahies of 0. 

We have 


P(. 

Pi 

P, 

P, 


X, 




P4 

i\ 

P« 

IN 


^Hx^ 

23L; 




The recursion formula is 


+ ^Vbx, 


( 11 ) 


(n 4“ 1 )Ph |4 - (2n l).rPn + nPw~i ~ 0. (12) 

The norinalization factor for the f ’s may l>e obtained from eqimtion (10), in the next 
sesetion, 

4. ASSOCIATED LEGENDRE POLYNOMIALS 

Th(‘H(^ functions di'pcmd on two indices, n and m, and may Ixs written either as 
Pn,fn(x) or as Th(\v may be defined l)y the relation 

= (1 - m g «; (13) 

from whieli formula, (OS) in (Ihnp. XV is derived. If 0 and ^ are the polar angles, and 
it w(‘ writer X — cos 0, trlu^ lumd.ions J*n,m(x) cos m^and Pn,m(x) sin m(p are known as 
t(‘sseral harmonicas.” Ihamaise of tlunr utility in electrical problems, these harmonics 
arc dis(mHs<Hl in J(‘a,nH’ “ Kh^d-riclty and Magnetism,” Chap. VIII. The following 
tabula, (ion giv(‘H tlu^ valmss of the first few associated polynomials; 

1, /h,() cos 0, Pm = sin 0, 

Pi!,() -- jyfO cos'' 0 — 1), p 2 ,i “ 3 sin 0 cos 0, p2,2 « 3 sin^ 0. 

Pii,{\ - ^ 2(0 <H)s'* 0 — 3 cos 0)f Pj,i ^ M Bin 0{6 cos^ 0 — 1). 

Ps.x -- 15 sin*’ 0 (u)H 0j » 15 sin^ 0. 

Pax " ’.s(3r) c.os'^ 0 — 30 coB^ 0 -j- 3), P4,i « % sin 0{7 cos® t? — 3 cos 0)^ 

Pax Hin" d(7 c,ob® 0 — 1), Pax IfiS sin® B cos 0, 

Pax - 105 sin^ 0. (I4) 

^ For further information on this point the reader is referred to CotTRANT-HiLBBET, 
Volljp, 72. 
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We have 


normal orthogonal functions 


so the corresponding normalized polynomials are 

[(2n + l\{n ,, 
L\ 2 ){n + m)\\ 

J ^ Pn,ntJPq,mdx — 0 wheil Q ^ 71, 


m)\ 


Further, 


[App. IV 

(15) 

# 

(16) 
(17) 


5. JACOBIAN OR HYPERGEOMETRIC POLYNOMIALS 

These polynomials occurred in the quantization of the polyatomic molecule. 
They are defined by 

6. HERMITIAN POLYNOMIALS 

,-r> tl" oscillator we arrived at wave functions which are expressible 

H Hermitian polynomial. It may be 

defined by the equation, * 


Bn(x) = (-l)»e» 


dx”‘ 


(18) 


From equation (18), we obtain the explicit formula 

= (2a.)» - (2x)n-. + ^ - l)(^^ :^)(!L=j)(2,)n-. + . . . . (ig) 

The values of the polynomials HoioH^ are given in Chap. XV, Sec. 9. The recurrence 
formula of these polynomials is 

H71+1 — 2x11 n H“ 2niJn-i = 0, (20) 

which proved very useful in obtaining the selection principle for the oscillator 

The Hermitian polynomials arise from the probem of finding functions to satisfy 
the normality condition * 

/ + 00 ^ 

. 00 ^ ^^^n(x)Hm(x)dx - 0; 771 9^ 71 ; 771 QJid 71 = 0, 1, 2, • • * • (21) 

The corresponding set of normalized functions is 


, __ Hne'-xV2 

= 0 , 1 , 


( 22 ) 


7 . THE FUNCTIONS r/ OF THE HYDROGEN ATOM (GENERALIZED 
LAGDERRE POLYNOMIALS) 

rnri-^ function of the hydrogen atom depends on the 

radius vector r through a factor 

R(n, 1) = 

n+£ '• ' 

Here . is equal to 2r( - and the functioni^M is a polynomial which can be 

C^lAn + derivative of theLaguerre polynomial L„+i(s), multiplied 
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The Laguerre polynomials are defined either by the conditions 

•'0 [O if t s 
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(23) 


or, more simply, by the relation 

La ^ e ~ — 1) . . . (p ^24) 

2:>»0 

- ( -!)• (x- - ijx-i + + . . . + (-D-sl). 

Prom this we find the first few polynomials to be 

io = 1, ii = 1 - a:, 1/2 = 2 - 4x + Z-a = 6 - 18* + 9 *^ - xK (26) 
The recursion formula of these polynomials is 

Ln+i + (2rt + 1 - x)Ln + = 0. (26) 

The corresponding normalized functions are 


e-x/ 2 .^, n = 0, 1, 2, 


(27) 


To obtain the derivatives of the Laguerre polynomials, which occur in the theory 
of hydrogen, we use the second expression for L. in equation (24). Differentiating 
t times, and writing L.‘ for <PL,ldx\ we have 

L.* =s!2(-1)»>+‘C' (28) 

■“ 0 ^ 


Some of these functions are listed in Chap. XVI. They are not themselves orthog- 
onal, but the related set * 

which occur in the theory of hydrogen are found to enjoy this property over the 
range 0 to 60 . x ^ j 

Integrals of the type 

^ 00 

(29) 


xPe-'’L/(x)Lu''(x)dx 

have been treated by Schrddinger.^ The nnore general integral 


xKe-(a+fix/2L/(ax)L^^(/3x)dx 


can be evaluated in terms of the integrals of equation (29). The results are too 
lengthy to be <iuoted in detail. Wo encounter integrals of this kind in evaluating 
the intensities of the spootral lines of hydrogen. 

• Ann. Physik, 80, 437 (1926). 



APPENDIX V 

METHODS FOR DETERMINING CHARACTERISTIC ENERGY 

VALUES 

The problem of finding the quantized energy values, for which 4> is finite, con- 
tinuous, and single-valued, in other words, acceptabhy is a broad one. 

^ We must not expect that any single method will work in all cases. The method 
originaUy used by Schrodinger for the hydrogen atom was to obtain a very general 
expression for the part of depending on r, in the form cf a complex integral con- 
taining the constant E. A study of the properties of this integral then showed that 
it will not be an acceptable function except when E assumes the negative values 
given by the Balmer formula, or any positive value whatsoever. We now describe 
other methods which have much wider application. For simplicity we assume 
that the coordinates can be separated in the wave equation, so that we are confronted 
with an ordinary differential equation to determine a function F, of a single variable 
X, and that P must be finite, continuous, and single-valued over the range from minus 
infinity to plus infinity. 

1. THE METHOD OF TERMINATING SERIES 

A much used method, illustrated by our treatment of hydrogen, is to make a 
substitution of the type F = JZ, where I vanishes at infinity, and is finite when a; 
is finite, while X can be represented by a power series XapX^ containing only positive 
integral powers. (Thus, in the H atom and in many other cases, F contains a factor 
I == where /(a:) is positive for all physically allowable values of a;, and a is a 

positive integer.) This solution will satisfy all requirements when x is finite if the 
series terminates after a finite number of terms. Each coefficient depends on the 
value of E, and of any other constants present in the original differential equation, 

ap =f(E, h, c • • ^ ( 1 ) 

To find the eigenwerte we must choose E^-values which will make all the a’s after a 
certain one vanish. Often it happens that the recursion formula for calculating 
later a’s from earlier ones takes the simple form 

®p+i ~ Cpapj ^2) 

■where the coefficient Cj, is a function of p, E, and universal constants If is so 
chosen that one of the c’s vanishes, the series for X will terminate, e.g., if we choose B 
to make Cj vanish, then a, = 0; therefore, a, = 0, and so on. Proceeding similarly 
with values of E -tThich make other coefficients vanish, we obtain the complete set 
of eigenwerte. If the value of F remains finite or vanishes when x » (due to the 
vanishing factor J), all requirements of the problem are met. 

2. BECHERT’S METHOD 

Becherti has given a method which has the great advantage that the eigenwerte 
are usuaily^ obtained without solving the wave equation. It depends on a study of the 
way m which the solution behaves near singular points of the differential equation. 

‘ Ann, Physik, 88, 905 (1927). 
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i.e., points where its coefficients become either zero or infinite. Two illustrations 
will show the essential features of tlie method. 

Harmonic Oscillator. — From Ghap. XV, Sec. the equation for the oscillator is 

S + (A - = 0 (3) 


where A = 2E/hvt}. This equation predicts a perfectly regular behavior for \J/ 
as long as the independent variable v is finite, but if v approaches ± co, the behavior 
of must be examined in detail, because the coefficient of becomes oo. Now when 
V is very large, A can be neglected in comparison with and equation (3) reduces 

to 1 ^" — = 5. Trying the solution we get 

lA" = (±1 + v'^) 

which is equal to v^^pj within a sufficient approximation for our purpose. That is, 
behaves very nearly like wlnm v is large. This is expressed by saying that 

g±uV2 jg asymjfiiOtic foi’in for xp when v~^ w. Tliis gives* us the hint that if we 
make the substitution, 

~vV2 

lA = c ?/, 

then y will behaves like a polynomial in the neigliborhood of oo. The acciurate 
equation for y m 

y" - 2ni/ d- (A ~ 1)?/ - 0. 


Let us use a new variable, z 
small. It becomes 


1/z;, so that we (*.an study the equation wlien z is very 




+ (2.. + 2.)J + 


(S-> 


0. 


Several terms may be neglecd.c^d when z approaches zero, so that we have 


+ 


/2E A 


y = 0, 


in this region. 


0, we must have 
a positive integer, or zero; 


The integral of this is 

To make this single- valued and to k<Mq) y finiti^ when v 

A - 1 _ E 
2 li n 2 

that is, 

En ^ (n + MVt'VQ, 
the energy values for the oscillator. 

Briefly, the general i)rocedtire is tliis. Near singular points of the equation^ certain 
terms in the coefficienU may be neglected. The resulting eqmtum is usually of simple 
form and can he integrated immediately. To make the solution single-valued^ finite, and 
continuous, E must be given definite values, the eigenwerte. The value of the method 
arises from studying the solution only in a region where its behavior is especially 
simple. 

Another Illustration. — The differential equation of Legendre’s polynomials is 
- 1)2/" + 2.1:?/' + Xy - 0. (4) 

It is knowni that solutions of this equation must be polynomials if they are to be finite 
continuous, and single- valued in the interval -I to +1. We can determine X so 

^ CotJRANT-HiLBERT, p. 258, Or the older editions of Riemann'-Wbbei^’b “Partielle 
Diff erentialgeichungcn. ” 
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i 

that thesolutionwmbeapolyno^l 

We use the transformation z - x , ana s u y 
neighborhood of s = 0. It becomes 

+ ^4)- 24 + ^.-0. 

When z approaches zero this approximates the form, 

,»g+Xt/=0. 

tuting this in the last equation it takes the form 

X = — n(n + 1)> 

which gives the characteristic values of X. 

3. OTHER METHODS 

h» pv- . it 

' Z. Physik, 38, 515 (1926). 



APPENDIX VI 


APPLICATIONS OF THE CALCULUS OF VARIATIONS TO 
WAVE MECHANICS 




In Chap. XV, Sec. 20, we met with the problem of making an integral of the form, 

JFdxdydzdt, (1) 


assume an extreme value, where F is a function of the independent variables x, y 
Zj ty of the dependent variable u, and the first derivatives oi u. We are given the 
form of the function F and the problem is to determine u in 'such a way as to make 
the integral a maximum or a minimunx. (In what follows, we shall speak only of 
making it a minimum.) A problem of this kind generally has no meaning unless 
we agree to specify the values which u must take on the boundary of the region of 
integration, for otlxerwise we can choose values of u s\ich that F will become infinite, 
thereby robbing the problem of its physical value and interest. It will suffice if we 
consider here the case where F depends on two independent variables x and y. The 
integral is taken over a two-dimensional region G in the xy plane, and values of u 
on the boundary are given. Our treatment is based on the very clear discussion given 
in Chap. IV of Courant and Hilbert’s “Methoden der Mathematischen Physik.’' 
We write the integral in the form 

I = y, Uy Uxy Uy)dxdyy (2) 


where 


dri j du 
u. = and 


Suppose now that U is the function which makes I assume its minimum value, 
and let U + cv be another function which might bo proposed as a possible form 
for u; c is a numerical parameter and v an arbitrary function of x and y. We may 
write 

/(c) ~ fF{Xy y, U -h cVy XI X -h cv^y XJy 4 - cvy)dxdy. ( 3 ) 


Because of the assumption that U is the fxmction which makes / a minimum, we must 
have dl/dc =* 0 , when c « 0 . Now by Taylor’s theorem, since x and y are not 
changed (dl/dc)c « o is equal to 

.+(m ,.+(f) ^ CO 

\duj Hm.U \ dtlx / UomU \dUy/ U<mU 

and since differentiation with respect to c can bo carried out under the integral sign 
this takes the form, 

f 

This is an equation which U must satisfy in order that I may be a minimum. For 
the validity of what follows, we must now assume that the boundary curve B has only 
a finite number of corners and that a line drawn parallel to either of the two coordinate 
axes will cut the curve in only a limited nunxber of points. We consider the integra- 
tion of the term >1; with respect to a;. Integrating by parts, we have 






aF(xn 

'W, 
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where the significance of x'^ and x' may be seen from the figure. Now integrating 
with respect to y the final result is 




dF dy, 
v^Trr ids 
dUx ds 


where the boundary integral on the right is taken counterclockwise. The values 
of u are specified on the boundary and therefore v must vanish there, so that this 
integral is zero. We treat the third term of equation (5) similarly, and the condition 
for J to be a minimum reduces to 


//'[ 


dF 

dU 


dx\dUx) 


±fdF 

dy\dUy 


== 0 . 


Since v is arbitrary, the factor in brackets must equal zero at every point of the region 
G. This gives us the Euler differential equation, 
dF 


dU 


s ( 

^ dF \ 

d( 

' dF V 

dx\ 

.dUj 

dy\ 

jUy) 


)= 0 . 


(fi-J 


This requires careful interpretation. In taking the partial derivative of dF/dUx 
with respect to x we must remember that this expression is a function of x in several 

distinct ways. First, it may contain 
known functions of x; differentiation 
of these known functions will give rise 
to a term which we may write Fuxx', 
second^ it contains a; implicitly through 
the presence of U, Ux, and C/y, all of 
which are themselves functions of x. 
Differentiation as to these interme- 
diate variables will be indicated by the 
symbols Fu^Uj FuxUx, and FuxUv, re- 
spectively. We have, therefore, 

jp dfix , jp dUy 

The expression for the third term of equation (6) is similar. The problem is now 
reduced to finding a solution of equation (6) which will satisfy the boundary 
conditions. The extension to a larger number of variables is obvious. 

By way of illustration, let us derive the relativistic wave equation by applying 
the variation principle proposed in Chap. XV, Sec. 20. It is assumed that the 
integral of equation (1) is to be made a minimum, where 

<d'^ 6 Ax d^Y 



F 


” \dx 


^ similar terms in which y and z replace x, 


g dtj 


We write 


a _ e £ 

\^c dt eg dt ) 


nH^ /d^Y 
g2 \dtj * 


dx 


= 


dt 


= 


The Euler equation for is 
_£/ dF 
d: 

Now 


dx\d^, 


i) 


4- 


+ 


df dF \ _ 9^ ^ Q 
dtyd'i't) d'^ 


id-^ _ e 

Ax 


■ U 

-%( 

V5.r c 

'¥ ' 

dt ) 

’ aa;\ 



other terms are easily written by symmetry, and dF/d^ = 0, The result is equation 

a 12) of Chan. XV 



APPENDIX VII 

THE WAVE EQUATION IN CURVILINEAR COORDINATES 

Some confusion may arise as to the proper form for Schrodinger’s equation in 
curvilinear coordinates unless we pay careful attention to the definition of \p in these 
coordinates. The whole subject has been clearly summarized by Podolsky ^ and parts 
of this section will follow liis treatment. Since has tlie significance of a prob- 
ability, the value of must be independent of the coordinate system used. In 
discussing the one-electron problem, we have used the relation == 1, where dv is 

an element of volume in a space where the coordinates x, ?/, 2 ; are equal to the actual 
Cartesian coordinates X, F, % of the electron multiplied by the square root of its 
mass. In these coordinates the wave equation is 

+ ^pPi!! = 0. ■ ( 1 ) 


Then, on passing to polar coordinates which are related to x, y, and z by tlie usual 
transformation formulaB, th(^ normalization condition takes the form 

sin OdrdtpdO “1. (2) 

The possibility of (confusion arises from the fact tliat some autliors use instead the 
function \pp which satisfit's the relation 

J\pp\pp*d,rd(pdO — 1 . 


By comparison with equation (2), w(^ see that 

xPp = sin oyd^i. 

Sometimes it is desirable to use ^p; at other times, our equations are simpler if written 
in terms of functions similar to ^ 

Anotlier ciifUculty arises from the promulgation of false rules for obtaining the 
wave equations from tlie erusrgy //. We shall liave no trouble if we adhere to the 
variation p inciple in Cliap. VX, 8ec. 20 and to the wave equation derived from it. 
Now we have statiul (Cha-i). XV, Sec. 10) tliat in Cartesian coordinates the wave equa- 
tion can be derived from // liy substituting 


h a 


for Pr, 


for pa,, ^ for pyf etc. 

If we express M in terms of other canonical variables pn y.rj write 

and apply the resulting operator to a function F, we have a differential equation for F 
whi(di is useful in Diracj’s gen(u*alizod wave theory (Chap. XVIII) ; but /^’ is not ordinarily 
equal to 1 /^, for if we transform (upiation (1) into the coordinates qrj we do not usually 
obtain the equation whi<di defines F* Tlie conclusion is, we nviist 7wt use the above 
'process of suhstita dirty operators for momenta if we wish to obtain the equation for \p in 
curvilinear coord.it rales. The correct process is to transform equation (1). 

To make our c-onsid(u*ations quite general, we consider any system of coordinates 
. qn in whitdi the scpiare of the clement of arc is 

j k 




^Phys. Rev., 32 , 812 (1028). 
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We suppose, following Schrodinger, that each term contains a factor m, as mentioned 
above in the case of Cartesian coordinates, so that 

ds^ = 2M^ (4) 

T being the kinetic energy. We define g to be the determinant formed from the 
elements gjk drawn up in square array. Let equal l/g multiplied by the cofactor of 
g^h in this determinant. Then the appropriate generalization of equation (2) is 

• • • dqn = 1 (5) 


for the element ?)f volume is '\/gdqx ... ^ The general form for the wave equation 

(1) is - . V ^ „ 




;(E - V)^P = 0. 


If we wish to use the variable place of t/', as we did in Chap. XV, 


Sec. 24, then equation (6) takes the form 


^ + 2(F 
Z/2^^ eqi dq, ^ 
j h 




The double sum on the left is simply the general form of grad^ W, while that on the 
right is aW] the whole equation reduces to the classical Hamilton- Jacobi equation 
if A approaches zero. 

In spite of their complicated appearance the student will find that these equations 
usually lead to the wave equation with much less labor than that involved in direct 
transformation. 

It is' interesting to determine the form of Hip, q) which will give equation (6) if 
we replace each p by the corresponding operator. Obviously, it is 




Podolsky^ has i^lgo considered the differential equation for where 

• - - dgn = 1. (8) 

Comparison with equation (5) shows that 

(9) 

Using this relation in equation (6) we have 

32X'>-"s4(*“'“si - “■ '“=> 

J k 

By the method of substituting operators for momenta this can be derived from the 
function 

== -1- (11) 
j k 


The order of factors is important, of course, if we consider equations (7) and (11) as 
matrix equations. . 

^See Mttknac}han‘’s 'Wector Analysis and the Theory of Relativity/’ The John 
Hopkins Press, Baltimore, for this and other geometrical formulas. 

^L()o. cit. 



APPENDIX VIII 

USEFUL THEOREMS OF ELECTRODYNAMICS 


1. MAXWELL’S EQUATIONS FOR FREE SPACE 

We denote the components of the electric vector by Ex, Ey, and E^, and those 
of the magnetic vector by Hx, By, and Ez. At any point the charge density is p 
and the velocity of the charge is v. For a space which is free of gross matter Maxwell’s 
equations take the following form: 

c dt ay dz’ ^ 

(and two similar equations, obtained by cyclic permutation of x, y, and z); 

jL EE _L EE = 0. 
dx dy dz 


4:7rpx +• ■ 


dHz __ dHy 
dy dz 


(and two similar equations); 


dEx , dEy . OEz . 

The magnetic vector potential obeys the relation 

H = curl A, that is, Ex = etc. (5) 

oy qz 

(Example . — It can be shown by integrating equation (5) that one form for the vector 
potential of a uniform magnetic field directed along the 2 :-axis is 

= ^,A, = 0.) (6) 

W\m\ equation (5) holds true, we can show by using equation (1) that 
T, , 1 dAx 

^^ + c-ar= 

The function ^ introduced in this manner is called the “electric potential,” or the 
“scalar potential” 

According to Lorentz:, the force acting on a charge e when it is exposed to an 
electric intensity E and a magnetic intensity H is eF, where 


that is, 


F - E 4 ~[vH], 


Hh ^(yBz - zEy), etc. 


2. EQUATIONS OF MOTION OF A PARTICLE IN AN 
ELECTROMAGNETIC FIELD 

Tlio equations of motion of a particle of charge e exposed to both electric and 
magnetic forces are 

K 0^^) -<*.+; (») 

where w is the rest mass of the particle, and (3c its velocity. ■ ^ 
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In ease the term 


USBFUL TUmUEMB OF ELECTRODYNAMICS 
1 aA 


[App. VIII 


in the electric vector E is equal to zero, the com- 

c dt 

ponents of electric force are of the form -d^/dx. The magnetic force -^[vHl 

causes no change in the kinetic ene'gy of the particle, because by definition, the 
vector [vHl is perpendicular to v. Therefore, the energy equation takes the form 

T + = constant, (10) 

where T is the kinetic energy. The Lagrangian function, so useful in transforming 
the dynamical equations to other systems of coordinates is simply T — €t>; but in the 
general case where dA/dt is not zero, this expression is not correct. To determine 
the proper Lagrangian function, we try to throw equation (9) into the form 

^ ^ aL ^ 0 

dt dx dx ^ 

and thus to determine the form of L by inspection. To do this, we replace E and H 
by their values in terms of the potentials. Then, 

d / mi: 

di\a 


\ d^ 

€ d Ax , 

/aAy 


/aA^ 

r- 

N 

v: 

) "" ^ Fx 

-3^+cL^ 


dy ) 

\ dz 



( 11 ) 


But 


dAx dAx^ , dAx‘ dAx, , dAx 


We use the value of dAx/dt from this equation to eliminate it from equation (11), 
with the result 


dl jr^’ 
dA iC- } 




4- 


d^ 


dx 


! ; I ^Ay 

c\ dx^ dx ' 




dA,. 

dx^ 


)=»• 


mx , 

P* - (1 _ ffiy/i c ’ 

(12) 

ifaAx. 1 aAy. . S-4,.\ 

-tod 

(13) 


-j- 

This suggests tliat we assume the relations 

dL_ 
dx 

and 

dx dx 

with similar equations for the other coordinates and momenta. By actual integra- 
tion we find that these equations are consistent and that 

L = OTC=(1 - (1 - |8-)K) - €$ +-^Av, (14) 

where Av denotes the scalar product of A and v, that is, 

AxX + + AzZ. 

If other conservative forces not of electric origin are al^o acting, we must replace 
ei> by the potential F, due to all the forces. The Hamiltonian function H is then 
obtained from the usual definition H = Xpq — L, where the p’s are as defined in 
equation (12), We get 


Jl _ ^2)1/4 

for the terms containing the A’s conveniently disappear, 
contain the p’s, so we introduce them by eliminating 
the three equations, 

mx ^Ax 


(15) 


However, this does not 
Squaring and summing 


we have 


(1 


-, etc., 






eA x 

c 


( 16 ) 
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lar^or^s theorem 


Calling tliis quantity we find that 


1 


==1+^2. 


(1 - /32) 

Tlierefore, H may be written 

H == mc2((l + w; 2)K2 - 1) + F. 
This is more conveniently exfpressed in the form 
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(17) 

(18) 


that is 


H — V 

^1+ 2A—-^ -t- 
mc^ 


V mc^ ) ' 


) +[Vy-^) A = 


2m{H - F) + 


{H - F)2 


A more symmetrical form is obtained by using the total energy g, which is the sum 
of H and the self-energy of the charge, mc'K We have 


whence 


g = L y 


(^7 = 


7n^c^ -h 


1 -^2 


(19) 


and using the value of equation (16), we have 

V(p,-iA,y-(^y +m^c-=0, 

j 

wliere pj stands for px, Py, or p^. The corresponding Hamilton- Jacobi equation is 

(^T+7 


(7 - ’-Ay 

\ dX C / 


-f 


-h m2c2 = 0, 


( 20 ) 


which is iisefiil in deriving Schrodinger’s wave equation. 


3. LARMOR’S THEOREM' 


Tliis theorem describes tlie behavior of a system of particles, all having the same 
ratio of charge to mass (in sign as well as magnitude), in the presence of a constant 
uniform magnetic field H. It is supposed that in the absence of the field the particles 
move under the action of forces having a potential function which depends only 
on tlie coordinates. Then the theorem is, the motion of the system is the same as it 
would he in the absence of the ft,eldj except that a uniform rotation around an axis parallel 
to the field is superposed, provided that efects proportional to the square and higher 
powers of H are ‘neglected. 

A simple artifice enables us to apply the theorem to an atom even though the 
nucleus and the electrons have widely different e/m ratios; we assume the nucleus 
to be at rest and then to all intents and purposes it is excluded from the system. 
If we take the field H in the direction of the .2^-axis, the equations of motion of an 
electron of charge —c will be 


= 

|(«i) = 


lyH, 


JV 
iix 

-Jy 

-.iE. 

dz 


( 21 ) 


'Laemor’s '‘JUtherand Matter," p. 341; See Born’s ('Atommechanik,” pp. 240 
and 270, and Van Vlbck’s ^‘Bulletin,” p. 300. 
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We shall use the subscript i to distinguish the coordinates of the ^th electron, and 
shall neglect the variation of mass with velocity. Introducing polar coordinates, 
the 2 -component of angular momentum of each electron is mr^ sin^ The angular 

momentum of the system is not constant, and in particular pz( ^ Pv?) is variable. 
From equation (21), 


sm2 di<pi = -f yi^) = sin^ diO^ 


where 


Since 


Q = _j__ =; 27rZ/ 

2mc 


sin 2 diilpi — o) = 0, 


( 22 ) 


it is natural to use polar coordinates r, 0, x, processing about the 2 -axis with angular 
speed o. Then, 

Xi = (pi — Oy Xi = (23) 


and 


'Zmn^ sin^ Qixi ~ Px = constant. 


If x'y y'y z' are Cartesian coordinates in the moving frame of reference, 


X = x' cos ot — y' sin ot, 
y - x' sin ot + y' cos ot. 


(24) 


To transform the equations of motion we note that 

d .. , v dV d f. c) \ dV 

+ 2oy) = , m^(2/ - 2ox) = ■ 


From equation (24) we obtain 

^ {x + 2oy) = {x' H- o^x') cos ot — (v/' -h oHj) sin ot 
~ (j^ — 2ox) — (:f ' -H o^x') sin ot -f- Qj' -h o^y') cos ot. 


By easy elimination of the terms containing ot, we find for each electron, 


mx' — 
my' — 
mi' ~ 


57 

dx' 

dV 

W 

~dz'' 


— rnoH'y 

— m.o^y'y 


(25) 


The motion of each electron may be accurately described as due to forces which have 
the potential 

7 + >^mo2(a:'2 4- ?/2). ^ 

Now 7 depends only oh the relative positions of the particles and on their distances 
from the origin. None of these quantities are altered on passing to the moving system. 
In fact, Vix'y y', etc.) involves the moving coordinates in precisely the same way 
as V{Xy 2 /, etc.) involves the resting coordinates. For a field of 10^ gauss, and for 

dV 

the nth orbits of the hydrogen atom, — ^ exceeds moH' by a factor of roughly 

2.1^^'^ /n^. Therefore, if we neglect the relatively insignificant terms in o 2 which are 
proportional to ID, equations (25) predict that in the moving system the motions 
will be identical with those which would be performed in the absence of the field, 
which proves Larmor’s theorem. For diatomic molecules the theorem holds true 
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only in the very special case in which the nuclei remain permanently in a line parallel 
to the field. 

It is worth noting that the Larnior precession of a negative charge is clockwise for 
an observer looking along the direction of the lines of force. 


4. ENERGY, MOMENTUM, AND ENERGY FLOW IN THE 
ELECTROMAGNETIC FIELD 


We are familiar with the idea tliat the energy of a system of charges, magnets, 
and currents ma.y be considered as residing in the whole of space, the energy density 


at any point being 

{KF/^ + nTF) 

”~'“S7r 


(26) 


K being the dielectric constant and y. the magnetic permeability. It is customary 
to think of the term containing as potential energy, and of the term in /i- as 
kinetic energy. The time rate of (diange of the integral representing the total energy 
localized inside an arl)itrary closed surface is composed of two terms. One of tliese 
represents the rate at wliieh work is |)<ii*formed by the currents winch flow inside the 
surface; the other can be writtcm as a surface integral, and may be interpreted as 
the rate at which energy eiiteivs tlui volume under (‘nnsideration. Suppose we write 

etc. (27) 

or 

S = V [EH], 


Then the quantities and Ez are the componcmts of Poynting’s vec-tor, which 

represents the flow of (mergy across unit surface joer unit of time, both in iTiagnitude 
and in direction. The magnitude of the flow is 


cEH sin 0 
4 IT 


(28) 


where 0 is the angle l)eliW<K;n tin? (tlecdric. and the magnetic vetd-ors. 

The pressure du(^ to radiation, and other efTects which depend on the transfer 
of energy, are explaimul witJi [undt'ct sucuress if we assume that tli(^ momentum asso- 
ciated with an elcvment of volunu'. dv is 


Sdv 


(29) 


5. RADIATION FROM A MOVING CHARGE 

To obtain the rate of radiation of tmergy l)y a moving (diarg(^, w() first (let(n*inin(i the 
Poynting vector at every |)oint of a surface surrounding it and Hum) inl.egrate the 
flow of energy over this surfae.cn 

To begin with, there will he no radiation from a charge moving with uniforn 
velocity, for if we take our stand on a systicnn of referone.e moving with, Hie charge 
it will 1)0 at rest, and will iiossess zero magnetic field at every point, in spac.e. Theixi- 
fore, tlie Poynting vector will everywhere l)e zero and the energy of the cdiarge will bo 
constant. Iletransforming to tlie original system of coorilinat.es, the intrinsic <mergy 
of the charge will sHll apjienr to be constant. Therefore, we ])ass at oiuai to- a study 
of an accelerated (diai*g(M For sim plicity, we take the surface surrounding Hie charge 
to be a spliere wit h c.ent.er at tlie origin and radius large com pa, red witJi t,he wave 
length of the radia,H{)n. Let, the (diarge lie at the origin at time t — --r/c, wlu're r 
is the radius of tlie siihere, and let its acceleration a be parallel to tlie J^J'-axis. Tlie 
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If / is any function of x, y, z, and t, we have 

Bx Bx' Bx at' Bx \Bx' c^ Bt'J’ 

and similarly, we find 

^ =1c{^ 

By By" Bz Bz" Bt \Bt' Bx' ) 

We use these relations to transform Maxwell’s equation into the primed coordinates. 
It is then found that the transformed equations will take the same form as the original 
ones provided we write 

HV = EV = E„ 

I?/ = k(^H^ + ^E.y Ey' = k(^Ey - ^ ff,), 

Hf = k(Hy - '“-^Eyy EV = k^Ez (34) 

The vectors E' and H' possess all the physical characteristics they should have in 
order that the moving observer may be justified in calling them the electric and 
magnetic intensities. This is insured by the fact that they are determined by 
Maxwell’s equations in the primed coordinates. The formulas for E and H in terms 
of E' and H' are obtained if we change the sign of v and interchange the primed 
and unprimed coordinates in equation (34). A similar remark holds true for obtaining 
the unprimed coordinates in terms of the primed ones. From equation (33) we have 

X == k(x' + vt ')7 y - ?/) z - z%t = k(^t' + (33o) 
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PHYSICAL CONSTANTS AND CONVERSION TABLE 

The following values of physical constants have been adopted in this book: ^ 

c (velocity of light) (2.99796 ± 0.00004) 10^° cm. sec.“^ 

h (Planck’s constant).. (6.547 ± 0.008) lO"'^^ erg. seconds 

Mh (mass of H atom) (1.6618 ± 0.0017) 10“^^ grams 

M = Mo/16 (mass of atom of unit 

atomic weight) (1.6490 ± 0.0016) 10”^^ grams 

mo (mass of electron, spectroscopic) . . (9.035 ± 0.010) lO'^s grams 

mo (mass of electron, deflection) (8.994 ± 0.014) 10"”^* grams 

e/Mn (9,574.5 ± 0.7) absolute em. units 

Mn/mo... 1,839 ± 1 (spectroscopic) or 1,848 ± 2 

(deflection) 

ao (radius of first Bohr orbit of H) . . . (0.52846 ± 0.0004) 10 ® cm. 

F (Paraday) 96,494 ± 5 international coulomb per gram 

equivalent 

9,648.9 ± 0.7 absolute em. units per gram 
equivalent 

e (electronic charge) (4.770 ± 0.005) 10"“ absolute 6S units 

(1.5911 ± 0.0016) 10 ” 2 o absolute em units 

e/m (spectroscopic)... (1.761 ± 0.001) 10^ absolute em units 

per gram 

(5.279 ± 0.003) 10^^ absolute es units per gram 

e/m (deflection) (1-769 ± 0.002) 10^ absolute em units per gram 

(5.303 ± 0.006) 10^7 abs. es units per gram 
Rh (Rydberg constant of hydrogen). . 109,677.759 ± 0.05 cm,"i 
Rh6 (Rydberg constant of ionized 

tielium) 109,722.403 ± 0.05 cm.“i 

R (Rydberg constant for infinite mass) 109,737.42 ± 0.06 cm.-i 

Gram molecular volume, S.T.P (22.4141 ± 0.0008) 10^ cm.^ mole-i 

N (Avogadro’s number). F/e = (6.064 ± 0.006) lO^^^ mole ^ 

71 (Loschmidt’s number) (2.7056 ± 0,003) 10^® cm.-^ (at 0 C. atm) 

R, (gas constant per mole) (8.3136 ± 0.0010) 10^ erg-deg.-^ mole-^ 

h (Boltzmann constant) (1.3709 ± 0.0014) 10 erg-deg. 

c-/ (second radiation constant) 1.4317 ± 0.0006 cm.-deg. 

<r‘ (radiation constant).... = (5-714 ± 0.006) 10'= erg cm.-^ deg.-; 

sec."^ 

* — = (7.624 ± 0.007) 10-“ erg cm.-^ ■ deg."^ 

U • Q 

(V (true grating constant of calcite at 

20=0.) (3.0283 ± 0.0010) 10-s cm. 

1 These are the values given by Birge as the best values at present {Fhys. 
Rev. Supplement. 1, 1 (1929).) 

* See Chap. Ill, Sec. 2. 
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. a (fine structure constant) 

1/oj 



h/e 

^ = h/k ^ * 

Band spectrum constant = h/8T^c 
Energy in calories per mole equiva- 
lent to one absolute volt- electron per 

molecule 

HkT at 0°C .’ 

Wave length of the red Cd line in air 


= (7.284 ± 0.006) 10-3 

137.29 ± 0.11 

(5.305 ± 0.008) 10-5 

(1,3725 i 0.0005) 10“^'^ erg • see • es-^ 

(4.7757 ± 0.0019) 10“ii g^c • deg. 

(27.66 ± 0,04) 10""4° gram cm. 


23,055 ± 4 cal. mole“i 
(5.6176 i 0.006) 10“^^ erg 


at 15°C. 1 atm 6,438.4696 I. A. (defines I. A. unit) 

The following conversion factors are frequently used in considering atomic and 
molecular problems. 


E == energy per molecule in ergs. 

E'^ = energy per mole in 15° small calories. 

V == wave number = v/c. 

V — electron-volts. 

In order to change from an energy expressed in one of these units to its equivalent 
expressed in any other unit, multiply the number expressed in the units as given 
at the top of the table by the number beneath it and opposite the symbol for the 
units^ desired. There is an uncertainty of at least one in the first inferior figure. The 
logarithms are given uniformly to five places though in most cases the use of these 
places is not justified by the precision with which the constant is known. 



E 

E' 

V 

V 

V 

E 

1 

6.90iX10-” 

6.547X10-” 

1.96j8X10-” 

1.59iiX10-” 



(0.83893-17) 

(0.81604-27) 

(0.29288-16) 

(0.20170-12) 

B' 

1.44oX10i“ 

1 

9.48„X10-“ 

2.844 

2.3056X10< 


(16.16107) 


(0.97709-11) 

(0.45393) 

(4.36277) 

V 

1.627X10” 

l.OSiXlO” 

1 

2. 9979b X 10” 

2. 430 jX 10“ 


'26.18396) 

(10,02291) 


(10.47683) 

(14.38566) 

p 

6.09jX10” 

3.51„X10-i 

3.3366„X10-ii 

1 

8.106X10® 


(15.70712) 

(0.64607-1) 

(0.52317-11) 


(3.90883) 

y 

6.28sX10“ 

4. 3376 X 10- » 

4.1l47X10->' 

1.233,X10-‘ 

1 


(11.79830) 

(0.63723-5) 

(0.61434-15) 

(0.09117-4) 
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levels), 

definition, 526 

summary of methods for determining, 
750 

Charge, nuclear, 48. 

Charge-density in wave mechanics, 542, 
643 


Chemical activation, by collisions of 
, second kind, 507 
by electron impact, 482 
of hydrogen, 482 
of nitrogen, 483 
Chemiluminescence, 509 ff. 

Chromium, energy levels, 306, 308 

spectral series, 309 
spectrum, 302 ff. 

Zeeman effect, 315 
Closed shells, 272 
Coherence, Raman effect, 364 
Collisions, elastic, 75, 484#. 
first kind, 75, 448 ff. 
polarization of light in, 477 ff. 
probabilities of, 474 
inelastic, 75, 448 ff. 
quantum theory of, 646 
second kind, 75, 489 ff. 

chemical activation by, 507 
excitation of molecules by rare gas 
atoms, 504 
in flames, 509 

in ions and neutral atoms, 506 
probabilities of, 490 ff. 
resonance in, 503 ff. 

Combination defect, 419 
Combination principle, 8, 74, 586 
Combination relations in X-ray spectra, 
250 

Commutation relations, for continuous 
matrices, 637 

in matrix mechanics, 585, 594 
Completeness condition for wave func- 
tion, 746 

Compton effect, 84 ff. 
theory, 86 

wave-length shift, 87 
Conditionally periodic systems, 118 
Conservation of energy, in Compton 
scattering, 88 
in matrix mechanics, 587 
Conservation of momentum in Compton 
scattering, 88 

Constants, table of physical, 764 
Construction principle of Bohr, 275 
Contract transformation (see Canonical 
transformation): 

Continuous matrices, 629 ff. 

transformation of, 633 
Continuous spectra, (see Spectra, 
continuous). 
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Coordinate space, 520 
Coordinates, curvilinear, wave equation, 
in, 755 

generalized, 98 755 

matrix, definition of, 576 
Core, 195 
Coriolis force, 690 
Corpuscular spectra, 464 
Correlation of field-tree and magnetic 
terms, 325#., 340 

Correspondence principle, for intensities, 
171, 173 

for polarization, 174 

Correspondence theorem for frequencies, 
172 

Critical potential methods, 77 452 #. 

Critical potentials, 75#., 448# 
higher potentials of alkalis, 471 
hydrogen atom, 127 
molecule, 472 
iodine, 474 

mercury, 79, 453, 455 
of molecules, Franck’s theory, 471 
neon, 456 

probability of inelastic collisions, 466 
#, 474# 
sodium, 80 
solids, 457 

Crystal lattices, 226 # 

Crystal structure, determination of, by 
electron diffraction, 722 # 
by X-rays, 232 
Crystal symmetry, 227 
Current-density in wave mechanics, 
542, 643 # 

Curvilinear coordinates, wave equation 
in, 755 

Cyclic variables, 116, 118, 119 
D 

de Broglie’s theory, 516, 722# 

Deflection of charges l)y electric field, 23 
by magiK'.tic field, 23 
D(\g(‘,neratie systems, 177 
p{U't\irbati()n theory for, 657 
6 function of Dirac, 631 
Depolarization by magnetic field, impact 
radiuiiion, 479 
rcsomince radiation, 358 
Diagonal matrix, 582, 586, 601, 632, 633, 
635 


Diatomic molecule (see Molecules, dia~ 
tomic). 

Diffraction, of atoms, 722 #. 
of electrons, 722 #. 

by adsorbed gas atoms, 727 
by mica sheets, 732 #. 
by ruled gratings, 731 
by thin foils, 730 
by three-dimensional lattice, 725 
by two-dimensional lattice, 732 
of X-rays by crystals, 222, 225 #. 
Diffuse series, 184, 211 
Dirac’s 5 function, 631 
Dirac’s q numbers, 616 
Disintegration of atoms, 49 # 

Dispersion of X-rays, anomalous, 223 
Displaced X-radiation, 366 # 
Displacement law, for atomic spectra, 
312 

Wien’s, 54 

Dissociation of molecules, by electron 
impact, 482 
by light, 396, 402 

Dissociation heats from band spectra, 392 
Distribution law of black-body radiation, 
57# 

Doppler shift, in sensitized fluorescence, 
500 

quantum theory, 619 #. 

Doublets, in optical spectra, 186 #. 
inverted, 326 #., 332 #. 
laws of, 186, 189 
lithium, 205 
normal, 326 #, 332 # 
origin of, 191, 203 
relativity, 204, 251 #. 
screening, 204 
spin, 204, 251 # 
in X-ray spectra, 248 # 
relativity, 251 # 
screening, 251#, 257 
spin, 251 # 

theory of relativity, 261 # 
Doubling, lambda-type, 412, 419, 426 

E 

e/m, 764 

dependence on velocity, 25 #. 
method of measurement, 22# 
Effective nuclear charge, 201 
Effective quantum number, 194, 198 
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Eigenfunhtion, definition,. 526 
Eigenwerte, 526, 750 (see also Energy 
levels ) . 

Einstein’s A’s and B’s, 61, 697 
Elastic collisions, 75, 484 ff. 

Electricity, atomic nature of, ,18 
Electric moment, in wave mechanics, 
643, 545 
of methane, 444 
of molecules, 288 
oscillating, 169 

and Stark effect of molecules, 675 
Electrodynamics, limitations of classical, 
7 

useful theorems of, 757 
Electromagnetic field, energy and 
momentum, 761 

Electron, angular momentum, 96 
charge, 30 

(ietermination of, 27 ff. 
configurations of atoms, 280 ff. 

X~ray evidence for, 283 
diffraction, 722 ff. 
isolation, 19 

magnetic moment, 95, 157 ff., 162 

mass, 30, 764 

pair of electrons, 290 

precession, 162 

promotion, 682 

radial current of, 645 

recoil electrons, 88 

shells, 4, 272 

sources, 448 

specific charge, 22^., 764 
spin, 95, 96, 157#., 162 
energy changes due to 157 ff., 162 
subshells, 270 

unidirectional beam of, 645 
Elements, isotopes, 39 . 
maximum number of, 293 
periodic table, 3, 271 
Elliptic number, 682 
Energy of dissociation from band 
spectra, 392 
Energy diagram, 186 
AlH molecule, 420 
CaH molecule, 424 
cesium, 187 
hydrogen atom, 70 
HCl, 381 

hydrogen molecule ion', 683 
iodine, 396 


Energy diagram, OH molecule, 427 
oxygen molecule, 397 * 
sodium, 80 

Stark effect of helium, 345 
Energy levels (characteristic values), 
diatomic gyroscopic molecule, 416 
diatomic molecule, 373, 529, 592, 

669, 752 

field free, correlation with magnetic 
levels, 325 ff., 340 
helium, 660 

ionized (see Hydrogenic atom). 
hydrogen molecule, 686 
ion, 680 ff. 

hydrogenic atom, 130, 135, 160, 529, 
535, 559 ff., 566 ff., 573 . 

oscillator, anharmonic, 600 
harmonic, 71, 532, 591, 75h 
rotator, 373, 529, 592, 669, 752 
spin relativity doublets, 160 
Stark effect, of hydrogen, 151, 572 
of rotator, 675 

symmetric top molecule, 439, 672 
Zeeman effect of H atom, 146, 537, 569 
of normal multiplets, 318 #. 
of rotator, 675 

Energy levels (empirical) (see also Energy 
diagrams and Moseley diagrams). 
chromium, 306, 308 
diatomic molecules, rotation, 372, 373, 
418, 424, 427 

vibration, 380, 391, 396, 436 
helium, ionized, 123 
neutral, 660 
Stark effect of, 345 
hydrogen atom, 70, 122 ff., 138, 164 
molecule, 473 

magnetic, correlation with field free, 
325 ff. 

X-ray, 245 ff., 248 
Energy matrix, 586, 632 
Equations of motion, canonical, 109 ff., 
587 

Hamilton’s 109#. 

Lagrange’s, 102#. 
matrix, 587 

Newton’s, wave derivation of, 652 
relativistic, of particle in field, 757 
Equatorial number, 141 
Equipartition law, 9 

Equivalence principle of Pauli, 214, 
272, 322 
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Equivalent electrons, 214, 322 
terms arising from, 325 
Eulerian angles, 438, 671 
Even molecules, 290 
Even terms of atoms, 301 ^ 

Exchange degeneracy, 655 jf., 660, 684 
687 

Excited atoms, mean lives of, 480, 496, 
502 

Expansion of arbitrary function, 745 
F 

Faraday’s law, 18 

Fermat’s principle, and wave mechanics, 
518, 520 

Fine quantum number, 350 
Fine structure, constant, a, 134, 765 
of H and He+ lines, 135 164 ff, 

of isotopes, 353 

of non-hydrogenic atoms, 350 ff. 
origin, 352 

separation of Balmer lines, 166 
3^-ray limits, 267 
X-ray lines, 251 

Flames, collisions of second kind in, 509 
spectra, 183 
temperatures of, 514 
Fluorescence, sensitized, 499 
of thallium, 501 

Free motion of particle, quantum theory 
of, 640 ff. 

Free paths, electrons, 484 ff. 
ions, 488 
protons, 488 

Frequency condition, 66, 575, 586, 587 
Fundamental series, 184, 211 
Furnace spectra, 182, 303, 699 

G 

g (Lande’s splitting factor), 192, 315 
319, 330 

Gamma rays, 19 ff. 

Ghost field, 82, 544 
Grating constant, of calcite, 764 
of NaCl, 235 
Grotrian diagram, 207 
Gyroscopic diatomic molecule. 406, 409, 
413 

rotational energy, 416 


H 

h (Planck’s constant), constancy of, 
74, 764 

Halogen hydrides, S7l ff. 

molecular constants, 383 
Hamilton-Jacobi equation, 114 jf., 117 
matrix analogue, 594 
in wave mechanics, 555 
Hamilton’s equations, 109 ff. 

ill matrix mechanics, 587 
Hamilton’s principal function, 114 
Hamilton’s principle, 111 
Harmonic oscillator (see Oscillator). 

Heat of dissociation , 392 
hydrogen, 473, 680 
Heat capacity, 9, 13 
of hydrogen, 432 

Heisenberg, indetermination principle, 
617 ff. 

mechanics, 574 ff. 

Helium energy levels, 6G() 
ionized, Rydberg constant, 123 
spectrum, 122 ff. 
orbital model, 194 
probability distril)ution for, 565 
prol)ability of inelastic collisions, 475 
Btark effect, 34.5 
wave theory, 655 ff. 

Helium molecule, .'otatiomil stiit^es, 696 
Helium nuckHis, !d)sence of H|)in, 696 
Herm itian matrices, 576 
Hermitian polynomials, 533, 748 
Hund’s cases a and 5, 411 j/., 425 
Hydrogem atom, continuous spectrum, 70 
mass, 30 

orbits, radi\is, 69 
probal)ility distribution, 565 
Rydberg constant, 122 
Hydrogen molecule, chemical activation, 
482 

continuous spcHdanim, 483 
criti(!al potentials, 472 ff. 
diBBOciation by ekHd.rons, 482 
by excited nu'.nmry, 507 
energy levels, 472 ff. 
para- and ortho-forms, 432, 434, 087, 
695 

probability distribution, 686 
recombination energy, 512 
' resonance in second-kind collisions, 512 
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Hydrogen molecule, symmetric and 
antisymmetric, 432, 434, 687, 695 
valence, 286 
wave theory, 684 

Hydrogen molecule ion, critical poten- 
tials, 473 

dissociation energy, 680 
nodes, 681 

probability distribution, 681 
wave theory, 677 ff. 

Hydrogen particles, 50 

Hydrogen spectrum, 122 ff. 
intensities, 709 ff. 

Hydrogenic atom, 122 ff. 559 ff. 

energy levels, empirical data, 70, 
122 ff., 138, 164 

new mechanics, IQO ff., 529, 535 ff., 
559 ff., 566 ff., 573 
old mechanics, 70, 122, 166 
matrix theory, 604 
probability distribution, 563 ff. 
radius of orbits, 69 
relativity correction, 132 
Stark effect in wave mechanics, 570 ff. 
Zeeman effect in wave mechanics, 568 

Hypergeometric polynomials, 671, 748 

Hyperbolic number, 682 

I 

Impact polarization, 477 ff. 
depolarization in magnetic field, 479 
mercury, 480 
rotation of plane, 479 
theory, 481 

Indetermination principle, Heisenberg, 
617 

Indices, Miller, 227 

Inelastic collisions, 489 ff. 
polarization of light in, 477 ff. 
probability, 466 ff., 474 ff. 

Infra-red spectra, 368 ff. 
intensities, 670 
polyatomic molecules, 435^. 

Inner number, 187, 190, 297 
for normal multiplets, 299 
selection principle, 174 
exceptions to, 348 

Intensity, spectral, 097 ff. 
alternating, 696, 721 
in band systems, 399 
case a molecules, 710 ff. 


Intensity, case h molecules, 71S ff. 
correspondence principle, 171, 173 
dependence on total quantum number, 
711 ff. 

diatomic molecules, 670, 674 
hydrogen, 709 ff. 
intercombination lines, 705 
matrix theory, 593 
multiplet lines, 699, 703 
ratios in related multiplets, 705 
rotator, 546 

sum rules, 699, 708, 714 
symmetric top molecules, 674 
temperature, effect of, 699, 720 
titanium lines, 704 
wave mechanics, 545 ff. 

X-rays, 712^. 

Zeeman components, 707 

Intercombination lines, 184, 211 
of helium, 475, 055 ff. 
intensities of, 705 
probability of transition, 475 

Interference of weak light, 82 
X-rays, 222 

Interval rule, 314, 332 ff. 

Invariance, adiabatic, 178 ff. 

Inverse photoelectric effect, 63 ff., 467 ff. 
in gases, 467 ff. 

Inverse square law, 107 

Iodine molecule, critical potentials, 474 
dissociation by light, 396 
energy diagram, 396 
symmetric and antisymmetric terms, 
433 

Ionic potential, 292 

Ionizing potential, 77, 448 ff. 
of the elements, 275 
of hydrogen, 127 
magnetic spectrograph, 461 ff. 
probability of ionization, 477 
table of, 280 ff. 

Isotope effect, atomic spectra, 353 
molecules of methane type, 445 
rotation and vibration spectra, 383 ff. 

Isotopes, atomic weights, ^1 ff., 42 
boron, 385 
chlorine, 385 
Dempster's method, 36 
detection by parabola method, 34 
differences in spectra, 353 
distribution and abundance, 40 ff. 
early researches, 31 
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Isotopes, identity of chemical properties, 
31 

list of, 39, 40 
mass spectrograph, 37 
oxygen, 39, 696 
packing fraction, 43 
parabolas of neon, 35 
regularities, 39, 40 
separation, 32 
stability, 43 

J 

Jacobian polynomials, 671, 748 

K 

Kepler ellipse, 108 
Kepler’s laws, 109 
Kernel, 195 

effect of size on chemical properties, 

Kinetic energy, average, relation to 
average potential energy, 739 
wave-mechanical analogue, 613 
Kirchhoff’s law, 53 

Kossel, explanation of X-ray spectra, 244 
Kratzer’s theory, rotation-vibration 
spectra, S7(j ff., 666 
Kronecker symbol, 631 
K-series, 236, 238 
K-shell, 246 

L 

Lagrange’s equations, 102 ff. 

relativistic form, 105 
Lagrangian function, 104 
Laguerre polynomials, 669, 748 
Lambda-type doubling, 412, 419, 426 
Larmor precession, 143, 316, 537 
theorem, 759 

Lattices, body-centered cubic, 233 
crystal, 226 

face-centered cubic, 233 
nickel, 726 
simple cubic, 233 
sodium chloride, 235 
Laue beams of electrons, 725 
Ijaue diagram, 222 
Legendre polynomials, 529, 747 
Le^chtQUhtTon». 186. 214 


Light, classical theory of emission, 168 
electromagnetic theory, 5 ff. 
interference of weak light, 82 
Maxwell’s theory, 6 
Light electron, 186, 214 
Light quantum, 14, 57, 63, 66, 81, 83 ff. 
angular momentum, 482 
wave functions, 541 
Line spectra (see Spectra). 

Lithium doublet, 205 
Lives of excited atoms, 350, 480, 496, 502 
Lorentz transformation, 762 
Loschmidt number (see Avogadro). 

Lo Surdo tube, 148 
L-series, 236, 239 

excitation potentials of, 240 
Lunelund (see Stark-Lunelund effect). 
Lyman series, 70, 123 
intensities, 711 

M 

Magnesium spectrum, 213, 215 
controlled excitation, 459 
Magnetic azimuthal number, 297 
Magnetic moment, electron, 96, 157 ff. 

nuclei, 96, 352, 435, 695 ffj 752 
Magnetic number, 146, 192, 208 ff., 297 
Magnetic spectrograph, for determining 
ionizing potentials, 461 ff. 

Magnetic spin number, 297 
Magneton, Bohr, 90 
Weiss, 91 

Mass, reduced, 124 
Mass spectrograph, 37 
Matrix, 574: ff., 629 ff. 
algebra, 577 ff., 630 
analogy with Fourier series, 575 
calculation by wave mechanics, 606 
f., 611 

continuous, 629 ff. 
derivatives, 580 ff., 582 
diagonal, 582, 586, 601, 632 ff. 
energy, 586 
hydrogenic atom, 604 
mechanics, 574 ff. 
mixed, 635 
oscillator, 608 
rotator, 592 

several degrees of freedom, 593 
transformations,. 59Aff,, 633 
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Matter waves, 516 f., 722 ff. 
velocity, 517, 521 f,, 547, 743 
wave length, 722 
Maxwell’s equations, 757 
Maxwell’s theory of light, 6 
Mean energy theorem, 739 
Mechanical transformability, principle 
of, 176:0’. 

Mercury, critical potentials, 453, 455 
impact polarization, 480 
quenching of resonance, 492 
I'esonance potentials, 79 
resonance radiation, 353 f. 
spectrum, 210 
Metastable atoms, 502 f. 

lives, in nebulae, 350 
Methane, spectrum, 436 
vibrational states, 440 f. 

Microscopic reversibility, 489 
Miller indices, 227 
Minus terms of molecules, 429 
Mixed matrices, 635 

Molecular quantum numbers, table of, 
416 

Molecular radii, 484 ff. 

Molecules, diatomic, alternating intensi- 
ties, 429 

electronic bands, 386 ff. 

rotational structure, 403 
electronic levels of, 408 ff. 
gyroscopic, 406, 409, 413 
rotational energy, 416 
minus terms, 429 
plus terms, 429 
potential energy of, 393 
symmetric and antisymmetric 
hydrogen, 434 

symmetric and antisymmetric terms, 
429 

symmetry properties of, 687 ff. 
theory of rotation spectra, 371, 671 
vector model, 409 
wave theory, 666 ff., 689 
polyatomic, 435 ff. 
predissociation, 446 
spectrum of methane, 436 
Momenta, generalized, 101 
Momentoids, 101 

Momentum, of electromagnetic field, 761 
conservation, 86 
Moseley diagrams, 240 
K-series, 238 


Moseley diagrams, optical terms of 19th 
electron, 277 
X-ray terms, 252, 253 
Motion, laws of (see Equations of motion), 
M-series, 240 
Multipiet, 298 J0’. 
calcium triplet system, 217 • 
chromium, 307 
enumeration of terms, 322 ff. 
intensity, related, ratios of, 705 
sum rule, 699 

inverted, magnetic levels, 325 ff. 
mercury triplet system, 212 
regular, magnetic levels, 325 ff. 
Multiplication, matrix, 578 
Multiplicity in atomic spectra, 297 

N 

N, Avogadro number, 18, 764 
Nebular lines, 350 
Negative Eins^rahiung, 61 
Negative terms of molecules, 692 
Neon, controlled excitation, 461 
critical potentials, 456 
Newton’s equations in wave mechanics, 
652 

Nickel crystal, electron diffraction, 723 ff. 
Nitrogen, active, 512 ff. 

Nitrogen molecule, alternating inten- 
sities, 721 
activation, 483 
Nitrogen nucleus, spin, 696 
Nodes, hydrogen atom, 530, 564 
hydrogen molecule ion, 681 
Legendre polynomials, 530 
rotator, 530 

Non-combining terms, 660 ff. 
Non-commutative multiplication, 578 
Non-hydrogenic atoms, wave mechanics, 
655 ff. 

Non-penetrating orbit, 19j3, 197 ff. 
Normal functions, 538, 745 
Normal multiplets, intensities, 702 
Normal terms, optical spectra, 280 ff. 
Notation, atomic spectra, 295 ff., 297 
molecular spectra, 416 
N-series, 240 
Nuclear atom, 8 
Nuclear charge, 48 
effective, 201 

Nuclear spin, 96, 352, 435, 695 ff.y 752 
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Nucleus, disruption, 49 ff. 
energy, 52 
radius, 48 
synthesis, 52 

0 

Odd molecules, 290 
Odd terms of atoms, 301 
Orbits, hydrogen, 128, 131 
non-penetrating, 196, 197 ff. 
penetrating, 196, 200 ff. 

Orthogonal functions, wave mechanics, 
745 

Orthohelium, 475, 663 
Orthohydrogen, 434, 695 
Oscillator, energy levels, 71, 532, 591, 
600, 751 

matrices, 591, 608 
matrix perturbation theory, 600 
quantization, 71 
Bechert’s method, 751 
spectrum, 71 

vibration of molecules, 380, 391, 396, 
436 

wave mechanics, 531 ff. 

0-series, 240 

Oxygen atom, isotopes, 39, 696 
Oxygen molecule, dissociation energy, 
398 

energy diagram, 397 
rotational states, 696 

P 

Packing fraction, 43 
Parabolic quantum number, 150, 572 
Parahydrogen, 434, 695 
Parhelium, 475, 663 
Particle, free motion, 640 ff. 

Paschen series, 70, 123 
Paschen-Back effect, 191, 321 
Pauli’s equivalence principle, 214, 272, 
,322 

Penetrating orbit, 196, 200 ff. 

Periodic system, 1 ff., 270 ff. 

Bohr’s theory, 274 ff. 
irregularities, 2 
rare earths, 279 
structure of long periods, 278 
of short periods, 275 
table, 3,271 


Periodic system, Thomsen’s, 271 
transition elements, 278 
upper limit of, 293 
valence as related to, 286 
Permanence rule, for g sums, 329 ff. 
for y sums, 329 ff. 

Permutation theorem for matrices, 583 
Perturbation formulas, matrix, 598 
wave mechanics, 552, 553, 555, 659, 
660 

Perturbation theory, Born’s, 553 
classical, 179 
of collisions, 648 

for Hamilton-Jacobi equation in wave 
mechanics, 555 

matrix, non-degenerate, 596 ff. 

for oscillator, 600 
Schrodinger’s, degenerate, 657 ff. 
non-degenerate, 551 
Pfund series, 123 
Photoelectric effect, 63 ff. 
efficiency, 64 
Einstein’s equation, 13 
in gases, 467 ff. 
inverse, 63 ff., 467 ff. 
lag, 64 

Photomagnetic effect, 482 
Photosensitized reactions, 507 
Photon, 14, 57, 63, 66, 81, 83 ff. 
angular momentum, 482 
wave functions, 541 
Physical constants, tal)le, 764 
Planck’s constant h, constancy, 74 
determination, 64 
value, 764 

Planck’s radiation law, 57 ff. 

Einstein’s derivation, 60 ff. 

Plus terms of molecules, 429 
Poisson brackets in quantum dynamics, 
614 

Polarizability, 199 
Polarization, 680 
correspondence principle, 174 
of light emitted after impact, 477 ff. 
resonance radiation, 353 ff. 
rotation of plane, in resonance radia- 
tion, 358 
rules, 141, 545 

in Stark effect, 152, 343 ff., 710 
X-rays, 221 

in Zeeman effect, 140 ff. 
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Polynomials, Hermitian, 748 
hypergeometric, 748 
Jacobian, 748 
Laguerre, 748 
Legendre, 747 
Positive Einstrahlung, 61 
Positive terms of molecules, 692 
Potassium, radioactivity of, 42 
Potential energy, average, relation to 
average kinetic energy, 739 
curves of diatomic molecules, 393 
Potentials (see Critical Potentials, Ioniz- 
ing Potentials and Resonance Poten- 
tials) . 

Precision of measurements, limits of, 
618 Jf., 620 
Predissociation, 446 
Primed terms, 216, 300 
Principal number (See Total number). 
Principal series, 184, 211 
Probability, of collisions of the second 
kind, 490 ff. 

of inelastic collisions, 466^., 474: ff., 490 
of transitions, band systems, 397 
Einstein’s A’s and B’s, 61, 697 
in ionization, 474 ff. 
and mean lives, 350, 480, 496, .502 
in resonance, 4QQff., 474 ff. 
in wave mechanics, 519, 544 
Probability amplitude, 623 ff. 
differential equations for, 636 ff. 
for p and q, 625 

relation to Schrodinger equation, 625 
Probability density, 643 ff. 
helium atom, 565 
hydrogen atom, 563 ff. 

Probability distribution, 622 
Progressions, 387 
Promotion of electron, 682 
Proper value, 526 
Proper function, 526 
Proton, collisions with atoms, 488 
in nuclei, 39, 49 ff. 
spin of, 435, 695 
P-series, 240 

Q 

q numbers, 616 

Quadratic Stark effect, alkalis, 346 
hydrogen, 157 


Quantum conditions, 72 ff., 128 
azimuthal, 201 
for hydrogen, 518 
justification of, 179 
in matrix mechanics, 585, 594 
physical significance of, 621 
radial, 201 

Quantum defect, 194, 202 
Quantum dynamics, Dirac’s formulation, 
614,617#. 

Quantum integrals, 72, 129, 134, 741 
Quantum, light, in Cornpton effect, 84 
cross-section, 83 
length, 83 
scattering, 84, 88 
unidirectionality, 81, 83 
Quantum mechanics, 516 ff., 574 ff. 

introduction of, 15 
Quantum number, axial, 602 
azimuthal, 129, 190, 208, 297 
effective, 194 

alkaline earths, 198 
alkalis, 198 
elliptic, 682 
equatorial, 141 
fine, 350 

half-integral, 187 
hyperbobic, 682 
inner, 187, 190, 209, 299 
selection principle, 174 
exceptions to, 348 
magnetic, 146, 192, 208 ff. 

azimuthal, 297 
many-electron system, 208 
of molecules, 409, t, k, \, cr, 410 
and nodes in wave mechanics, 530, 
564, 681 

one-electron system, 190 
parabolic, 150, 572 
radial, 130 

reduced azimuthal, 297 
rotational, 372 
spin, 190, 208, 297 
table, atomic, 297 
table, molecular, 416 
total, 130, 190 • 
vector addition, 299 
vibrational, 378, 399, 527, 589, 600 
X-ray levels, 254, 262, 297 
Quantum theory, Bohr’s postulates, 14, 
65#. 

experimental foundations, 53 ff. 



SUBJECT INDEX 


111 


Quantum theory, history, 1 
Planck’s assumptions, 12 
Quenching of resonance radiation, 492 
efficiency, 497 

E 

Radial number, 130 
Radiation, black-body, 11, 53 J'. 
characteristic X-ray, 221 
classical theory of, 168 
in matrix theory, 593 
from moving charge, 761 
rate of, 169 

Schrodinger’s theory, 543 
in wave mechanics, 545 
Radii, atoms and molecules, 484 
Radioactive disintegration, mechanism, 
465 

Radioactivity, 19^. 
lives of elements, 20 
of potassium, 42 

Radium D, corpuscular spectrum, 465 
Raman effect, 360 
coherence of radiation, 364 
permitted transitions, 363 
possible time lag, 365 
Ramsauer effect, 484 
Range of alpha particles, 20 
Rayleigh- Jeans radiation law, 57 
Reactions photosensitized, 507 
Reciprocity theorems for spectral terms, 
341 

Recoil electrons, 88 
Recombination, of atoms, 403 
of atomic hydrogen, 511 
probability of, 403 
Recombination spectrum, 468 
of cesium, 468 
intensity of, 470 

Reduced azimuthal number, 297 
Reflection, atoms from crystals, 736 
dependence on velocity, 736 
electrons from crystals, 733 J’. 

X-rays, from crystals, 228 
total, 224 

Refractive index, of crystals for elec- 
trons, 728, 733 
and polarizability, 200 
for X-rays, 224 

Relativistic energy levels of hydrogen, J 
132, 567 

Relativistic wave equation, 547 


Relativity doublets, 204, 2B1 
theory of, 261 J*. 

Relativity transformation, 762 
Resonance phenomena, in collisions of the 
second kind, 503^. 
hydrogen and argon, 504 
ions and neutral atoms, 506 
metallic atoms and atomic hydrogen, 
512 

sodium and mercury, 504 
in wave mechanics, 655 ff- 
diatomic molecules, 687 
helium, 660 

hydrogen molecule, 684 ff. 

Resonance potentials, 76 
hydrogen, 127 
mercury, 79 
sodium, 498 

Resonance radiation, 353 jff., 492 J’. 
magnetic field, effect of, 353 ff. 
polarization, 353 ff. 

theory of, 355 
quenching, 492 

rotation of polarization plane, 358 
Reversibility, microscopic, 489 
Ritz combination principle, 8, 74 
Ritz formula, 203 

Roentgen rays, 219 (see X-rays). 
Rotation of polarization plane, impact 
radiation, 479 
resonance radiation, 358 
Rotation spectra, Z70 ff. 
halogen hydrides, 370 
NHa, 370 
theory, 371, 671 

Rotation-vibration spectra, 374 435 

Rotational number, 372 
Rotator, energy, 373, 529, 592, 669, 752 
matrix theory, 592 

quantization by Bechert’s method, 751 
wave mechanics, 526-527 
Rumpf, 195 

Runge denominator, 320 
Rydberg constant, 70, 122 ff. 
helium, 123 
hydrogen, 122 
infinite mass, 126 
Rydberg formula, 181, 193 

S 

Satellites, in fine structures, 351 
in ojjtical spectra, 184, 188 
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Satellites, X-rays, 265 
Scandium, spectral terms of, 277 
Scattering, of alpha- rays, 650 
Raman effect, 360 f. 

X-rays, 84, 88, 220/. 

Schrodinger mechanics, 516/. 
Schrodinger space, 520 
Schrodinger’ s perturbation theory, 
degenerate systems, 657 
non-degenerate systems, 551 
Screening constants, effective atomic 
number, 
inside, 201 
outside, 201 
optical terms, 206 
X-ray terms, 259 

Screening doublet, 204, 251 /., 257 /. 
Second-group spectra, 210 /. 

Selection principle, axial number, 602 
azimuthal number, 138 /., 174, 189, 
218, 300 

and magnetic number in wave 
mechanics, 569, 
exceptions, 348 ff. 
hydrogen atom, 163 
inner number, 138/., 174, 189, 218, 318 
magnetic number, 147, 318 
rotational quantum number, 373, 379 
for symmetric top molecules, 440 
theory, wave mechanics, 545 
vibrational quantum number, 380 
X-rays, 249 

Sensitized fluorescence, 499 /. 

of thallium, 501 
Separation of variables, 119 
Sequence, atomic spectra, 187 
displaced, 216 
molecular spectra, 389 
Series, Bergmann, 184, 211 
chromium, 309 
diffuse, 184, 211 
fundamental, 184, 211 
intercombination, 211 
limits for multiplet terms, 338 /. 
principal, 184, 211 
sharp, 184, 211 

Series formulas, Hicks, Ritz, Rydberg, 
193 

Rydberg, 181 
Shells, electrons, 272 
Sigma-type doubling, 412 (see lamMor 
type doubling). 


Singlet system, 211 
Smekal transitions, 360, 362 
Sodium, controlled excitation, 80 
energy diagram, 80 
resonance radiation, 353 /., 498 
Sodium chloride crystal lattice, 235 
Sommerfeld’s formula, X-ray doublets, 
255 

Space charge, 449, 453, 455 
Space quantization, 91, 141 /., 192 
Spark spectra, optical, 183 
X-rays, 265 

Specific charge, 22, 25, 764 
Spectra (see also X-rays, and X-ray 
spectra) . 

atomic, alkaline earths, 210 /. 
alkalis, 181 /. 
arc, 183 
cesium, 184/. 
chromium, 302/. 
controlled excitation, 457 /. 
flame, 183 

furnace, 182, 303, 699 
magnesium, 213, 215 
mercury, 210 /. 
sodium, 80 
spark, 183 
thallium, 501 
beta ray, 465 

continuous spectrum, absorption of 
molecules, 395, 402 
of characteristic values, 526 
hydrogen atom, 70 
of oscillator, 669 
predissociation, 446 
I’ecombination spectra, of atoms, 468 
of molecules, 403 
X-ray, 64, 241 
molecular, 368 /., 386 /. 

AlH, 419 
Cali, 421 
CuH, 417 
OH, 425 

419 
417 
421 . 

425 

Spectral intensities, 697 /. 

Spectral notation, 295 /, 

, table, atomic, 297 
table, molecular, 416 
Spectrograph, mass, 37 
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Spectrometer, Bragg, 231 
de Broglie, 232 
Sphectroscopic stability, 356 
Spectroscopic term, 126 
Spherical harmonics (See Legendre poly- 
. normals and Tesseral harmonics ) . 
Spin, electron, 96, 157 162 

nuclei, 96, 535, 696 
proton, 695 

Spin doublet, 204, 251 J?*., 261 f. 

Spin functions, 664 
Spin number, 190, 208, 297 
Splitting factor, g, 192, 315 319, 330 

Stark effect, 147 
Bohr's treatment, 156 
of helium, 343 ff- 
of hydrogen, 347 
energy levels, 152 ff. 
wave mechanics, 570 ff. 

. intensities, 710 
of molecules, 675 
motion of electron, 155 ff. 
of non-hydrogenic atoms, 343 ff. 
polarization rules, 152 ff. 
quadratic, of. alkalis, 346 
selection rules, 153 ff. 
theory of, US ff., 570#. 
in weak fields, 157 
Stark-Lunelund effect, 711 
Static models, 4 
Steady states, 66 

Stefan-Boltzmann law, 11, 13, 54, 59 
Stern-Gerlach experiment, 89 ff. 
hydrogen atoms, 143 
silver, 94 

Stokes lines of Raman effect, 361 
Subordinate series (see Series, sharp, 
diffuse). 

Subshells Of electrons, 270 ff. 

Sum rule, 699 ff. 
band spectra, 714 
multiplets, 699 

Symbols, for atomic terms, 187 
for molecular terms, 417 
Symmetric diatomic molecules, 687 ff. 
Symmetric hydrogen molecule, 434, 695 
ion, 683, 695 

Symmetric iodine molecule, 433 
Symmetric terms, 429 
Symmetric top molecule theory, 437 ff., 
671 ff. 

Symmetry of crystals, 227 


T 

Terms, Balmer, 70, 122 
even, of atoms, 301 
hydrogenic, 194 
in multiplet spectra, 322 ff. 
odd, of atoms, 301 
primed, 216, 300 
spectral, definition, 126, 186 
unprimed, 300 
Tesseral harmonics, 528 
Thallium, sensitized fluorescence, 501 
Thermionic emission, 449 ff. 

Thomson’s atomic model, 6 
Titanium intensities, 704 
Total number, 130, 151, 190, 572 
Transformation function and probability 
amplitude, 642 

Transformation theory, quantum, dy- 
namics, 627 ff. 

Transformations, canonical, 112 
in matrix mechanics, 595 
Transition elements, 278 
normal states of, 341 
Transition probabilities (sQe Probability) . 
Triplet system, 211, 212 

U 

Uncertainty principle, 617 ff. 

Uncertainty theorem, 626 
Unit cell, 226 ff. 

Unit matrix, 579, 632 
Unprimed terras, 300 

V 

Valence, atomic type, 286 
chart showing observed valences, 289 
ionic type, 286 
non-polar, 288 
and periodic system, 286 
polar, 288 

and static models, 4 
Value, characteristic, 526 
Variables, angle, 118 
Vector addition of quantum numbers, 299 
Velocity of matter waves, group, 517, 
743 

phase, 517, 521 ff., 547, 743 
Vibration spectra, 374 ff., 436 



780 ATOMS, MOLECULES AND QUANTA 


Vibrational number, 378, 399, 527, 587, 
600 

Virial theorem, 739 

W 

Wave equation, 523 f., 559 Jf., 635 f., 
655 ff. 

amplitude equation, 525 
boundary conditions, 525 
in curvilinear coordinates, 755 
derived by variation principle, 549 
elementary solutions of, 524 
generalized, non-relativistic, 537 
relativistic, 548 
non-relativistic, 523 
for probability amplitude, 636 
proof of general, 637 ff. 
relativistic, 547 
rule for obtaining, 534, 755 
Wave functions, 525 ff. 

continuous, distribution of, 526 
degenerate systems, 539 
discrete, distribution of, 526 
hydrogen atom, 562 ff. 
normalization, of continuous, 540 
of discrete, 538 
for light quantum, 541 
orthogonal, 538 
Wave mechanics, SIQ ff. 

calculus of variations in, 753 
connection with matrix mechanics, 606 

ff.: 611 _ 

hydrodynamic interpretation, 542, 654 
statistical interpretation, 643 
Wave number, definition, 70 
Wave packet, 516#., 626 
Waves, matter, (see Matter waves). 

Weiss, magnetism, 91 

Wentzel’s formula, X-ray doublets, 258#. 

Wien’s displacement law, 54, 59 

X 

X-ray doublets, 251 #. 

Sommerf eld’s formula, 255 
Wentzei’s, formula, 258 

• X-ray energy levels, 245 ff. 

quantum numbers of, 254, 262 
relation to optical levels, 264 ff. 
terms, uranium, thorium, tungsten, 249 
X-ray quantum numbers, 254, 262, 297 


l-rays, 219 ff. 
absorption, 236 

coefficients, 236, 242 
dependence on atomic number and 
wave length, 242 
limits, 241 
spectra, 241 

anomalous dispersion, 223, 225 
characteristic, 221 
continuous spectrum, 64 
diffraction, by crystals, 222 
in liquids, 236 
by ruled gratings, 224 
by slits, 222 

displaced wave lengths, 366 
excitation potentials, 244, 247 
fine structure, absorption limits, 267 
lines, 251 
fluorescent, 220 
intensities, 712#. 

K-series, 236, 239 
L-series, 236, 239 
M-, N-, 0-, and P-series, 240 
polarization, 221 
Raman effect, 366 
reflection, from crystals, 228 
from gratings, 224 
refraction, 223 
selection principles, 249 
soft X-ray potentials, 457 
X-ray spectra, chemical combination, 
effects of, 267 

continuous spectrum, 64, 241 
KosseFs explanation, 244 ' . 

Moseley, 2 
of higher order, 265 
X-ray spectroscopy, 

Bragg method, 230 
de Broglie method, 232 
rotating crystal method, 232 
X-ray tubes, 219 
X-unit, 236 

Z 

Zeeman effect, alkalis, 191 
chromium, 31j5 
classical theory, 143 ff. 

correlation with field free levels, 
325#., 340 

energy levels in weak field, 191, 320 
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Zeeman effect, hydrogen, classical theory, 
145#, 

wave mechanics, 568 
intensities, 321, 357, 707 
intermediate field, 329 #. 
molecules, 675 


Zeeman effect, Paschen-Back effect, 
191, 321 

polarization, 147 
of resonance radiation 353 
strong field, 321 
vanadium, 315 
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